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Abstract. The Callias index theorem is generalized from the Euclidean case to
certain spin manifolds with warped ends, making use of certain index-preserving
deformations.

0. Introduction

Physical considerations led C. Callias to the following open space index theorem
(cf. [C]):

Theorem 0.1. Let X be the spinor space over R",n odd, and D the Dirac operator
on C*(R", X ®C™. Let L be the perturbation of D by ./—11d® @, where
®eC*(R", End (C™)) is Hermitian, asymptotically homogeneous of degree 0, and ®*
is positive outside some compact set. Then L is a Fredholm elliptic differential operator,
and if U is the unitarization of @ at infinity, i.e., U=|®| '@ outside a compact
set, one has

/_ n—1)/2
L*-index (L) = : ( 1>( ! lim | trU@U)"~. 0.2)

n—1 8 R—>o© n—1
21 — ! R

SR
In (0.2), S} ! stands for the sphere centered at the origin and of radius R in R".
As remarked by H. Moscovici, the formula (0.2) can be rewritten as follows:

L*-index (L) =ch(V,)[S% ']. 0.3)

The right-hand side of (0.3) represents the evaluation on $”; !, the sphere at infinity
in R", of the Chern character of the subbundle V, of C™ over S”; ! given by
V,={U=Id}.

While Callias’ result and method of proof attracted a lot of interest (see [Bo—S],
[S]), there is no direct generalization of (0.1) that we know of. In this paper
we attempt a generalization of Theorem 0.1 based on the observation (0.3) to a
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class of perturbed Dirac operators on spinor bundles over odd dimensional
spin-manifolds with warped ends.

We work with manifolds M which outside some compact set are geometrically
isometric to warped products (¢, 00) x N, eeR. Here N is some compact manifold
and feC%((e, 0)), f > 0. In Callias’ case, R"\ {0} =(0, o) x ;S| ', f(r)=r,r€(0, 00).
Our perturbed Dirac operators are operators L of type L =D + A, where D is a
(generalized) Dirac operator on some Dirac bundle S, as defined by M. Gromov
and H. B. Lawson in [G-L], and 4 is a bundle morphism. Our main result can
then be stated as follows:

Theorem 0.4. Let M be an odd dimensional Riemannian spin manifold with a warped
end W =(g,0) x N, feC¥((e,0)), f >0and f(r)»> oo ifr> 0. Let S=X Q@ V be
the spinor-type bundle over M obtained by twisting the spinor bundle ¥ on M with
a trivial Hermitian bundle V. If AeC*(M,End (V)) is a skew-Hermitian endo-
morphism such that A|y is independent of the radial direction r, for r 2 R, Re(g, c0),
and — A? is positive at infinity, then the perturbed Dirac operator D + A, where D
is the Dirac operator on S, is a Fredholm operator and

2.index(D + A) = jA )Ach(Vg),.

Here A(N) stands for the total A-class of N, (Vg) is the bundle over N = {R} x N,
given by (Vi) = {veVg = V| gy i 1/\/ —1(=A4%) "2 Av =10}, and ch(Vy), is the
Chern character of (V). .

The proof is based on a series of index-preserving deformations of L. One key
deformation rests on an odd-dimensional variant of Gromov—Lawson’s relative
index theorem [G-L].

1. Perturbed Dirac Operators

The generalized Dirac operators and their perturbations form a broad class of first
order elliptic differential operators. Their importance in global geometry and
mathematical physics is fundamental. Since they are basic in our approach and in
order to establish necessary notations we recall briefly here their main properties.
For details and proofs we refer to the beautiful references [G-L] and [L-M].

Let (M, g) be a complete Riemannian manifold of dimension n. Let CI(M) be
the Clifford bundle of algebras induced by the tangent bundle TM and the
Riemannian metric g. There is a canonical embedding TM — CI(M), and then the
Riemannian metric and Levi-Civita connection extended from TM to CI(M). The
connection V€ on CI(M) preserves the metric and acts as a derivation.

A bundle of left modules over the bundle of algebras CI(M), say S— M, will
be called a (generalized) Dirac bundle if S is furnished with a Hermitian metric
¢{,> and a metric connection V* such that

The action on S by unit vectors in TM < CI(M) is a pointwise isometry.  (1.1)

V3(¢os) = VEC(P)os + ¢poV5(s) for all eeC®(TM), peC*(CI(M)), seC*(S).
(1.2)

The “o” indicates the Clifford multiplication on S. Equation (1.2) is simply
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saying that V5 acts as a derivation with respect to the Clifford action on S.
There are two categories of Dirac bundles:

a) The fundamental ones, like CI(M) itself, or the spinor bundle X, if M happens
to be a spin manifold. To be more specific in this second case, in order that M be
a spin manifold, the principal SO(n)-bundle Pg,(M) of oriented frames of TM must
lift to a principal Spin (n)-bundle Pg,;,(M) equivariantly with respect to Spin (n) —
SO(n). The spinor bundle is then the fibre product X' = Sg;,(M) x , 4, of Pg,;,(M)
with a n-dimensional spinor space (4, u). Recall that the pair (4, y) is a spinor
space if the complex vector space A is an irreducible module over the algebra
CI(R")® C and u is the unitary representation u:Spin(n)— U(A) induced by the
left multiplication with elements of Spin (n) = CI/(R")&® C. When n is odd there are
two inequivalent irreducible CI(R")® C-modules, but they induce the same group
representation u, which is also irreducible [L-M].

Lifting the Riemannian connection on Pgo(M) to Pg,;,(M) via the Lie algebra
isomorphism so(n) = Spin (n), we get the canonical connection VZof X. In fact, any
local section e = {e,,...,e,} of Pgy(M) can be lifted up to Pg,;,(M) and then
embedded into the P ;—the principal SO(N)-bundle, N = 2"~ V/2| of orthonormal

bases in X—. Doing so we get a local section s = {s;,...,Sy} in Py, called a spinor
basis. Then
Vis, =33 g(Vi€e; e;)ee;os, eeC*(TM) a=1,2,...,N. (1.3)
i<j

b) The generated ones, by algebraic operations, out of old ones. For example, if
S is a Dirac bundle and E— M is any complex vector bundle with Hermitian
connection VE, then the tensor product S ® E is again a Dirac bundle with respect
to the tensor product metric and connection

VS®E=VS®1d + 1d® VE. (1.4

Another example, which will be used later, is End (S), the bundle of endomorphisms
of a given Dirac bundle S. Here

(VERd®) g)s = V5(As) — A(V3s), eeC*(TM), seC*>(S), AeC*(End(S)). (L.5)

We could have considered the Dirac bundle S* dual to S and then view End(S)
as S*®S. Finally the spinor bundle in a) can be generalized, giving up the
irreducibility of A. The connection formula (1.3) is preserved. Such a bundle will
be referred to as a spinor-type bundle and denoted by S.

