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Abstract. We have obtained six new infinite series of trigonometric solutions to
triangle equations (quantum R-matrices) associated with the nonexceptional
simple Lie algebras: sl(N), sp(N), o(N). The R-matrices are given in two
equivalent representations: in an additive one (as a sum of poles with matrix
coefficients) and in a multiplicative one (as a ratio of entire matrix functions).
These R-matrices provide an exact integrability of anisotropic generalizations
of sl(N), sp(N), o(N) invariant one-dimensional lattice magnetics and two-
dimensional periodic Toda lattices associated with the above algebras.
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1. Introduction

In the theory of two-dimensional integrable systems of quantum field theory and
statistical physics a specific importance is attached to the special system of
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algebraic functional equations called triangle equations (or Yang-Baxter
equations)
RIHA0) RE3(0 + 0) RE253(0') = RI21(0)) RIM2(0 + 0') RE (D) . (1.1)

11tz J1l3 J2J3 1213 J3 J1J2

Here 6,0 are complex variables, the indices run over N various values. The
summation over the repeated indices is assumed.

Each solution of the triangle Egs. (1.1) can be treated, on the one hand, as an
exact factorized S-matrix in some 1 + 1-dimensional field theory [1, 2] and, on the
other hand, as a vertex weight matrix of an exactly soluble statistical model on
plane lattice [3,4]. Besides, the triangle equation arises as the consistency
condition for the Bethe anzatz solution of quantum-field models [5-7] and those
of one-dimensional magnetics [7]. Triangle equations also make a part of the
quantum inverse problem technique [8, 9]. Finally, studies of triangle equations
resulted in a new mathematical object called quantum groups [10].

Thus, each solution of the triangle equations is associated with quite a number
of exactly soluble models from field theory and lattice statistics.

Usually Eq. (1.1) is written in a more compact form using matrix notations. We
shall consider R{}/(6) as matrix elements of some matrix R(f) acting in the tensor
product of two vector spaces CY@C". The matrix R(0) is called a (quantum)
R-matrix. Introduce the matrices R,(0), R,5(0), R,3(0), acting in the tensor
product of three vector spaces CY@C¥®@C" according to the rule

(R12)111213 — R““(@)éfz

liial3 lii2

[R,;(8) and R,;(0) are defined similarly, they act identically in the second and first
spaces, respectively]. In new notations, Egs. (1.1) become

Ri5(0)R3(0+ 0)R;5(0) = Ry3(0) R, 5(0+0) R, 5(0). (1.1

The quantum R-matrix is called quasi-classical if it depends on the additional
parameter ¢ (playing the role of the Planck constant) so that for small ¢,

R(0, 0)=1+2¢r(0)+0(p?). (1.2)

Substituting (1.2) into (1.1"), one obtains the classical triangle equations, quite
essential for the theory of integrable classical systems [11]:

[r1200), 7150+ 0) + 72500 +[r13(0+0),7,5(0)]=0 (1.3)

[, ] denoting a commutator. The quantity r(6) is called a classical r-matrix.

Note, that Eq. (3) is written only with the help of commutators. Therefore, one
may assume that re9®%, ¢ being a Lic algebra. It becomes clear then that the
solutions of (3) can be written in an invariant form, i.e. independent of the
representation of 4. However, the corresponding solutions to the quantum
Egs. (1.1) depend essentially on the representation of .

Intensive studies [12-24] of Egs. (1.1) and (1.3) over the last years led to the
discovery of a great number of new integrable models and provided extensive
“experimental” material that has clarified essentially the general structure of
R-matrices. Let us enumerate here some characteristic properties of R-matrices.

(i) All known R-matrices are meromorphic functions of 0 expressed via
rational, trigonometric, or elliptic functions only.
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(i) Trigonometric and elliptic R-matrices possess an automorphicity prop-
erty. In the trigonometric case, this property is described as

RO+m)=(URNRO) (U1 '=(1®U) 'RO(I®V), (1.4)

U being the matrix in €V of finite order g, i.e. U/=1.
(iii) Most R-matrices (excluding R-matrices [18, 19], as well as some others)
possess a crossing symmetry

R(O)=(VR1)(PR(—-0—0)P)"(V@1) ™", (1.5

where V is a matrix in €V, ¢ is some constant, ¢, means taking the transpose in the
first space C".
(iv) The relation R(0)~P takes place, P being a permutation matrix in
CcC'eC", o
Piziz2—=§

i1j1

l'xj26j1i2’ P(X®Y)=Y®X, X,yG(EN. (16)
It is convenient to choose a normalization in which R(f) has a pole at =0, i.e.
ResR(O)|g—o~P. (1.7)

It follows from (1.4)-(1.7) that R(6) has poles for 0 =kn, 6= —g +kn, keZ.
Equations (1.7) and (1.1) imply

(v) Unitarity R()PR(—0)P=(6)-E. (1.8)

E being a unit matrix in CYQC", ®(0) some (scalar) function of 0.
Note, that the properties (i)+v) alone [i.e. without Eq. (1.1)], are rather hard
restrictions on the form of R(f). In [22], matrix functions of the form

R(0)=A+Pctgh—P'ctg(0+0), (1.9)

where A is independent of 0, satisfying the requirements (i)«(v), were considered.
[Relation (1.6) is fulfilled trivially because U=1, g=1.] The great bulk of the
solutions obtained (though not all of them) proved to automatically satisfy the
triangle Eq. (1.1). In this way more than 30 new solutions to triangle equations
were constructed in [22]. Comparing this observation with the method [20] for
proving Egs. (1.1) for elliptic R-matrices [19] by the Liouville theorem and with
the analogous method used in [24] for Eq. (1.3), we found out that the properties
(i}(v) complemented by conditions
(vi) R(6) has no poles at O=kn, 0+ —o'+kn, keZ,

Rizgli}_}}oo R(); |R*[<ow, RLRGR;3=R;5R5R, (1.10)

result in the fulfillment of (1.1). For the proof see [25] and Sect. 4 of this paper.

The concept of automorphicity (ii) for classical and quantum R-matrices was
introduced in [19] where its connection with automorphisms of the Lie algebra
was also established for the case 4 =sI(N). In [24] a rather complete classification
of nondegenerate ! solutions (1.3) for all simple Lie algebras was made using this
idea. In particular, all elliptic and trigonometric r-matrices were found. Elliptic
r-matrices turned out to be connected with the s/(N) algebra and be exhausted by
those constructed in [19] where the corresponding quantum R-matrix (in the
fundamental representation) was also found.

! An r-matrix is called nondegenerate provided det||r,, || #0, where r=r, E*®E’, E* is the
basis in ¥
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As for the trigonometric r-matrices, constructed in [24], which are not
degenerate elliptic ones, their corresponding quantum R-matrices were known
only in a few particular cases [15, 17].

In the present paper, six new infinite series of trigonometric quantum
R-matrices corresponding to the fundamental representations of the nonexcep-
tional simple Lie algebras si(N), sp(N), o(N) have been constructed. The technique
we applied consisted of constructing R-matrices obeying the above-mentioned
properties (i){vi) and possessing the quasi-classical limit (1.2) with the classical
r-matrices found in [24] 2. The R-matrices constructed are given in two equivalent
representations: in an additive one (as a sum of poles with matrix coefficients) and
in a multiplicative one (as a ratio of entire matrix functions). From the point of view
of the above properties (i)(iv) these representations complement each other: the
additive representation possesses the explicit crossing-symmetry while the multi-
plicative one possesses the explicit unitarity. The main results of the paper were
published briefly in [25-27]. Note that our methods were also generalized to the
case of R-matrices connected with Lie superalgebras [28, 297].

An alternative approach to the construction of quasiclassical trigonometric
R-matrices were introduced in [30]. The point of this approach is an interwinding
relation for the quantum L-operators for generalized periodic Toda lattices. In this
way the connection between quasiclassical trigonometric R-matrices and quan-
tum Kac-Moody algebras [10, 30] is established.

