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and N=1 Super-Virasoro Algebras
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Abstract. We introduce a Weyl group for the highest weight modules over the
Virasoro algebra and the Neveu-Schwarz and Ramond superalgebras. Using
this group we rewrite the character formulae for the irreducible highest weight
modules over these algebras in the form of the classical Weyl character formula
for the finite-dimensional irreducible representations of semi-simple Lie
algebras (and also of the Weyl-Kac character formula for the integrable highest
weight modules over affine Kac-Moody algebras). This is the same group we
introduced recently in order to rewrite in a similar manner the characters of the
singular highest weight modules over the affine Kac-Moody algebra A{".

Introduction

The present paper is an attempt to extend the notion of Weyl group to the Virasoro
and N =1 super-Virasoro algebras. As we know Weyl groups and their general-
izations are very important in the representation theory of semi-simple Lie algebras
®,, of affine Kac-Moody algebras ® and of super-algebras G associated with
(generalized) Cartan matrices (see e.g. [1-5]). In the generic cases the Weyl(-Kac)
group is essential in the formulae describing the characters of the irreducible finite-
dimensional representations of ®,, of the integrable representations of & and of
the typical representations of &g [1-5]. Nevertheless, there are large and
interesting classes of representations for which the Weyl(-Kac) group does not play
a similar role. Examples of these are the singular representations of affine Kac-
Moody algebras [6, 7] characterized by the fact that the central charge is equal to
the dual coxeter number and the atypical representations of finite-dimensional Gg.
Recently [8], using results of [9] we derived character formulae for singular
highest weight modules over A{"). Then we introduced new Weyl groups W,, W,*,
which we used to rewrite these character formulae so that they look exactly as the
usual Weyl(-Kac) formulae with the Weyl(-Kac) group W replaced by W, or W,*.

* Permanent address: Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of
Sciences, 72, Boul. Lenin, BG-1784 Sofia, Bulgaria
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A prioriitis not clear whether the notion of a Weyl group can be generalized to
the (super-)Virasoro algebras since these algebras do not have (generalized) Cartan
matrices. We do this in the present paper. It turns out that the Weyl group W, of [ 8]
can play the same role in describing the characters of the irreducible highest weight
modules L over the Virasoro and N=1 super-Virasoro algebras. The only
difference is that one needs also the notion of V-active elements of W,, where V are
the Verma modules with quotients L.

The paper is organized as follows. Section 1 and the two tables summarize the
necessary information on the Virasoro, and the N =1 super-Virasoro algebras
(that is the Neveu-Schwarz and Ramond superalgebras) and their representations.
Section 2 recalls the character formulae for L. Section 3 contains our main result.

1. Preliminaries
The Virasoro algebra [10] W is a complex Lie algebra with basis z, L;, i€ Z and Lie
brackets:

(Lo L=(—j)Lisj+ =06, -5, [2L1=0. 1)

z
12
The N=1 super-Virasoro algebras are the Neveu-Schwarz and Ramond
superalgebras.

The Neveu-Schwarz superalgebra [11] S is a complex Lie superalgebra with
basis z, L;, ieZ, I,, xe Z+% and Lie brackets

.. z .
[L;, Lj]=(—j)L;4;+ g(ls —i)d; —j, (2a)

z( , 1
[Ia’IB]=2La+B+'2_ o —Z 5,1,_‘;, (2b)
[Li,Ia]=<%—oz>Ii+,,, [z,L]=0, [zI,]=0. (20)

The Ramond superalgebra [12] R is a complex Lie superalgebra with basis z, L;,
ieZ, 1,, aeZ and Lie brackets given again by (2).