Any Dirac bundle S generates a distinguished first order differential operator
D% = D:C*(S)— C*(S), called the (generalized) Dirac operator. Locally it can be
expressed by

D Ei; eoVS.. (1.6)

Equation (1.6) is clearly independent of the local frame {e,,...,e,}. DE"¢® will be
denoted shortly by 2. D is elliptic. In fact the principal symbol o.(D)eEnd(S),
e T*M, is the Clifford multiplication by the tangent vector metric equivalent to
¢. This can be seen from the following obvious formula:

D(fs)=grad fos+ fDs, feC®(M), secC*®(S). (1.7)
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Let 2 < M be any open subset of M. The usual inner product in C*(£2, S) will
be denoted by (,),, i.€.,

(s1,82) 0= [ {sy,5,0dvol, s,,5,6C¥(8,S). (1.8)
Q

If Q2 = M, we will write (,) instead of (,),,. The Dirac operator is then seen to be
formally selfadjoint, i.e.,

(Dsy,s,)=(s;,Ds,), forany s;,s,eC®(S), one of them
compactly supported (1.9)

Equation (1.9) is a consequence of the following integration by parts formula for
Dirac operators

(DSI,SZ).Q=(SI’DSZ)Q+(nOSI9SZ)EQ9 Sl’s2€COO(S)' (110)

In (1.10) Q is assumed to be any relatively compact open subset of M with piecewise
smooth boundary €2 and n denotes the outward unit normal vector field to 0Q.
The integration on 0Q is carried out with respect to the measure induced from Q.

We will be interested in the class of perturbed Dirac operators.

Definition 1.11. An operator L:C*(S)— C®(S),S any Dirac bundle, will be called
a perturbed Dirac operator if L= D + A, where D is the Dirac operator associated
to S and A is a O™ order differential operator on S, i.e., AcC*(End(S)).

The properties (1.7), (1.9), and (1.10) can be adjusted to perturbed Dirac
operators. To this end we introduce for any s,,s,eC®(S), the vector field V, ;, o
M defined by

(Vg 5o X > =(Xosy,5,), for any tangent vector field X, (1.12)
and div V,

51,822

its divergence.
Proposition 1.13. The following statements are equivalent:

(i) L is a perturbed Dirac operator.
(i) L satisfies (1.7).
(iii) The formal adjoint L' of L is a perturbed Dirac operator.
(iv) Pointwise, for s;,5,€C®(S), {Lsy,s,) =<sy,Ls, » +divV, ,.
(v) (Lsy,82) =151, Lsy) g+ (mosy, ,)q, under the assumptions of (1.10).

Proof. The proof is identical to the one for Dirac operators (see [G-L] and
[Ch]). O

We now consider extensions of perturbed Dirac operators to [?-sections. Let
C3(S) = C*(S) denote the space of C®-sections of S with compact support, and
let I*(S) denote the Hilbert space completion of CZ(S) in the nom ( , ). The
operator Lo = L|cz has two natural extensions to an unbounded operator to
L*(S): a minimal one, L,, obtained by taking the L*-closure of the graph of L,
and a maximal one obtained by taking the domain to be all se ?(S) such that the
distributional image Ls is also in I*(S). In order words, the maximal extension
equals (L})*, the Hilbert space adjoint of (L'),. By definition these two extensions
are closed. Clearly the maximal extension contains the minimal one, and any other
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closed extension lies in between. The remarkable fact is that they coincide for
complete manifolds M [G-L].

Our manifolds will be complete and so there will be no ambiguity when talking
about closed extensions of various operators.

Let L=D + A be a perturbed Dirac operator on a complete manifold M, as
introduced in Definition 1.11. Let I*2(S) be the r'"-Sobolev space, defined as the
completion of CJ(S) in the norm

Isll? = [ ({s,) +{Ds,Ds)+ -+ {D's,D's ).
M

We will be interested in the C*- and L?-solution spaces of L and L. Let us denote
these kernel spaces by

ker (L) = {seC®(S)|Ls =0}, [?-ker(L)= {seL"*(S)|Ls=0}).
They relate nicely if we make the following assumption on A:

Assumption 1.14. a) A is pointwise skew-Hermitianie., A* = — 4, and 4 and 2(A)
are uniformly bounded on M in the pointwise norm.

b) A4 commutes with the Clifford multiplication on S, i.e., A(m)¢o = poA(m)
for any meM and any ¢eCl, (M).

Assumption 1.14 is motivated by the following proposition:

Proposition 1.15. Let L be a perturbed Dirac operator satisfying Assumption 1.14.
Then

a) The domain of the unique closed extension of L to I*(S) is L“2(S) and
L:L}2(S)— L2(S) is a bounded operator.

b) The commutator [D, A] is a 0" order differential operator, i.e., [D, A]eC*(End (S)).
Moreover, [D, A] is seen to be equal to D(A); recall that @ was the generalized Dirac
operator on C*(End (S)).

c) L'L=D?*+ 2(A)— A%

d) ker (L)nI2(S) = L*-ker (L) = ker (L' L) n [2(S).

Proof. a) The domain of the closed extension of L to the L2-space consists of
sections se I?(S) such that LseI*(S). But if A is uniformly bounded on M, Lse L*(S)
ifand only if Dse I*(S). M being complete, se L'2(S). The continuity of this extension
is obvious.

b) The claim amounts to the linearity of [D,A] with respect to functions
feC?(M). If seC™(S), [D,A)(fs)=DA(fs)— AD(fs)=D(f As)— A(grad fos+ fDs)=
grad foAs + fDAs —grad foAs— fADs= f[D,A]. Moreover, [D,A]=Y (e;}°V5,A—

Ae;oVS) Zeo(VSA AVS)—ZeoVE"‘”S’(A)—Q(A)

¢ L= (D+A*)(D+A) (D— A)(D+A) D?>+[D,A]— A2 =D?*+ 2(A) — A2

d) If seker(L)nI*(S), then Ds= — AseL*(S), ie., seL?-ker(L). The opposite
inclusion follows from the regularity property of any elliptic system. Obviously
ker(L) cker(L'L). Let seker(L'L)nI*(S). M being complete, we can choose
compactly supported bump functions f eC °°(M) 0= f=<1,f=1onany prescribed

compact subset of M, such that |grad |, = sup {graf, f,grad,, /) is as small as we
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wish [G-L]. Then | Ls||? =li}n | fLs||? =lim (L'( f Ls), s) = lim 2(grad fo fLs,s)<
! !
li}n lgrad f1, (Il fLs|?>+ | Ls[?)=0. O

Remark 1.16. In Proposition 1.15 we can replace L by L' In view of the
skew-symmetry of A, any statement about L' can be obtained from the cor-
responding statement for L, simply by replacing 4 with — 4

We now proceed to describe sufficient conditions for L:L!%(S)— L?(S) to be a
Fredholm operator. Let us denote by R, the Hermitian, uniformly bounded
(on M), bundle morphism 2(A4) — A2. 1.15¢) becomes then

L'L=D?+R, (1.17)
on C®(S). Notice that
[ Ls||? = || Ds||* + (Rs,s), seL'2(S). (1.18)
Certainly (1.18) holds for se C3(S), from (1.17). However any element se L*(S) is
a [*-limit of some sequence s,eCZ(S) such that Ds, L, Ds. The claim follows.

