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Abstract. We investigate the special properties of Mandelstam metrics in regard
to changing weights in path integrals and relations between determinants of
different spins. Regularizations of determinants are discussed along the lines
of Sonoda. Weyl anomalies developing at zeroes of metrics in reparametrization
invariant regularizations are evaluated in terms of Arakelov metrics. Holo-
morphic forms are constructed, and determinant identities for Arakelov and
Mandelstam metrics rigorously established for any weight and generic even
and odd spin structures.

1. Introduction

Determinants of Laplacians are playing an increasingly important role in diverse
areas of physics and geometry. The foundations of their theory have however been
developed mostly for compact manifolds and regular metrics. In this paper we
wish to examine properties of determinants on certain surfaces with degenerate
metrics and punctures which arise as Feynman diagrams in string theory.

It is a fundamental principle of string theory that scattering amplitudes depend
only on the conformal class of the Feynman diagrams and not on particular choices
of metrics within the class. Nevertheless it is sometimes useful to select a privileged
representative to carry out explicit computations. For surfaces, two metrics arise
which in some sense are opposites of one another: metrics with constant curvature,
and metrics with all curvature concentrated at isolated points. The former are
familiar from hyperbolic geometry, and their determinants now well understood
in the compact case, as special values of the Selberg zeta function [1]. Examples
of the latter are |v, |* or |w,|?, where v, and w, are respectively a meromorphic
spinor [2] and a meromorphic form [3,4]. Their poles can be viewed as punctures
on the surface indicating external string states, and their zeroes as interaction
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points in a Feynman diagram representation. Such surfaces are known as
Mandelstam diagrams, and we will refer to their metrics as Mandelstam metrics.
For Mandelstam diagrams with at least two punctures, physical parameters given
by interaction times, twist angles, internal and external momenta in their natural
ranges provide a single copy of the corresponding moduli space. This is basic to
a light-cone gauge formulation of string perturbation theory [3, 5].

Relations between determinants of different spins for Mandelstam diagrams
are central to the issue of unitary of the Polyakov string. At a formal level, a
relation between scalar and spin 2 ghost determinants, as well as the equivalence
between light-cone gauge and Polyakov approaches for the bosonic string was
derived in [6]. A careful treatment of this case together with modifications dictated
by regularization procedures was provided later by Sonoda [7]. Formal relations
between Dirac and spin 3/2 superghost determinants have been obtained
in [8].

In this paper we investigate this type of relations for any spin. We provide a
heuristic argument for them in the spirit of Witten’s arguments for multiplicative
Ward identities [9]. In the present context however, the conformal anomaly is
crucial since we deal with path integrals over fields of different spins. Thus the
identities hold only for Mandelstam metrics, as it should be expected. At the
rigorous level, we follow Sonoda in defining the determinant ratio

det’' A,
det {7l b5 det (g "5 ">

for Mandelstam metrics by scalings to a regular metric. We show that the
reparametrization invariant regularization of the Liouville action develops a Weyl
anomaly at each zero of the Mandelstam metric. Elimination of the Weyl anomaly
leads to equivalence with Sonoda’s coordinate-dependent regularization, and the
proper definition for (1.1) is thus completely unambiguous. Bosonization [10, 11, 12]
and Sonoda’s methods can then be applied to establish the conjectured identities,
for any spin and both odd and even spin structures. For surfaces with punctures,
coordinate-dependent regularization is the only reasonable procedure, and the
same analysis can be applied to produce similar identities.

Finally we note that for spin 1/2 the determinants of zero modes in (1.1) is finite,
so we get a genuine notion of determinants for Laplacians on spinors with respect
to Mandelstam metrics. It would be valuable to know whether this notion admits
spectral theoretic interpretations or other characterizations besides the identities
discussed here. For hyperbolic surfaces with cusps, an interesting candidate for a
determinant based on scattering data has been suggested in [13].

(lo 1) (1.1)

2. Formal Considerations

We shall be mainly concerned with determinants of Laplacians acting on fields
b,c of ranks n and 1 —n on a Riemann surface M. More precisely the Cauchy-
Riemann operator 9, sends b(dz)" and c(dz)! ~" to d,bdzdz" and 0,cdzdz' ~". If we
choose a metric ds? = 2g,.dzdz to represent the complex structure of M, then the
covariant derivatives V; and Vi can be written as



Functional Determinants on Mandelstam Diagrams 631

Vi(bdz)") = g”0,bdz" "}, Vi(b(dz)") = g7:0.((g™)'b)dz"*". 2.1
With respect to the pairing
Ib11? = [ d*z(g™y'~'bb, |lc|? = [d*2(g™) "cc, 2.2)
it is readily seen that (V%)= —V*~1 (V)= —Vz, , and we can form the
Laplacians
=—2Vi Vi, A, =-2Vi"lyi (2.3)

It is evident that the spectra of 4, , A*,, and A[_, are identical, so henceforth we
shall restrict to determinants of A, for 1/2 < n. For n half-integer, proper definition
of rank n tensors requires selection of a spin structure on M, and we always assume
this has been done. The genus of M will be denoted by h.

