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ETH, Zirich, Switzerland

Abstract. We discuss various scattering properties of the classical system of n
repelling particles on the real line. In the integrable case, i.¢. if the asymptotic
velocities are preserved under the scattering map, the asymptotic phases
behave as if the particles collided pairwise.

1. Introduction and Results
We consider » mass points on the real line interacting through the Hamiltonian

n 2

Hxy)=3Y 5+ ¥ Vig—x). (1.1)
k=1 1<j<k<n
The equations of motion are
Ye=ns =2V (—x)+ Y Vix—x). (1.2)
i<k j>k

We concentrate in this paper on the question of the asymptotic behaviour of
the solutions of (1.2) as time goes to infinity. We first examine conditions under
which the scattering map exists and is symplectic (Theorems 1 to 3 and Example
1). Our main result concerns integrable systems, i.e. systems for which the
scattering map preserves the asymptotic velocities up to permutation. We find that
in integrable systems the asymptotic phases behave as if the particles were
colliding pairwise (Theorem 4).

It is well known [18] that for repulsive potentials asymptotic velocities
b, = lim X, (¢) exist for all k =1, ..., n. One can ask a more subtle question: Are

t—>

asymptotic velocities pairwise distinct, i.e. b; # by for all j + k? If they are, then the
particles fly infinitely far apart from each other as time goes to infinity. It is
already known [14] that distinctness of asymptotic velocities holds under decay
properties on V', suchas V' (x) = O(]x| "2 %) as | x| —» oo for some o > 0. We find
here that for a Hamiltonian (1.1) one can give necessary and sufficient conditions
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that do not involve decay properties of ¥ for the existence of distinct asymptotic
velocities.

Theorem 1. Let V be C* on an interval (x,, o) unbounded to the right, where x, is
some fixed real number or — oo. Then up to normalization, the conditions

(A1) V'<0,
(A2) V>0 (which means that V is bounded from below),
(A3) V(x)> o0 as x— x5

are necessary and sufficient for all solutions of (1.2) to exist globally and to have
asymptotic velocities which are pairwise distinct and have the ordering

¥, (00) < X, (00) < ... < %,(c0). (1.3)

Figure 1 shows the shape of a potential V satisfying (A1)—(A3).

Next we ask for existence of the asymptotic phases @, = lim (x, (¢) — 1x, (0))
for k=1, ..., n. This question has a nice answer due to Galperin [6]: Under the
assumption that the potential is repulsive and that the asymptotic velocities are
pairwise distinct, the condition

(Ad) Ofole’(x)]dx< %

is necessary and sufficient for existence of the asymptotic phases. We warn the
reader that for this separation of the conditions (A1)—(A4) (i.e. only (A1)—(A3)
being needed for the asymptotic velocities and only (A4) being needed for the
asymptotic phases), the special form (1.1) of the Hamiltonian is crucial. The
sufficiency statement of Theorem 1 is nor valid for a Hamiltonian

n .2
H(x,y)= Z 2);7’(‘*‘ Z ij(xk_xj) (1.4)
k=1 Kk k<j

with each V}; satisfying (A 1)—(A3). The following counterexample demonstrates
this.

Example 1. Consider the 3 particle system with Hamiltonian

3

2
H(x,p)=Y %—{—e“"’”—}—e"“’“—k 20X, —x,| V2. (1.5)
k=1

This system has for any b= (b, b,, bs) with b; = b, < by a solution x () = (x, (¢),
X, (1), x3(¢)) with X (o0) =b. So the asymptotic velocities are not distinct.

For a Hamiltonian (1.4) we therefore need decay properties on V}; to insure
distinct asymptotic velocities. We find that it is sufficient to add the very weak
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condition (A 4) of Galperin in order to obtain distinct asymptotic velocities; hence
(A1)—(A4) are for a Hamiltonian (1.4) still the best conditions for both
distinctness of asymptotic velocities and existence of asymptotic phases:

Theorem 2. If each V,; in (1.4) satisfies (A1)~(A4), then the asymptotic velocities
are pairwise (and therefore by Galperin [6] the asymptotic phases also exist).

Let us return to system (1.1). We assume now that Vis C?, satisfies (A1)—(A3)
and for some o > 0 has the decay properties

B) |V'(x)| <M/ V()| SM/xT* forall x=R.

Since V is C?, the solutions of (1.2) are unique. Therefore, by Theorem 1 and
Galperin [6] we can define the wave operator ¢*: (x, y) — (a, b) which associates
to the point (x, y) of the phase space the asymptotic phases ¢ and the asymptotic
velocities b of the orbit starting at (x, y). By Theorem 1, ¢ * maps the phase space
into the set

A" ={a.b)eR"xR"|b=(h,, ..., b,) and b <b,<...<b,}. (1.6)

By Simon [16], any n particle system (not necessarily repulsive) with interaction
potential decaying like V' (x)=0(]x| *7%), V"'(x)=0(|x|"*"%) as |x| - w©
contains a nonempty open subsystem on which wave operators exist, and are
homeomorphismus to appropriate sets of asymptotic data. By Herbst [8] these
wave operators are even symplectic. Applying the results of Simon [16] and Herbst
[8] to our system (1.1) gives that ¢* is a symplectic diffcomorphism from a
nonempty open subset of the phase space onto 4*. By Theorem 1, this subset
equals the whole phase space. Hence the following theorem holds:

Theorem 3. If V satisfies (A1)—(A3) and (B), then ¢* is a symplectic diffeomor-
phism from the phase space onto A*.

From Theorems 1 and 3 we obtain the other wave operator ¢~ by time
inversion. ¢~ maps the phase space symplectically and diffeomorphically onto
the set

A" ={a,b)eR" xR"|b=(b,. by, ..., b,) and b,>by>...>b,}. (1.7)

Thus the scattering map s =0c"(67)"'. A~ = A" exists and is symplectic.

