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Abstract. For a general monopole the algebraic curves defined by Nahm are
shown to be the same as the spectral curves.

1. Introduction

It is shown in [6] that an SU(n) monopole or solution of the Bogomolny equations
with maximal symmetry breaking at infinity has associated to it a collection of
n— 1 algebraic curves S,,...,S,_; whose intersections S;NS;,; decompose as
Si+1:+Si—1; Following [3] these are called spectral curves and a general
monopole is completely determined by these curves and the splitting of S;n S; , ; [6].

Nahm, using his adaption of the Atiyah—Drinfeld—Hitchin-Manin (ADHM)
approach to instantons, has shown how to associate to a monopole a possibly
different set of n — 1 curves. The purpose of this paper is to show that the spectral
curves and the Nahm curves always coincide for a general monopole. It provides
in the particular case of SU(2) a replacement for [4] Sect. 7, which is incorrect
due to a sign error.

In Sect. 2 some basic facts and the construction of Nahm’s spectral curve is
reviewed. Each of Nahm’s curves is constructed from a vector space W, and three
endomorphisms T;(z)eEnd(W,), i=1,2,3.

Section 3 shows how to realize the spectral curves by applying Nahm’s methods
to a different vector space V, and endomorphisms H;(z)eEnd(V,). In the final
section an isomorphism is constructed from V, to W, which intertwines H,(z) and
Ti(z) for i = 1,2, 3, and thereby proves the identity of the curves. This isomorphism
is provided by the Penrose correspondence between solutions to zero rest mass
field equations and elements of sheaf cohomology groups, reduced to the
three-dimensional situation. It is the link between the algebraic geometry of the
spectral curve and the analytical origin of the Nahm curve.

As this paper relies heavily on the methods of [4] we shall, in the interests of
brevity, assume that the reader has a copy of it near at hand. Throughout we shall
adopt the same notation for a holomorphic bundle and its sheaf of sections, in
particular O(k) will denote the holomorphic line bundle one P, of Chern class k
or its pullback to TP;.



464 N. J. Hitchin and M. K. Murray

2. Review

We review the notation and results for an SU(n) monopole (4, @) with maximal
symmetry breaking at infinity [6]. The asymptotic expansion of the Higgs field
can be assumed to be

i, - 0 Tky 0 1
DO,0,0)=i| : . i |-—|1 - +0<t2> 1)
0 ce Uy 0 kn

where Z W= Z k;=0and pu, > --- > u,. The magnetic charges of the monopole

are deﬁned by my=ky,...,m,_; =k + - +k,_; and are all non-negative.

When (A4, @) satisfies the Bogomolny equations and appropriate boundary
conditions [6] it defines a holomorphic bundle E of rank » on the space 7 = TP,
of all oriented lines in R>. The fibre over a line y is the vector space of all functions
s:y— C" satisfying

(V,— id)s =0, @)

where V, is the covariant derivative defined by A restricted to the line. The collection
of all lines through xeR?3 defines a P, = 7, the real section determined by x, and
E is holomorphically trivial on real sections. Substituting (1) into (2) and studying
the asymptotic decay of solutions in the + co and — co directions along the line
defines two families of holomorphic sub-bundles,

EfcEjc---cES=E
Ef cE; c--cE, =E, (3)
with quotients
EfJE  =1"(—k) i=2,...,n,
and
E JE- =I"1k,_y) i=12,...,n—1

The line bundle I* is constructed from a U(1) monopole with A =0, @ = iy and is
defined in [3]: L*(k) is I tensored with the pullback from P, of the holomorphic
line bundle with Chern class k.

The p'* spectral curve S, is defined to be the set of y, where E; NE,_, # or
as the divisor J determined by the zeros of

@, AE} — AP(E[E,_ ). @)

It is worth noting that if we work with @, = @ —iz,zeR as Nahm does [8], then
for each z we can consider the set S, where (2) has integrable solutions and then

Sz= Sp ZG(,Up_l,,up)
and
S,=0 otherwise.