We shall proceed as follows. In Sect. 2 some necessary information from the
theory of Lie algebras is presented. In Sect. 3, trigonometric classical r-matrices of
[24] are considered. In Sect.4 the corresponding quantum R-matrices are
constructed. Section 5 contains a discussion of the integrable quantum systems
associated with these R-matrices: 1) two-dimensional generalized Toda lattices; 2)
anisotropic generalizations of the sl(N), sp(N), and o(N) invariant models
of one-dimensional magnetics. In Sect. 6, factorized representations for trig-
onometric R-matrices are obtained. A representation of this type was first
obtained in [31] for an elliptic R-matrix [19]. It is expressed with the help of the
ordered exponent

0+2¢
R(#)=Pexp {% | r(s)ds}, (1.12)
0-2¢
where r(6) is the corresponding classical r-matrix, normalized at 0=0 by the
condition
P—1
r(0)= o +const+ 0(0); (1.13)
P is the permutation operator (1.6). As it was recognized in [32], Eq. (1.12) may be
rewritten in the form

R(O)=0(0—2¢)c" *(0+2¢), (1.14)

where the function

o(0)=Pexp {% T r(s)ds} 6o (1.15)

2 This technique, however, is not applicable to the R-matrices for the non-fundamental
representations of ¥, because these R-matrices do not possess the property (vi)
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can be interpreted as a matrix generalization of the Weierstrasse elliptic o-function
[$r(s) is treated, accordingly, as a matrix generalization of the elliptic {-function].

We make use of this analogy to introduce the matrix generalizations of the
trigonometric functions, corresponding to the obtained trigonometric R-matrices.

2. Some Information from the Theory of Simple Lie Algebras

This section presents briefly some necessary information from the theory of simple
Lie algebras. For details and proof see [24].

Let ¥=%(N) be a Lie algebra of N by N matrices. In this paper we restrict
ourselves to the consideration of the classical matrix Lie algebras si(N), sp(N), o(N)
in the fundamental representations:

sl(n)={ X e Mat(n, C)|Sp X =0},
sp(2n) & (X e Mat(2n, €)|X'= —SX5 '}, (2.1)
o(m®{X e Mat(n, ©)|X'= —SXS '},

where t denotes taking the transpose, while the n by n matrix S and the 2n by 2n
matrix S are of the form
0 1 0O I S
. |
. [
|
[
1 0 -S 1 0

Let {E;} be the basis of generators in %(N). The scalar product in ¥ is specified by
the Killing form [note, that the definitions (2.1) entail SpX =0]:

(X,Y)=Sp(XY); X,Ye%.

The Killing form has the invariance property

X, [Y.Z])=(X.Y].Z), (2.3)
[, ] denoting a commutator. The tensor of the Killing form is
gij:(Eiv Ej):Sp(EiEj)' (2.4)

In order to describe the trigonometric solutions of Egs. (1.3), one has to use the
concept of the Coxeter automorphism of algebra % (see, e.g., [24]).

An automorphism of a Lie algebra is a one-to-one linear transformation that
preserves the commutation operation. An inner automorphism is a product of a
finite number of automorphisms of the form ¢*%~, xe %, with ad x being a linear
operator acting by the rule

adx(y)=[x,y]; x,ye¥. (2.5)

Let % be a simple Lie algebra. Any automorphism of % can be represented as
@i s @, Where ¢;,, i an inner automorphism and ¢, is induced by the
automorphism z of the Dynkin diagram of algebra 4.
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Let us fix the automorphism t of the Dynkin diagram. The automorphism
A.= @i - @, Is said to be a Coxeter one provided

1) algebra 4,% (X e%|A,[X]=X]} is Abelian,

2) A, has minimum order among the automorphisms A4’ = ¢!, - ¢, such that
the algebra 4, is abelian.

In the following the pair of the algebra and its Coxeter automorphisms will
be denoted by the symbol 4=(%, A,). For classical Lie algebras 4,_, =sl(n),
B,=0(2n+1), C,=sp(2n), D,=0(2n) there are seven infinite series of pairs:
G=AV AP A%, BV, CV, DIV, D?. In these notations, the numbers in
parentheses show the order of the automorphism t of the Dynkin diagram.

The explicit form of the Coxeter automorphisms for the algebras (2.1) under
consideration is given in Table 1 borrowed from the paper [24]. The notations: his
the order of an automorphism, 4,[ X ] is the image of an element X €% under the
action of an automorphism, w =exp(2zi/h), o, in the definition of the matrix 7T for
the series, D{¥ denotes a diagonal 2 by 2 block with the elements ¢, =0,,=0;
T13=05,=1 _

The eigenvalues of A4, equal «’, jeZ. Therefore, ¥ may be represented in the
form

h—1
Y=Y 9; 4 XeYA[X]=0'X]. (2.6)
j=0

Note that by the definition of a Coxeter automorphism the algebra %, is abelian.
Let r=dim%, There ecxist elements eg,...,e,€%;; fo,..f,69_{;
hy, ... h._, €%,, such that
1) e, ...,e,formthebasisin% ; f;, ..., f.formonein % _,;hy, ..., h,_, form the
basis in %,, normalized by the condition

(hi hj) =20, (2.7)
2) The following relations are satisfied:
[h,h]1=0, (2.8)
[Eav ei:l = a?ei > [Ea! fl] = O(‘izfi > (29)
((Xi’ E)
e, f:]1=20,- R 210
Len 11205 ") (2.10)
Table 1. Coxeter automorphisms of the classical Lie algebras
G 4(N) h A[X) T
AL sl(n) n TXT ' o" Y2diag(l,o Yo 4. 0™
A% si2n+1)  4n+2 —TX'T™'  Sdiag(l,é, ..., 8" ¢é=—w
AG)y sl2n) 4n-2 —~TX'T™'  Sdiag(1,4,...,¢" 728 1 L, L Hi=—o
cw sp(2n) 2n TXT ' @ Y2diag(l,0™ %, ...,0' %)
B o(2n+1) 2n TXT ' diag(l,o %, ..., 0' %" 1)
DV o(2n) 2n—-2  TXT™ ' diag(lLo™'..,0* o' o e L 0T

D2 o(2n) 2n TXT '  diaglw Lo 2. 0t "o, 0" 0 )

s Y xr
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with

r—1

Y oth,. (2.11)

a=1

r—1
(ai’ )= Z oo, (0, ]/T):
a=1
The r-dimensional vectors o;=(a, ..., o} ') are called simple weights for the (%, 4,)
pair. The explicit realizations for the generators h,, ¢;, f; and for the systems of
simple weights are presented in Appendix A.

The matrix .
1=1Y g'E®E;, (2.12)
plays in important role in describing the solutions of the triangle equations. Here
we choose =1 for A", and 2=2 for other series; tensor g"/ is inverse to tensor of

the Killing form (2.4). It follows from the invariance of the Killing form (2.3) that

for any X e ¥,
[tX®1+1®X]=0. (2.13)

As may be easily checked, (A® A)[t]=t. Hence, t may be represented as

h—1
j=o

et (2.14)
H=h"1Y o AR,
n=0
h being the order of A, Note, (2.7), (2.12), (2.14) entail that
;L -~ ~
tO:EZha(@ha. (2.15)

3. Classical Triangle Equations

The most complete results for the solutions of the classical triangle Eq. (1.3) were
obtained in [24]. Below we present some necessary information from this work.

3.1. Classical r-Matrices

As has been noted in the Introduction, Eq. (1.3)is written in terms of commutators.
Therefore, one can assume r(0) € 9(NYRQY(N), 9 =%(N) being a Lie algebra of N by
N matrices.

For any Lie algebra, there is a simplest rational solution to Eq. (1.3) of the form
[19, 23],

r(6) (3.1)

_ t
=4

For these solutions, Eq. (1.3) reduces to relation (2.13). The trigonometric
solutions for Eq. (1.3) are obtained [24] via “averaging” (the term introduced in
[33]) the elementary pole (3.1) over the one-dimensional lattice 0 =kn/u, ke Z,
using the Coxeter automorphism A, of the algebra ¢

h—texp(2i0uj/h)t;

HO)=h"" hil AL ctg(Ou—km)/h) =ito+2i Y.