The symplecticity of the wave operator ¢* (respectively ¢~ ) implies that the
asymptotic velocities at plus infinity (respectively at minus infinity) are n
independent integrals of the motion which are in involution. Integrability, in the
sense of existence of n independent integrals in involution for our system is
however not surprising since the flow is globally parallel. Any system with globally
parallel flow is integrable in this sense. But the systems we now consider, which we
will call integrable, have strong additional algebraic properties which lead to the
preservation of the asymptotic velocities in the transition from minus to plus
infinity. Let us give a precise definition:

Definition. We cull a system (1.1) integrable if the potential V satisfies (A1)—(A3)
and (B) and if for each n=2 the scattering map oA~ —> A",
(a",b7)—>(a*,bY)=0c(a",b") acts on the asymptotic velocities according to

bi i =by for k=1,.... n. (1.8)
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Examples are the Calogero potential V(x)=1/x* [14], the Toda potential
V(x)=e * [13], and the potential V' (x)=1/sin h?(x) [2]. (To be precise: The
Hamiltonian of the integrable system with Toda potential e™* is not (1.1), but
rather the nearest neighbor Hamiltonian

n 2 n—1
Hx)= Y 5+ Y Vo —x0).
k=1 k=1

But all results of this paper are obviously valid for a nearest neighbor
Hamiltonian.)

We show that integrability (1.8) and the decay condition (B) are sufficient to
calculate the whole scattering map explicitly. Symplecticity of the scattering map
is the same as

Y dag A dbg =) day A db .
k=1 k=1
This combined with (1.8) gives that
d<kz (@11 _ak_)dbk_> =0.
=1

Hence, since the domain 4~ of ¢ is simply connected one finds
Gy ye1— @ = 0G,/0b; =0y, (1.9)

where G, is a function of b~ =(by, by, ..., b,) only. The phase shifts
0,=0G,/0b, are then independent of the phases a; , ..., a, . Because the phase
shifts are translation invariant (i.e. independent of the motion of the center of
mass), G, is a function of the differences b;” — b, only. But we can even say more:

Theorem 4. Let the potential V satisfy (A1)—-(A3) and (B). Assume that the n
particle system is integrable, 1.e. satisfies (1.8) for each n = 2. The symplecticity of
the scattering map means that (1.9) is valid. Moreover

G,(b7)=Y G, (b; —b7). (1.10)

j<k
Therefore the phase shifts have the form
5k=—zkc3(bj_—b,:)+2 0(by—b;), (1.11)
Jj< i>k

where 0 = G} is the two particle phase shift.

This means that the phase shifts are entirely determined by the pairwise
interaction. Thus for these special systems the determination of the scattering map
is reduced to the determination of G, (b~ ), or equivalently to the computation of
the phase shifts of a two particle system which can be done by explicit integration.
By Moser [15] the two particle phase shifts are given by the Abelian integral
equation

=_py1 R __VE___ __p2
op)=—-V (E)+V‘E(E)<1/E——V(x) 1>dx, where E=p?/4.
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For the Calogero-potential 1/x? one finds 6 = 0[1]; for the Toda-potential e * one
finds & (B) = log #% [13]. The proof of Theorem 5 is by induction over the number
of particles. For the induction procedure we are motivated by the following
geometrical picture by Moser [15] (see also Kulish [12]): We assume (1.10)
respectively (1.11) to be valid for n — 1 particles. To make the induction step from
n—1 to n, we choose in the n particle system the asymptotic phase a, of the n™
particle so large that when the n'" particle approaches the particles 1 ton — 1, these
first n—1 particles have already undergone their interaction, are moving
asymptotically free and are so far apart from each other, that the “n™ particle
collides pairwise with each of them”. See Fig. 2.

2. Some Related Literature

Hunziker [9] proved that for potentials with compact support (not necessarily
repulsive) almost all orbits with unbounded distance between the particles collide
finitely often and that these systems are asymptotic complete. Galperin [4] (see
also Sinai [17] and Galperin [5]) proved that finitely many mass points on the real
line interacting by perfectly elastic collisions collide finitely often. Theorems 1 and
2 can be interpreted in the following way: Particles interacting by repulsive
potentials which have an infinite support also “‘collide” finitely many times.

Moser [15] proved that the Calogero-potential 1/x? is the only integrable
system with phase shifts identically zero. Khimchenko and Sinai[11] proved thata
potential with compact support never gives rise to an integrable system and that
the Calogero potential 1/x? is the only potential in the class of potentials decaying
as V(x)~x"% V' (x)~x"17% V" (x)~x"2"* for some o=>2 generating an
integrable system.

The phenomenon described by Theorem 4 is reminiscent of the behaviour of
other integrable systems. For N-soliton solutions of the Korteweg de Vries
equation u, + u - u, + u,,, = 0, the total phase shift is just the sum of the shifts that
would occur in isolated pairwise interaction with every other soliton (Gardner,



358 A. Hubacher

Greene, Kruskal, Miura [7], Theorem 3.7, p. 122). There exist connections
between the KdV equation and one dimensional integrable n particle systems. For
rational solutions u (x, 1) = X 2/(x — a;(1))* of KdV, the time evolution of the poles
a;(t) is given by the Hamiltonian flow generated by a certain integral of the »
particle system with Calogero potential 1/x? (see [1 and 3]).

3. Proof of Theorems 1 and 2

For the proof of Theorems 1 and 2 we need the following lemma.

0

Lemma. Let f(r) >0 be continuous for r =0 and | f(r)dr < . Let r(t) 2 0 and
0
ro(t) 20 be continuously differentiable for t =20 and vy (t) >0, 7 (t)>b>0 us

t — oo. Furthermore let j f(ro(2))dt < oo. Then the following holds:
0

(niﬂmmw<w,

(i) ro(t)> 0 ast— .

(iii) For any ¢ > 0 there exists T = 0 such that ff(r (s))ds<e¢ ff(ro (s))ds for
all t =2 T. t t

Proofof the lemma. (i) and (ii) are obvious. Proof of (iii): For any ¢ > 0 there exists
T =0 such that ro(s) S r(s), | Fo(s)| £ eb/2, and #(s) > b/2 for all s = T. Then we
have for all 1 = T that

ebf2 [ flro(sNdsz | [ f(ro()Fo(s)ds| = [ f(r)drz /f S (r)dr

ro(t) r(t)
= [ £r(s) is)ds Z b2 [ f(r(s))ds.