Nahm’s method of defining algebraic curves associated to a monopole is as follows

(8].
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For each z solve the Dirac equation for spinors coupled to C", that is,

D4+ @) =0, ®)
where D, is the covariant Dirac operator. Using an index theorem and vanishing
theorem Nahm calculates that W,, the space of integrable solutions to (5), satisfies

W.=0, z<p,, m<z
dim W, =m,, ze(ly,Hp)-
This defines a vector bundle W on each (u,+,,u,) which is a sub-bundle of

the trivial bundle I?(R? C2®C") X (u,+1,4,). If 7 is the orthogonal projection
onto W, then Nahm defines three endomorphisms and a connection on W by

To) =in(xj) =123 ©)
Vo =x( 2 ) o)
z

These satisfy Nahm’s equations
V.T, =T, T;] ®)
and all cyclic permutations.

Now consider P, embedded as a conic in P, and let z{, z,,z; be the sections
of (0(2) over P, induced by the co-ordinates on P,. In terms of the co-ordinates

used in [3],
2y =—i(14+¢%), z,=1-(% z,=-2L 9

Denote also by z; the pullback of these to J and note that because
T ~ (0(2) the bundle ((2) pulled back to 7 has a tautological section #. In fact
in [3] it is shown that #,z,, z,, z; form a basis of H°(", ¢(2)). Now using the map
det:End(W,) —» C we can define a section of O(2m;) on I by

3
det<n~1 + ) iijj(z)>
=1

if ze(p,+ 1, p,)- The divisor of this section is, in fact independent of ze(u, . 1, 1)
(see [8 or 4]) and determines a curve N,. We shall show that N, =S, the p*
spectral curve.

The method of proof is to produce a space V, isomorphic to W, and
endomorphisms H,(z) which are equal to T;(z) under the isomorphism. Because
we shall show that the above construction applied to V, and H;(z) gives S, the
result will follow.

3. The Twistor Viewpoint

In this section we construct using twistor methods the bundle V, and the
endomorphisms H,(z) and show that the divisor of

szj(z)> (10)

DM

det<11~1+i

J

1

is the spectral curve S, if ze(u,+ 1, 1)
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The space used for V, in the SU(2) case [4] was H°(S,L™*(E{ nE{)(2m, — 1))
and this suggests that we look at
HO(S,,L™*1,(2m, — 1)), (11)

where I,=E; nE,_, is the p intersection bundle (more correctly a sheaf with
support on S,). To make I, behave reasonably we must look only at general
monopoles. Recall that S;n S, ; splits as S; ;. ; US;;,; [7], then we have

Definition 12. A monopole is general if

(1) The S;;+, and S;,,; are sets of distinct points without multiplicity, and
(2) The S;;+, and S;,, ; do not intersect the singular set of the spectral curves.

Any SU(2) monopole is general, and it was shown in [7] that general monopoles
form a non-empty open set in the space of all monopoles.
Now we also have

Lemma 13. The spectral curve of a general monopole has no multiple components.

Proof. If the curve S, has a multiple component, then we must have S, = ¢ and
S,+1 =49, and then the proof in [4] can be applied.
Using this definition we have

Proposition 14. For a general monopole dim(I,) = 1 at all points of S,.

Proof. If we examine the definition of the S;; and the Bruhat decomposition of
the flag manifold, we see that the points of S, ,41,S,+1,,5,-1,, and S, ,_; are
characterised as follows:

oy pdimE;_ nE 21, S, _;:dimE; NE,_ ., 22,
pdimEy nE;_,_ 21, S, dimE),  nE,_, =2 (15)

pp+

It follows that if dim E; nE,_, =2 at some point on S, then that point is in
all the above sets. But for a general monopole these sets are all disjoint.

From now on we shall assume that the monopoles is general. Now we should
like to show that

HO(S,,L™*1,2m,—1))=m,. (16)
First we prove a vanishing result.
Proposition 17. H°(S,,L™71,2m,—2))=0 for z€(i,+1,H1p). (18)

Proof. The proof is merely a matter of checking that the proof in [4] can be
generalized to this case. Firstly we have the injection

HO(S,, L™ *1,(2m, — 2)) > H*(S,, L *E(2m, — 2)),

and the sequence
H°(7,L™*E(Q2m, — 2))>H(S,, L *E(2m, — 2)) —— H'(7, L *E(—2)),

which is exact at the middle term. But using the fact from [4] that H*(Z, I*(p)) = 0
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if u # 0 for any p, and the filtration of E (3), we have
H°(7,L?E(2m,—2))=0 for ze(u,q,H,)
So the composed map
H°(S,,L™*1,2m,—2))»>H (7 ,L*E(—2)) (19)

is injective. The latter space in (19) is, by the twistor correspondence [2] the space
of all solutions ¢:R3— C" of

(did, + P¥D,)p =0. (20)

If we can show that anything in the image of (19) is integrable on R3, then the
vanishing theorem argument of [4] will show that it must be zero.