Remark 1.19. The following positivity assumption on R , ensures that as a bounded
operator L has finite dimensional kernel and closed range. Thus L is a semi-
Fredholm operator. The proof of this fact can be fashioned out after the similar
one in [G-L]. We will not repeat the details here.

Assumption 1.20. There exists a compact subset K = =M and a constant ¢ >0
such that R, =cId on M — K, i.e,

(Ryv,0>,=clv,0),,, meM—K, veS,,.
Assumption (1.20) will be referred to as the positivity at infinity of R ,.

Proposition 1.21. a) If R, , is positive at infinity, then L is a Fredholm operator.
b) If — A% is positive at infinity (assumption 1.20 for — A? instead of R,) and
D(A)(m)—0 as m— oo, then L is a Fredholm operator.

Proof. a) L is a semi-Fredholm operator, by Remark 1.19. If R_ , is also positive
at infinity, L?-ker (L) is finite dimensional as well, thus L is a Fredholm operator.
b) The hypotheses in b) obviously suffice for R, , to be positive at infinity, since
R, ,=+2(4)-4> O

The size of the 12-solution spaces for an operator is usually difficult to compute.
The correct object to look to is their analytic or Fredholm index, when interested
in solution spaces.

Definition 1.22. Let L be a Fredholm operator of the type described in
Proposition 1.21. We define the analytic or Fredholm I*-index of L by the formula

I%index (L) = dim L?-ker (L) — dim I*-coker (L)
= dim I*-ker (L) — dim I2-ker (L.

Our goal in the next sections well be to evaluate this index for particular classes
of perturbed Dirac operators.
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Remark 1.24. So far, we viewed L'L and LL' as acting on C*(S) only. Just as with
L, we can consider their closed extensions to the L2-space. For operators satisfying
the assumption 1.14, it is an exercise to see that they admit a unique closed extension
to I2(S), with domain L*?(S). Alternatively, if L* is the Hilbert space adjoint of
Lz, these unique extensions equal L* L, respectively LL*. It is a fact [G] that
L is a Fredholm operator if and only if L*L is so.

2. Index-Preserving Deformations

Using deformation theory, in this section we move toward evaluating the L*-index
of a perturbed Dirac operator L= D + 4. We “unitarize” A outside a compact
set and then “diagonalize” L with respect to the bundle splitting induced by the
unitarization U of A, without changing the index.

Definition 2.1. The problem of evaluating the I*-index of a perturbed Dirac
operator L= D + A, A being subject to Assumption 1.14 and to the hypotheses of
Proposition 1.21 will be more simply referred to as a Callias-type index problem.
The operator L itself will be called a Callias-type operator.

The basic result in index preserving deformation theory is the following [G]:

(2.2) The Homotopy Invariance. If T,,0<t<1, is a continuous homotopy of
Fredholm operators between two Hilbert spaces, then

index (T,) = index (T}).

(2.3) The Invariance Under Compact Deformations. If T is a Fredholm operator
and C is a T-compact operator, i.e., C is compact in the graph norm ||-|| + || T-|,
then T + C is a Fredholm operator and

index (T) = index (T + C).

Notice that for our operator L, the L-compactness is equivalent to the
D-compactness.

Remark 2.4. The Callias type index problem is uninteresting if the manifold M is
a) compact, or b) even dimensional.

a) For M compact, D itself is a Fredholm operator and by Rellich’s Lemma, A4 is

D-compact. Thus index (L) = index (D) =0, since D is selfadjoint.

b) For M even dimensional, the “volume form” on M given by e = (/— 1)"?e, ---¢,¢€

C>(CI(M)) anticommutes with D and commutes with 4. As a result Le = —eL.

Thus e is an isometry from L2-ker (L) to I2-ker (L), which implies I2-index (L) = 0.
Fhe next proposition shows that only the behavior of A at infinity matters for

a Callias-type index problem.

Proposition 2.5. Let L be a Callias-type operator and ¥eCg(End(S)) such that
Y*= — ¥ and ¥ commutes with the Clifford multiplication. Then L+ ¥ is a

Callias-type operator and
I?-index (L) = I*-index (L + ¥).
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Proof. 1t is clear that if A satisfies the requirements of Definition 2.1, so does
A+ %. In order to prove the index invariance we could use either (2.2) or (2.3).
Forinstance, L, = L+ t¥,0 <t < 1, is obviously seen to be a continuous homotopy
of Fredholm operators linking L and L+ ¥. []

We can simplify A at infinity by unitarizing it. To this end let us consider
the polar decomposition of the skew-Hermitian endomorphism A outside the
compat set K, where — A2 is strictly positive. Thus on M — K, 4 = PU, with
P,UeC*(M — K, S), P uniformly positive, and U unitary. Clearly, P = (— 42)!/?
and U = (— A4%)"1/24.

