Communications in
Commun. Math. Phys. 126, 613-633 (1990) Mathematical

Physics

© Springer-Verlag 1990

Symmetric Plasmas and Their Decay

E. Horst*

FB Mathematik der GHS, Warburger StraBe 100, D-4790 Paderborn,
Federal Republic of Germany

Abstract. Spherically symmetric global solutions are shown to exist for the
relativistic Vlasov-Maxwell system of plasma physics. In view of a conjectured
perturbation result concerning in particular “nearly” symmetric global
solutions, we investigate the asymptotic properties of the symmetric solutions.
In the case of only one particle species (say ions but no electrons) we get
satisfactory decay estimates; in the general case (ions and electrons) we have
preliminary results.

0. Introduction

The relativistic Vlasov-Maxwell system (RVMS) consists of Vlasov’s equations for
the ion distribution f* and the electron distribution f~

O f *+10, f* +(E(t,x)+di A B(t,x))0, f =0, 1)
Maxwell’s equations for the electric and magnetic fields
do,E =curl, B—dy4nj(t, x), 2
do,B= —curl E, (3)
div E =vy4no(t, x), @)
div,B=0, %)

and the equations for charge and current that couple Vlasov’s and Maxwell’s
equations

j(t’ X) = .‘. a(f +(t9 X, u) —f_(t5 X, u))du s (6)
o(t.%)= [(f *(tx,0)— f (6, w)du. )

* Parts of this paper were written during a stay at Indiana University, Bloomington. The author
gratefully acknowledges many pleasant conversations with R. Glassey
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Here d >0 denotes the inverse of the speed of light, d=c; !, the ion and electron
densities f*(t,x,u) and f ~(t,x,u) are functions of time ¢ >0, position xeR3, and
momentum u € IR3. The relativistic velocity 4 is given by &t = (1 +d?u?)~*/?u. E(t, x)
and B(t, x) are the electric and magnetic fields; we assume that for fixed time ¢ these
fields are square-integrable over R3. g(t, x) and j(t, x) are the charge and current
densities, respectively.

If the parameter 7 is chosen as y = + 1, the equations describe a plasma, while
for y= —1 they model the evolution of a galaxy.

In the present paper we consider the initial-value problem and, therefore, we
prescribe initial data f,* = f £(0, -), E,=E(0, -), B,= B(0, - ). We assume that Egs.
(4) and (5) are satisfied for t=0 and that f;" and f,~ are continuously
differentiable, nonnegative and have compact support. We are only interested in
global (-in-time) solutions of the equations, since we study their asymptotic
properties.

If 2 is replaced by u wherever it appears, the resulting system is called the
Vlasov-Maxwell System (VMS). If d is replaced by zero in Maxwell’s equations
(and only there), we get the relativistic Vlasov-Poisson System (RVPS). If =0 in
all equations (which implies u=1), we get the Vlasov-Poisson System (VPS).

If d=0, Maxwell’s equations degenerate into the following system:

cur, B=0, curl, E=0, div,E=y4ng, div,B=0.

Since curl E(t, x)=0, E(t, -) is a gradient field, E(t, x)= —grad, U(t, x). U satisfies
Poisson’ ti
oisson’s equation A.U= — g,

and hence we have
WM)M lwm

(plus a harmonic function that must be constant in order to achieve the square-
integrability of E(t, -)= —grad U(t, - )), which in turn implies

Mﬂvf wa@ (8)

An analogous argument proves that
B(t,x)=0. ()]

Thus in the degenerate case d =0, Maxwell’s equations can be replaced by Egs. (8)
and (9). In this situation no initial data can be prescribed for E and B: B(0, - )=0
and E(0, -) is computed from f,*.

During the last dozen years much work has been done on these equations, but
usually the authors considered only special choices of the parameters d and y. We
use a unified approach that covers all cases simultaneously. This is reflected in the
following definition of a solution of RVMS etc., which is easy to handle but
perhaps more restrictive than necessary.

(0.1) Definition. (a) We say that continuously differentiable functions f™,

f7:[0,00[ x R®*xR3*-[0,00[; E,B:[0,0[ xIR®*->IR?* constitute a solution of
RVMS, if
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(i) For every T=0 there exists a compact subset of R x R? containing the
supports of f*(t, -) and f (¢, -) for all te[0, T].

(ii) The differential equations (1)—(5) are satisfied everywhere with ¢ and j
being defined by (6) and (7). (The integrations involved in the definition of ¢ and j
pose no problems because of (i).)

(iii) For every T=0 the fields E and B together with all their derivatives are
uniformly bounded on [0, T] x R3.

(iv) E(t, -) and B(t, -) are square integrable for all t=>0.

(b) A solution of VMS, RVPS or VPS is defined the same way, but with d
replaced by zero in the appropriate places.

In order to fix notation we describe how the method of characteristics is
applied to the construction of the solutions f* and f~ of Vlasov’s equations (cf.
[8]): Consider the system of ordinary differential equations

Xt=0%,
U*=+(E(t,X*)+dU* AB(t, X %)).