2
iZo expiud)—1° (-2
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where t; are defined in (2.14), u is a constant. Thus, the trigonometric solutions
are determmed by the choice of the pair ¥=(%, A). Remember, that for
classical Lie algebras there are six infinite series of pairs listed in Table 1.
Formula (3.2) was obtained in [24] for the generic case, and in [34, 35] for the
series AV, B, CV, DV, Note that the function r(0) is unambiguously
determined by the following three properties:
1) r(0) is meromorphic in 6 with the set of poles 0 =kn/u, ke Z, and at zero it
has the residue ¢,
Resr(0))y=o~t. (3.3)

2) Automorphicity (quasi-periodicity)
r0+m)=(A) [rO)]=(1®A4) ' [r0)]. (3.4)

3) Asymptotic behavior
M(Olg- +i0= Filo, (3.5)

where ¢, is given in (2.14). With the help of Egs. (2.14) and (3.2) one can easily derive
an additional property of »(0):
4) Classical unitarity
r0)= —Pr(—0)P, (3.6)

P being the permutation matrix (1.6).

Reference [24] contained a highly simple and elegant proof of the fact that r(0)
satisfies the classical triangle Eq. (1.3). This proof will be given below. It is based on
the abovesaid properties 1)-4) of the function #(6). Let us denote by (0, ') the left-
hand side of Eq. (1.3) and consider it as a function of 6, keeping ¢’ fixed. By virtue of
(3.3), (3.4) it is quasi-periodic,

Y(0+ng/i,0)=(A.11)[¥(0,0)], (3.7)

and has simple polesat  =kn, 0= — 0"+ kn, ke . Using relations (2.13),(3.3),(3.6),
(3.7), one can readily exhibit that the residues in these poles vanish. It follows from
(3.5) that (0, 0') is finite when §— +ico. Together with the periodicity of (6, 6') in
0 (with the period gr/y) this means that (0, @) is independent of 6. Similarly, we
can show (8, 8') to be independent of §". Now, tending 0—ico, and then ' —iocc,
using (3.5) and remembering that t,€ 4,®%,, where %, is an Abelian subalgebra
of 4, one finds (0, 0)=

In our next section we shall construct the quantum R-matrices, corresponding
to the classical r-matrices (3.2), for the fundamental representations of the algebras
(2.1) in question. In this connection, it is useful to rewrite relation (3.2) taking into
account the explicit form of t for the representations (2.1). Choosing some
particular basis in ¢, it is easy to show that?

tany = AP,
topwy=P—8P"87", (3.8)
tywy=P—SP"S™ !,

3 In the case of sI(N) algebra we drop in (3.8) a term, proportional to unity in C¥®@C", which does
not affect Eq. (1.3)
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where 4 was defined after Eq. (2.12), P is the permutation matrix (1.6), 1, means
taking the transpose in the first space C". Here and after we use boldface letters to
denote products of the form A®1, e.g.

S=S®1, S=8®1, U=U®I1, (3.9)

where S, S were defined in (2.2).
Let U be a matrix in €V of a finite order g, U?=1. Introduce the function

g—1
Z(0)=2(0,P)=g ' Y UPU *ctg((0—kn)/g). (3.10)
k=0
It is easy to check that Z(6) obeys the relations
ResZ(0)y—o=P, (3.11)
Z0+m)=UZOU"', Z(—0)=—-PZ(O)P. (3.12)
Let us now choose in Eq. (3.2) u=2 for the series A%), A%)_, and u=1 for the other

series. Using (3.8)-(3.12) and the cxpression for A[X] from Table 1, we can
represent the function r(0) in the form

r)=20), G=A",, (3.13)
r(0)=Z(0)— (BN Z'(0— ) (BR1) ', G+A" . (3.14)

The values of g and the matrices U and B for each series are presented in Table 2, ¢,
denotes taking the transpose in the first space CY

7 — B W pi) p@
v o
Note, that the matrix U possesses the property
BUB '=U"". (3.16)
Let us give one more useful formula resulting from (2.14) and (3.8):
p 7 — A1)
o={pik, arap 17

Table 2. The parameters of the solutions of triangle equations. The quantities h, T for each series
are given in Table 1. S, § are defined by Eqgs. (2.2)

Ser. g B U 0 {ca},a=0,....,n—1

AL h T

A h/2 T (1)1 Np--3 cp=—1

AG 0 b2 T (! Nop—13 Ce=2(a—n+1)/2n—1)

c h S T (N+2)¢  c,=Qa—n+1)/n

B(M h S T (N=2)¢p Co=—aj/n

DY h S T (N=2)¢p ¢,=0

D h S T (N=2)¢p Cy-1=0;¢c,=—QRa—n+2)/n,a<n—1
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where
f)=g-‘§;U"PU"‘, (3.18)
kzg“lig; UKU ¥, (3.19)
K=BP"B"!, K2=NK, (3.20)
(P2 =6, 5, 1 (3.21)

Here N is the matrix dimension of .

3.2. Classical Toda Lattices

In this subsection we consider a class of integrable classical systems related to the
r-matrices (3.2), called by the two-dimensional generalized periodic Toda lattices
[36, 37].

Consider the pair ¥=(¥%, A,) where ¢ is a simple Lie algebra and A, is its
Coxeter antomorphism.

The system with the Lagrangian

L=y~ jdx[5(0 u)z— V(u)],

V(1) =m> z = a) Q2w (3.22)

r—1
(O(i, u) = ZO a?ua >
a=

is called a two-dimensional Toda lattice associated with 4. Here u,=u,(x, 1),
a=0,...,r—1,1s a set of scalar figlds in two-dimensional space-time, r=dim%,,
{2} is a system of simple weights 4 [see Egs. (2.7)~(2.11)]. The equations of motion

(32 =2, = — - V) (3.23)
du,
can be represented in Zakharov-Shabat’s form
0,L—0 M+ [L,M]=0, (3.24)
L(0)=0u+ me*¥*I . + 2" 'me 29T _, (3.25)
M(0)=0u—ime**“I . + 1 'me 24 _, (3.26)
r—1 .
u= Y u'h,, A=exp(—2ib/g), (3.27)
a=0
=Ye, I.=Y5 f. (3.28)
i=0 i=0

The operator adu was defined by (2.5), the values of g can be found in Table 2.
The canonical Poisson bracket has the form

%), up(y)} = 0(x — ) O, (3.29)

with =y"10,u.



Integrable Quantum Systems 481

The most efficient approach to integrable systems with an ultralocal (i.e.
having no derivatives of J-function) Poisson bracket is the r-matrix technique
[11]. It is based on the fact that a Poisson bracket of two L-operators can be
written in the so-called r-matrix form:

{L(0, x)QL(0,x")} =ipd(x —x) [LIO)® 1+ 1R L(0), r(0' — 0)], (3.30)

where #(0) is a classical r-matrix,

For the L-operator (3.25) and #-matrix (3.13), (3.14) this relation was proved in
[24]. We will not present the proof here since relation (3.30) can be treated as a
quasi-classical limit of the relation (5.4) for the corresponding quantum
L-operator, discussed in Sect. 5.

4. Quantum Triangle Equations

In the present section we shall construct quantum R-matrices, corresponding to
the classical r-matrices (3.14), for the series A%, A2)_,, BV, CV, DIV, B, The
quantum R-matrix for the series A" was already known; it will be given in the end
of this section. As has been pointed out in the Introduction, quantum R-matrices
depend essentially on the representation of algebra 4. In the present paper we limit
oursclves to the consideration of fundamental representations of %, defined in

(2.1).