Because I, is contained in both E, and E,_ ,, we shall show that the class in
the image of (19) can be represented by two forms

0" eQON (T, L *E} (=2)), 07 eQ%Y(T,L*E; ,(—2) 1)

with 6% — 6~ =dy and 67,07, y, all having support in a compact neighbourhood
of the spectral curve §,,.

If we pull everything back to 8%, § on R® x S, then these forms satisfy an
equation like (2) on the fibres. If we choose x outside of some ball of radius R, the
intersection of the real section through x with the compact neighbourhood of S,
is two disjoint sets Vy and Vs which are neighbourhoods of x/|| x| and — x/| x| .

Because of (21) it follows [4] that for || x| = R there are constants C and ¢ =0
such that

107 (x,u)|| < Cexp(—ex-u) ueVy,
107 (x,u)[ = Cexp(—e|x-ul) ueVs. (22)

Write y = yy + 75, Where yy =7|Vy and y5=7y|Vy and let =0 — dy,. The form
6 is cohomologous to 6% and satisfies 0] Vy =07, 0|Vs=0", so that

10(x, )| = exp(—&[x-ul) (23)

for all u. Notice that 6 is only well-defined for ||x| = R, but as the twistor
correspondence can be applied between a neighbourhood of any point in R* and
a neighbourhood of the corresponding real section in 7, it follows that the function
{x| x| = R} - C defined by 0 is the restriction of the function R®— C defined by
6. The function R*— C therefore has the right decay properties to apply the
argument in [4].

The forms 6%, 0~ exist as in [4], but to get y having the correct support we
have to be more careful. We can split the bundle E smoothly as

E=E;®W, W=~E/E],
E=W®E,, W=~EJE, ,
- 0 0 0o 0 ) A B
with 0 operators < 0 5) and ( o 6—>' These are intertwined by a map ( >,
where we think of element of E and E’ as column vectors.
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If ceHO(S »» L7 71,(2m, — 2)) we can extend it smoothly in a neighbourhood of

_ A B .
S, and then 0 =(do/,,0)". Applying the map (B D)’ we obtain
A B\[do/p 0 0 0\[Acg/p
(e )l0) (o D) e
C DJ/\O Cﬁ(i>_9'@ 0 0 0
Dp ®p

Now 4 is the projection E; — E/E,_,, hence Ag vanishes on S, which has no
multiple components, so Ac/p, is well defined. Writing (24) as 6% =60~ + 0y, we
see that 0%,0, and v satisfy (21) and have the correct support.

Letting square brackets around a divisor denote the line bundle defined by
that divisor we have

Lemma 25. I, ~ L% '(—m,—m,, )®[S, 1 ,].
Proof. Consider the map fp defined over S, by
AP(E/E,,)
®p / Tn, <& (26)
0->APE; > APE;., > AP"'EFXQE;.,/E, 0.

Using the definitions (15) we see that fp is a Asurjection except on S, ,. The
identity A?"'ES ~ ES*®det(E, ) shows that ¢, defines a map

Lﬂp+1(_mp—mp+1)'_)E;

vanishing only on S whose image is in I,,. In fact the map

p+1,p
APE; ®(E) 1 /E))® AP(E/E,_ )* - E;

has the form

p ) A
Y1 AN /\yp®(yp+l +E;)®ZH.ZI(—1)1<29 (yl +Er;_—p) A (yt+En—p) A Vi,

and if some y,¢E,_,, then because y;,...,y, form a basis of E,, some linear
combination of y;,..., ¥~ 1, Vi+1,---»Yp 18 in E;_, and the coefficient in front of y;
vanishes. Hence we have a map L'***(—m,—m,, )1, vanishing on S, ,. It
cannot vanish with multiplicity because we know that the induced map