For every 120 and every pair (x,u)eR®>xR>® we denote by X*(t,1,x,u),
U*(t,, x, u) the solution of (10) with (X *(z, 7, x, u), U *(1, 7, x, u)) = (x, u). With this
definition we have

fi(t7 x’ u) = foi(Xi(O’ t’ x’ u), Ui(o’ t’ x’ u)) M
Moreover, for fixed ¢ the mapping R®—RS,
(%, W)= (X (0,2, x, 1), U*(0,t, x, u)) (11)

(10)

is a difftomorphism with determinant of the Jacobian equal to unity (which is
extremely useful for computing integrals). The inverse of the mapping (11) is given

by (6, ) > (X 2(2, 0,3, 1), U (1,0, %, ).

Using the substitution (11) we get that all LP-norms (1<p<o0) of f*(t, -) are
independent of teIR. If p=1, this is conservation of total charge.

An important tool in some of the known existence results is conservation of
energy. This means that the total energy

u2

1+d%u*+1
1/7

is conserved. The first term is the kinetic energy and the second one the field energy.
If y=+1, both energies are nonnegative and an a-priori estimate is obtained
easily. (But energy also has its uses if y=—1, d=0, cf. [7].)

Recent work by Schaeffer and others (cf. [12, 3, 5, 11]) suggests the following

Conjecture. Assume that (f*, f~,E,B) is a solution of RVMS such that for all
(x,u)esupp f*(t, - )usupp f (1, -),

|E(t, x)|, |B(t, x)| = g(t), (12)

|0LE(t, x)|, 10, B(t, x)| < h(?) (13)

H:={§ f* ¢, x, w+ f (¢t x,u)dxdu+ SITyf(E(t’ x)? + B(t, x)*)dx
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with continuous decreasing functions g, h:[0, co[ =[O0, co[ satisfying

| (g(t)+th(t))dt< 0.

0

Then a global solution of RVMS exists for all initial data near (in some suitable
norm) (fo", fo~» Eo» Bo)-

Moreover, the perturbed solution satisfies estimates similar to (12) and (13) (and
many more that follow from them).

In the present paper we are not concerned with proving the conjecture, but we
prove global existence for a class of symmetric solutions of RVMS with B=0 and
investigate their behaviour for large times. In the case that only ions are present
(fo =0) we can show decay like

C
E L e
E@0IS g
(1+log(1+1)?
(1+12)?

If, however, f, +0, we have only preliminary results. (Of course, the conjecture
implies that there is still decay if f;” 0 but is small enough.)

10:E@ x)| =C

Additional Remarks

(i) In [4] we investigated a related but different problem for RVMS with d=+0.
The initial conditions for E and B were replaced by the condition that the field
energy tend to zero as t— co. Numerous pre-1986 references can be found in this
paper.

(i) We do not consider weak solutions of RVMS (cf. e.g. [1] and [9]), since an
estimate like (12) guarantees the existence of classical solutions anyway (cf. [4] and
(6.

(iii) Our treatment of the cases d=0 and d>0 at the same time may look
somewhat artificial. It is, however, economical to treat VPS as a borderline case of
RVMS, since many results for the case d >0 (but not all) remain true for d=0.
Moreover, as we will soon see, a symmetric solution of RVPS is also a solution of
RVMS. Since so far the Poisson case is much better understood than the Maxwell
case, this is a very helpful observation.

(iv) If y= —1, the equations describe models from stellar dynamics. Since there
is only one type of mass (positive) in contrast to two types of electric charge
(positive and negative), we may assume f, =0 in this case.

1. Symmetry and Global Existence
(1.1) Definition and Lemma. Consider continuous functions
0:R3xR3->R,
a:R3>R,
K:R3-5R3.
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We say that ¢, o or K, respectively, is spherically symmetric, if for all proper
rotations R of R? (equivalently for all rotations) and all x,ueR3,

@(Rx, Ru)=o(x,u), o(Rx)=0(x), K(Rx)=RK(x),

respectively.
The functions, ¢, o, K are spherically symmetric, if and only if there exist scalar
functions @, 6, K, respectively, such that

@(x,u)=p(x?, xu,u’), (14)
o(x)=6(x]), (15)
K(x)=xK(|x]), (16)

respectively.

Proof. Assume that ¢, g, and K are invariant under proper rotations. (14) follows
from the fact that, given x, u, y, we R3 with [x| =|y|, [u| = |w|, xu = yw, there exists a
proper rotation R with y=Rx, w=Ru.

Equation (15) is trivial. Equation (16) follows e.g. from the Hedgehog (aka
Haired-Sphere) Theorem (a continuous tangential field on a sphere must vanish
somewhere): For any r > 0 there exists a point on the sphere |x| = r where the field K
is normal and, because of the symmetry, K is therefore normal everywhere on the
sphere.