Proof of Theorem 1. Necessity of (A1)—(A3): V' has no zeros; otherwise the
system would have equilibrium points, which are not solutions with distinct
asymptotic velocities. Therefore either V' > 0 or V' < 0. The fixed ordering (1.3)
of the asymptotic velocities forces V' <0, otherwise one could choose initial
conditions, such that this ordering is violated. " has to be bounded from below.
Otherwise V' <0 implies V(x) > —oo as x— oo, and any solution x,(t),
X, (1), ..., x,(t) of (1.2) with the property x, (1) — x;(t) = o0 as t — oo for k> j,
would have unbounded kinetic energy, i.e. X x7 (1) — o0 as ¢ — o0, contradicting
the existence of asymptotic velocities. Without loss of generality we can assume
V> 0. The infinite repulsivity (A 3) is in the case x, > — o0 necessary for global
existence of the solutions; in the case x, = — o0 it is necessary for the distinctness
of asymptotic velocities. To make this point clearer, look at Fig. 3 which shows
the shape of a potential with x, = —oc and lim V(x) < co. Forn =2, one easily

X — o
sees that there exists an orbit with equal asymptotic velocities, namely the orbit
with relative energy lim V' (x). The analogue phenomenon occurs for n > 2.
X = xC

Sufficiency of (A1)-(A3): (A1)—(A3) are sufficient for global existence
of the solutions of (1.2). (We do not need uniqueness of the solutions.)
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Vix)

lim V(x)

X-—-00

I > X

Fig. 3. Shape of V(x) if x,= —o0 and lim V(x) < . The two particle orbit with relative

X =

energy lim V/(x) has not distinct asymptotic velocities
X = oo

Let x(¢) = (x, (t) s x, (1), y(t)=(y,(t), ..., y,(t)) be an orbit of (1.2).
V' <0 implies that — (Z }k> > V' (x,—x,) <0 for all j. Therefore Z (D)

9=
r>_,

is monotonously decreasing; because of energy conservation and V> 0 it stays

bounded from below as t— oo, hence hm Zyk(t) exists. Therefore x;(o0)
j—1

= l1m Zyk(l) - hm Z V(1) exists for all]

Energy conservatlon and V' (x) — o0 as x — xg imply for all j < k boundedness
of x,(t) — x;(¢) from below as ¢ — oo, from which there follows the ordering
Xp(00) £ X,(00) = ... = X,(0). 2.1)

Equations (1.2) imply that ) f V'(x,(5) — x,(s)) ds = i V() — i ,(0) for all
k=1 k=1

q=j0
r>]

t=0andforallj=1,..., n from which we conclude by (A1) and the existence of

the asymptotic velocities that ||V’ (x,(s) — x,(s))|ds < oc for all ¢<r. The

0
existence of these integrals, the ordering (2.1), and the strict repulsivity (A1) lead
by statement (ii) of the lemma to x, () — x,(¢) — oo as t — oo, forall ¢ < r. Now we
prove that the asymptotic velocities are distinct: Assume that X;(oc0) = X, (cc) for
some j < k. It is no restriction to assume that

Xj_i(0) <xj(c0) (fj>1) and X (00) <Xi (0) (fk<n). (2.2)
Observe that from now on we keep j and & fixed. %, (00) — X;(c0) = 0 implies that
X (1) = %;(1) = — | X, (s) — ¥;(s)ds, from which by inserting Egs. (1.2) and by

t
using (A1), (2.2) and the statement (iii) of the lemma we obtain that for ¢ > 0 and
large t,

X (1) —x;(r) <2 j V' (x(s) — x;(s)) ds — > f V' (x,(s) — x,.(5)) ds

r>k t

— 3 [V (x;s) = x, () ds

r<j t

S(=24e(n—k)+e(i—1) [ [V (x(s) = x;(5)) | ds.



360 A. Hubacher

For ¢ small and 7 large, the above inequality implies that X, (1) — x,(¢) < 0, which
implies that x, (1) — x;(¢) stays bounded from above as ¢ — 2, contradicting
X (1) — x;(t) = oo as t — oo. This proves Theorem 1.

Proof of Theorem 2. The equations of motion of (1.4) are
X =Yp/mys = — _Zk Vi (e —x;) + Zk Vie (; — x,) - (2.3)
j< j>

Let x(¢) = (x,(2), ..., x,(¢)) be a solution of (2.2). Analogously as in the proof of
Theorem 1 one proves the existence of the asymptotic velocities X, (c0), of their
ordering (2.1), and also that x, () — x;(¢) = co as t — oo, for all j < k. Proceeding
indirectly we assume that x;(c0) = X, (c0) for some j < k. It is no restriction to
assume (2.2). From now on we keep j and & fixed. Existence oag the asymptotic

velocities and X, (c0) — %;(c0) = 0 imply that X, (1) — %;(1) = — [ % (s) — X;(s) ds,
hence, using the repulsivity (A1) for each V}; we obtain that !

e (8) = x;(8) = 2,(0) — x;(0) — 1 | %y () — X;(s) s — gs(jék(l) —X;(1)) ds

<X O=x 0= ] (m T Va0 n6) T V) - x0) ) ds

r<j

= (T O =)+ Y V0= 500 .
] |

r>k r<j
The assumption (2.2), the ordering (2.1), the condition (A4), and the statement (1)
t

of the lemma imply that the integral js(. ..)ds on the right-hand side of the above
(0]

0

inequality converges as f— oo, hence also the limit tj...ds exists as 7 — co.

t
Therefore x, (1) — x;(¢) is bounded from above as r — co. But this is a contradic-
tion to x, (1) — x;(¢) > 00 as t — co.

4. Discussion of Example 1

Choose b = (by,b,,b;3)=(0,0,1). We construct now an orbit x(¢) = (x, (¢), x, (),

x5 (¢)) for which the distance between the first two particles grows only as ]/E as
t — oo and for which x(o0) =5b. For T> 0 we define the space

Fr={u=(uy, up, u3)e C([T, 0), R?) | u(T) = 0;

V25— /2T —1 < uy(s) — uy (5) < 8]/ 2s;

luy (1) < 8)/25; |uz ()| <8)/2s  forall s=T}.

t U, (t)|+ t
Furthermore we define for ue F, the norm || u || = sup | (D] +] lz/(_)l LE10]
t>2T t
which makes F to a complete metric space. Let us write the Hamiltonian (1.5) as
3

2
Hx,p)=Y y7"+ W (x). This defines W (x).
k=1
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For large T we can define the operator I;: ue Fy — Iy u by

(Iru) ()= [(s=T) W' (& () +u(s))ds + (1= T) f Wi E(s)+uls)ds (12T),
! t (3.1)
where &(s) = (0,1 + ﬂ_T, s+1+ I/TT) and W' (x)is the gradient of W. For large

T, I leaves Fyinvariant. Moreover, if we fix an arbitrary 0 < 3 < 1, then for large
T, I;: Fr— Fp is a contraction with contraction constant 9.