AP(E/E; ) (AP ES_, @ Eju 1 [E; )

has divisor S,,, ,+ S,-1,, [7]. This completes the lemma.
From [7] we have that

Lup“;”p(mp+1 +m,_)= [Sp—l,p] ® [Sp+1,p]
as line bundles on S, and therefore
LI m,+D)=[S,_1,+28, s 1 +(=2m,; —m,_ )FNS,],

where F is a fibre of 7 — P which avoids the singularity set of S,,.
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From Hartshorne [1] we have the Riemann—Roch Theorem for a possibly

singular curve
dim H°(S,,[D]) — dim H'(S,,[D]) = |D| + constant, (27

where D avoids the singularity set of S,. Letting D=S,nF, and applying
Riemann—Roch for compatified twistor space as in [4], we calculate the constant
as 1 —(m,—1)% So

dim H°(S, — L™*r1,(m, + 1)) —dim H'(S,, L™ **1 ,(m, + 1)) = m,(I — m,) 4+ 2m,,.
The argument of [4] can now be applied to give
H°(S,,L™*1,2m,+1))=0, 1<m,—2
H'(S,,L™*1,2m,+1))=0, 1zm,—2,

and Ze(#p+ 1> ,u'p)
In particular we have now proved that

dim H(S,, L™*1,(2m, — 1)) =m,

for ze(u,+1,u,). So let V, = HO(SP,L‘ZIP(Zmp— 1)), and following the argument
of [4] we have the multiplication map

H°(S,,02)®V, > H°(S,, L *1,(2m, + 1)) (28)
with kernel K, and
Proposition 29. The map K,— V, defined by

n® sy + ijil Z;® ;> 8¢
is an isomorphism, therefore there exist endomorphisms H(z), so that K , is the span of
n& s+ ijil z;® H(2)s,,
and the spectral curve S, is the divisor of
det(nl +i 'Z: z;H(z)).
=

Proof. The proof that K,— V, is an isomorphism is the same as in [4]. Then
3

det(nl +1i ). z;H(z)) defines a curve of the same degree as S, and this determinant
j=1

clearly vanishes on S, so as S, has no multiple components this curve must be S,,.

4. The Identity of the Curves

To show that curves S; and N, are the same it now suffices to find an isomorphism
V,— W, which intertwines the action of H;(z) and T;(z). It would, in fact, be enough
to do this for some ze(u, 1, 14,), but it will follow from the method of proof that
it can be done for any ze(u,+ 1, 4,)-
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The isomorphism follows from the twistor correspondence between solutions
of the Dirac equation and a sheaf cohomology group, described in four dimensions
in [2].

Proposition 30. The twistor correspondence gives an isomorphism from V, to the
space W, of L? solutions of

(D, + @,)s =0. 31)

Proof. Again as in Proposition 17 we use a coboundary to inject V, into
HY(J,L ?E(—1)), and from the general twistor correspondence (see [2] for the
four dimensional case which can be readily adapted) these cohomology classes are
in bijective correspondence with the solutions of (31). Because dim V, = dim W,, it
suffices to show that the image of V, under these two maps corresponds to integrable
solutions of (31).

First let us review the twistor correspondence and for simplicity ignore the
bundle E. Let 6, then represent a cohomology class in H* (7, O(— 1)) and pull 0

back to § on C?* x P,, which fibres over # via the map (x', ) < Z x'Z(), (¢ )
(see [3]). The vertical tangent vectors to the fibres of
CxP,»T
form a sub-bundle T, of the trivial bundle C* on each P, and we have
0-T,-C>->02)-0.

There is a vertical derivative d, on C* x P, obtained by projecting from C3 to
T#*, and we have d,0 =0 because it is pulled back from 7. If we think of P, as
the quadric of all null lines in CP,, then the fibre of T, is the orthogonal plane
to each null line. Because the lines are null they are contained in their orthogonal
plane, and we have the exact sequence

0-0(—-2)-»T,-»C—0. (32

Now H'(P,,0(—1))=0, so for each form 6 we can find an s(x,{)el (C3 x
P,,0(— 1)) with 6 — 5_915 =0onP,.Thes(x,{)is unique because H°(P,,0(— 1)) =0
and is smooth in x because it satisfies an elliptic partial differential equation with
smooth coefficients. We shall see later that we can construct s quite explicitly.