4.1. A Simple Theorem

The basic idea of our approach is to employ the following theorem [25].
Let R(0) be a meromorphic function of  with the following properties
(i) Automorphicity (quasi-periodicity) and invariance:

RO+m)=U@DHROU) '=(1®U) 'RO(1®U), (4.1)

where U is the matrix in €V of finite order g, i.e. U?=1. It follows from (4.1) that
R(0) 1s periodic with the period gn.
(ii) Crossing symmetry:

R(O)=(VR)(PR(—0—0)P)'(V®1)"". (4.2)

Here g is a constant, ¢ +0; V is a matrix in €V, 1, denotes taking the transpose with
respect to the first space €V, P is the permutation matrix (1.6).
(i11) Unitarity:
R(O)PR(—0)P=E®(0), (4.3)

with E being a unit matrix in CY®C", while ®(0) is some scalar function of 0.
(iv) Asymptotic behavior:

R(0) is finite when 0— +io0 (4.4)

R{LRR; = R;3R1+3R1+2§ R'= 9_1}{11 ; R(0). (4.5)

(v) Pole structure: R(#) has simple poles, which are located at 0=k,
0= —o+kn, keZ, only. The residue of R(f) for =0 is proportional to P:

ResR(O)g—o=P. (4.6)

The remaining residues are fixed by the properties (i)-(ii).
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Theorem. It follows from (1)—~(v) that R(0) satisfies Eq. (1.1).

Proof. Let us denote by (0, 8') the difference between the right- and left-hand sides
of Eq. (1.1) and consider (0, §') as a function of 6 keeping ¢ fixed. It follows from
(), (v), that (6, 0'), similarly to R(8), possesses the automorphicity property, is
periodic with the period gn and has poles at 6=kn, 0= —9+kn, 0= —0'+kn,
0= —0 —9g+kn, keZ. Using (ii), (iii), and (v), one can show that the residues at
these poles vanish. (Note that due to automorphicity it is sufficient to consider only
four poles.) Next, Eq. (4.4) entails that (6, 0") is finite for 0— +iocc. This means
[provided periodicity of (0, 8') is taken into account] that w(0, 6') is a constant, i.c.
independent of 0. Similarly ¢ (6, §') may be proved to be independent of §'. Letting
now 0—ioo and then #'—icc and using Eq. (4.5), we obtain ¥V(6,0)=0. Q.E.D.

Remark 1. It is not difficult to obtain a generalization of the above theorem to the
elliptic case. For R-matrices with one series of poles [19] [i.e. having no property
(ii)] the theorem was used in [20].

Remark 2. The property of R-matrix to be quasi-classical has not been used in the
proof. Therefore, the theorem can be applied to nonquasi-classical R-matrices as
well, in particular to those of [22] (the corresponding calculations were performed
by O. Vasiliev).

It would also be interesting to investigate new R-matrices, found in [38], from
the point of view of the above theorem.

4.2. Quantization of Trigonometric r-Matrices

Below we construct a quantum R-matrix R(6, ¢) which obeys the conditions of the
theorem of the previous subsection and has the quasi-classical limit (1.2) with the
classical r-matrix (3.14).

An analysis of known R-matrices for the cases 4% [17] and C{" [15] shows
that they may be represented in the form

R(0, )= Ro(@) +5in2¢[Z(0)— C(9)BZ"(0 +0) (C(p)B) '], 4.7)
Ro(@)=1+(cos2¢ —1)12, (4.8)
Clp)=C(p)®1, B=B®!, U=U®1, (4.9)

where 1, is given in (3.17), the other notations are defined by Egs. (2.14), (3.10),
(3.14) and Table 1, C(¢) is a diagonal matrix in C~, such that

[Cle), U1=[C(p),K]=0, (4.10)
Clp)B=BC (), (4.11)

where K is defined in (3.19)*. It is convenient to write C(¢) in the form

r—1
Clp)=explip(c.h);  (,p)= Y XV (4.12)

=0

4 Condition (4.11) eliminates gauge {reedom in choosing C(p) connected with the transformations
R—(D®D)R(D®D), where D is a diagonal matrix commuting with the matrix B
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where {/,} is the basis in %, r=dim%,. Note that in our realization of %,

he=€so—€N—a—1.N-a15 (eij)aﬂzéiaéjﬂ7 (4.13)
N being the matrix dimension of ¢ (see Sect. 2 and Appendix A).

It seems very reasonable to use Ansatz (4.7)4.12) in a general case. Indeed,
with the help of relations (3.11), (3.17), (4.8) it is easy to show that R(, @), so defined,
satisfies conditions (i), (ii), (v) of the previous subsection. Note that in (4.2)
V =C(¢p)B. Next, it follows from the definition (2.14) and the explicit form of
Coxeter automorphisms (Table 1), that ¢, is a diagonal matrix and

2tk =tk k>1. (4.14)
Exploiting (3.10), (3.17), (4.7)+(4.9), (4.14) we get
R(O,0)lg- i, =R* +0(e*?%9),  R* =e*200, (4.15)

Since t, €%, ®%,, %, being an abelian algebra, relation (4.5) is satisfied trivially.

Thus, conditions (i), (ii), (iv), (v) are checked and it is left to check the unitarity
condition (4.3). The substitution of (4.7) into (4.3) leads to a system of equations for
C(¢) and g, which allows us to define C(¢) and ¢ unambiguously provided (4.11) is
taken into account. The required calculations are simple, but tedious. The result is
given in the author’s work [25] ° and we reproduce it in Table 2. Fortunately there
exists a more simple method to prove unitarity for R-matrix (4.7), using the
quantum [L-operator for generalized periodic Toda lattices. This proof will be
given in Sect. 5. The most essential point of the proof is that ¢ and C(¢p) from
Table 2 are determined unambiguously by the system of equations

2(e+49)

4
where of, j=0,...,r, is the system of simple weights of (¥4, 4,) (see, Sect. 2), 4 is
defined by (3.19).

Assuming now that the unitarity condition is proved,Alel us calculate the
function @(6) from the left-hand side of Eq. (4.3). Denote by @(0) the left-hand side
of (4.3). &(f)) is a meromorphic function of 0 and may have the poles at 0=k,
0= +o+kn, keZ. By means of (4.1), (4.6), (4.15) it is easy to show that

a) P(0+m)=UR)PO)(UR1) !, lim d(O)=E, (4.17)

— (o)) + (02, €) + =0; j=0.1,...r, (4.16)

where E is a unit matrix inA(EN QRQCN.
b) When 0=kn, keZ, ®(6) has the second order poles

. sin*2¢ - E

B(0)= — T +0(1)+0((0 —kn)) . (4.18)

Next, at 0= —g+kn, keZ, the residues of R(0) are degenerate matrices

Ri=ResR(O)]y- ¢ 1n=UClp) KC™ (@)U ¥, (4.19)

5 In the present paper we use slightly modified (but, of course, equivalent) definitions of Coxeter
automorphisms (cf. Table 1 and Table 2 form [25] and present paper)
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where the notations (3.20) and (4.9) are used. Since detK =0,
detR, =0 (4.20)
and consequently,
det(ResD(0)lp= 5,41 =0. (4.21)

The only way to make (4.21) agree with the matrix structure of the left-hand
side of (4.3) is to require

©) ResB(0)lp- =, - 4r=0. (4.22)

Now, using the Liouville theorem, we can recover the function &(6) unam-
biguously by the properties (a)~(c) given above,

. sin2¢
&(0)=R(O)PR(—0O)P= (1 sin29> E. (4.23)
Thus, the quantum R-matrix for the series A%, A%)_,, BV, C), DV, B,
defined by (4.7) and by the values of C(¢p) and ¢ from Table 2, satisfies all the
conditions of the theorem from the previous subsection and, hence, satisfy Eq. (1.1)
as well. In the quasi-classical limit (1.2), Eq. (4.7) yields the corresponding classical
r-matrix (3.14).
For %=A'", the quantum R-matrix has been known before [18]. In our
notations it looks like

R(6, 9)=R,+sin2¢Z(0), (4.24)

where Z(0), R, was defined by (3.10), (4.8) respectively and the matrix U entering
the definition of Z(0) was given in Table 2. Clearly, (4.30) has a correct quasi-
classical limit with the classical r-matrix (3.13).

To conclude this section, we note that the R-matrices (4.7), (4.24) have the PT-
symmetry and invariance properties

R"2(0, p)= PR(0, 9) P, (4.25)
(X®X)R(O)(X®X) '=R(0), (4.26)

where ¢,t, denotes taking the transpose in CY®C", and X is any diagonal matrix
obeying the relation

BXB '=X"'. (4.27)

5. Integrable Quantum Systems

5.1. Quantum Toda Lattices

In this section the quantum variant of generalized periodic Toda lattices will be
discussed. For these models we construct the quantum L-operators [26, 30, 39]
satisfying relation (5.5). Apparently, this means that they can be integrated by the
quantum inverse scattering technique [8, 9].