Proposition 2.6. Let L= D + A be a Callias-type operator and yeC®(M) a bump
function which vanishes on K and is identically 1 outside some relatively compact
set £2. Then D + yU is a Callias-type operator and

I*-index (L) = I?-index (D + xU)

Proof. yU must satisfy the requirements of Definition 2.1. All of them, except one,
are immediate. In particular yU commutes with the Clifford multiplication because
any power of 4 does so, and — (yU)* =1d, outside some compact set. Not so
obvious is the fact that 2(xU)(m)—0 as m— oo, or equivalently Z(U)(m)—0 as
m— 0. It is clear that 2 acts as a derivation on the subspace of bundle morphisms
of § commuting with the Clifford multiplication, ie., for V, WeC%(End(S)),
commuting with the Clifford multiplication, 2(VW)=2(V)W + VZ(W). There-
fore, at infinity, 2(U) = 2((— A%)" V)4 + AD((— A?)~ /%)), and thus 2(U) has
the required decay property if 2((— A%)~'/?) does so. Now a variant of Cauchy’s

integral formula [K] gives (—A4%)~Y>=(1/n) [ A7Y3(— A*+2)"'dA and so
D(— A" V) =(1/n) T A7 1Y29((— A% 4+ A)~1)dA. Using again the derivation pro-

0
perty we get D((— A2 +1) " Y)=(— A%+ 1) 'D(—A*+1)(— A*+ )~ L. Thus point-
wise, outside some compact set where || — 42| = c, we have | 2((— A2+ )Y £
const. |(— A%+ A~ |* x [| 2(A) || Zconst.(c +A) 2| Z(A)|. Finally |2((—A4)~ ))<=
const. [ A712(c + A)~2dA x | 2(A) || shows that Z((— A*)™'/?) vanishes at infinity.
0

Now we consider the continuous homotopy A, =tA+ (1 —t)yU, 0=t <1, in
C®(End(S)). 2(A,) clearly vanishes at infinity. In order to prove positivity for
— A2, notice that

A?=c¢ for any

— A%(m) = cId<>{ (pure imaginary) eigenvalue

</ — 14 of A(m)

Then A,(m) has eigenvalues ./ —1td+./—1(1—1)(4/|A]), so the elementary
inequality
K3

(tl+(1—t)w

2
> =2min(l,¢), 0=5t=<1
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proves that — A2 = min (1, ¢), outside some compact set. Now (2.2) applied to the
homotopy L, = D + A, yields the desired result. [J

The Dirac bundle S|,,_ splits into a direct sum S, @ S _ of Dirac subbundles
over M — K. L|,,_ g can then be written in a 2 x 2 matrix form whose off-diagonal
terms are bundle morphisms. Another deformation will wipe out the off diagonal
terms and so facilitate, in the next section, a separation of variables on manifolds
with warped ends.

Lemma 2.7. Let U =(—A?% "2 A on M — K, with A as in Definition 2.1. Then the
bundles S, over M — K,

(S )m = {veS, |Uv=+/—1v}, meM—K
are in a canonical way Dirac bundles.

Proof. Clearly S, =(Id ¥,/ —1U)S|,,—x and the splitting S|y, _x=S,DS_ is
orthogonal. The functions m — rank ((Id ¥ ./ — 1U)(m), me M — K are upper semi-

continuous and rank ((Id + ./ — 1U)(m)+ rank (Id — ./ — 1 U)(m)=dim S,,, (constant).
Thus these functions must be locally constant on M — K and this ensures (cf. [A])

that S, are bundles. Since S, =(Id ¥ ./ —1U)S, and U commutes with the Clifford
multiplication, S, are invariant Cl(M)-modules. They inherit a Hermitian scalar
product from S and, as already noticed, S, L S_. The condition 1.1 in the definition
of a Dirac bundles is trivially satisfied. We endow S, with the connection

Vs, = projg, (Visy) = 3(1d F o/~ 1U)(Vis.),
eeC(T(M — K)), s.€C*(M — K, S.,).

The check that V7 satisfies Eq. 1.2 is immediate. It involves the basic properties
of VSand U. O

Let us denote now by D, the corresponding Dirac operators on (M — K, S, ).

Proposition 2.8. Relative to the orthogonal decomposition S|p,_x = S, ® S _ we have
the following matrix representations associated with L =D + yU:

Ly o| DotV Y aw)s
-1 ’
-V o), Do-1
T D.-/=1 YZlaw)s
L'y-o=
J—-1
—5—2U)s,  D-+V-l
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Proof. Let s, eC®(M — Q,S ). Locally,
Lsy =) e;Vess + Usy =Y 3(Id F /~1U)e;Ve s

+Y31d £/ —1U)eVis, £/ —1s.

=<Zei§(ldp /Z1UWVSs. J_n/—1si>
+Zei%(ldi\/ —10)Vis: +(Ds £/~ s F(/—1/2)[D,Uls:. O

Now we are ready to prove our main deformation result:

Theorem 2.9. Let L=D + yU, K, and Q be as in Proposition 2.6. There exists a
Fredholm perturbed Dirac operator T:L*(S)— L*(S) such that

T|M_9=<D++0\/—‘1 D__O\/_—1> Tf]““’:(m_o\/j D_+OJ71>

and L*-index (L) = L*-index (T).

0 W —1/22U)ls_
Proof. Clearly ¥ = 9(U)=< ) belongs
’ * ~(/=122)s, 0 o

def

to C* (M, SymmEnd(S)). Set T = L — y2(U). Tis obviously a perturbed Dirac
operator and by Proposition 2.8, T and T' have the stated matrix representations
on M — 2. We can use a slight variant of Proposition 1.21 to prove that T is a
Fredholm operator. In fact the arguments in [G-L], Theorem 3.2 ff., carry through
if we can write T'T as a sum of a positive operator and a bundle morphism which
is positive at infinity. In our case T'T = (D — y2(U))? + ([D — x2(U), xU] + 2.
Now (D — y2(U))? is a positive operator and [D — y2(U), yU] + x* is positive at
infinity, sinceon M — Q,[D — x2(U), yU] + x* = 2(U) — [2(U), U] + Id, and 2(U)
vanishes at infinity. The two indices are seen to be equal, by applying (2.2) to the
homotopy T,=L—tx2(U),0=t<1. O
We conclude this section with the following corollary:

Corollary 2.10. Let us assume that globally on M we have U? = —1Id and 2(U)(m)—0
as m— co. Then L2-index (L) = L*-index (D + U) = 0.

0
D_— \/I
adjoint operators D, admit only real eigenvalues. Thus 0 cannot be an eigenvalue

for <D+ tv-l 0 >, ie., Lz-ker<DJr vl 0 >=0. O
0 D_— /-1 0 D/~

3. Separation of Variables on Warped Ends

=1
Proof. By Theorem 2.9, L*-index (L)= L?-index <D+ * 0 ) As self-

In this section we will study Dirac bundles and Dirac operators defined on a
special class of manifolds: the warped products of type (¢, o) x ;N. Using parallel
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transport along the radial geodesics, any Dirac bundle can be viewed as a
one-parameter family of Dirac bundles over N. Accordingly, for any Dirac operator
the variables can be separated; this is particularly insightful for spinor-type bundles
and Clifford bundles.

Definition 3.1. Let (N, ds?) be a compact Riemannian manifold and f e C®((e, 0)),
¢€R, a positive function. The product (g, 00) x N, equipped with the Riemannian
metric dr? + f2(r)ds?, r being the coordinate in (g, 00), will be called a warped product
and denoted by W = (g, 0) x (N.