Proof. Existence of I, and invariance of F; follow from the estimates
X1 (8) —x3(5) S x,(5) — x5 (8) = —]/2‘s and s/2 < x5 () — x, (s) < 25, which imply
the estimates

[G=Tyer ™ ds+(t—T) | e"‘"”ds=0(1/?e‘Vﬁ) for k=2,3,

T T

V2—1/2T< [ (5= T)xy— x| "2 ds+(1—T) [lxy—x,|~ 2 ds<8()/2—|/2T).
T t

The contraction property is implied by the following estimates: Let u, ve Fr. Let
x(s) =&E(s) + u(s), z(s) = &(s) + v(s). By application of the mean value theorem
we obtain that

Iex;(s)—xk(s) _621(3)_21((5)] él/ge—\/ﬁ . lul (S)—DI(S)I + |le(S)—Uk(S)l for k=2,3,

/s
(o) < V2 10 =0 @)+ iy () =vs ()

52 ‘/5

Inserting these estimates into (3.1) gives us for large T that

X3|_1/2

[, — —lzy—z

forall s=>T.

3 . B
j;l(lru)j(l)—(hv)j(t) <C i% . §I_u_k(”sl)/_sMS)_l s

C@éwm%wmd

and therefore that X (17 u); (t) — (I;v);(t)| £ C'logt |u—v|ras t— oo, where C
and C’ are constants independent on 7. Hence for large T

t
ot vl =8 Ul

[Tru—Ipvlr = Suljt_) ‘/

The contraction mapping principle implies that /; has in F; a fixed point for large
T; denote this fixed point by u,. The function 7— x(r)eR?> defined by
x(t)=(x,(t), x5(t), x3(2))=¢&(t) +u,(t) is a solution of the Hamiltonian
equations ¥ = — W' (x) with x(o0) = (0,0, 1). The proof can easily be generalized
to arbitrary b= (b,,b,, b;) with by =b, < b;.
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5. Proof of Theorem 4

The Two Particle System. In order to carry through the induction step, we need
some properties of the two particle system. The two particle Hamiltonian is

bE]

y2
H(x,y)=%+7

+Vi(x,—x1).
We denote by ¢ = x, — x, the relative motion. ¢(¢) is a solution of § = —2V"(g);
by (A1) it is therefore strictly convex. Because of ¢§(—o0)<0 and
G(c0) = —q(—o0) > 0, there is exactly one ¢, such that ¢(¢,) = 0. Time reflection
invariance implies that ¢ is symmetric with respect to ¢, where ¢ attains the global
minimum. ¢, can be determined from the asymptotic velocities and phases of the
two particle system: ¢, is the time ¢ at which the two asymptotic straight lines
ai + by t, a; +bj tcross, hence

_ 4 —ag

Z*_bf—b;' 4.1)

Induction Step from n—1 to n Particles. Denote the Hamiltonian (1.1) as

H(x,y)= i )—}22-}— V™ (x), where V®(x)= Y V(x—x;). (42)

k=1 1<j<ksn

We fix asymptotic velocities by > by > ... > b, and asymptotic phases a; ,
as ,...,a,_,;. The asymptotic phase g, of the n'® particle is enlargened when we
need.

We first make a heuristic argument, following the geometrical picture in the
introduction (Sect. 1, see Fig. 2): Assume @, to be very large. After the collision of
the first n— 1 particles, the collision of the n'" particle with the ;™ particle by
induction hypothesis, by (1.9), and by (4.1) place at time

ﬁ_—b"_— +0(1) as a, »>®.
Therefore at time
1 a, a,
=2 <b;_j— by by b.:) 49
the particle j is halfway between the collisions with particle j+ 1 and particle j — 1.
The definition (4.3) holds for j=2,3, ..., n—1. For convenience we also define
1 a,
Li=3 by —b,’
T;H—l an_ )
ay

T, is half of the collision time between particles n and n — 1; hence for large a,, , 7, is
much smaller than the time of collision between particles 7 — 1 and n but also much
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larger than the time of interaction between the first n — 1 particles. 7, , is much
smaller than the time of interaction between the first n — 1 particles (for large a, ,
the interaction time of the first n — 1 particles is independent of g, ). T} is much
larger than the time of the last collision which takes place between particles 1
and 2.

Let x(¢) = (x,(¢), ..., x,(¢)) be the n-particle orbit with asymptotic velocities
b~ =(b;, ..., b,) and asymptotic phases a~ =(a;, ..., a, ).

To proceed according to the geometrical picture in Sect. 1 (see Fig. 2) means
the following: On the time interval 7, , ; <t < T, we will approximate the orbit by
an n—1 particle orbit and the n™ particle moves free. On the intervals
T;,, £t £ T; we will approximate by a two particle orbit for which the particles
j+ 1 andjinteract and the other particles move free. On the intervals t £ 7, ; and
t 2 T, we will approximate by all particles moving free.

In order to make these approximations, we need the following technical
lemma. It shows that from the distance between the particles we can make
conclusions on how close to the free motion the particles already are.

Lemma 1. Let N=2. Let T be an arbitrary real number. Let o, M, R be the
constants from the condition (B). Let x =(xy, ..., xXy), y =1, ..., Yy) such that
X <Xp<... <Xy, y1 <y, <...<yy,and x, —x;> R for all 1 £j<k < N. Let
1.
p= 3 1_n£ Y=Y, Let 0 <e < B. Then there exists a constant Cy > 0 such that the
J=< ’
following holds: If (x, — x;)' **> Cy M|fe for all 1 £j <k < N, then the velocities
of the N particle orbit with initial conditions x(t) = x, and X (T) = y are very close to
yforallt = T, more precisely. | x, (1) — y,| Seforallt = Tandforallk =1, ..., N.

Proof of Lemma 1. Define the space
F={ueC'([T,0), R") | u(T)=0; u(T)=0; |u()|<¢ forall =T}.
Define é(1) = x+ (t— T)yeR". For ue F define Iu by

N

(Tu) (1) = —ids [dr grad VM (E (1) + u(r)).