For the series %= A" | this problem was solved in [40] (see also [41, 42]). We
shall handle the other series from Tables 1, 2.
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In the quantum case the Poisson bracket (3.29) is replaced by the commutator
[7a(x), up(y)] = —i0,40(x —y), (5.1)

where 7, ' =y0u, y=20.

The ultraviolet regularization is achieved by introducing a spatial lattice with a
(small) spacing o. Let us define the variables

Ap+0 Xnt+d
u(ny=6"" [ uG)dy, pdm)=3% [ du(y)dy, (5.2)
[P.(n), up(n)]= —iQd 4,0, . (5.3)

To apply the quantum inverge problem method [8, 9], it is necessary to
construct a quantum L-operator L(6, p,u), satisfying the relation

Lo(0) Ly(@") R* (0 — 0) =R (6" — ) Ly(0") L, (6) + 0(3?), (5.4)
L,(0)=L(0,p(n), u(n)),
L'=L®t, [*=1®L.

Studying the known L-operators for the cases of A" [8] and A% [17], we
observed that they could be written in the form [26, 30],

L(0, p,u)=eP(1 —idm[ 1e*] . + e "I _])eP, (5.5)

where p=(p, h); u=(u, i) and the rest of the notations were defined in (2.5), (3.27),
(3.28). Note, that in the quasi-classical limit we have ¢ —0, p— —i@dn(x) and

L(0, p,u) =1+ L0, m,u)+ O(9?), (5.6)

where L0, 7, n) is the classical L-operator defined by relation (3.25).
It turns out that Eq. (5.5) works for all the algebras under consideration. We
shall show below that the L-operator (5.5) and R-matrix (4.7) obey relation (5.4).
Let us enumerate some features of the L-operator (5.5),

LO+my=U"'LIOU, (5.7)
where the explicit form of U is presented in Tables 1 and 2,
L(0)(C(@)B)L(0—0) (C(@)B)" ' =1+0(5%). (5.8)

Here t denotes taking the transpose of L as a matrix in €¥; the matrices B, C(¢) and
the constant ¢ are presented in Table 2. For §— +ico,

L(O)gs 11 =J 1 €777+ 0(1), (5.9)
J, =imdeFer* [, P, (5.10)

Equations (5.7) and (5.9) follow directly from the definition (5.5). Equation (5.8)
is proved in Appendix B, using a new representation for ¢ and the matrix C(¢) in
internal terms of the pair (%, 4,),

Clg)=exp (i X ). (5.11)
where fi,, a=0,...,r—1,is a basis in %, ¢, and g are determined by the equations

2(0+4
N (o+40)
gp

_(djaaj)+(ajac) :Oa j:0:1a"-ar: (5'12)
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where of, j=0,...,r, is the system of simple weights of (¥, 4,) (see Sect. 2), 4 is
defined in (3.15). The solution to system (5.12) always exists and is unique.
Now turn to the proof of Eq. (5.4). As in Sect. 3, the main idea will be to apply
the Liouville theorem. Consider the difference ¥(6, 8') between the right-hand side
and left-hand side of Eq. (5.4) as a function of 6 for fixed ¢'. Since L(6) is an entire
function of 0, then ¥(0,0') as well as R(8— ¢) has simple poles at 0= — 0"+ kn;
O0=—0—9+kn, keZ. As follows from (4.1) and (5.7), ¥(0,0') possesses
automorphicity:
YO+70)=U®1) *P0,0)(UR1), (5.13)

and is therefore periodic in 6 with the period gn. The residue of R(6) at 0 =01is of the

form ‘
ResR(0)|g=o=sin2¢ - P, (5.14)

and at = — g it is defined by (4.19). With the help of (5.8), (5.13), (5.14) one can
show that the residues of ¥(0, ) are of the order of O(5?). Thus,

¥(0, 0')=entire function of 6+ O(6?). (5.15)

Consider next the limits 6 — +ico. Using (4.15) and (5.9), we obtain
PO, g 110 =PL(0)eT209 L P Q)+ O(e*2119), (5.16)
PE0)=[J . ®1L R (1®e*")]+0(5%), (5.17)
PEO)=(e*RLO")RT —RTAIQL(0)) (e*?®1)+conste ™ 21079 4 0(52) 5181

where J . and R are defined in (5.10) and (4.15), respectively. Using (2.9), (2.15),
(5.1), one can easily exhibit that the commutator in (5.17) vanishes. Hence, up to the
terms of the order of 0(6?%), ¥(6,0') is independent of 6:

P(0,0) =P (0)+0(6%) =¥ (0)+0(5?). (5.19)

In the same fashion it is proved that ¥ (6, 0') does not depend on ', i.e. that ¥ *(0')
is a constant. The simplest way to calculate it is to let 8- —ioo in (5.18). Using

(5.12) one obtains
PI(0)=0(5%). (5.20)

It follows from (5.19), (5.20) that ¥(0, 0')= 0(5%), which does prove (5.4).

Note that in the quasi-classical limit (1.2), (5.6) relation (5.4) reduces to
Eq. (3.30).

One more important observation is as follows. When proving (5.4), we used 1)
automorphicity of the R-matrix (4.7); 2) the expression for the residues (4.19), (5.14)
and Egs. (5.12), which define C(¢) and g; 3) the asymptotics (4.15). These properties
define the R-matrix unambiguously. Thus, relations (5.4) and (5.5) may be taken as
the basis to calculate the R-matrices (4.7) ®. This program was recently realized in
[30, 39].

Using Eq.(5.4) it is not difficult to prove the unitarity of R-matrix (4.7).
Applying Eq. (4.5) twice, we have

[LYO)L3(0'), §(0—0)]=0(5%),

© This possibility was pointed out to the author by V. A. Fateev
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where &(0) denotes left-hand side of Eq. (4.3). Expanding the product of two
L-operators in a series in d, we obtain that &(f) commutes with any matrix of the
form 1®X and X®1, X € G. Hence, ®(9) is proportional to the unity in C*Q C".

5.2. Integrable Models of Magnetics

The R-matrices (4.7), (4.24) allow us to construct integrable models for magnetics
in a standard way. The Hamiltonian is of the form

H=YH,,.,. (5.21)

Hy ,=i0/00(PR (0, 9))lg=o - (5.22)

When ¢ is purely imaginary, IH is real, and with account of (4.25), hermitian.
The magnetics (5.21) are anisotropic generalizations of si(n), o(n), sp(n)-invariant
magnetics considered in [7].

6. Factorized Representations for Quantum R-Matrices

6.1. Preliminary Remarks

Let f(z) be a meromorphic periodic function of z, f(z+n)= f(z), bounded when
z— +ioo, and having in the strip 0=<Rez<n simple poles at z=a,, with the
residues ¢, and zeros at z=b,, k=1, ...,r. It is well known that such a function can
be represented both as a sum of cotangents,

f(z)= i ¢ ctg(z—ay,)+const, (6.1)
k=1

and as a product of sines

*sin(z—by)

S(z)=const []

k=1 sin(z—ak)' (62)

The trigonometric R-matrices, considered in Sect. 4, are meromorphic quasi-
periodic matrix functions of 0. They are bounded at § — +ioo and have simple poles
only. The representations (4.7), (4.24) for these R-matrices may be treated as a
matrix analogue of the representation (6.1) for ordinary periodic functions. Note
that the representation (4.7) allows one to check without difficulty the crossing-
symmetry (4.2) of the corresponding R-matrices. However, checking the unitarity
property (4.3) is not trivial.

In this section we shall construct new multiplicative representations for the
R-matrices (4.7), (4.24), playing the same role as the representations (6.2) for
ordinary functions. For that, we introduce elementary matrix multipliers (in
general, noncommuting) which should be naturally considered as matrix gen-
eralizations of the functions sinz and cosz. For these new representations, the
unitarity of R-matrix becomes an easily checked feature.