Since the conditions (14), (15), and (16) are invariant under all rotations, it is
clear that we do not have to restrict R to the group of proper rotations. []

We remark that, if ¢ is spherically symmetric, there exists a function ¢ such
that for all x,ueR3, x+0 we have that ¢(x, u) = @(|x], |x| ~xu, x?>u? —(xu)?). This
choice of coordinates will be quite convenient in a later calculation. The reason is
the following

(1.2) Lemma (Integration Lemma). Assume that ¢:]0, o[ xR x [0, co[ =[O0, oo[
is measurable and that o(x,u)= (x|, x|~ 'xu, x*u?—(xu)?) for all x,ueR3, x+0.
Then o o o
fo(x,u)dxdu=4r* [ | { @(a,b,c)dadbdc.
0 0

Proof. Let x be fixed. We first integrate ¢(x,u) over ueIR3. Rotating u-space, if

necessary, we may assume that x is a multiple of the first unit vector. Thus
fo(x,uydu= {[| @(x|,uy, x*(u3 +u3))du, du,du;.

Now we rename u,, calling it b, and use polar coordinates for the (u,, u;)-integral.

This gives

[otudu=2n | [ rd(x,bx*drdb=" T | @(xl,b,c)dcdb,
0 - 0

an 2

if we substitute ¢ = x?r2. Integration over x € IR® now yields the claimed result. []

The importance of spherical symmetry for the present investigation is that it is
preserved in time, i.e., if the initial data are symmetric, then the solution will remain
symmetric. Moreover, global existence poses no problem in the plasma case with
symmetry:
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(1.3) Theorem. Assume that f,' and f, are spherically symmetric, nonnegative,
continuously differentiable and have compact support. If y= +1, there exists a
unique global solution of RVPS. It has the following properties:

@) f*@ ), o, -), j(t, -), E(t, -) are spherically symmetric for all t=0; more
specifically we have

x
Et,x)="—5 o, y)dy 17)
( |x[? |y|£|x|

for all t20, xeR3.

(ii) (Conservation of Angular Momentum): For all t,1=>0, x,ucR3,

XEt T, x, ) AUt 1, x,u)=x Au.

(iii) There exists a constant C, such that for all t,720; x,ucR53,

U=t x,u)| — = C, (18)
le(t, ) =C, (19)
lit,x)=C, (20)
|E@tx)|=C, 1)

10.E(t,x)|=C, (22)
fi(t’ xu=0, if [uzC. (23)

Sketch of the proof. We will not give a complete proof of this result, since this proof
is easily carried out, using the Frankenstein method. Nearly all parts of the
argument are already available, but they have to be assembled in a different
manner to form a new entity. If d=0, the proof is exactly the same as that of
Theorem (7.3) of [7]. This is a result for a single distribution function, but can be
generalized to a system immediately. The case d >0 with only a single distribution
function was investigated in [2]. In order to generalize Theorem II of this paper to
the case of a system, it is only necessary to find a substitute for Lemma IV and
Lemma V of [6]. This will be the purpose of our next lemma. But we want to clarify
the following point: Theorem II of [2] contains the assumption that fu(x,u)
vanishes if the angular momentum x A u vanishes. This assumption is only an
artefact due to the choice of coordinate system. If the computations are carried out
in cartesian coordinates as in [7], this becomes immediately evident.

The statement of the theorem contains two claims that cannot be found in [2],
nor in [7]. The spherical symmetry of j(t, -) follows at once from the spherical
symmetry of f*(t, -) and integration. The estimate (22) follows from (19) and
Lemma (2.2), infra. []

(L4) Lemma. Assume that T>0 and that E:[0, T]xR*-R> is a continuous
Sfunction of the form E(t,x)=xE(t,x) with a scalar function E. Assume that E
satisfies an estimate

|E(t, )| = g(Ix])

with g: [0, co[ —-[0, o[ decreasing and ||g|l,:= [ g(r)dr<co.
0
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Assume further that the functions X, U :[0, T]—>IR? are continuously differen-
tiable and satisfy the differential equation
%X= U:=(1+d*U?"'2U,

d
5 V=E6X),
with some fixed d>0. Then we have
/1+d*[U(T)? ~)/1+d2[UO)?|<3d* gl - (24)

Remark. This lemma is completely independent from the rest of the paper, but we
use a suggestive notation. Thus the letters X, U, E, and d have a similar meaning
when the lemma is applied in the RVMS situation.

Proof. 1° Without loss of generality we may assume d=1, the case d+1 can be
proved by applying this case to dX and dU instead of X and U. Moreover, we may
assume ||g||; >0, since otherwise U is constant and (24) is trivial.

2° Angular momentum is conserved:

d .
&(X/\ U)=UAU+X AE(t,X)=0.
In particular, the square of X A U is a constant:

X AUP=X?U?*—-{X,U)*=:c=const.

(We sometimes write <-,- ) for the scalar product of R3.)
3° Now we assume that [, 3] is a subinterval of [0, T] and that (X, U has no
zero in Jt, 3[. Let us call this the simple case for [t,$]. Then

|1/1+|U(9)|2—1/1+|U(r)|2|=)}li 1+|U(s)* ds

5 <U< ), G )> X ()| EGs, X(s)ds

X(s)yds| = X0

X(s)
<U( 9 ) SLXONs
(Remember: (U, X» does not change sign in [1, 3].)

)

§

T

X

<% X (S)|> g(X(s))ds| =

This shows that in the simple case for [z, $],

|
/1+IUOP =)/ 1+ U< 'Xf g(r)dr|.