T

Define ¢:=min x,—x;. Let wueF. BEvidently, & (1)—&;(t)+u (1) —u;(t)

j<k

Z2x,—X;+(—=T) (yy,—y;—2e)>0+(t—T)p for all 1= T, hence
d (Tu)(1)| = j |grad VN (E(s)+u(s)) | ds < C, i M ds
di T =N (e+p (=T
CyM
T B o Fa=t.

By the Schauder fixed point theorem, 7 has a fixed point u, in F. x =& +u, is
the N particle orbit with the right initial conditions. By construction it has the
claimed properties. This proves Lemma 1.

Remark. By time inversion, an analogous version of Lemma 1 holds as time tends
to minus infinity.
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Denote the asymptotic velocities and phases at plus infinity by 5 and a™. The
next lemma will give information how we can approximate the orbit x(z) by the
asymptotic free motions a® + b* ¢ as t - + oo before the first collision and after
the last collision.

Lemma 2. There exist constants ¢ and t, independent on a, such that for large a,
the following holds:

() [x()—a —=b t|<clt]™ [x(O)=b"[<clt|'7*  forall 1< —1,,
() |x(@)—a" =b"t|<c|t—a, [(b,_y —b,)| 7" and
|X()=b" [ <clt—a, [(by_y=b,) """ for all t>15+a, [(b,_y—b,),

where ¢ > 0 is some constant independent of a, and t,.

Observe that a, /(b, — b,_,) is according to (4.1) and the induction hypothesis
and the heuristic argument the time of the last collision which takes place between
particles 1 and 2.

Proof of Lemma 2. First we prove (i). The decay properties (B) of V' and the
pairwise distinctness of the asymptotic velocities allow us to write

x()=a" +b"1— ; (t—s) grad V' (x(s)) ds,

where the integral converges absolutely. Inspired from this integral equation we
define the space

Fr={ueC'((— oo, =T, R") | [u()| Sclt]* and ()| S cle| '~ for 1= T},
and on it the integral operator /; by
(Iruw) ()=~ | (1—s) grad V' (a™ +b"s+u(s))ds for 1< —T (ueFy).

If Tis large, then /; leaves F, invariant and is a contraction with respect to the
norm | u ||y = sup max {|u(r)|, |u(r)]}.
t<—-T

Proof. Fix some contraction constant 0<3<1. Let w,veFr. Let

x()=a +b s+u(s), y(s)=a +b s+uv(s). Define B:== min b, —b .

1<sk<j<n

If T is large enough, then forall s < — T

X;($) =X, () Z|Bs|Z R, y;(s) =y (9) Z[Bs|zR forall k<j forlarge a,,
(4.6)
and therefore for all t < — T,

(Lr) (D=2 [ =91V (x;() = x, (5) | ds

k<j -

t
<n(n—1) | 2|s| M/|Bs|>**ds =2n(n—1) MjxB***|1]%,
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Ty ()12 Jgrad VP e(s) [ ds Sn(i—1)/2 [ M| Bs|?*ds
=12 I+ B ],

which implies the invariance of Fy for ¢ =2n(n—1) MjaB***,
The contraction property is implied by (4.6), (B) and the mean value theorem:

|Uru) (D) = Ir) ()] £ [ (1= )| grad V(x(s)) — grad V' (y (5)) | ds
= }) (t—5) M| Bs|>**Ju(s) —v(s)|ds < T 20s|M/|Bs|>**ds - |u—v|y

=2M/(1+a) B>t Ju—v|r S u—vlr,

|Iru) (1) = (Ipo) (D] = | |grad V(x(s) — grad V' (y () | ds

< | M| Bs|P*|u(s) —v(s)|ds < | M| Bs]>"*ds - |u—vly
t t
=M/Q+oa) B> | t]*"* - Ju—v]r = u—vly.

This proves (). Proof of (ii): Let t = a,, /(b,_; — b, ). We define for 7' > 0 the space

Fr={ueC'((T+1,00), R") | |u(@®)|<c|t—1|"%
lu()| Selt—z|717" forall 1=2T+1}.

Furthermore we define the operator I by
Upu) ()= — [ (s—1) grad VW (a* +b*s+u(s)ds for t2T+7 (ueFy).
t

If T'is large, then [, leaves F invariant and is a contraction: In order to prove this,
observe thatabouta™ = (a; ..., a) we know by (1.9), since G, is independent of

a, , that
af =a;, +0(1),qf =0(1) for k=2,...,n as a, »oc. (4.7)
Observe furthermore that that 7is (up to O(1) as ¢, — oc) the time, where the two

asymptotic straight lines a;” + b{ 7, ay + b3 t cross. T large means that we are far
away from this crossing point. Therefore, by using (1.6) and (4.7), we obtain for

large T that
X (1) = x ()= (by—yvyr — by )t —ay +O() +u, (1) —uy (1)
=1 —by)t—a, +0(1)
=(byoger— by ) (1—a, /(b= —],))
+a, ~<%—1>+0(1)
Z(byor1—by) (t—a, [(b,_y = b))+ 0(1),
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where we used that "b_";lg—l_)_“—>1 for k=2, ..., n. Furthermore for
n—1

25j<kZn,
X (6) = x;(0) = (Dp—ir 1 — by js 1) 1+ O (1) + 1 (1) — u;(2)
=bpops1—by_jr )t +0()
Z(by_yer1 —by—jr1)  (t—a, [(by_; =D, )+ 0(1).
Let B= 5 1nf b; —b; . Then the above estimates imply that
j<i
X () —x;(1)2B(t—1)+O0(1)=zR forall 1<j<k<n

for all = T+, where the O(1) terms are uniform in ¢, and in 1= 7. The
remaining estimates to prove invariance of F7. and the contraction property are
analogous to those in the proof of (i). This proves (i1).

We now define the following vectors of R™:

B,.i=(b7,by,....b,_1,b)=b", Ay.,=(a;,a5,...,0, 1,0,)=a ,
Bn =(bn_v1> n_—27~~'ab2_9b1_7br:)7

oG oG oG
A, =la_,+-=2=L, ..., +ﬁ gl + f_l,a,f>,
< ! b 2 n—2 ! abn—l
Bj =(bn_—1’ n_—2""’ n— j+l’b bn_ j""’bz_ﬂbl_)’

n—j

4; =<an_—1 +5(1n_1)> R M +5;(n 11), a, + Z o(b, —by),
k=1

BT =By —by ) a0 =00y — b))
for j=1,...,n—1.