A basic example of a warped product of this type is (R"— {0}, Euclidean
metric) = (0, o) x , S}~ !; heref(r) = r,and S}~ ' is the standard (n — 1)-dimensional
unit sphere in R".

Let S be any Dirac bundle over a warped product W. Fix an Re(e, o0) and
denote by Sy the restriction of S to {R} x N. Changing the metric on N from ds>
to f2(R)ds?, we can assume that f(R)=1 and then identify metrically N and
{R} x N. The bundle Sg — N inherits a canonical structure of Dirac bundle, under
a mild restriction on the curvature tensor on S, which we describe next.

For any section seC*®(N,Sg), define s~ in C*(W,S), as being the parallel
transport of s along the radial geodesics i.e.,, s™ is the unique section in C*(W, S),
subject to

~ — S ~
Slryxn =5 Vias =0.

Note that for the bundle TW, we have TN < (TW); and if eeC*(N, TN), then
e” =E/f, where E is the standard lift of e from TN to TW. Also (0/0r)"|y = 0/or.
These are immediate consequences of the properties of the Levi—Civita connection
on warped products [O]. Another important fact is: (ecs)” =eos”.

We assume now that there exists a real valued function ge C®((g, o)), g(R) = 1
such that the curvature tensor £ of S satisfies the equation:

RijoreS” =9(0)(Ry5.8)", e€C®(TN), seC®(N, Sg). (3.2)

Proposition 3.3. Ifthe above assumption (3.2) holds, then g(r) must satisfy the equation
1)

TR G4

Remark 3.5. Equation (3.4) makes sense only if f”(R)+#0; this is unnecessarily
restrictive and artificial. In fact, for the metric cone (f(r) =r), it never holds. As we
shall see, however, in many examples of interest (in particular the geometric Dirac
bundles) we have #,,,,s = f"(R).,, where &/, is another tensor having the same
properties as #,,, , (i.e., it is antisymmetric, a derivation with respect to the Clifford
multiplication, etc.). Thus the assumption (3.2) shall be broadened to accommodate
a formal cancellation of f”(R), but we prefer it that way for esthetic reasons.

Proof of Proposition 3.3. Assume (3.2), and f”(R) # 0. We will evaluate Z,,, (¢ °s")
in two different ways using the derivation property of the curvature tensor £. On
one hand

)

f)

~ ~ — W ~ ~ ~ ~ ~ ~ ~
Rojor,e-(€”0s )= Rjore-(€7)os™ + e °Rojore-S” = — nes”+e °R,, -5,
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where n = 0/dr. On the other hand
gﬁlﬂr,e"(e~os~) = '@Z)/Br,e'(eos)‘~ = g(r)(ga/ﬁr,e(eos))‘.

f"(R)
f(R)

Comparing the two results we get the desired identity (3.4). [

=g(r) {gﬁ/ﬁre °s+e° Ry, [8)} "= —g(r) nes” +e Ry, 8"

Example 3.6. S = CI(W), the Clifford bundle of exterior algebras of W.
For CI(W) we have [L-M], %,,,,-s" =3(f"(N)/f(rad,..s”, where ad,.,-s" =

s

nee“os~— s onoe”. Thus CI(W) satisfies the assumption (3.2) since

=g, sy

R e S =5
T2 1)
Example 3.7. S = Spin(W), the spinor bundle of W. Again, for Spin(W) the
assumption (3.2) holds since
1 "
~_1f"r) - (3.8)

RijoreS ——n e"os”.

2 f(r)
Formula (3.8) remains true for any spinor-type bundle S.

Theorem 3.9. Let W, S, and Sy be as above and assume that (3.2) holds. Then Sg —> N
admits a canonical structure of Dirac bundle, and the associated Dirac operator on
S admits the following separation of variables

Onl I (ay, seC(N, S (3.10)

f 7

where (g is the Dirac operator on Sy and Ey is an element of C*(N, End (Sg)). If
f"(R)#£0, then

Ds™ =

1 dim N

B & o Mo 6.1

Here {e;}; is a local orthonormal basis in TN.

Proof. Sg— N will be given the induced structure of C(N)-module, as CI(N)= CI(W)
and Sg < S. Thus (1.1) holds trivially. The key point in the proof is the definition
of the connection on Sg. A careful analysis of V3, VSs™ suggests how such
a connection comes around and why assumption (3.2) is necessary.

Vg/arvss' T= Vg/arvf*s - Vf-Vg/a,s - V?a/ar,e]s~ + V?&/@r.e']s "= RijoreS”
LS VIS VS = Ry
=Vg/ar(fV§~S~) = f'%ii/(ir,e's~

Assume for convenience that f”(R) # 0. Then from (3.2) and Proposition 3.3 we get
VS, (fV55Y) = (f"/f"(R)(Pypes)” OF equivalently

f

Vg/ar(fvf" N fu (R)

e (Ryre8)) = O, (3.12)
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Define the connection VX on S by

VEs = {fvf'5~ - 7%1{_)(‘%6/1% o) }I =VisT|y— j{n((R)) Rojir,eS- (3.13)
Equation (3.12) merely says that
(VB = 985" s R

The verification that VX is a metric connection compatible with the Clifford action
is a simple exercise. We will check only property (1.2) i.e.,

Vi(dos)=(Vid)os + ¢oVes, ¢peC=(CIN)), seC (N,Sg).

Indeed (VE(¢°5)) = [V2A5)" — (/S "(R)(Ryyor ($°5))" = f (VP )os™ +
fo™oVis™ f/f”(R))(%/are@)) o8 = (J'/ " (R) G (Ryya,.o(8))” = (f V™ —
(f'1S (R Ry o(D)))5™ + ¢ 7o (Vs)™.

It remains to be checked that

/'
f"(R)

Since V¥, #", and V" are derivations with respect to the Clifford multiplication,
it suffices to check (3.14) on elements ¢ TN only. There, it follows because [O],

0% 0 (V) F(R)
T o ;o R

Now we prove the separation of variables formula (3.10). For s in C®(N, Sg)

IVEG™ — s (Riar ($))” = (V)" (3.14)

VipT=— Rione($) = — e ¢>

Ds~ 0 VS . dimN - VS . dliN f’
$T=—0oV3,s"+ e oVS sT=— a
o Vo 2 YI®
TN X 1

' eio,@ re-S -
iZ1 ( a/a,,) f

dimN

~.Zl €;°Ryjar,,s 0N C2(N,Sp). O

+ 7(: rS), where Egs=

J"(R)

It is interesting to trace down the Dirac bundle on (N, Sz) and the corresponding
endomorphism =g, when S = CI(W) or S = Spin(W).