6.2. Matrix Generalizations of Trigonometric Functions
As is known (see [43], Sect. 22.4), the function

ctgz=z"'+ 3 [z—mn) l+(mn) ], (6.3)

m= -
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may be chosen as the basis for the theory of trigonometric functions. The prime at
the sum sign means that the value m=0 is omitted. Then the function sinz is
defined as the solution of the equation

i Inf(z)=ctgz (6.4)
dz

with the initial condition,
f(z)=z+0(z%); z=~0. (6.5)
Let us introduce the matrix analogues for ctg(z — 4) and sin(z — 4), where 4 is a
constant. Let {(0) be a meromorphic matrix function in CY®C", with the
following properties:
(i) Quasi-periodicity:
(O+m)=UNLOU1) '=(1QU) ' {(O)(1®U), (6.6)

where U is the matrix of finite order g, i.e. U/=1.
(ii) £(0) has only simple poles when 0 =kn+4, ke Z. For 0~ 4

o . M o
(0)= 5= +N+0(0-2), 6.7)
where M?*=M, (6.8)
MN(1—M)=0. (6.9)

(i11) {(0) is finite when 06— +ioc,
KO <o, O-Fic. (6.10)

It is natural to consider the function {(0) as a matrix generalization of the function
ctg(z— 4). The meaning of the requirements (6.8), (6.9) will clear up later on.
Define a matrix generalization of the sine function, a(f), as the solution of
equation do
— ={(0)c(0 6.11
70 —t00(0) (6.11)
with the initial condition
00y)=09; Oy+xA+kn, kelZ, (6.11")

6, being a matrix in CY@CY.

Let us show () to be an entire function of 6. It is sufficient to prove that a(0) is
entire in the vicinity of singular points of Eq. (6.11), at 0 =4 +kn, keZ. Let us
consider Eq. (6.11) in the vicinity of the point 0=4.

Represent o(0) as _

o(@)=eM"0 (D), (6.12)

MO A+ MO T=0-4. (6.13)

The second equality has been obtained taking into account Eq.(6.8). The
substitution of (6.7), (6.12) into (6.11) yields

a0 e Mg ~  (MN(1—M) =\ o
—g —e M@en M)Z(G)—<§ +a0+0(0)>2(9), (6.14)
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Therefore 2(6) and, hence, 6(0) are regular at #=0. Due to the quasi-periodicity
of {(0), Eq. (6.6), the above reasoning hold for other singular points of Eq. (6.11),
ie. 0=A+kn, keZ. The scheme of the above proving that g(6) is single-valued
was borrowed from [32].

The function ¢(6) may be written as an ordered exponent,

5(0)=0(0,0,)0, . (6.15)

6,

a(6,,0,)=Pexp {— f C(S)ds} =a(0,)a " (0,). (6.16)

0

The integration contour here is arbitrary because of the already proved uniqueness
of a(0).
Note, it follows from the conditions (i)—(iii) on {(0) [without taking into
account (6.9)] that
LO)=Z(O—A,M)+5. (6.17)

Here 0 is a constant matrix in CY@QCY, commuting with U®1, whereas the
function Z(0, M) is defined by relation (3.10), with P replaced by M,

Z(0,M)=g"! Zi; UKMU ¥ ctg((0— km)/g). (6.18)

6.3. Two Types of (- and a-Functions

The above rather general definitions of the functions o(0) and {(0) were given
without the connection with the structure of the R-matrices (4.7), (4.24). Now we
are going to concretize these definitions.

Let G =(9, A,) be one of the pairs from Tables 1 and 2 and g, B, U, C(¢) take the
corresponding values from Table 2. [We identify the matrix U in (6.6) and (4.1).]
Let us define two types of the functions {(0) with the same matrix U but different
residues (the function {, is not defined for A" ):

L(O)=Z(6,P_)—id/2, (6.19)
{,(0)=(Z(0—4,K)—i,)/N . (6.20)

Here Z(0, M) is defined in (6.18), N is the matrix dimension of 4, A is given in (3.15),
matrix K is defined in (3.20),

P,=J(1+P); PL=P. (621)
-1
Sy=ig 'Y (U@ UYcte(kn/g), (6.22)
k=1
g—1
5,=ig" G, Z; (U1) *ctalkn/g) Tr(UY). (6.23)
5,=6,G,. (6.24)

The matrices P and P’ were defined by (1.6) and (3.21). The projection matrix in
C'® ", G, entering into (6.24) is defined by

(Ga)gli:6i~a.j5k+a.15j+l.Nf1; x=0,1,..,N—1. (6.25)
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Remember, the matrix indices run over the values 0, 1, ..., N — 1, the indices i, j refer
to the first space €, and the indices k, [ refer to the second one. Henceforth the
indices in d-symbols are considered modulo N, i.e.

0:j=0i(mod N). j(mod N) - (6.26)

The matrices J,, 0, may be calculated using the explicit form of U from Table 1.
Table 3, given on page 498, represents the vectors {df ,}, a=0,...,r—1, related
to 0, 0, as
51 =G4, ®1);  6,=Go(4,®1), A,=(d, h), (6.27)
where (, ) and h, are defined by (4.12), (4.13).
Immediately from the definitions (6.19) and (6.20), it is easy to show that the
functions {,(6) possess classical unitarity

Cl,z(_e):_P€1.2(9)P» 51,2=*P51.2P9 (6'28)

and have the following asymptotic expansions at — +ico,

LO= S [FU=P)=0,14+0@ 2", 5,0)= [FR—0,]+0("),
6.29
where P and K are defined by (3.18) and (3.19). (629

Applying (6.19)—(6.23), onc can casily verify that {; ,(0) satisfies conditions
(6.6)—(6.10). Hence, the functions o, ,(0), defined via {, ,(0) with the help of (6.11),
arc the entire functions of 6.

Note, the function o (0) for the series A” ; (in a more gencral, elliptic case) was
introduced in [32].

Using the definitions of the functions ¢, ,(6) and their analytical properties,
one can obtain their explicit expressions via the function (6.18). These calculations
are performed in Appendix C.

Let us enumerate some properties of g, ,(6) following from (6.6), (6.7), (6.11),
(6.15), and (6.19)—(6.23):

01,0+m)=Uc, ()4, 5, (6.30)

where A, , is independent of 0,
7,(0)=P.X,, Resa; ' (0)g-o=X\P_, (6.31)
a,(M)=(N—-K)X,, Resa,'(0),-,=X5K, (6.32)

where X |, X, X, X, are some matrices.
Next, by virtue of (6.28), for the ratio of two functions o(6) defined in (6.16), one

has
0,.2(0,,0,)=Pa, ,(—0,, —0,)P. (6.33)

6.4. Factorization of Quantum R-Matrices

Here we present the factorized representations for the quantum R-matrices (4.7)
and (4.24). The derivation of these representations is contained in Appendix D.
The definition of the functions ¢, , are given in Sects. 6.2 and 6.3; the ratio of two
functions ¢, ,, ¢, ,(0,,0,), is defined in Eq. (6.16); the matrices d,, J, are given in
(6.22), (6.23). The matrix C(¢) and the constant g entering into (4.7) are determined
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from (5.11) and (5.12) and also presented in Table 2; N is the matrix dimension of

algebra 4.
Let us define the matrix
E=1—Gy+(Cle)®1)G,, (6.34)
where G, is given by (6.25). As follows from (4.12), (4.13),
PEP=%"". (6.35)

Below it will be suitable to use the R-matrices R(6) differing from (4.7) and (4.24)
by the normalization

R(®)=sinf R(0)/sin(0+2¢). (6.36)

64.1. =AY ;.  G=sl(n).
R(O)=ZL0c,(0-2¢0,0+2¢0).7, (6.37)
L =exp(—ipd,). (6.38)

This formula is a particular case of a more general result of [31] where an elliptic
R-matrix [19] connected with algebra s/(N) was considered. Note that in the
trigonometric limit the elliptic R-matrix of [31] goes not into R(0), but into the
equivalent R-matrix %~ 'R% . That is why Eq. (6.37) contains an additional
factor ¢ comparing with formula (4) from [31].