4° If <X, U) has no zero in ]0, T[, then (24) follows immediately from the
simple case for [0, T].
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Let us now consider the case that (X, U) does have zeroes in ]0, T[. For the
time being we assume ¢+ 0. This implies X (t)$0 and U(t)+0 for all t€[0, T]. We
will only show that

Y1+IUME<)/1+UO) +3 gl ,

the other half of (24) is proved with the same method, but “going backward in
time.”
The set
Z:={te]0, T[IKX(t), U(t)>=0}

is not empty. Let t_=infZ, ¢,=supZ. Then ¢,€ZuU{0,T} and
{X(ty), U(t+))>=0. The continuous function |X(t)|? attains its maximum at some
point t, of the compact interval [t_,t,]. Clearly {(X(to), U(to)>=0. (If

toe]t_,t.[, this follows from % Xz‘ =0, iftoe{t_,t,}, we already know it.)

t=to

We first claim that for all te[t,,t, ],

|1X(t0)|
VI TUOP <)/ TTI0OF + gl + IX(J;t))l ¢(s)ds. (25)

In order to prove this we will show that the set
S:={se[te,t+]I(25) is true for all te[ty,s]}

is nonempty, and open and closed in the interval [¢,, ¢, ]. This implies S=[¢o, ¢, ]
S is nonempty, since t,€ S: We have

]/1+IU(t0)|2=‘/1+% g‘/1+;2 =)/ 1+[U( )P (26)
[ X (o)l [X(-)l
1X(to)|
SY1+HIUO) +ligh =)/ 1+1UO) + ligll + IX('[ N g(r)dr.

(If ¢t _ =0, this is trivial, otherwise it follows from the simple case for the interval
[0,¢-1)

S is clearly closed in [t,,¢,]. To show that S is open in [ty,¢,] assume t€ S,
t<t,. We consider the three possible cases.

First Case. There exists ¢>0, e<t, —t, such that
<X7 U>|]t,t+s[<0'

(X? is decreasing to the right of ¢; this is the easy case.) Assume se ]t, ¢+ ¢[. Then,
using the fact that teS and the simple case for [t,s], we get that

1X(@)|
VI+IUGP S)/T+IU0F+ | gdr
|1X(t0)| 1X(@)|
<Y/ TTTOOF + gl + ,X({,): ¢()dr+ ,st; g(dr
1X(to)l
—)/TFIUOF + gl + I;gs)l ¢()dr.

This shows [t,t+¢[ CS.
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Second Case. There exists 6>0, e<t, —t such that
X, Uly >0
(X? is increasing to the right of ¢; this is the hard case.) Assume se€ Jt,t+¢[. Let
sy o=inf(Zu{t )nlt+et ) =t+e>s.

Thus s, is the smallest zero of (X, Uy =3]/1+ U? gt_ X2 to the right of t + . Since
X2 is strictly increasing on [t,s. ], we have that
X (@) <X <I|X(s4)l

Since |X(ty)|=|X(s,) and [X(f)]<|X(sy), there exists (Intermediate-Value
Theorem!) an s_ €[t,, t[ such that

1X(s-)l=1X(s)l.

Using the simple case for [s,s,] we get

wﬂww§W+me+ﬁ?ww @)
X(s)

| X(s+)]

C
14—+ r)dr
KEOE T 1oy &0

c IX(s )l

VR 20

c+<X(s_), U(s_)y* X6l
X (s 1X(s)|

1X(s-)l
=)1+|UG )P+ [ gr)dr
1X(s)|
1X@o)| |
SY1+HIUO) + gl + |x<£ ) g(r)dr+
1X(2o)l
=)/ 1+|UO) +ligl, + IX'! " g(r)dr.

[Here we have used the fact that s _ <t and therefore (25) is true for s_.] Again this
shows [t,t+¢[CS.

1+

lIA

X(s-)l
| g(r)dr
1X(s)|

Third Case. For every 6 >0 the function (X, U) changes sign on ]t,t+d[. Then
there exists a sequence (t,) C1t,t, ] with (X, U)(t,)=0 and t,—t. Rolle’s Theorem
implies that there exists a sequence (s,)C]t,t,] with <X, U)'(s,)=0 and s,—t.
Thus

v L
0=<(X,UY ()= =N _ L ix0PEG,
Uy 0=l X 0P X0
2
> WOL__ yg0xa).

Y1+
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This shows that
jreap- o,
1, P

TVIHUOP | YTHIU0P
1

< ———— +|X(0)|g(X (¢

g X0l
x|

qﬁﬂmW+f}Mww

SYIHUOF+ | s0)ar,

since g is decreasing,

SY1+|U©O0) + gl
1X(to)l
SY1+HUO) + gl + |x{t)| g(r)dr.

We conclude that (25) is satisfied with “ <” instead of “ < and thus is also satisfied
for some right neighborhood [t,t+¢[ of t.

In all three cases it follows that [¢, t + ¢[ C S. This shows that S is open in [#,¢ . ]
and therefore S=[t,,¢,]. In particular (25) is satisfied for t=¢,:

1X(to)l
V1+IUE)P S)/1+IUO) + gl + IX({ ) g(r)dr

SY1+IUO) +211glls -

Now either T=t,, or we can use the simple case for [t,, T] to conclude that

V1+IUDP? SY1+UC)P + gl SY1+IUO +3 gl

as claimed.