The relations between determinants of different weights we are looking for are
suggested by a change of variables in the chirally symmetric path integrals over
anti-commuting fields b and ¢

M+, N 2
Zzy,...,wy) = [ D(bbcc)exp (—I,(b,c)) l_[ z) [] clw)) (2.4)
i= j= 1
Here the action is given by
1
I(b,c)= %fdzz(bazc +c.c). (2.5)

and 7, is the index of the Laplacian 4, which gives the violation of fermion
number. Recall that the Riemann—Roch theorem asserts that

Y, = (#b zeromodes) — (#c zeromodes) = — 3(2n — 1)y(M), (2.6)

where the dimensions are taken over complex numbers. To pass from a rank n
tensor b to a rank n + 1 tensor b’ we need a holomorphic one-form w, so as to set

bV=wb =wlc 2.7

For this transformation to be an isometry with respect to the pairing (2.2), the
metric ds? = 2g,.dzdz cannot be any metric but must be chosen to be the singular
metric

2|w,|?|dz|>. (2.8)

We shall refer to metrics of the form (2.8) as Mandelstam metrics. A holomorphic
form will have 2h — 2 zeroes, and we shall assume for simplicity that the zeroes of
w, are simple, and denote them by R,. To preserve locality of the path integrals,
we must require ¢’ to be continuous, b’ to vanish at R,. Vanishing of the fermionic
field b’ at R, can be insured by an insertion of b'(R,), and we are thus led to

2
B M+Y, 2h-2 l:[ij
fD(b’b’c’c_')exp(—IH1(b’, ) H b'(z) Hc(cuj) n b(Ra) e (2.9)

1:[a)

Z:
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Note that the fermion number violation is now Y, +(2h—2)= 1Y, ,, as it should
be. However the expression (2.9) cannot agree with the original expression (2.4)
since their tensor types at R, are different. To remedy the situation, we introduce
powers of the non-vanishing rank two tensor at R,,

do(R,). (2.10)

The naive powers to go with (2.9) would seem to be |0w(R,)|”"* ", and they would
be correct if the determinants of A, were scalars as in the case of regular metrics.
Here the requirement that (2.7) be an isometry has forced us to take singular
Mandelstam metrics (2.8). We shall see in Sect. 4 that any regularization consistent
with Weyl scalings will force the determinant ratio

det' A,
det {dj|pp) det {dz~"|d5 ">

to transform as a tensor of rank(c,/12,c,/12) at each zero R, of the metric. Here

Wil |?) =

2.11)

c,=6n>—6n+1

is the familiar coefficient of the conformal anomaly, and ¢} are a fixed
basis of zero modes for V. It follows that the proper correction factor is
|0w(R,)| -+ D~ ns 1=l = | §oy(R,)| 2"~ 1, Thus the change of weight formula in
path integrals should be

M+,

M
I1 b(Zi)l—lIc(Wj)

1

{D(bbcc)exp(—1,) ’ = [D(bbcc)exp(—1,+,)

M+ T, 2h—2 M 2
) 1:[ b(z;) I;[ b(Ra)l—l—Ic(Wj)
M 2
Hw(wj) 2h—~2 -2n—1
' M+, lII aw(R“)
1—1[ o(z;)
(2.12)

To derive relations between determinants we consider (2.12) with the minimal
number of insertions to absorb all zero modes. For simplicity we discuss now only
the case of weight n> 1, so that there are no c-zero mode, the number of b-zero
modes is Y,, and we may set M = 0. The result is

det' A7 o det A wti
m‘detqja(zb)tz - det <¢2+1|¢Z+1>ldet d)a (ZbaRa)!z
2h—2 Y,
: l:[ Iﬁw(Ra)l'z"'lflllw(Zi)l"z- (2.13)

It is worth observing that with the regularization we shall adopt for the determinant
ratio W,(|w,)|?) will scale as

W w,?) = W(lo.|*) exp G(h — D)c,u) (2.14)
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for constant p and fixed choice of zero modes, so that (2.13) is indeed independent
of any normalization for the holomorphic form w,. It would otherwise carry little
information.