Further Q will denote W, S or R when a statement holds for all three algebras.
The elements z, L; are even, and I, are odd. The grading of Q is given by degz =0,
degL;=i, degl,=o. We have the decomposition

Q=Q+@Q0®Q—a (3)

where W, are generated by L, i=1,2, S, are generated by I ,,, a=%,3; R, are
generated by L, ,, 1, ,;and W, and S, are spanned by L, and z; R, is spanned by z,
L,, and I,

Besides highest weight modules (HWM) we shall use generalized highest
weight modules in the R case because of the relation Ly=(I,)?+2z/16.
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A generalized highest weight module over Q is characterized by its highest
weight 1€ Q¥ and generalized highest weight vector 7, such that

L#,=0, i>0, forQ, (4a)
I5,=0, a>0, forS,R, (4b)
LoBo=MLo)y=ht,, heC, forQ, (5a)
ziy= M2}y =cb,, ceC, forQ. (5b)

A generalized highest weight vector #, can be defined in the R case as the direct sum
I,v,®v,, where v, fulfills all conditions (4), (5), i.e., it is a usual highest weight
vector. For W, S, §, = v, so generalized HWM (GHWM) for W, S are usual HWM.

Further we shall work with the so-called (generalized) Verma modules over Q.
A (generalized) Verma module V*=V"* is an induced GHWM with highest
weight Asuch that V*~%(Q _)®7,, where %(( _)is the universal enveloping algebra
of O _.(V*is the largest GHWM with highest weight A as every other GHWM with
the same highest weight may be obtained as a factor module of ¥*.) It is known (see
[13-15] for W, [14,16] for S, [17,16] for R) that V*= V"= V*¢ is reducible iff h
and c are related as follows:

either h=hg, ,=ho+4ma, +na_)*+gu, for 0, 6)
1
where m,ne—N,

v . 1 for W,

|3 for S,R,

m—neZ+u, forQ,
0 for W,S,
p=

|3 forR,
c—1
7 for W,
h0= _1 A
¢ for S,R,
16

1
l/—ﬁ—(|/1~—cj-_|/25—c)’ for W,
%(|/1—ci]/9—c), for S,R;

or h=1—66 for R. )

It is known [13]-[17] that the reducible V=V"¢, h=h,, , contains a proper
submodule isomorphic to the (generalized) Verma module V' = V** "< In other
words there exists a non-trivial embedding map between V' and V. These
embedding maps are realized by the so-called singular vectors. A singular vector

oy =
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vs€ Vis such that v,+ 9 and v, has the property of the highest weight vector & of
V’. More than this v, can be expressed, as an element of %(Q _)7, by

0, =20 Yo, V'=UQ Yoz UQ )PQ-)bo, ®

where 2(Q_) is a homogeneous polynomial in %(Q_) of degree vmn. (Here we
should note that for superalgebras the maps under consideration are not
embedding maps in general. This may happen if 2(Q_)>=0, then
UQ )P0 )b, 2 U(Q )iy It cannot happen if there does not exist an element
XeuQ_) such that X2=0. This is the case for Q and thus all maps in
consideration are embeddings.)

In the case h = c/16 for R the reducible V= V1% contains a proper submodule
which is isomorphic to an ordinary Verma module V= V1% with the same
highest weight and highest weight vector 7 =1,0,@0=1I,v,. In order to see this
consider first P, = PI,v,® Pv,, where Pe%(R _) is a homogeneous element and
the action of X e R on P,

XPig=(P' +Q'1,)0,=(P' +Q'I)[0o® (P'+Q'I,)v,
=P+ Q)o@ (P +Q'(Lo—2z/16))vo
=(P'+ Q)o@ (P +(h—c/16)Q")v,, (9a)
where P',Q' e #(R_); actually P',Q’ are zero if degX >|degP| and the action of
Lo,z on @, is accounted for in P’,Q". Analogously P =PI,v, and let h=c/16:
XPiy=(P' +Q'1,)5 =(P'+ Q'I,)I v,
=PIy +Q(Lo—2z/16)vg=P'Iyw,=P#eUR_)5. (9b)
Note that the factor module V/V is isomorphic to V. Further in the case h=c/16 we

shall consider V instead of V¥/1¢ for R. It is also possible that (6) and (7) hold
simultaneously; then

c c—1 1 1
h=—= = — _ 2 —_
T B, m) 16 +4(moc++na )+ % (10a)
or,
ma, +na_=0, (10b)
or,
m 2m p 1
—a_/oc+—;—a—6, p,qeN, <m—nel+§>. (10c)

In this case ¥ is further reducible and everything we said after formula (7) applies
also to this case.