5° Now let us consider the case c=0. The preceding argument remains valid
except for three places where we used that X (t)+0 and U(t)=+0. The first place is
line (26). Here we have to show that

[Uto)* <IU ). (28)
In the present situation we have that
0=c=|Ut)*|IX(t)* =IU(t-)*1X (),
and by the definition of ¢,

IXE* 21X (@)

for all te[t_,t.]. If ty=t_, then (28) is true, so we assume t,+¢t_.
We claim that |U(t,)| =0 which implies (28). In order to get a contradiction let
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|U(to)| %0. Then | X (t,)| =0 and therefore | X (¢)| =0 on [t_, t,]. This 1mp11es i X()
=U(t)=0 on [t_,t,] and therefore 0= U(ty) +O0.
The second place is after line (27). Here we have to show that

UG P=IUGs-)?, (29)
but this is easy. We know that
0=c=|U(s+)I*|1X(s4)?
and
X (s )I>1X(s)| 20.

This shows that |U(s.)|> =0 which implies (29).

The third modification necessary is in the third case considered in 4°. If
U(t)=0=U(0), the old argument breaks down, but ||g||, 0 and we still have strict
inequality in (25). [

(1.5) Theorem. (i) Every spherically symmetric solution (f %, E,B=0) of RVPS is
also a solution of RVMS.

(i) If (f*,E, B) is a spherically symmetric solution of RVMS, then B=0 and
(f*,E,B) is also a solution of RVPS.

Proof. (i) The reader may easily convince herself that there is nothing to prove
except (2) and (3). Because of the symmetry we have curl E =0. This implies (3). This
leaves only Eq. (2) which in this case (B=0) is

0,E = —v4mj(t, x).

We know that

E(t, %)=y —5 i el ndy=y—5 [ (fFty,w—f"ty,w)dy,w).

I Iyl 1=l |x|3y—

We may compute 9,E by differentiation under the integral sign, since f* is
continuously differentiable and has compact support in (y, w). Using Vlasov’s
equation we get that

olf Tt x,u)—f (e, x,u)=—a0(f " — fT)—(E+danB)Of T+ 1)
= —div,@(f" —f7)—div(E+ddAB)(f* + 7)),

cf. [8, (1.3)]. The integral of the second term vanishes and we conclude

OE(t,x)=—v ) . div,(W(/*(t, y, w)— f (¢, y, w))d(y, w)

X
IXI* 121

X
= les j ley](t y)dy

-7 W 47'C<X,j(t, x)> = '}’47'[](t, X)

because of Gauss’ Theorem and the spherical symmetry of j(z, -).
(ii) This follows with the same argument we used to derive Eq. (8). [
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Additional Remarks

(i) We have once seen the coordinates (a,b,c¢) from Lemma (1.2) in the
astronomical literature of the 1950’s or 1960’s, but lost the reference.

(i) The coordinate ¢ =x?u?—(xu)? is the square of the angular momentum.
Since this is a conserved quantity, this choice of coordinate system is particularly
simple. Even so, we avoid non-cartesian coordinates. The only exception is the
Integration Lemma (1.2) since this makes a later computation quite transparent.

(iii) There are two differences between the relativistic case (d +0) and the non-
relativistic case (d=0). The first difference is that the non-relativistic “ODE
Lemma” (cf. [7, (6.5)]) is much stronger than the relativistic version (1.4). This
makes it necessary to use energy estimates in the relativistic case which can be
avoided if d=0. Unfortunately the relativistic energy estimates are again not as
good as the non-relativistic versions that work even for y= — 1. In the relativistic
case with y=—1 there exist counterexamples to global existence, cf. [2] and
Sect. 3.

(iv) The main difficulty in the proof of Lemma (1.4) is that we make no
assumption concerning the sign of E. This enables us to apply the result in a
situation where we do not know the sign of .

2. On the Decay of a Symmetric Single-Species Plasma

In this section we only consider the case that f,” =0 (and therefore f~ =0) and
y=+1. We drop the superscript “+.” Moreover, we only consider symmetric
solutions. (Using the perturbation conjecture, however, we could also prove

- &

similar results in the case of “nearly symmetric” f," with f;~ “small”.)

(2.1) Theorem. Assume that f, =0 is continuously differentiable, symmetric and has
compact support. Then there exist constants C, >0, C 20 such that the solution (f, E)
of RVMS with f(0, - )= f, satisfies

2,2 2
O 1X(,0,x, w2 C, xLé"_W 2

for all t=0, (x,u)esupp fo,

(i) |Et,x)|=C(1+1)"?
for all t=20, xeR3,

(iii) lo(t, x)| < C(1 +1)~3(1 +log(1 + 1))
for all t=20, xeR3,

(v) 10,E(t, )| < C(1 +1)~3(1 +log(1 +1))?

for all t=20, xeR3.