The relation (2.13) can be simplified considerably if we choose the bases ¢}
and ¢"* ! appropriately. First we need a propagator, i.e., a rank n form meromorphic
form in z with a simple pole at w. Evidently two such propagators will differ by
a holomorphic n form, and thus such propagators are parametrized by Y,
parameters. If we choose these parameters to be Y, generic points on the Riemann
surface M, we can construct the corresponding propagator explicitly as

r,
[D(be)exp (—1,(b,c) )b(Z)C(W)H b(z;)

S"(z,w;zl,...,z,n)=

{D(be)exp (—1,(b, C))l_[ b(z;)
T,
<b(Z)C(W)Hb(Z i)>

= . (2.15)

(v

Then S"(z, w; z4, . .. ’ZT,,) is a rank n tensor in z with a unique pole at w and zeroes
at z;. Given a basis ¢} of holomorphic rank »n tensors, we can construct a basis
for holomorphic rank n + 1 tensors by letting

:+1(Z)=0)Z¢Z(Z), a= 15'-'5 Yn’
T i5(2) = 08"z, Ry; 245, 2y, ) (000(R,)) "™ VI2, (2.16)

In (2.16) the factor (Gw(R,))"~ "’ is necessary to insure that ¢}"), be a rank
n + 1 tensor. The reason is that S"(z, w;zl,...,zrn) is a rank 1 —» tensor in w, so
that lim @,S"(z, Ry;zy,...,2y) is a rank 2 tensor at R, for any weight n. It is now

z—Rp

immediately seen that the matrix ¢”*(z;, R,) is block diagonal, and

det¢n+1(zxaRb) 2h-2 n+1)/2
W 1_1 8(0(R )( i HCO(Z) (217)

Thus we obtain the remarkable relation

2h—2

det' A, A
€ det' A, H do(R,)

det{piidpy  det<di*T[g5*T)

With the regularizations described in Sect. 4, we shall establish later by explicit
computations that (2.18) does hold for Mandelstam metrics ds* = 2|w,|*|dz|?,
together with its analogues for weights n=1 and n=1/2, and for both types of
spin structures. The case n=1 is the one treated in Sonoda [7]. The presence of
the factor involving dw(R,) in (2.18) is required by the fact that W,(|w,|?)is a tensor
of rank (c,/12,¢c,/12) at each R,. Perhaps more important, the above discussion
shows that this factor also leads to invariance of (2.18) under constant scalings of
w,. For rank n=1 the relation (2.16) between bases of holomorphic differentials

(2.18)
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and quadratic differentials simplifies, and this key scale invariance in w, of (2.18)
can be checked directly, assuming the reasonable behavior of W,(|w,|?) given by
(2.14).

3. Arakelov Green’s Functions and Arakelov Metrics

To regularize determinants with respect to the metric |w,|?, we shall scale |w,|?
to a regular metric. Conformal factors between metrics of given curvatures and
their Liouville actions are most conveniently expressed in terms of Arakelov Green’s
functions, so we begin with a brief study of their basic properties and scaling
behavior.

Let ds? = 2g,,dzd? be a fixed metric on the surface M. The usual scalar Green’s
function G(z, w) is symmetric and characterized by

—0.0,G(z, W) = 218z — w) — —2 0 3.1)
‘ 72 /a
d*zg,,G(z,w)=0. (3.2
The Arakelov Green’s function G*(z, w) on the other hand will be defined by
—0,0,G%z, w) = 2m6(z — W) + 5 (‘,’l"'_R I (3.3)
[d*zg,,RG*(z,w) =0, (3.4)

where R = —g”0,0,1n g,, is the curvature scalar. Equation (3.4) is just a normaliza-
tion condition. We note that G*(z,w) is invariant if we scale g,, by a constant.
Solving for G4(z, w) in terms of the usual Green’s function G(z, w) gives

1
G4z, w) = G(z,w) + ) [d*vG(z,v)g,,R + ———=[d*vG(v, w)g,;R

4n(h—1) 4n(h—1)
e
16n2(h — 1)*

which shows that the Arakelov Green’s function is symmetric,
G*(z, w) = G4(w, 2). (3.6)
Let now d$? = 2g,.dzdz be another metric conformally equivalent to ds?, with

g.: = €xp(24)d ;.

If G4(z, w) denotes the corresponding Arakelov Green’s function, it s readily seen
that the same equation (3.5) will hold, with G(z,w) replaced by G*(z,w) on the
right-hand side. Since the curvatures of the two metrics are related by

g,,R=9,,R—20,0,) (3.7
we can evaluate the right-hand side explicitly and obtain

1
(h—1)

fd*vd*ug,;RG(v,u)g,; R (3.5)

(Az) + Aw)) + _& S(g, 4). (3.8)

G4z, w) = GA(z,w) + 17
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Here S(g, 2) is the Liouville action
1 N
S(0,4) = 5[ 4*232,2,1.+ §..RA). (39)

At coincident points, Green’s functions will diverge as —Ind?(z,w), where
d(z,w) is the reparametrization invariant distance with respect to the metric ds®.
Thus we may regularize the Green’s function G*(z, w) by

G4(z,z) = lim (G4(z, w) + In d?*(z, w)). (3.10)
w—z

Note that G4(z, z) is a reparametrization invariant scalar. For coincident points

the scaling law (3.8) becomes

G4(z,2) = G4(z,2) + Mz) +

2h 6
(h—1) (h—1)
since d2(z, w) = d2(z, w)e2*® up to higher order terms for z near w.