The reducible (together with some irreducible in some cases) GHWM are
grouped into multiplets ([18, 6, 19, 20, 21, 7]). A set .# of GHWM over a complex
(infinite-dimensional) (super) Lie algebra is said to form a multiplet if: 1)
Vel =MD My+0, where M, is the set of all GHWM V' £V such that there
exists a non-trivial embedding map between V' and V; 2) .# does not contain
proper subsets fulfilling 1).
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As usual we shall represent a multiplet .# by a connected oriented graph. The
vertices of the graph correspond to the GHWM of .# and the arrows connecting
the vertices correspond to those embedding maps which are not compositions of
other embedding maps. The multiplets represented by the same graph are said to
belong to one and the same type of multiplets [6, 7, 18-21]. Then we use
parametrization to distinguish the multiplets belonging to a fixed type. Also in
some cases it is useful to consider subtypes when there is no convenient
parametrization for the whole type.

Let us summarize the results on the multiplet classification of the reducible
(generalized) Verma modules for W [22] in the form given in [19] (cf. also [23])
and for S, R [21]. There are five types in each case denoted by N>, N}, N1, N2, N2
which are shown in Table 1. Note that in our convention V-V’ means that V' can
be invariantly embedded in V (arrows point to the embedded modules). We have
also indicated the notation of [22] for W.

The type N° occurs when o_/x, ¢ @QCIR. All other types occur when
o_Jo, €@Q; then either c<1 or c=c,, where

25 for W,
9 for S,R. (1)

For c <1 wehave type N1 and subtypes N2!, N22 of type N2 In this case —o_ /o,

=p/q, p,q€IN and then
13‘5<B+g> for W,
q P

5_2(2+@> for S,R.
q P

For ¢ =1 we have subtype N3 of type N2 (note c; ; =1). For ¢> ¢, we have type

c=c;q=21—8v—(10—4v)(3+9—>= (12a)
’ q

N and subtypes N3!, N3%; a_/o, = —Z, p,qeN and

13+6<E+g) for W,
q p

c=c;q=21~8v+(10—4v)<3 + g) =
q s+z(3+€) for §.R.
q' p

(12b)

For c=c, we have subtype N3* (note that ¢{ ;=c.,).

The explicit parametrization of all types is given in Table 2. Note that in each
case the types with ¢ <1 have the same parametrization as those with 26 —c>c,.
(For parametrization of subtypes see [19,21].) We shall not need the explicit
parametrization of the multiplets, i.e. the values of & for the (generalized) Verma
modules in Table 1. We shall give only the values of h for V,, Voo, Vo, Vo' -

1 1
h=h(m,n)= m [vz(pn__qm)z “(P'“Q)z] + g:u:h(p—m,?{—n) (13)

for N1, p, g, m, n are the parameters as of Table 2; h,, ,, is the same quantity as in
(6); note that for R,

h=h<£ fl_)=1%cp_,q

2’ 2
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Table 1. Types of multiplets (embedding diagrams) of reducible Verma modules over the Virasoro
[22, 19, 23] and N =1 super-Virasoro [21] algebras (arrows point to the embedded modules)

NO (or I1 [22])  Vhe— phtvmnc

VOO ? VOk VOh

NY (or III_ [22]) VOO—V10< >< >< >< ><

Vlo_" sV Ve
o . —Vor e Voiil «—
N (or 1L, [22]) VoB=Vlo >< >< >< ><
S e— Vi e— V]
N2 (or IIT°, II1°° [22]) V(,—>V1———>—>Vk—+
N2 (or III%, 1I19° [22]) Vol e— Vi e— . e— VW e—...