Proof. (i) We consider the case d=0 first. Take any pair (x,u)elR3 xR>. We

abbreviate
X(@t):=X(t,0,x,u),

U@t):=U(t,0,x,u).
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By conservation of angular momentum
IXOPIU®)I?—<{X(2), U@t))? =x*u?—{x,ud*=:c=const

for all t=0. We assume ¢ > 0. (If c=0, the statement is trivial.) This shows that X
and U have no zeroes. Moreover

% X0 =2<X (), U®)>, (30)

d -

&IU(t)|2=2<U(t), E(t, X (1)) =2<U@®), X(1)> 1 X (0)] 3| |<I| o o(t, y)dy.
Since ¢ is nonnegative, this implies that |U| is increasing (or decreasing,
respectively) on an interval [ if | X| is increasing (decreasing) on I. Differentiating
(30) we get

2

O IXOP =21V +2¢X (0, B, X))
a1

—2UOP+2XO" [ o))y 22lU(OR>0.

IyI=1X@

Therefore X? is strictly convex on [0, co[. At most three cases are possible:

First case. X? is dccreasing on [0, o[. Then

d = IX(t)|2>2|U(t)I2>2 2 >0.

|X (t)l2 -

This implies that X2 is finally increasing, a contradiction that shows that this case
is impossible.

Second case. X? is increasing on [0, oo[. Then U? is increasing, too. We have

%lX(t)l2 =2{x,uy=0
and =0

U@ zu?
for all t=0. Thus

& X222,
and after integrating this twice we get
IX(OP 2 X%+ 24X, udt + P2 = w22 % 2.
Third case. (This is the interesting case.) There exists t,>0 such that X? is

decreasing on [0,¢,] and increasing on [t,, co[. We let x,, —X (ty), u,=U(t,) and

note that
x2=min [X(t)]
t=0

uz = min |U(t)]

t=20
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and

- GIXOP| =2Gm)
which in turn implies
c=x2ul.
As in the second case we conclude by integrating the second derivative
IXOPZx2+(t—t,)us.
For later use we note that this implies for =0,
x22x2+t2ul. (32
Because of the above estimate we have

X _ xy+E—t)u
t2 = t2 :

Using freshperson calculus one can show that the minimum of the right-hand side
over t>0 is . .
- >
x2+tul T x*
(The last inequality follows from (32).) Thus
c
2> 7 42
XOPz 52,

as we have claimed (with C, =1).
Now let d>0. A straightforward calculation gives

% IXOF =201 +d2[UOP) U +20 +d[UP) "
X (+dUOPX O~ X0, U)X (0] )

x [ olty)dy
BIEY.(0]

22(1+a*u@P) " lu@l®. (33)
Assume (finally!) that (x, u) € supp f,.
We use the fact that supp f, is bounded and estimate (18) to conclude that
|U(t)| =const
uniformly for all (x, u) € supp f, and that the estimate ending on line (33) therefore
implies that

d2
ez X O 22C,|U@)?

with a positive constant C;.
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This estimate now replaces (31) and we can proceed exactly as in the case d =0.
(i) Let |x|=R. Then

|E(t,x)=R™% [ olt,y)dy=R™* [ f(ty,w)d(y,w)
Iy12<R? IyI2=R2

=R™? | fo(X(0,t,y,), U(0,t,y,w))d(y, W)

Iy|I>=R2

=R72 ) Joy, w)d(y, w).

1X@,0,y,w)|2<R?

Using (i) we conclude that this is

<R7? , wyd(y, w
< Cly2w2;§y{w>2tzészo(y )d(y, w)

=R %472 f fola,b,c)d(a,b,c).
Cict2a—2<R2
Here we have defined
Josw)=:Follyl, Iy~ <y, w), y*w? — (y, w)?)

and used the Integration Lemma (1.2). Since f, has compact support, the
integration is over a set of the form

0<a<C, |b|SC, O0=Zc=sCR*t™ 2%
Since f,, and therefore f is bounded, it follows that
|E(t,x)| SR 2CR*t 2=Ct"2.

Together with (21) this proves (ii).

(iii) Let (x,u)esupp f(t, -); t,=0 and abbreviate
X=X(t,1,x,u),
u=U(t1,x,u),
E=E@t X(t,z,x,u)).

By straightforward calculation

d N
aX=v
d2
FX=(1 +d*U?) 73?1 +d*U»E—d*{U,E)U).
This implies
d2
?X <|E|=C(1+1)~?

because of (i). Writing X as its Taylor polynomial with integral remainder

ts d2
X=x+(t—1)d+ H(;?X(a,‘c,x,u)dads,
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we get the following estimate:

t
1X(0,t,x,u)| = |x—t4|— | [ C(1+0)"2dods
0

=|x—td—C [ (1+s) ' =1 +1)"Vds

Ot = Uy

2|x—ti|—C (}) (1+s)~ds
=|x—t4]|—Clog(1+1). (34
We have assumed that f;, has compact support and so there exists an R =0 such
that fy(y,w)=0 if |y|=R. Now
ot,x)= [ f(t,x,u)du= [ fo(X(0,t,x,u), UO,¢,x,u)du. (35)

The integration is over the set of all u with | X (0, ¢, x, u)] < R. But, because of the
estimate ending on line (34), this set is contained in the set of all u with