Observe that B, =b*. We have to prove that 4, =a”. The following lemma
describes the collision of the first » — 1 particles.

Lemma 3. The following statements hold: x(T,,,)=b" +O((a, ) "% and
X(Tho)—T,o  X(Ts)=a + O((a;) %) asa, — cc. Furthermore there exists a

solution X(t)=(X,(t), ..., X,(t)) of the system

{(X By = —grad VOV (X, X, ) (4)
X, = 0

n

such that x—X=0((a, ) %), x—X=0a,) '™ *%) as a, — oo, uniformly on
T,.1=t=T,. Consequently, by induction hypothesis,

X(T)=B,+0(a,) '™, x(T)-T,x(T)=4,+o(l) as a > x.

Proof of Lemma 3. Let X(t) = (X, (1), ..., X, (1)) be the solution of (4.8) with the
same asymptotic data a~, b~ as x(1), i.e. X()=a +b~ t+ o(t]™),
X(@t)=b"+ 0(|t|_1 *) as t— —oo. Observe that X, (1), ..., X, (1) are
independent of a, . So by Lemma 2 (i) there exists ¢’ mdependent of a, such that
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forall t <,

X ()= x ()2 B; x;(1)—x,(1)Z R+ B|1—1'| for 1<j<kZn—1,
X () —x,(t)za, +C+Blt—1'| for k=1,...,n—1, 49
X)) —-X0zB; X;(1)-X()2ZR+B|t—1t'| for 1<5j<k=<n—1; @)
X=X (t)yza, +C+B|t—1'| for k=1,...,n—1,

and furthermore
X(t)—X.(t)>R .
(Ai’.((t?)—/{_’i(t)’))”“>4C 1/32} o pEks R G0
J n-

where B=1/2 ) inf b; — b, , Cis some constant independent of a, , and C,_,
1<k<j<n

is the constant Cy from Lemma1 with N=n—1. Fix ¢>0 small. Then
furthermore, by using the induction hypothesis, there exists ¢” independent of a,
such that

Xt~ X,(t") > R

X;(1") =X, (1") T >4C,_/B?
X,(t")— X, (1")> B; X;(1")— X, (t")> Bt" for 1<k<j<n—1
X, (=X (") < — (b7 —b])+&; X,(1") =X (1")=a; +C for k<n.

} for 1sk<j<n—1, (4.11)

(4.12)

We now show that the orbits x(7) and X (1) are close together on — oo < < ¢”
t

as a, is large. Using x (1) — X ()= | (1—s)(¥(s) — X (s)) ds, we obtain that

t
[x() =X = | (t—9) |grad V"™V (x(s)) — grad V"~ (X(s)) | ds
n—1 t
+ 2§ =)V (x(s) = x,(s)) | ds.
k=1 —o©
Application of (4.9) and the mean value theorem give us

[x()—X(0)| = _f (=9 f©Ix(O—=XO)]ds+ O(a,)™").

where

oM <

(Rt Bls—1]) for 1<t
f(s)= , ,
€y Cy for t'<r<t” s

where ¢, and ¢, both are constants independent of a, (¢; depends on the number
of particles and the choice of the norm; ¢, is an upper bound on V" which is
determined by energy conservation, (A3), and (B)). By application of the
Gronwall inequality we obtain that

x(H)—X()=0(a;)"* uniformlyon —oo<rZ1t". (4.132)
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t
Applying analogous arguments to the equation x (1) — X (1) = j X(s)— X(s)ds
gives T

1%() — X(1)| < [ f&)x(s) = X@)|ds+0(a;)" '™ forall r<¢”.

Inserting (4.13a) into this inequality yields
()= X(t)=0((a;)"™ uniformlyon —oo<:<¢’. (4.13b)
We now choose X (¢) to be the orbit of (4.8) with initial conditions
Xt)=x(t), Xt)=x(t). (4.14)

We have to estimate the differences X —x and X —x on the time interval
[T, +1, T,]. For this purpose we write [T, , T,] = [T, +,, ']t "1 U [t", T,], i.e.
we divide [7,,, T,] into three subintervals. We will make on each subinterval
different estimates.

We first prove that X —x = 0((a,; )" %), X —x=0((a, ) ' *) uniformly on
[7,+1, t']. Equations (4.10) and (4.13) imply that for large a,

X;(t)—- X (t)>R

- < <<y —
(X;(r’)—Xk(t'>>”“>4c,,_1/32} for 1sk<jzn—1.

Therefore the assumptions of Lemma 1 are satisfied with ¢ -——g and we conclude
that for all t < ¢,

X(t) Xk(t)> ; X(t)—Xk(l)>R+ [t—1t'"| for 1Zk<j<n—1,

Xk(t)—Xn(t)ga;+C+§|t—t’l for k=1,....n—1,
) . B
Xk(’)—Xn(f)Z’z- for k=1,...,n—1.

Application of the mean value theorem and of (B) give then for all 1 < ¢,

|X(0) = X(O)| = | [ £(s) — X(s)ds

< [ lgrad V"V (x(s)) — grad V"~V (X (s)) | ds

+23 1V (x,(5) — x;(5)) | ds

¢ 3+a
§§M/<R+§|S—t/|> [x(s)— X(s)|ds+O((a,)"*%)),

hence

3+a
sup|x—X| £ 0((a,) ! “)+f|s—t|M/<R+ ]s—tl) sup |x— X|ds.
[t,t'] [s,t']
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Hence by the Gronwall inequality

3+ta
sup [x—X|£0((a,) "'~ “)expjls—l|M/(R+—|s—t|> ds .
ft, 1]

The integral on the right-hand side of this inequality converges as r — — oo, hence
we obtain x(¢) — X (1) = O((a; )~ ' ~*) uniformly on — oo < ¢ < ¢". By (4.14) and
t'—T,=0(a, ), we also obtain that x(¢)— X(¢)=0((a, )”*) uniformly on
T,<t<t',asa, > o0.