Table 2. Parametrization of the types of multiplets of (generalized) Verma modules over the
Virasoro [22,19] and N =1 super-Virasoro algebras [21]

Type Param- Range and constraints Remarks
eters on parameters
1
N° (1) c,mn ceC, mne-N
v
m—neZ+u
x —/a + ¢ Q’
N (1) p.a,mn  pqeN, p<q, pXq /o, =+p/q;
m,ne—N, c=ci,;
v
m—neZ+p For R and NL
pmzqn, m<§ (m,m)=(p/2,9/2) is

q/2, if both p and ¢ the only possibility for 77¢/16:¢

4= are odd for S, R
q otherwise
N% (IS, 10%°)  pog,n p.qeN, pXq a_fa, = +p/q;
ne%l+ c=ck,
=q=>p=q=1
o s c=1 for N2
O<n<p+g,n—peZ+pu {C=c+ for N2
0=n<p<gq,peZ+pu =n=0,p=1for W
n=0, p=1/2 for R
n=p<g, for WS n=p=1for W

=1/2for §
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is the only possibility for the reducible 7</1¢;

1 1 1 1
=ht = 2_y2(pn— “ul =24 -pu— 14
h=hgp, Tpg [(p+4q)°—v*(pn qm)]+8u< ;T ak h(m,,.)> (14)

for N ;

* h=hg,, for N2',  h=hf,, for N2, (15)
h=h(p,q)(=h(p,‘q)) fOI‘ N2_2, h=h(;’q) fOI‘ N%_Z, (16)

&K 23

h—h—z‘—)+§ for N3,

1 1 1 1 &2
et 4 W4, 23

h ——v+4u h v+8 ™ for N3°. (17)

The interested reader can find the complete parametrization of all multiplets in
[19] for W and in [21] for §,R.

2. Characters of (Generalized) Verma Modules
We recall the weight space decomposition of V¢
Vhe=@Vre, jeZ, for W,R, je3Z, forS, (18)

i

where V}>¢ are eigenspaces of L,

Vie={ve V" |Lov=(h+jp} Q) (19)
where the last equality follows from
U0 )=DUQ-); (20)
J

with the range of j as in (16). For R we have also

h,c __ Y/h,c h,c
Vi =revy,

h,c A h,c A (21)
Vit =%Q-)lovo, Viz=2Q )jo-
The character of V"¢ is defined (cf. [13, 14, 17]) as
chVh () =3 (dim V) ="y p(j)t =t"p(t), (22)
j J

where p(j) is the partition function [p(j) = # of waysj can be represented as the sum
of positive integers (and half-integers for S); p(0)= 1] while v(t) is given by [13, 14,
17]:

HN(l —97! for W,

ke

Y(t)= an(l +t7 U1 —1% for S, (23)
an 201+ t9/(1 —1t%) for R.

The factor of 2 for R appears because of the relation
dim Ve =(1+2p) dim%(Q );. (24)
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For R and h=c/16 we have for V= V16-c=q(R_)I,v,,
chV(H)=t1% T] (1 +15/(1 —t%). (25)
keN

Further [*° shall denote the unique irreducible quotient of V<, such that I¢
= V"¢/["<, where I"*is the maximal proper submodule of V¢, For R and h=¢/16,
V=veroe L=T9%<=V/I, T is the maximal proper submodule of ¥,
(V= veto/7). If V¢ (respectivelv V) is irreducible, I ¢ = V¢ (respectively L= V).
If V*<(V) is not irreducible then the character formula for L*<(L) is more
complicated than (22) [respectively (25)].

We recall the character formulae for W [24, 23, 25] (for partial results see [13,
14, 26-30]) and for S, R [25] (for partial results see [14, 29, 31]) in a form suitable

for our purposes.