(3.15) a) S =Spin(W). This situation is worked out by Chou [Ch], when W is
even dimensional. If dim W is odd, then S = Spin (N), 9 is the classical Dirac
operator on N, and from (3.8) and (3.11) we get = = (dim N/N)no.

(3.15) b) S=CI(W). In this case Sg= CI(N)® CI(N), under the identification

Sg30 = wy + @, A (6/0r) > (w,,,)eCI(N)@ CI(N). The connection VR is simply

the (direct sum of) Levi—Civita connection(s) and @y is a direct sum of two copies
dimN

of the Gauss—Bonnet operator on N. g then becomes § ) ecad,,. fo,isa

i=1
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Clifford section of degree p on N, then

Zneecw, if eew,

ad,.. (@) = {0 if edw,

Thus Erw, = pnew,. Similarly Zg(n°w,)=(dim N — p)n°(ncw,). Closely related
formulas appear also in [B].

The parallel transport introduced before allows us to trivialize S in the radial
direction. Precisely, if 7:(¢, 20) x N — N is the projection, then n*(Sy) is canonically
isomorphic to S. When S is viewed as 7*(Sg), any section in C*(W, S) can be viewed
as an element in C*®((e, c0), C*(N,Sg)) and the separation of variables formula
(3.10) extends to

Ds = nos’ Prs [ o o ®
s—nos(r)+7+7:Rs, seC*®((&, 00), C*(N, Sg))- (3.16)

An easy consequence of (3.13) is that n and ¢ anticommute.

4. Index Formulae

In this paragraph we will solve the Callias-type index problem for a triple (M, S, L)
consisting in an odd dimensional Riemannian spin manifold M with a warped
end, a spinor-type bundle S, and a perturbed Dirac operator L = D + A, for which
the potential A4 is independent of the radial direction on the warped end.

Definition 4.1. The Riemannian manifold M is said to have a warped end if there
is a compact set K = < M and a warped product W, such that M — K and W are
isometric as Riemannian manifolds. Thereafter we will identify M — K and W. Any
such manifold is complete [O].

For the rest of the section we assume that M is a (n+ 1)-dimensional spin
manifold, n even, with a warped end W and S is a spinor-type bundle over M. As
shown in the previous section, S|y, - x = n*(Sg), with Sg = S|z, v also a spinor-type
bundle—afortiori N is spin too—. The separation of variables for the Dirac
operator restricted to sections in C*(M — K, S) yields Ex =(n/2)ne (see 3.15a).
We also assume that A4 is skew-Hermitian, commutes with the Clifford action and
is independent of the radial direction r, ie., A(r,x)= A(R,x)= A(x), r = R, xeN.
Then — A2 is positive at infinity if and only if —A%(R,-) is positive on N, which
will also be assumed.

Proposition 4.2. Under the above hypotheses the operator L= D + A is a Fredholm
operator if the warping function fon M — K = W has the property that f(r)— oo, if
F— 0.

Proof. According to Proposition 1.21b), it is enough to show that 2(A4) = [D, A]
goes to zero pointwise, as we approach the end of the manifold. Since D = ne(0/0r) +
(P=/ )+ (f'/f)(n/2)n> on M — K, we see that [ D, A](r, x) = (1/f(r))[#r, AJ(x),r 2 R,
xeN. Thus [D, A](r,x)—0 as r > oo, if f(r)—> o0 as r—o00. []

We will need a variant of the relative index theorem of Gromov and Lawson
([G-L]). This theorem is proved in [G-L] for generalized Dirac operators on
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even dimensional manifolds only. However the proof goes through mutatis
mutandis for more general differential operators, for example those whose principle
symbol is given by the Clifford multiplication. This allows us to consider odd
dimensional manifolds as well, in which case the theorem really amounts to an
index-preserving deformation theorem. We also notice that the manfolds involved
need not be connected.

(4.3) The Relative Index Theorem. Let (M, S;,L;), i=0,1, be two Callias-type
operators which coincide outside compact sets, where manifolds and bundles are
assumed to be compatibly isometric ([G-L], Assumption III, 4.1). Suppose that
L¥L;and L;L¥,i=0, 1, are strictly positive at infinity (i.e., Assumption 1.20 holds)
Then L; is a Fredholm operator and

[*-index (L,) — [*-index (L,) = ind, (Lo, L,). 4.4)
O
In Eq. (4.4) ind,(L,, L,) is the relative topological index. One way to define it is
the following: let w;,i =0, 1, be the Atiyah—Singer index form on M, associated to
L; [A-B-P], ie., w; is the coefficient of ¢° in the local asymptotic expansion of the
heat kernel tr [e™ % (m,) — e """ (m,)], m;eM,, as t - 0. w, = w, on the common
portion of M;, and so | wy— [ w, ¥ind, (L,, L,) makes sense.
Mo M,
Proposition 4.5. In the above relative index theorem assume that dim M, =
dim M, = odd number. Then

[?-index (L,) = L*-index (L)

Proof. 1t is well-known that w;,i =0, 1, vanishes on odd dimensional manifolds.
(see [A-B-P]) O

We now return to the L*-index for the Callias-type operator L considered in
this chapter. The basic idea is to link, via the relative index theorem, two copies
of M with their respective Callias-type operators to an operator (M,,S,,L,)on a
manifold with two ends and whose index is easily computable. Next we describe
in detail this (M, S,,L,).

def

Let us take M, = R x, N, where f;eC*(R), f; >0and lim f{(f)= co. Assume

|t] = o0
that the portion (g, 00) x ;N of M, is the end of a manifold M equipped with a
spinor-type bundle S, and f,(t)= f(|t|) for |t|=R. If m:R x N> {R} x N=N,

n(t, x) = (R, x) is the projection on N, we take S, d=°f7z*(SR).

Proposition 4.6. S; —» M can be made a Dirac bundle in a canonical way.

Proof. The proof is of course similar to the corresponding part in Theorem 3.9.
We only sketch it. Fix (t, x)e M, and let {e,,...,e,} be a local orthonormal basis
in T,N. Then {0/0t,(1/f1)ey,...,(1/f1)e,} is a local orthonormal basis in T, ,,(M,)
and we define the Clifford multiplication in S, by

1
cliﬂ“(%)=n°, cliff(f—lei)=ei°, i=1,...,n
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Also define the connection V3! by the formulas:

11y -
(VSR s +==—(noe;s)”.
i 2 fy
Here s is a local section in Sg and s~ is its parallel lift to n*(Sg) = S,. Now the
necessary verifications are identical to those in Theorem 3.9.