If p:C3 - T* is the projection, we have d, = Z ple;)(8/0x;), where each p(e;) is

holomorphic, so [d,, 0, ,1=0. It follows then that Op dys=d, Op s=d,0=0, and

therefore d,s takes values in HO(P,, T*(—1)). From the exact sequence (32)

HO(P,, T*(—1))= H°(P,, (1)) ~ C?, and this defines the Dirac field. Under these
3

identifications it can be checked that d,s = Y, z,(0s/dx;). Note that d,s depends
i=1

only on the class of 6. In fact if & =6+ 0y, then p*@ = p*0 + op*u. By the
uniqueness of the solutions of p*#’ = ds’, we have s' = s + p* u. Hence d,s' = d, s +
d,p*u=d,s+0.

We can proceed now as in the proof of Proposition (17) and show that a class
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in the image of V, inside H 17 ,L™*E(— 1)) can be represented by two forms 6*
and 6~ with 0" =60~ —0dy, 67,6 and y, all having support in a compact
neighbourhood of the spectral curve and

0+ QO LFES (— 1), 07 eQOY L *E;_ (- 1))

These forms can be lifted to R? x $2 — C3 x P, and identified with forms §*,0~
taking values in C"® O( — 1) satisfying the differential equation V, — i@, along the
fibres of R® x P, —».7. Choose an R >0 so that the intersection of the compact
neighbourhood of S, with any real section for an x with | x|| = R consists of two
disjoint sets Vy and Vg which are neighbourhoods of x/| x| and — x/||x]. From
the standard theory of the asymptotic behaviour of solutions of V, —i¢, (see [3])
we have

10| <Ce ™ on Vy, [0 ||<Ce ™" on Vg

for some ¢ >0 and C fixed. Let us now work only on the set {x|[|x| =R} x P;.
Then letting y = yy + ys, Where yy, s have support on Vy and Vs, we can define
6=0% —0ysgsoonVy,0=0"andon V5,0 =0% — 0y, = (0" — dy)| V,= 0. Because
6 is cohomologous to 0 it will induce the same Dirac field on {x|||x|| = R} and
we have that on

Vy, 0] <Ce ™,
and on
Vs, 0] <Ce
To obtain the Dirac field we want to solve
Op, 5(x) = 0(x).

This can be done explicitly using the Cauchy kernel. Recall that if f(£) has compact
support in C then

1 1 =
(KS)(w) =575jf(§)é_——ud§ AdE

is smooth and satisfies (0/0f@)K f = f.

The Cauchy kernel K has, however, a coordinate-free interpretation on P!, if
we use the line bundle ¢(— 1). Since the cotangent bundle of P! in ¢(— 2), which
has with respect to a local affine coordinate ¢ a trivialization d¢, then a local
trivialization of O(—1) is given by d&'2. Now if we change coordinates by
E=(al + b)/(c& + d) and ji = (ap + b)/(cu + d) with ad — bc = 1, then

dgl/zdﬁ”z dé”zdul/z % 1 }_déllzdﬂlﬁ

C—p) (C+dleu+dq (ag+b)_[(autb s~ E—p)
A\ct+d cp+d

Then if 6 is a (0,1) form with values on ¢)(— 1), we may write 0 = f(&)dEY2dE
locally and

B 1 Iz‘dél/zdul/z_dul/z
= O ey " 0,

1 _
J1@ g dede



472 N. J. Hitchin and M. K. Murray

is a well-defined global section of ¢( — 1) satisfying ds = 6. What we want to estimate
now is the asymptotic behaviour of d s, but this is

z,(n)
n—¢&
and as in [3], if a solution of V, —i®, decays, so do its derivatives, so this gives
us control over the asymptotic decay of d, s which is our Dirac field.

Because the Dirac field decays exponentially it is integrable as required.