In the N° case the embedded V**¥™¢ is irreducible while for I¢ using the
results of [23] one can obtain

Cth’c=Ch Vh,c_ch Vh+vmn,c (26)
=(1—"")chV"e. (27)
Inthe N1 case let us denote by Loy, Ly, Loy, Ly the irreducible factor-modules
of Vou, Vir Vow Vix respectively, where [19, 21, 25]

— 1/h+ vk(pgk +gm— pn),c —_ 1/h+vk(pgk —gm+ pn
VOk—V (pgk +gm — pn) , Vlk_V (pgk — g p)’

(28)

__ /h+v(@gk +m) (pk +n), __yh+v@gk+g— k+p—n),
V(;k—V v(gk +m) (p n)c’ Vllk_V v(gk+g—m)(pk+p n)c’

and h=h,, , is given by (13). Then we have [23], [24], [25], (22):
chLy=chVy+ ¥ (chVo;+chVy)— ¥ (chV;+chV{), 1=0,1, (29a)
>k jizk

chLy=chVj+ Y (chV;+chV{,—chVy;—chV;), 1=0,1.  (29b)
i>k

For R and h=c/16, Ly, Ly, Vi, Vii= Ly, L, Vi1, Vi, and formulae (29) hold again.
1 . PN
Note that in the case g=p+ ™ (g=p+1for W,q=p+2 for S, R) the modules

Loo=L,, [parametrized by (m,n) as in Table2] and Ly,=L,, for R and
(m,n)=(p,,,q,,) form the ¢ <1 series of unitarizable HWM over W,S, R [17].
In the N case we denote by L, L}, (I=0, 1), the irreducible factor-modules of
Vit , Vit respectively, where V!, Vit are given by (28) with the change p— —p,
m— —m(or §— —§, n— —n), h—~h, , given by (14) (cf. [19, 21, 25]). Then we have
[23-25], (35): -
chLj=chV,f + ¥ (chVy;+chV;)+chLg,
j=1

j=

k—1
— 'Y (chV§;+chV), 1=0,1,k>0, (30a)
j=o

k-1
j=0

j=

k
— Y (chVy+chVy), 1=0,1, k=0 (30b)
=1

(chL§y=ch Vg, since V) is irreducible).
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In the N2 cases let us denote by L,, L; the irreducible factor module of V,, V,*
respectively. Then we have [23], [24], [25], (28), (29), (31):

chL,=chVi,—chV,,,, k=0, (31)
and [23], [24], [25], (42), (43), (44), (45):
chLy =chV,* —chV,t,, k>0, (32)

(chL{ =chVy').

3. Weyl Group for the Virasoro and N=1 Super-Virasoro Algebras

Consider the following infinite abelian multiplicative group W, [8] generated by

1 . .
the symbols w(n), ne;N with the properties

wn)?=1, wnwr')=wn)wh). (33)

Thus the group W, consists of the elements
w=w(n,)...w(n), kelN, n,-e%lh w0)=1. (34)

Such a group is called a torsion group or a p-group [32] (here p=2). f w=1 or
1 C
w=w(n,) ... w(ng), n; € S N, n;#n;,i=+j we shall say that wis given in a reduced form.

Because of (33) it is clear that every element of W, has a reduced form.
Let w be given in a reduced form, then the length of w, denoted I(w) is defined as
follows:

=12 "=1 (35)

k w=w(n,)...wny), nie%]N, nEn, i%j.

The length of any element w is defined as the length of its reduced form. [If [(w) =k,
then w has k! reduced forms.] We need to introduce the action of I, on 0k We set
for w in a reduced form and 1 e Q}:

1-A=1,
w-dl=A+Mm+...+n)do, w=wng)...w(n,), (36)

nie%]N, n%n;,
where A, € Q% is defined by
Ao(Lo)=1,  Ao(2)=0. 37
Setting as usual A(Ly)=h, A(z)=c we shall write (36) equivalently as
1-(h,c)=(h,c), w-(ho)=(h+n,+...+n,c)=(w-h,c). (38)
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Note that this action is non-associative; however, this is not essential for our
purposes.