6.42. =B, D'V, D?; G =02n+1),0(2n),0(2n).
RO)=€"0,(0—0,0+20)Lc,(0—20.0+20)Lc5(0—2¢0,0 +0)F ",

(6.39)
Y =exp(—ip(d,+38,); o=(N—-2)¢. (6.40)
6.43. G=C";  G=sp(2n).
RO)=%'05(0—0,0-20)Lc,(0—-20.0+20)FLo5(0+2¢,0+0)C ",
(6.41)
L =exp(ip(d,—dy):  0=(N+2)gp. (6.42)

Note the difference of the signs in Egs. (6.39), (6.40), and (6.41), (6.42).
644. G=4%); G=sl2n+1).
RO)=% '6,0—Np)La,(0—-20,0+2¢)La; (0+ Np)e~',  (6.43)

L =exp(—ipd )€ *. (6.44)
The initial conditions for ¢,(f) in (6.11) are chosen in the form
0:(0)=00=1—=Go+(=1)"(G,+G,,,)/2. (6.45)

Here G, are defined in (6.25). Equation (6.43) was reported in [25].
6.45. G=49_,. G=sl2n).
R(O)=% 10,(0-N@)LF0) Lo, (0+Np)% . (6.46)
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The initial conditions for ¢,(#) are chosen in the form

0,0)=0,=1—Gy+6,, (6.47)
(60){}(:51'%.1\'-15j+l,N~1Zkz= (6~48)
where the 2n by 2n matrix (2| is (the omitted matrix elements equal zero)
n—2
———
(1 1010 0. W
| |
L [ |
1. [ I
R I I
(n—1) S I
- I
Lo I
1 r
o |
____Jiz_ﬁ_,ﬁ_' _____
- 10 11
| kIl — : 1 O _1 1 :
e e
| 2 | L
| 1.
I b
| | .
{ [ -
| ) ..
| | 1
[ [ 11
| |
L 1010 0! 1]
The matrix £ is of the form
S =Fexplip(—06,—6,+0,—0,)], (6.49)
where
< N=1 km
0, =GoiN"' Y (V*@V¥ctg—, (6.50)
=1 N
V=diag(o" Lo" % .. ol Lo . o',
(6.51)
w=exp(2ni/N).
Next,
FO)=(1—Gy)o(0—2¢,0+20)+Gya,(0—20,0+20¢), (6.52)

where 7,(0,,0,) is defined by relations (6.11), (6.19) where U, g, d,, and P are
replaced by V, N, §,, and P respectively, where

P=0,'Poy=1-Gy+G,P.
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In the same basis as Eq. (6.48), we have

n—1

(n—1)

o
Il

Appendix A

This appendix contains an explicit realization of relations (2.7)-(2.10). Remember
that the discussed realizations of the algebras sI/(N), o(N), sp(N) are defined by (2.1),
the Coxeter automorphisms are given in Table 1. Let be the matrix dimension of %,
9, be the subalgebra of @, defined by (2.6), r=dim%,,. Define the N by N matrices

b= —e, oten w1 n-u1, a=0,..7—1, (A.1)
(€2)1= 010y (A2)

and the r-dimensional vectors
(€);i=0,: 1=1,...r1. (A.3)

Equations (2.7)-(2.10) contain the elements e;, f;, and /i, and the simple weights
;. We choose a normalization so that f;=e!. Below we list the sets {e, 2]

1. Series AS): G=5sl2n+1),nz1, r=n.
Generators:
€o=Cop0> =€ it Co_iapri-i» =L .n=1; e, =e |, +e, 1.
Simple weights:
Uo=2ey;  w=—g+e,, i=l.,n—1; o,=—¢,.
2. Series AS)_y, 4 =sl2n), nz2,r=n.

Generators:
€0=€2-1.0> €i=€ -1 iTCry—1—i2m-i> i=1,..,n—1;

en:(ei—l.n+en‘1\n+1)'
Simple weights:
ag=28y; o= —&+e ., =1 .,n—1, o=—g _,—¢,.

3. Series B, 4=0(2n+1), n=1,r=n.
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Generators:
€o=(€2,-1,0—€2n.1)> =€ _1 ;=€ _imi1-i» Ii=1...,n—1;
en:en-—l.n—en.iH-l’

Simple weights:

Ao=ECy+&y; A, =—8+&,,, i=1,..,n—1; o,=—¢,.
4. Series C\V, 4=sp(2n), n=1, r=n.
Generators:
€o=€ym-1.0> C=C-1iCap-i—tam-i> I=1...n=1; e=e,_,.
Simple weights:
060:281, 1i:—81+8i+1, ocn:~28n'
5. Series D\, 4=0(2n), n=3, r=n.
Generators:
eo=(€n-20=€m-1.1), G=€1 ;=€ 1 i i=1..,n—1;

en:(en‘z,n—en—l,n+1)'
Simple weights:
Uo=&y T = =&+, U= 8 &y,
6. Series D)\, 9=0(2n+2),n=2 r=n.
Generators:

€0=€ 0T 1,07 Cont1n Conttintis €i=€i—1,i " Conti—r2m42-i>
l=1, sn_1- etlzen—l,n_en*1,71+1+en.n+2_en+l,n+2'
Simple weights:

=&y, U= —Cit e, Ay = =&y

Appendix B

Here we shall obtain relatiozl (5.8) for the quantum L-operator (5.5). List first some
properties of the matrices h,, ¢, f;, entering into relations (2.7)+2.10)

Be!B~'= —exp(+2id/g)e,, BfiB '= —exp(—2id/g)f;, (B.1)

where B and g are defined in Table 2, 4 is defined in (3.15). For G #s/(N), when
A =0, the Eq. (C.1) are trivial consequences of the definitions (2.1). In the case of
G=5sl(N), G=A%), A?)_,, when 4=mn/2, the Eqs. (C.1) follow from the definition
(2.6) of the subspaces G; (remember that ¢, € G,, f,e G_,) and from the relation
exp(2id/g)=w=exp(2ni/h), h being the order for the Coxeter automorphism A..
Next, for our realizations of G and A, the matrices h,eG, are diagonal (see
Appendix A). Therefore, Eq. (2.9) may be rewritten in the form

(ek)ij(ﬁgi - EZ) = O‘z(ek)ij > (fk)u(;;ﬁ - Ef]) = “z(fk)ij . (B.2)
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Besides, it follows from (A.1), (2.1), (5.3) that
hB+Bh,=0; ePel®We 0= clu=ioh (B.3)

where the notations are the same as in (3.22), (5.3), (5.5).
Let us come to the proof of (5.8). With the help of the definitions (3.28), (5.5) and
the properties (B.1)~(B.3) one can easily show that

BL{0—0)B '=e P[14+imd(e* T, i+e T _J " ")]e ?, (B.4)
where ¢ is some constant, and the matrices T, are defined by relations (3.28), with
¢w fw changed by é,, f,,

ee=e, exp(—ip(oy, o)+ 2i(0"+ 4)/g),
= feexp(+ (o, ) — 2i(0" + 4)/g).

The last two equalities may be written down as similarity transformations,

(B.5)

&=Cl@)e,C' e fi=Cl@) il o), (B.6)

C'(p)=exp(c,hy, (B.7)

provided there exists an r-dimensional vector ¢ satisfying the system of equations
— (o, o)+ (¢, 00) + 2i(0" + )/ g =0,k=0,....r, r=dim%,, (B.8)

where oy are simple weights of %. Obviously, the vector i¢ defines a point,
equidistant with respect to (r + 1) points with the coordinates o, k=0, ...,7, in an
r-dimensional Euclidean space. Since o, %o, when K=/, the vector ¢ and the
constant ¢’ are determined by (B.8) unambiguously.