Ix—td]—Clog(1+)<R,

or li—t'x|<t" YR+ Clog(l +1). (36)

Now let us look again at Eq. (35), the definition of ¢. In the integral we substitute
v=1. Since f(t,x, -) lives on some bounded subset of u-space, uniformly for all
t=0, xelR? (cf.(23)), we can estimate the determinant of the Jacobian with a
constant. Now (36) implies that the v-integral is only over a ball of radius
<t }(R+Clog(1+1t)) in 3-space. This shows that

o(t, x) < Ct™3(1 +log(1+1)3,

and taking (19) into account, we have proved (iii).
(iv) Follows from the next lemma, applied to p=4(t, -). [J

(2.2) Lemma. Assume that y: [0, o[ >R is continuous, Hélder continuous at x=0
and bounded. Define

[ x  Ix
W g rip(r)dr, x=+0

K(x)=
() 0, x=0.

Then K is continuously differentiable on R® and

0K,

C W) <20l
Proof. If x+0, we have !

0K; 0;;  3xpe;\ X, X; Xj .,
o o e L . 37

This is obviously continuous for x+0. Moreover,

0K;
0x;

3 Il
é(W (I) r2dr> Yl + 1wl =219 o -
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Writing (37) as
0K; xx; 1B
ox; _5”|—F I riy(r)dr +3| HFER) [ r2(w(x)—w(0) +p(0) —y(r)dr,
J
we can easily see that
0K; 1
5:'111’(0)- O

x—*O a

Additional Remarks.
(i) The proof of Theorem (2.1) makes heavy use of the fact that ¢ is nonnegative. It
would be desirable to extend the argument to the case f; 0, in which ¢ can
assume both signs.

(ii) The constants in the statementof (2.1) depend on d. This makes sense, since
for d— oo the speed of light tends to zero. Thus all motion freezes and decay can no
longer take place.

3. The LaGrange-Jacobi Identity

The following theorem is an analog of the LaGrange-Jacobi identity for the
N-body problem (cf. [10]).

(3.1) Theorem. Assume that (f*, f~,E, B) is a solution of RVMS such that for
every T =0 there exists a compact set K,CRR?> with

suppE(t, - )usuppB(t, - )CK,
for all te[0, T]. Define for t =0,
1) = [ x> +d*u)'2(f (¢, x,w)+ f (¢, x, ) d(x,u)

d2 2 2 2
+%5x (E(, x)I* +|B(, x)|)dx .
Then I is twice continuously differentiable and

i(t)=2jxu(f+(t, x,u)+ f~(t, x,u))d(x,u) + 2;;31 | {x, E(t,x) A B(t,x)>dx,

I(O)=2fud(f*(t,x,u)+ f (¢ x,u)d(x,u)+ 417? f(E(t, x)|>+|B(t, x)|*)dx.

Proof. 1° Because of our assumptions concerning the compact support of f*,
E(t,-), and B(t, -) this is a straightforward exercise in the differentiation of
integrals. The first term of I is easily handled using the substitution (11) and the
characteristic equations (10); for the second one we use Maxwell’s equations.
2° In order to facilitate the logic of a later argument we first note that for every
continuously differentiable function K :IR®*—IR? with compact support we have

[ <x, (curl K(x)) A K(x)>dx = [ (3K (x)]* — (K(x), x) divK(x))dx.
This follows at once by integrating the elementary identity
div(K A (K A x)+ 3K x)=<{K A x,curl K> — 1|K|? + (K, x> divK .
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3° We now compute the first derivative of I:
I=2{(u(f* +f7)+d>x20E(f * — £ ))d(x, u)

+ §i—y 2 [ x*({E,d” ! curl B—4mnyjy—{B,d”* curl E))dx
=2[xu(f* +f7)d(x,u)+ 4inij2(<E, curl B) — (B, curlE))dx
. d .
=2{xu(f*+ f7)d(x,u)+ ﬁsz div(B A E)dx

=2{xu(f*+f7)d(x,u)— 2im)§(x,B/\E)dx,

as claimed.
4° Similarly, using 2°, we obtain

I=2{Wd(f*+f7)+<{x, E+dinB)(f*—f7)d(x,u)
+ %f(x,(d”l curl B—4nyj))A B—E Ad™curlE)dx
=2[ud(f* +f7)d(x,u)+2 [ {x,0E+dj A B)dx
+ %)—)j{x, (curlByA B+(curl E) A E)dx —2d [ {x,j A B)dx
=2fud(f* +f7)d(x,u)+2 [ {x,E)edx

1 2 2 .
+%J‘(|E| +|B|* —2<{x, E) divE)dx

=2{ud(f* +f7)d(x,u)+ 4%? f(EI*+|B*)dx.

E. Horst

Remarks. (i) The condition about the compact support of E(t, -) and B(t, -) is
more restrictive than necessary. It could be replaced by growth conditions if the

need would arise.

(ii) Examples of solutions of RVMS that satisfy the assumptions of the

preceding theorem are the solutions for “nearly neutral” initial data of

[3].