Definition. Let V= V"¢ be a (generalized) Verma module over Q. We shall say that
. e 1
an element we W, is V — active if either w=1 or w=w(n,) ... w(n,), nie;IN, n;+n;

and there exists a chain of invariant embeddings V*—V, —...— V, (remember that
the arrows point to the embedded modules), Where the submodules V; are
isomorphic to (generalized) Verma modules over Q:Vmyhtmttne 4 < ]Sk
For h=c/16 and R we consider 7' instead of V¢ he,

Obviously this definition can be extended to (generahzed) HWM.

Itisclear that Visirreducible iff only w =1 is V-active. It is also clear that if w as
above V-active and w=w(n) there are also other V-active elements of W,.

Lemma. Let w=w(n,) ... w(n,) be V-active. Let le N, <k, {iy,...,i,} be a subset of
{ni,....,m}, such that iy <...<iy, let my=n; _ ,+...+n,j=1,...,1, ic=0. Then
w' =w(i,) ... wi)) is also V-active.

Proof. Let V] =V**m**m-¢ Note thatm; +...+m;=n, +... +n;. Thus V; =V, .
Obviously V-V, —...»V,.

The usefulness of this notlon should become clear from the following which is
the main result of the paper.

Theorem. Let I be an irreducible GHWM over Q, so that I =V"/I"¢, where
V=V"<is the (generalized ) Vermamodule of Q with the same highest weight and I"-
is the maximal submodule of V". Then we have for the character of L*<,

chDe= S (—1)™chy»he, (39a)
w—wlf-z::ltlive
or,
chIM()=chV™t) T  (=1)™e ", (39b)
weW,

w—V-active

Proof. First we note that if V< is irreducible = V"¢ and chI*=ch V" which
follows from (39) — the sum involves only w=1, (I(1)=0). Further we consider the
different types of embeddings according to Table 1.

Case N°. V#*¥mnc is irreducible, while for V=V"¢ there are only two V-active
elements w=1 and w=w(vmn). Thus we have from (39)

cth,c=cth,c_cth+vmn,c’ (40)
which is the correct result according to (26).

Case N2. We consider V;from Table 1,jeZ ., V;=V"*,c=c, , We shall not need
the explicit values of h; (the reader can find them in [19] formulae (15),(17), (18) for

W, [211(13),(16), (19) for S, R, [25](27), (30), (32)) but only the fact that h;— h; E;N
for i<j. We introduce the following notation
wo=wlh—h), LjeZ,, i<j, (WO)=1). (1)
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It is clear that
wi,j'hl=hl+hj—hi7 Wi,j‘hi=hj~ (42)

We fix keZ , and consider V,. It is clear that w, ;,, IeZ ., 1=k, is V;-active. We fix
1> k. We want to enumerate all possible V;-active elements which act on h, as w; ;,
ie. wy ;- hy="h. If 1=k +1 there are no other such elements. If I >k + 1 besides w; ;
they are all of the form:

Wik Wkiwa oo Wias  F=1,0,0—k—1,  k<k;<..<k.<lI, (43)

and we agree that w, , is obtained for r =0. For fixed r there are <l B ]:_ 1) possible

choices of ky,...,k. We note that I(w,,,....w, )=r+1. Thus for the
character of L, =V,/I, we have

o I 1

chL(f)= [1 + 3 5

k+1 r=0 k<ki<..<k-.<l

X (__ 1)1(Wk,k1 “'wkrl)twk»kl ...wer’h'—h] Ch I/;((t)

[ S +1<l—k—1>]
=1+ ¥ tm ¥ (—1y ch V(1) (44)
I=k+1 r=0 r

=1 =" " Mch V(t)=chVi(t) — ch Vi1 ,(0) (45)

which coincides with the correct formula (31).