We have seen that under the twistor correspondence the space V,=
H°(S,,L™*1,(2m,— 1)) is isomorphic to the space W, of integrable solutions to
(D4 + @,) ¥=0. Now consider the map

dys=[V,0(x,¢) dé A dé,

H(7,02)®V,——H(S,,L™*1,2m, + 1)),

which was used to define the H;. The space H%(S,, L™ *I,(2m, — 1)) can be mapped
by a coboundary to H(J, L™?E(1)). Consider a (0, 1) form w representmg a class
in Hl(ﬂ' L™E(1)). This can be pulled back to C*> x P, to give W. Just as with
HY(7,L ?E(— 1)) we can solve 0, S=W, but now s is not unique but can
be changed by adding elements of H°(P1,L’2E(1)) Letting ¥=d,s:C*— H°
(P,, T*(1)) @ C" ~ S' ® S ® C", where S* is the irreducible representation of SU(2)
of dimension k, it can be checked that ¥is in the H' of the elliptic complex

C*(C3,S'®@C") —C=(C3, S ®S2C") -2 C*(C, $* ® C")

(see [2] for the four-dimensional version of this). If we let e, e,, e; be a basis for

C3 ~5l(2,C) with ef= —1,e,e, =e5, etc, then we have that T is the twistor
operator
13
T(¥)=— 3 Z Dy—D.)(e; P)® (33)
=
and
3
D<Zl<p,~®a’>—sym2{ )i ®e:f, (34)

where sym:S?® S* — 53 is the symmetrization map S(C?)® C2 - §3(C?).
If ,2,e H(77,0(2)) it can be readily checked that the multiplication map is

m:C*®@ W,— C*(R3,S'®S?),

3 3 3
N®@o+iy Q@i Y X'po®e;+ Y ip;®e;.
=1 =1 =1

Finally we have

Proposition 35. The element n® ¢, + Z ® @; is in the kernel of m if there is

||.[\/.ju

J
some y:R3— St with

3 13
2x¢o+l§0, ®e; ——2—2 D,)ejxQe;
J= J

=1
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or
xi€00+i¢j: —%(DA*(DZ)%‘X i=1,23. (36)

Now let us assume that y is integrable. Then D, — @, is the adjoint of D, + @,,
so if 7 is the projection I*(R?,S')— {kernel of D, + @,} = W,, applying = to Eq.
(36) gives

in(x'@o) = ;.
Comparing with (6) this means the kernel of the multiplication map is all

3
N®@o+iY, 2'® Ti(z)p, and we therefore have
i=1

Proposition 37. The isomorphisms V,— W, intertwines the endomorphisms T,(z) and
H;(z), and hence Nahm’s curves N; and the spectral curves coincide for a general
monopole.

Proof. 1t remains to show that y is integrable. Return to Proposition 17 and 30
and let 9}, J=0,1,2,3 be the representative form for the class isomorphic to ¢;
as used in those proofs. Then from the construction of (p;£ there are u* having
support in the compact neighbourhood of S, and satisfying

Wt eQO(7 L7E] (— 1),
p"eQO(T,LE;_ (— 1)),

3 —
nog —iy, z;0f =ou*,

and
pr=p 4.

When we form 6= 6" — dy|,,, we can also form = pu* —y|, and we have

and if 0;,=0s;, j=0,1,2,3, then
3
nso—izl z;8; =0+ % (38)
=

is the equation defining y:R®>— H(R,, L™ E(— 1)).

Using the Cauchy kernel argument we can obtain decay estimates on the s;,
and because the p has the same support properties and takes its values in the same
sub-bundles as § we can also obtain decay estimates on fi. It follows from (38) that
y must decay exponentially at infinity and therefore is integrable.
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5. Conclusion

We have seen that Nahm’s curves are the same as the spectral curves of a general
monopole. In fact a lot more is true, namely that any collection of spectral data
satisfying the vanishing conditions in Proposition 17 arise from a monopole. These
results will appear in [5].

The ADHM construction and therefore Nahm’s construction really only work
for SU(n) (and hence the other classical groups with suitable modifications).
However the spectral curves are defined for the exceptional groups also and it
would be interesting to know if, as has been suggested by Atiyah, one can perhaps
solve Nahm’s equations on the “dual” of the Dynkin diagram for a general
monopole.
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