In the symmetric case we can discard the assumption about the compact
support of E(t, -) (B=0 anyway) if we slightly modify the definition of I:

(3.2) Theorem. Assume that (f*,f~,E) is a spherically symmetric solution of

RVMS. Let
I(t)= [ x* A +d2ud) 2 (f* (t, x, w) + £ (¢, x, w)d(x, u)

a
L IX(E(t, x)2— 2)dyx.
+ gy 1B X~ |EQ, 0P dx
Then I is twice continuously differentiable and

f(t)=2juﬁ(f+(t, x,w)+ f~(t, x,u))d(x, u) + th_y“E(t’ x)|%dx.



Symmetric Plasmas 631

Proof. This is exactly the same argument as in the preceding proof. The second
integral in the definition of T exists, since according to (17)

E(t,x)=E(0,x)
if x is outside of a ball that contains the support of o(t, -). [

The LaGrange-Jacobi identity has some notable consequences:

(3.3) Theorem. Assumey= + 1. Then there exist no stationary solutions of RVMS
that satisfy the assumptions of (3.1) or (3.2), apart from the zero solution.

Proof. For a stationary solution we would have I'=0 (or I =0, respectively), but I
(or ﬁ is strictly positive if y=+1. [J
More quantitative information is gained if we use the conservation of the

energy 2

u

H={ 1 (7@ xu)+ [t x, w)d(x, u)

1+d%u?+

1
+ gy (B X)) +|B(t, x)]*)dx.

u? _ fd N/ 1+d5P—-1), d>0
Ylrd?+1 - 3, d=0

We note that

and

d”(”*”” ‘TH/%) 4>0

uli=

u?, d=0.
This shows that
I'=2H =const (38)
and, if d>0,
T<S2H+2d72[(f*(t, x, )+ f~(t, x,u))d(x, u)= C = const, (39)

the same estimates being true for I.

In the symmetric case we can get more precise information from the LaGrange-
Jacobi identity: Let us first assume that (f ¥, f 7, E) is a symmetric solution of
RVMS such that E(0, -) (and therefore E(t, - ) for all t=0) has compact support.
Then

1
x*|El*dx= | —
Sl e Iyl

ol y)dy)zdx

I

r 2
| s%(t,s) ds) dr
0

o

=(4n)’ |

(=}
P N A—

= —(4n)® | r2r%8(t,7) | $%a(t, s)dsdr
0 0
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after partial integration, and we can bound this by

<@n)?-2 | P12 nldr- flo(t, x)dx

0

=8x [ |x| |e(t, x)|dx - [ |e(t, x)|dx

<8n(f x?|o(t, x)|dx)"/2( lo(z, x)|dx)*>

=C([ x*o(t, )| dx)"/?

SC(Ix* A +d2u®)' 2 (f + f7)d(x, u)'?

for some constant C=0. (g is defined by g(¢, |x|)=0(t, x) as in (1.1).)
If E(O, - ) does not necessarily have compact support, the same argument shows
that

I x*(E(t, )1 >~ [E0,x)|*)dx| < C(1 + ([ x*(1 +d*u?) /(£ * + £ T)d(x, u)) ). (40)

Thus for a symmetric solution (f *,f ,E) of RVMS the second integral in the
definition of I(t) is essentially dominated by the square root of the first one. This
leads to the following

(3.4) Theorem. Assume that (f ™, f~,E) is a symmetric solution of RVMS. If the
total energy H is positive, there exists a positive constant C, such that

JUX (8,0, %, u)? fo" (x, u)+1X (6,0, %, w)* fo~ (x, u)d(x, u)
= {|x]2(f *(t, x,u)+ f ~(t, x,u))d(x,u) = Ct>.
Proof. By (23)
S+ )Wz Cf IxP(1+d*u?) 2 (f* + £ 7)d(x, ),
and by (38)
I(t)=Ct?

for large t.
Because of (40), this implies that

FIxP(1+d*u?) 2 (f 4 f7)d(x, u) = Ct?
for large ¢, and therefore also
FIXP(f* +f7)d(x, u) = Ce?

for large t. However, since [ |x|*(f * + f 7)d(x, u) is a positive continuous function
of t, such an estimate is also true for small t. [

Remark. The essential ingredient of the proof of Theorem (2.1) was the growth
estimate (i):

1X(8,0,x,u)l> = Cyclx| =22
Whereas we could not prove this for a system with f;~ +0, the preceding theorem

shows that at least some weaker integral version of this estimate remains true. This
gives rise to the hope that the decay results of Sect. 2 might also be valid for f;~ +0.
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We end with a non-existence result:

(3.5) Theorem. If y=—1 and d>O0, there exists no spherically symmetric global
solution (f*, f~, E) of RVMS with

d72 [/ 14+d*u*(fo" + fo )d(x, u)— 81—7r§ |Eo(x)|*dx <O0.

Proof. This condition means exactly that the constant C in (39) is negative. Thus
we would have
lim I(t)= — 0.

t— oo

On the other hand, we conclude from (40) that I(¢) is bounded below. []

Additional Remarks
(i) Theorem (3.5) implies that for y= —1, d>0 there exist counter-examples to
global existence, cf. [2].

(ii) A generalization of the definition of I to the non-symmetric case would be
welcome.
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