Case N*%. We consider V;* from Table 1, jeZ,, V;=V""¢, c=cy;. The explicit
values of h; can be found in [19] for W, in [21] for §, R, in [25] for Q, but we shall

use only the fact that hj—hie%]N for i>j. Instead of (41) we introduce
wiy=whi —h'), ijeZ., izj, (WO)=1). (46)
We apply the same reasoning for the case N2 and obtain for L] =V,*/I,}, k>0,

k—11-k—-1
QO=b+z
1=0 r=0 k>ki>...>k.>1
X (_ 1)l(wf{,k1...wi§r, l)tw;t,kl ...w;trrh—h] ch V;C(t)
k=1 k=1-1 k—I—1
=[1+zrhx -y (—1)'“( i >]cth(t) 47)
=0 r=0

=[1—t"% 17" Jch Vi(t)=chVi(e) —chV—4(D), k>0, (48)

which coincides with the correct formula (32).



512 V. K. Dobrev

Case NX. We consider Vg, Vi, Vor Vi from Table 1, given explicitly in (28). We set
[cf. (28)]
hox=h+vk(pgk+dm—pn),  hy=h+vk(pgk—gm+ pn), 49)
hox=h+vGk+m)(pk+n), hy=h+w(Gk+4—m)Pk+p—n),
with h=h, , from (13).

We start with Vy,. Let o7&, 1>k, o#%, 1>k, A&, 1=k, s/%, 12 k denote the sets of
Vyi-active elements of W, such that when acting on hy, we obtain hg,, hy;, hy, b,
respectively.

We claim that all elements of /¢, are obtained as follows. To every element
we A, _, there correspond three elements of o/;. First w, =Www', where w' - hg, ;_,
= hg,;. Next w = W'w(u), where w hOk—h(forl—k+1 Ww=1,h= hOk) wwh=hgy ,_;.
To W there correspond w, = W'w(u'), where w(u) - h=h, and wy=ww(v)w(v'), where
w(v)- h=Hh ;_y, w(v')- By, y =ho. Thus w;-hoy=hey, (wy)=1Uw3)=1(W)+1, i(w,)
=I(W). Proceeding analogously we find that |.oZk|=32""0 "1 |7k =320 |7k
=320"b~1 ) o'k = 32070 Fyrther, let o/%" respectively o7& (and analogously for
the other o/’s) be the elements of /%, with even, respectively odd, length.
(Naturally, |4 |+ |/ | =|.o75)

We claim that

lob 1= |+1, |5 |=|57 1+, 1>k, (50a)

| |=lelo1=1, L =111, 1zk. (50b)

Indeed, let |.o7%; |=|.o¢%; | +1 for some I. According to our reasoning above we have
o0 1= |t | + 21y | =3|L6r |+ 1,
o/ 1 |=2le25] |+ 128 | =35 | +2.

It remains to note that |o/%f, | |=2, | &%, |=1.
Next we substitute (50) in (39b) and we obtain for L, (the irreducible quotient
Of VOk))

ChLOk(t)=|:1 _ Z (th/Ol—thk+thll_h0k)
12k

43 (g hox t"““""")] chVou(t) (51a)

1>k

=chVo(t)— lgk (chVg(t) +chV{(1))
+le (chVot)+ch V(1) (51b)

which coincides with the correct result (29a).
For ch L, chL,,, chL,, the argument goes analogously and the correct results
in (29) are obtained as claimed from (39).

Case N*.. We consider Vi, Vit, Vo', Vi from Table 1 given explicitly by (28) with
the changes p— —p, m— —m [as explained before Egs.(30)]. The proof is
analogous to that of Case NL. We start with ¥y, k>0. Let /8, [<k, 7y, 0<I<k,

Ak 1<k, ik 1<k denote the sets of Vy,-active elements of W, such that when
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acting on hg, we obtain hg;, hiy, ot , hT, respectively, Analogously to the N1 case

we find that |74 =32+"0"1, |7 =326~1 0, 7| = 326D -1 [k =326 170
For the elements with even (respectively odd) length 75" (respectively s7%i ), we
obtain the same relations as (50):

\si =\ | +1, <k, |&i|=|51+1,  O<i<k,  (52a)
\8 =15 |-, | =11, 1<k (52b)

Then we substitute (52) in (39b) and obtain (30a) for ch L§,. Analogously one obtains
the rest of (30). T his concludes the proof of the theorem.
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