We can now eliminate the explicit dependence on the genus by forming
combinations of Arakelov Green’s functions. The simplest such expression is

S(g, 4), (3.11)

(4gzz'gwn‘z)— 12 exp ( - GA(Z> W) + %GA(Za Z) + %GA(Ws W))a

which is immediately seen to agree with the similar expression in terms of
the Green’s function G(z,w) and its reparametrization invariant regularization
(z,z)—hm(G(z, w)+1Ind?(z,w)). This is known to be the same as the

(—1/2, —-1/2) x(—1/2,—1/2) form on M x M
Flz, w) = exp( —22Y Im | o(Im Q)5 Im | w,)lE(z, Wik (3.12)
1J w w

where E(z,w) is the prime form, w; a basis of abelian differentials, and ,; the
corresponding period matrix. A more unusual combination is obtained by selecting
any (2h — 2) points R, on the surface M, and considering

2h-2

Y. GAR,,Ry). (3.13)
ab=1
Unless stated explicitly otherwise, coincident points are included at which the
Arakelov Green’s functions are taken to be their regularized values. The expression
(3.13) now transforms as

2h=2 2h=2 2h-2
Y. GHR,R)= Y G*R,R)+6 Y AMR,)+245@,4. (3.14)
ab=1 ab=1 ab=1

This equation will be needed when evaluating the Weyl anomaly developing at
each zero R, of a Mandelstam metric |@,|*> ~ |0w(R,)|?|z — R,|*.

So far we have discussed Arakelov Green’s functions with respect to any metric
ds? =2g,.dzdz. Some calculations simplify if we make use of some particular metric
on the surface M. Recall that M can be imbedded in its Jacobian C*/(Z" + QZ") by
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the Abel map
z- (o,
P

where P is a fixed base point. The induced metric on M from the flat metric on
the Jacobian is

Jz= IZJ: o (2)(Im Q)7 @, (2). (3.15)

The Arakelov metric on M is a metric g4 whose curvature form gAR4
is equal to 2n(1 — h) j./h. This condition determines g7 only up to a multiplicative
constant which we shall choose later. It is then evident that the Arakelov Green’s
function G*(z, w) with respect to the Arakelov metric is the same as the usual Green’s
function with respect to the metric j,, induced from the Jacobian.

This process of passing from a metric to another metric whose curvature is
proportional to the volume form of the former can in principle be repeated
indefinitely. With suitable normalizations of the volume, it will converge to constant
curvature metrics.

Returning to the Arakelov metric proper, we note that its Arakelov Green’s
function is actually rather simple. Since the form F(z,w) of (3.12) satisfies the
equation

0,0;1n F(z,w) = 2nd(z, w) — j ; (3.16)

the Arakelov Green’s function for the Arakelov metric must be equal to
GA(z,w) = —InF(z,w) — $Ing2 — 4In g2, (3.17)

up to an additive constant independent of both z and w. This implies that up to
an additive constant we have
—Ing4 = 1lim (G4(z,w) + In|z — w|?). (3.18)
The initial constant ambiguity in the definition of the Arakelov metric can now
be eliminated by requiring that (3.18), and hence (3.17), hold exactly as they are
written there. The relations (3.17), (3.18) are sometimes referred to as residue
formulas. The usefulness of Arakelov metrics and their Arakelov Green’s functions
in bosonization can now be traced to the fact that F(z, w) is essentially the correlation
function of two normal-ordered vertex operators

(29,1224, K1 (:e**@:: e X% = §5(k + K')F(z, w) ¥ (3.19)

in a bose theory of scalar fields x with lagrangian 0,x0,x/4x. In Arakelov’s original
work [14] norms on line bundles are defined by setting | 1,,[ = exp (— G*4(z, w))
for the canonical section 1,, of the point bundle O(w). The above relations then
express the fact that for the canonical bundle the new metric defined this way will
give back the Arakelov metric.

The right-hand side of (3.18) is a regularization procedure for G*(z,w) at
coincident points which is coordinate dependent, but does not require a choice of
metric within the conformal class. We shall sometimes denote it by :G*(z, z): to
distinguish it from the G4(z,z) of (3.10). Note that exp:G*(z,z): is a (—1,—1)