We next prove estimates x(t)—X(1)=0(a,) 27%, x()—X(@)
= 0((a, )~ *"*) on the time interval ' << ¢": By the mean value theorem,

t

|x(z)—)’((z)|<jc[x(s) X($)ds+2 3 fIV(x () = x; () | ds.,

j<nt

where ¢ is an upper bound on the second derivatives of ¥~ on an appropriate
subset of the phase space. Since " —t'= O(1) as a, — oo, the upper inequality
yields

sup | X — X]<§c|s—t[suplx X|ds+0((a) 2%,
[t',1] [t',s]

which implies by Gronwall inequality, since ¢”—¢' is bounded, that
x—X=0((a,)”*" ). This implies by (4.14) and the boundedness of " — ¢', that
x—X=0((a,)”"*" %) uniformly on t" <t <¢'.

Next we prove the estimates x — X = 0 (a;) %), x— X = 0((d,)" ' %) on the
time interval 1" <t < T,: By (4.11), (4.13), and X (t") —x(t") =0 ((a, ) "2 ~%) we
can conclude that X'(¢”) satisfies (4.11) and X;(¢") — X, (") 2 B. Therefore the

assumptions of Lemma 1 are satisfied with ¢ = B and we conclude by Lemma 1
14 2
that for all 1> ¢",

X;(6) - Xk(t)> : Xj(z)—xk(t)gk+§(z—z//) for 1<k<j<n—1.

We need an analogous estimate on x (¢) in order to apply the Gronwall inequality.
By the following fixed point argument we will obtain such estimates.
We define the space

Fo={ueC (1", T, R") | u(1)=0,u(t") =0, |i(t)| S¢ ont" <t<T}

with the metric |u—v |z = sup [u(t) —©¢(¢)]. On F, we define the operator 7 by
[t", Tnl

t N

(Tu) (1) = — j ds f dr grad V™ (E(t) +u(zx)) (uekF),

where

C@=x(")+(@—=1") x@").
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For small ¢, I leaves F, invariant, which follows from the following estimates: Let
ueF, and z=¢ + u. Then for small ¢ by (4.12),

z;(t) — z,(t) > Bt forall 1=5k<j<n—1
z,(1) =z, (t)>a, +O(1)—B(t—1") forall k<n,
where B=b; — b, — 3¢. Observe that for ¢ small
)=z ()>a-+0(0) =BT, >a- - (1= =0 =38 L (1) > 44
2(by —by,)

Therefore uniformly on t"<t<T,.

0 < [ dslgrad VO~V (E) + u(9)]

+2 ) [ ds| V() +un(9) = &(8) —u;(s)| = [ ds M) Bs|**

j<nt”

+0(a,) - O((@) ™) =0((t") ™' ™)+ 0(a) "' 77,

hence < ¢ if ¢” has been chosen large enough and «, is large, which

L0

means that F, is invariant under /. Furthermore 7 is continuous with respect to
| Il F, is a compact and convex subset of a Banach space, hence by the
Schauder fixed point theorem 7 has in F, a fixed point u,.. £ + u,, is a solution of
(1.2) with initial condition &(¢") +u, (1) =x(t"), E(") + w, (1")y=x(t"). Since
the solutions of (1.2) are unique, we know now that x —¢=u,eF,. x —CeF,
implies by (4.12) and (4.13b) for small ¢ that

X;()—x ()2 R+ B(1—1") 2 R for 1<k<j<n—1,
x,()—x ()= a; + O1)—B(t—t")= R for k=1,...,n—1,

hence, by using x (") — X (t")=0((a; ) 27, Xx(t") = X(t")=0((a, )" 2%, and
I,—1"=0(a,),

n

() = XOIS [0 = XA +2 3 [ 1V (x,() = x;(9)) | ds

j<n t”

+ | lgrad V"=V (x(s)) — grad V"~ V(X (s))| ds

SO0((a,)" ") +2) j O((a, )% ds

j<n t”

] MBG—1)* 36— X1 ds
<0((@) ™) +0(;) - 0((a;) 7

+ [ MI(B(s— 1)+ <[x(t”)—X(t”)|+(s-t”) - sup |x-X|) ds

[t”,s]

S0((a,) ")+ iM(S—t”)/(B(S~l’/))3+“ sup | % (s) — X (s)| .

[t”,s]
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As earlier, we obtain by the Gronwall inequality that
sup [X—X[Z0((a;)" 1% - exp f M(s—t")/(B+ (s—1t")*"ds.
[0l

Hence since the integral on the right-hand side of this inequality converges
as 1 — — o0, x(z)—f((t)-O((a )"17*) uniformly on ("<t<T,. Since
x(1") = X(t")and X (1) — X (t") both are O (¢, )" >~%),and T, — t" = O (a, ), this
implies that x(z) — X(¢)=0((a, )" %), uniformly on t”§t§ 7,. This proves
Lemma 3.

The next lemma describes the two particle collisions:
Lemmad. Fix je{2, ..., n—1, n}. Then the following holds:
X(T)=B;+0(a,) '), x(T)=T;x(T))=A;+0(1) as a, > . (4.15)

Furthermore, there exists a solution X (t) = (X, (1), ..., X, (1)) of the system
(X;-1. &) = —grad VP (X;_,, X)) 4.16
X, = 0 for k=1,...,j=2,j+1,..., '

such that x —X=0((a;)™%), x—X=0((a;)"'"%) as a, — oo, uniformly on
T;<t<T,_,. Consequently, by the scattering properties of the two particle system,

X(T-)=B; 1 +0Wa,) ', x(Tj-) = Tj- (T )= 4;- +o(Dasa, —w.

4.17)
Proof of Lemma 4. The proof is by induction j —» j — 1. Fix j <n. As induction
hypothesis, we assume (4.15) to be valid (forj = n — 1, the validity of (4.15) follows
from Lemma 3).

Define £ (1) = x(T;) + (1 — T;) - x(T;) to be the tangent to x at time 7. Let

T

bn_—j+ 1= by

t;is up to O (1) the time, where heuristically the particles j and j — 1 interact. Fix

¢> 0 small. We shall prove now that | x () — (1) | £ ¢ and | x(¢r) — E(1)| L ¢ for

T;<t=t;+ O(1). For this purposc we define the space F; r and the operator /by
CT—{MEC ( p} T],]Rn)|U(T;)ZO,M(]—;)=0,IM(t)I§8

and [i(1)|<e for T;<t<1;,— T},

(Iu) (1) = — j ds } dr grad V®(E(t)+u(r))  (ueF, ).