S1 o~ _ s
VaesT =0, Vil yes”

Let D, be the Dirac operator associated to S;—>M, and L, =D, + ¥,

P(t,x) = y() A C*(R), x(t)= boihezR W write L, =
(l, X) - X(t) (X), XE ( )’ X( )_ _1 lf l§ _ R € can € 1=
nod/or +8x/fy + (f1/f1)(n/2me + xA on C*(M,S,). Since lim f,(t)=oo,L,isa

[t]| = o0
Fredholm operator (Proposition 4.2). The notations being those of Lemma 2.7,
Theorem 2.9, and (3.16), L, is homotopic to the operator

+(aR)+ +__..0+ —, 0
T1= fl fl a (47)
0 +(;)_ +;—1—n \/TIX

globally defined on C*(M{,S;)=C®(M,(S{)+ ®(S,)-). In writing out (4.7) we
used the fact (S;). = 7*((Sg)+), Where (Sp)s = {UR,")= +./— 11d} =Sg. @r)+

is the Dirac operator associated to (Sg)+ — N and therefore (?g). =3(Id5 ./ — 1U) x
Prls,, - Set now (Sg)¥ = {s€(Sg)+ Inos = £/ — Ls} and let (9g) be the restriction
of (9z)+ to (Sg)%. Similarly define (#z)* and (Sg)%.

Theorem 4.8. If (M,,S,,L,) is as above, then

[?-index (L,) = index (@g)+ + index (#5)".

Proof. Clearly [*-index (L,)= [?-index (T,)= [*-index (n°d/0t + (@&)+/f1 + (f\/f1)
(n/2)ne + /= 1y) + [*-index (n°0/0t + (@) - /f1 +([1/f)(/2mo — /= 17).  We
concentrate next on the L*-index of the operator m°d/ot + (@g).+/f1 + (f1/f1)
(n/2)ne + ./ — 1y defined on C*(M,, n*(Sg). ). The obvious Hilbert space isometry

(M, w(S2).) > (R x N, 7%(Sp))
0= [0

takes the operator n°0/0t + (#g)+/f1 + (f1/f1)(n/2)me + ./ — 1y into the operator
n°d/0t + (Pr)+/f1 +/ — 1x defined on C®(R x N,n*(Sg), ). Let us denote by Q
the closure of the operator n°d/dt + (#g)+ /f1 +/ — 1xin [*(R x N,n*(Sg). ). Then
Q*=ncd/0t + (Pr)+/f1 —/ — 12, and the task reduced to that of finding L*-
index (Q).

As a selfadjoint differential operator on a compact manifold, (¢5) , has a discrete
spectrum located on the real line. Since (@g),no= —no(dg),, if A1#0 is an
eigenvalue corresponding to the eigenvector s,e C*(N,(Sg)+), then (— 1) is also
an eigenvalue corresponding to the eigenvector nes;. Let then {(4,s;)[A>0},u



I?-Index Formulae for Perturbed Dirac Operators 93

{( Anes;)},0{(0,s,)}, be the spectral decomposition of (Pg);. {s;,nes,,s,}
is then a Hilbert basis for L*(N ), {s.}, generates the finite dimensional
space ker (fz)+ and {s;,nes,}; is a Hilbert basis for [ker(dg). 1", the orthogonal
complement of ker(@g), in I*(N,(Sg):). Moreover, in the decomposition
LR x N, n*(Sg)+)=L*(R, L*(N,(Sg)+)) = L*(R, ker (§x) . ) ® L*(R, [ker (#g)+ 17),
L*(R,ker(fg).) and L*(R,[ker(dg). ") are left invariant by Q and Q*. Thus

[*-index (Q) = L*-index (Q |co@ker@g),)) + L-ndeX (@ =@ pergg), 15)- 4.9)
,—nes;

It is easily seen that the I2-isometry of [ker (#g), ]" into itself given by { S s
©8, >S5,

induces an isometry on L*(R, [ker () ]*) which identifies L2-ker (Qle=, [kerwkh_]L))
and L2-ker (Q* | o frer(@y , 1))- Equation (4.9) becomes then [?-index (Q) = L*-index
Qleo, ker()+ ). We can choose s,eC*(N,(Sg)+), (#r)+s, =0, such that s,eC*
(N,(Sg):) or s,eC*(N,(Sg)7). This is always possible since n preserves ker (6R)

Then
-0
Q'C“’(m,ker(ax)f) =+ /-1 % + \/:Tx.

Any solution e C*(R, ker (§)1) of the equation ./ — 16"+ ./ — 130 =0 is of the
t

form o(t,x) = exp<—fx(t)dr)s(x),seker(ﬁR)I, thus always in L*(R, ker(g)+),
0

and any solution 6e C®(R, ker ()7 ) of the equation —./— 16"+ ./ — 130 =01s

of the form a(t, x) = exp <§ x(7) dt)s(x) seker(#z)7, thus never in L*(R, ker (§z) ).
As a result

dim L?-ker (Q|c= (g xer ), ) = dim ker (@)1
Similarly
dim L?-ker (Q* | co ker ), ) = dim ker (Pg) 5

1ndex<n0 é’; jf%—n +.— x) index (#g)7.

The whole argument can be repeated for the operator n°d/dt + (2g)_/f1 + (f1/f1)

(n/2)ne— .,/ — 1y and gives [*-index (n°8/0t + (§g)_/f1 +(f1/f1)(/2)ne — )/ — 1) =
index (#g)_. Theorem 4.8 follows. [

ie.,

Corollary 4.10. Let L, be the Fredholm operator considered in Theorem 4.8. Then
[*-index (L) = 2index (#g) 1.

Proof. According to Theorem 4.8, it is enough to show that index(fg)i =
index (§z)Z. The operator (g)* :C*(N,(Sg)*)— C*(N,(Sg) ") is cobordant to 0 (cf.
M 0
[A-S]). Thus (loc.cit.) index(fg)* =0. Now (Jz)* and (wIE))J' @) +> are
R .
homotopic (a compact version of Theorem 2.9). As a result, 0 =index (g)* =
index (#z)F + indéx (Pg)* =index (#z)1 —index(Pg)=. O
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def

Let us now introduce the manifold M,= M [ [M, the disjoint union of two
def

copies of M and the Dirac bundle S, =S|][S. The operator LodzerLI_I(—L) is
clearly a Fredholm operator and I?-index (L,) = I*-index (L) + [*-index (— L) =
2I%-index (L). If we define T, = T[[(— T) on S,, where T is as in Theorem 2.9,
we also have [?-index (T,) = 2I?-index (L).