J TJ
Claim. There exists T, independent of g, such that F, ;isinvariant under / for all
T>T,.

Proof. LetueF, pand z(¢) =& (1) + u(?).
By (4.15), S(1) = A;+ tB;+o(1) as long as 1 — T; = O(a, ). Therefore
Zj(f)_zj—l(’):a; _r(br:—jJrl —b,)+0(1).
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For t=1;— T, where T> 0, we obtain that

zi(t;=T)—z;—1 (t;—T)=a, —t;(by_jo1—b,) +T(b,_;11 =D, )+ 0(1)
=T(b,_j41—0b,) +0(1) as a, - 0.

Let 1 <k <r=<n. Only for r=jis & — &, <0; for these k <r is

i) -z () za, —t(b,_,—b,)+0(N)za, —t;(b,_,—b,)+0(1)
>a D =he oy
bn—j+1_bn

Forall 1 £k <r<nwith r#jis & — & >0 and therefore
_ B
() =z () 2z2,(T) —z(T) 2 T, B+ O(1) 2 q, B +0(1),
1~ Yn

where B=inf h; — b, . Therefore

I<i

] ds [ del V@) — 2, ()= [ ds J e MG & (0 =207

- M . 1
=0+ 2) oy (Ty) = x, (1)) (T, 21— b))+ O(D)

=0(T™)
and for all k <r with (k,r)£(—1,))
stTJ do| V' (z,(1) — (D) £ O ((a, ) %).

TJ J

Therefore

() (1) = i ds ; dr {grad V@ ((0) +u(t) [ O(T™*) + O((a, ) ™%).

T, T,

By analogous arguments we obtain that
t
O] ST L I )= 0T 40,
TJ

Hence for T>T,, where T, is independent of «,, and large «, we have
() (1) <2 and | &y (1)

Let 7> T,.. The smoothness of the potential }implies that /is continuous with
respect to the metric d(u,v) = sup max {lu(r)y—v(r)|, |a(z)—0(z)]}. By the
(T;.1,= T}

< ¢, which means that F, ; is invariant under /.

Schauder fixed point theorem, we conclude that 7 has a fixed point u, in F, . By
construction, ¢ + u,, is an orbit for the » particle system with initial conditions
E(T) +u, (T) =x(T;), &(T)+1,(T;)=2x%(T;). By uniqueness of solutions
&4 u, =x, hence x —C€eF, .
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Let us fix a 7 such that x — &€ F, ; and such that

(4.18)
(xj([j_ T) —Xj-1 (lj_ T))Ha >1+C,le (bn_—j+1 —b),
where C, is the constant Cy occurring in Lemma 1 with N = 2. Define
t'=1;,—T. (4.19)
We define X(¢) to be the solution of (4.15) determined by the initial conditions
X()=x(1"), X(t)=x("). (4.20)

Exactly analogously to the proof of Lemma 3 one shows that, as a, — 0,

X()—x(t)=0((a;) 7%, X(t)—x(t)=0(a, )" * uniformly on Tisist.
(4.21)

By the symmetry properties of the relative motion of the two particle system there
exists a unique t” > ¢’ such that

Xj—l(t//)zyj(ll)a
Xj([”)ZXj—l(tl):
Xt =X, (") =X;(t")— X, (1)) (4.22)
Claim. t"—t'=0(1) as a, — .
Proof. Let (o;—, ;) and (f;_,,p;) be the asymptotic phases and velocities of
(X;—, (1), X;(1)) as t » — co. There exists a constant ¢ independent of a, such that
(X1 (0, X 0) = By I S cli—1'] 71,
[(XG- (), X(0) — (05— 15 ) = (B Bt Scle—=1| 7%

% =%y
ﬂj—— 1 ﬂj_
(4.15), (4.21), (4.23), and ¢' — T; = O(a, ) it follows that 1;— ;= O((a, )™ *) as
a, — oo. By symmetry of the two particle relative motion, 1 = t; — 7", t"=t; + T,
where by (4.19) T"=1;—1;+ T=0((a, ) )+ T=0(1) as a, — . Therefore
t"—t'=2T"=0(1) as a, - w.

We only sketch the remaining part of the proof of Lemma 4, since from now on

one can proceed exactly analogous to the proof of Lemma 3.
Exactly analogous as in the proof of Lemma 3 one proves that

X—%=0(a;)" %%, X—x=0(a ) 2% on [r.t"]. (4.24)

The proof of the estimates x—X=0((¢,)"*™%) and x —X=0((a;)"%) on
t"<t<T;_,, is analogous to the proof of Lemma 3. In order to apply the
Gronwall inequality we first have to determine the rough behaviour of x(¢). To
this end we define the space F, and the operator I by

F,={ueC'(I¢", T, 1, R” | u() =0, i(t") =0, |i(1)| <& on " <1< T},

(4.23)

Let ¢; = be the time where the asymptotic straight lines cross. From

(Tu) (1) = — i (t—s) grad VO (s) +u(s)ds (ueF,),
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where {(s)=x(")+(s—1t") - x(1").

Exactly as in the proof of Lemma 3 betore it can be showed that / possesses in £, a
fixed point u,,, which implies that x — { = u, € F,. The knowledge about x — (e F,
allows us to apply the Gronwall inequality and to obtain as in the proof of
Lemma 3 the desired estimates.

Proof of the theorem. From Lemmas 2 and 3 it follows that
(T)=a"+b" T, +O0 (T, —a, [(byy—b,)) ") = A4, + B, Ty +o(1),
XT)=b"+O0(T, —a, [(by-y =) ') =B, +0(a,) ') as a, > .

This implies, since Ty —a, (b, —b, ) =% a, [(b, 1 —b, ) ZO(a, ), B, —b"
=0(a; )" '7%, thata® =4, +0(1) as a, — oc.

n

The definition of A4, implies that

a1 —a = — ) o(by —b)
J<h
+ > by —bi)+o(l) asa, > fork=1,..., n.

Jj>k

But the right-hand side of the above equation is independent of «, as a
consequence of the symplecticity of the scattering map, hence the o (1) term in the
above equation is identically zero. This proves Theorem 4.

Note Added. With the exception of Theorem 4 the results of this paper are now over five ycars
old. Since the recent papers [19, 20] are partially based on our results, we decided to publish this
paper as well.
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