Proposition 4.11. The operators (Mg, S, Ty) and (M 1, Sy, T,) introduced above are
isometric outside compact sets i.e., there are compact sets Ko« My and K, =« M,
and a manifold isometry F:M|y,—x,—= M|y, -k, covered by a bundle isometry
F:Solmo—xo— S1lu, -k, Such that

T, = FT,(F)~ .. (4.12)

Proof. The obvious isometry F between CK, & {(r,x)eM|r>R}[ [{(r,x)eM|r>R} c
M, and CK, £ {(t,x)eM,||t|> R} = M|,
Fm) = (r, x) if mel®MinM, and m=(r,x)
(—=rx) if me2® Min M, and m=(r,x)
is covered by the bundle isometry F defined by the formula
o) = U if mel®*Min M, and v,eSg=(So)mn="_(S1)m
™ |nev, if me2™ Min M, and 0,eSg=(So)m=(S1)rm
Equation (4.12) is obvious for sections in C*({(t, x)|t > R},S,), since F' = Id there.
Consider now a section s in C*({(t, x)|t < — R}, S,). For simplicity we assume that
seC?({(t,x)|[t < — R},(Sy)+). Then (F~'s)(r,x) = —nes(—r,x) and

(ToF'x)(,0) = (= TF~'s)(r,x) = ”"%”""%ﬁiﬁ
_%)_g_nog(r’x)— / — IO'(V,X),
where ¢ = F~'s. Thus
g no (7). 5)(— . )
(TOF IS)(r,X)—é‘r(—rax)— fl(—r)
+f’1(—r) ES(—r,x) +./— Ines(—r,x).

fi(=r) 2
Finally

ez 05 (BR)e96X) | i
(FToF~15)(t, ) =no (%) o troa" s(t,x) — /— 1s(t, %)
=(Tys)(t,x). O

We summarize the results obtained in Proposition 4.5, Theorem 4.8, Corollary
4.10, and Proposition 4.11 in the following main theorem:
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Theorem 4.13. Let M be an odd dimensional Riemannian spin manifold with a warped
end W=(g,0)x N, feC®((e,©)), f>0 and f(r)»>co if r>0c0. Let S be a
spinor-type bundle over M and let AeC*(M,End(S)) be a skew-Hermitian endo-
morphism such that A commutes with the Clifford action on S, A|y is independent of
the radial direction r, and — A? is positive at infinity. Then the perturbed Dirac
operator D + A, where D is the Dirac operator on S, is a Fredholm operator and

I?-index (D + A) = index (#g)7.
Here (§g)5:CP(N,(Sg)T)— C*(N,(Sg)3) is the Dirac operator on the bundle
(Sr)1 = {s€S| gy unanl(— 4% V2 As =/ — 15, cliff (9/0r)s = \/ — 1s} over the com-
pact even dimensional spin manifold {R} x N=N. O

Theorem 4.13 indicates that the [?-index depends only on the spin geometry
of the cross section of the manifold M, and on the spectral properties of the
potential A at infinity. This fact is even better outlined by the following particular
case which also leads to an elegant derivation of Callias’ index formula (0.2).

Corollary 4.14. a) In Theorem 4.13 assume in addition that S= X ® V, where X is
the spinor bundle on M,V is a trivial bundle over M, and AcC*(M,End (V)). Then

Id+ @
8

(do)?,
4.15)

[2-index (D + A) = [ A(N) A ch(Vg), = [ A(N) A trexp Y -1
N N 27

where A(N) is the total A-class of N,@=1//— 1(— A%)~ "2 A4,(Vg), is the bundle
over N given by (Vg), = {veVr= Vg xnlPv=0}, and ch(Vy), is the Chern
character of (V). .

b) If A(N) =1, then (4.15) can be written:

[?-index (D + A) =

1 (J=T\"
z<-)!
2

Proof. Since U =,/ — 1@, we have (Sg), = £ ® (Vg),. We prefer to work with @
instead of U here for esthetical reasons. The first half of Eq. (4.15) follows now
from Theorem 4.13 and the Atiyah-Singer index theorem for twisted Dirac
operators on compact manifolds [A-S]. The second half is a consequence of the
following lemma:

Lemma 4.16. Let £ — N be a trivial bundle equipped with the flat connection with
respect to a fixed trivialization. If Pe C*(N, End (£)) is a projection then the curvature
associated to the induced connection on the subbundle &, = {P =1d} is given by P-
(dP)>.

Proof of Lemma 4.16. Let V denote the flat connection on £. Then PV is the induced
connection on ¢, whose curvature r, is given for any X, Ye TN, by
l'+(X, Y) = [PVX,PVY] - pV[X,Y] = PVXPVY - PVYPVX - PV[X,Y] = PX(P)VY
- PZVXVY - PY(P)VX + PZVYVX - PV[X,Y] = PX(P)VY - PY(P)Vx,
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since V is flat and P is a projection. On the other hand
PX(P)Vy—PY(P)Vy=PX(P)VyP — PY(P)VxP=PX(P)Y(P) + PX(P)PVy
— PY(P)X(P)— PY(P)PVy + P(dP)*(X,Y)
+ PX(P)PVy — PY(P)PVy = P(dP)*(X,Y),
since PX(P)P and PY(P)P are 0, P being a projection. []

Proof of Corollary 4.14 continued. Put now ¢=Vy and P=(Id + @)/2 in
Lemma 4.16. Then &, =(Vg),, and a representative for the Chern character

ch(Vg), is trexp((y/— 1/2m)r, ) =exp(/ — 1/2n)((Id + @)/8)(dD)>.

b) If AN)=1 then I*index(D +A)=[ch(Vp), =[trexp,/—1/2n((ld + ®)/8)(d D).
N N

Since only the component of top degree of ch (V) , matters in the above integration

and trexp ./ — 1/2n((Id + @)/8)(d®)? is a form of degree 2, we get

< \/_-1<Id+<1>>(d@)2>"/2

>!£tr< m 8
_ 1 <£)"lz ] tr<Id+(D(d<D)2)"/2
(

1
[?-index (D + A) =

NS

2

2

‘/_1>n/2jtrld+¢(d<p)"

—>' <\/tT>n/2 1{/ tr (dd))"+;>' (F)W )i tr (dd)"

1 /_ n/2
=—n<ﬁi> jtr O(dd)',
2<§)! N

since tr(d®)" is an exact form. Taking M = R" n odd, and 4 =./— 1® outside
some compact set, we recover Callias’ index formula, since N=S]"! and
ASTH=1 O
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