Using the explicit form of the system of simple weights {o,}, given in
Appendix A, one can easily get convinced that the quantities C'(¢) and ¢', defined
via (B.7) and (B.8), coincide exactly with the result of [25] for C(¢p) and ¢ given in
Table 2,

Clp)=Clep). o' =0. (B.9)
Taking into account (B.6), (B.9), we may rewrite (B.4) in the form

C(@)BL 0 —0)B 1C Hp)=e P[1+imé(e*“I  j+e 2] L YH]e 7,
(B.10)
whereof one can immediately obtain Eq. (5.8).

Appendix C

In this appendix we shall discuss the main properties of the functions o,(6) and
a,(0), defined by the relations (6.11), (6.19), (6.20).

1. The Function ¢(0). A particular choice of the initial condition (6.11) is
inessential for the representations (6.37), (6.39), (6.41), (6.43), since they contain
only the ratio o,(0;; 0,). We can use this freedom to simplify the calculations. It is
convenient to replace (6.11) by the initial condition of the form

5,(0)=P, +0P _+0(0%), (C.1)
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where P, is defined in (6.21). This is possible because of the special structure of the
expansion coefficients in (6.7) for {,(6) (remember that 4 =0 in this case). It follows
from the definitions (6.7), (6.22) that

M=P_, N=-—iP,6,=—i6,P_, (C2)
whereof it can be readily shown that in Eq. (6.14) a,~ P _a;, and hence
2(0)=(1+0P_ay)X(0)+0(0%).

Substituting the last equation and Eq. (C.2) into (6.12), we get convinced that (C.1)
is equivalent to the initial condition X(0)=1 for Eq. (6.14).

The function o,(0), normalized by the condition (C.1), possesses both the
general properties (6.30), (6.31) with M =P _, and the additional property [32],

Pa,(0)=0,(—0). (C.3)

The latter is a consequence of (6.11) and the invariance of (C.1) under the
transformations (C.3). Consider next the ratio of the form (6.16),

B (0)=0,00-20,0+20)=0,(0—2p)c; '(0+2¢). (C.4)

The function @,(0) is a meromorphic function of 6 and possesses the following
quasi-periodicity property

P,0+1)=URNP (O (UR1)". (C.5)
As follows from (6.31), it has poles at 0 = —2¢ + kn, ke Z, and
Res®(0)g= -2, =A1(@) P - . (C.6)

Some analysis of the form of {, shows that it is sufficient to choose the matrix
A (@) to be diagonal. Then it follows from (C.5), (C.6), the definition (6.16)
and the finiteness of {; at §— +ioo, that

D (=A(p)Z(0+2¢,P )+ B (o). (C.7)

Here Z is defined in (6.18), and the matrices 4,(¢) and B,(¢) are calculated by
considering the limits of (C.7) when 0— 4 ioco. Using (6.29), one obtains

A, (@)= —2e*"1sin2¢p cos(2@P),  B,(p)=e*"1cos2p(P—1)), (C.8)
with 8, defined by (6.22) and P defined by (3.18). In the derivation of (C.8) we
exploited the property

P=p3, (C.9)
Similarly one may consider the function sin(0 + 2¢) @, (0)/sin(0 —2¢). Writing

for it the representation of the type (C.7) one has

sin(f—2
@,(0)= S0 =20)
sin(0+2¢)
B'(p)=e*"" cos[2p(P +1)],

where 4,(¢) is given by (C.8). This representation, in particular, gives

®,(20)=—sin" '4p P, A4,(0). (C.11)

[—Z(0—2¢,P,)A,(p)+ Bl(o)],

(C.10)
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Let us obtain one more expression for @,(f). It follows from (C.3) and (C.4) that
&, (km)=UPU*, keZ. (C.12)

Consider the function sin(6+ 2¢)®(6)/sinf. It is meromorphic and has poles at
0=kmn, ke Z, with the residues given by (C.12). At — +ico its asymptotics is easily
calculated by means of (C.7), (C.8). Therefore, it is easy to write for it an expression
like (C.7). Thus, one comes to

_ sinf
sin(0420)

®,(0) {e21919 4 (cos2¢ — 1) P? +5sin2¢Z(0, P)} . (C.13)
2. The Function o,(6). The initial conditions become important for the function
,(0), when one considers the series AS) and A%)_ . They will be specified at the
appropriate place (see Appendix D). Here we shall examine the following ratio of
two functions ¢,(0) for the case of ¥ =0(N) and sp(N)

Py(0, p)=0,(0—Ng,0)=0,(0—Ng)a, (0), (C.14)

where N is the matrix dimension of algebra 4. Repeating the analysis that has led
to relations (C.7), (C.8), we obtain

P,(0) = A,(9) Z(0, K) + By(0), (C.15)
K being defined in (3.20). The matrices A,(¢) and B,(¢) are of the form
A,(p)= —sing e cos(pY), B,(p)=e">cospK, (C.16)
where K, §,, and G, are defined by (3.19), (6.23), and (6.25)
R=G,+Y, G:=G,, G,Y=Y, VY’=Y. (C.17)

It follows from (C.14) that
P,(0,9)P5(0—No, —p)=1.
Putting here 0= N¢ and substituting (C.15), we obtain
Z(Ng, K)Ay(— 9) K= —A4; (¢) By(0) Ao(— @)K . (C.18)
This relation will be used in Appendix D.

Appendix D
In this appendix we will prove Egs. (6.37), (6.39), (6.44), (6.46).
1. =AY G=sin).
Equation (6.37) is a simple consequence of relations (4.24), (C.4), (C.13).
2. 9=B", D'V, D, 4=0(2n+1), o(2n), o(2n).
Let us calculate the function
R(O)=0,(042¢,0—0)ERO)Ea,(0+ 0,0 2¢), (D.1)

where R(f) was given in (4.7), while all other notations were defined at the
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beginning of our Sect. 6. R(0) may have poles when 0= +o+kn, 0=2¢ +kn,
0=kn. Let us show that the residues of R(0) turn out to be nonzero only when
0=kn, keZ. 1t follows from (4.10) and (6.30) that

R(O+m)=URO)U . (D.2)

Therefore, it is sufficient to consider only one pole of each series, e.g. +9,2¢,0.
Assuming in (4.23) 0= —¢ and applying (3.20) and (6.35), one obtains

R(9)=%'(1-K/N)X, (D.3)

where X is some matrix, % is defined by (6.34). Together with Egs. (3.21) and (6.32),
the last equality yields

ResR(0)ly-,=0. (D.4)
By analogy, one can prove that
ResR(0)],- -,=0. (D.5)

For the consideration of the case 6 =2¢ we shall employ the formula [which is
valid for G=0(N)]

G =exp(—ip(d,—9,)). (D.6)

It is proved by an immediate substitution the values from Tables 2 and 3, into
(D.6). Using (3.11) and (C.15) we get

ResR(0)lg= 2, =0,(4p,40—~ Np)EF, (D.7)
F=RQ2p)%A,(—¢)K, (D.8)

with K and 4 defined by (3.19) and (C.16), respectively. Substituting (4.7) into (D.8§)
and using (C.18), one has

F=(Ry+sin2¢0Z2¢, P)EA,(— @)K +sin2¢0F A5 (p)B,(p)A,(— @)K,

(D.9)
Table 3. The values of d, and d, entering into Egs. (6.27)
g {ds}, {d3)
AL d4=(4a+2—n)/n, 0<asn/2
AR d$=(4a+1-2n)/2n+1), 0<a<n—1
d5=0,
AR dy—1=0; d$=(4a+3-2n)/2n—1), 1<agn-2
dg=v=0; a5 =(2a+1)/2n—1),
BV d$=0; d$ =(2a—n)/n, 1<asn—1
d3=0; dy=(a—n/n,
ct d4=Q2a—n+1)/n, 1<a<n—1
5 =0,
DY dY=dy V=0, &4 =(2a+1-n)(n—1), 1<agn—1
d9=dy~ V=0, db=(2a+1—n)n—1),
D Y =0; d*=Qa+2—n)/n, 0<agn-2

1
dy==0; d4=0.
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where R, is given in (4.8). After some calculations involving the relations
P.K=K, P_K=0, (D.10)
where P, are defined in (6.21), we obtain that
F=exp(—id,¢) {[cos(2¢t,)+cos(2¢P)]sing cos(¢Y)
—sin2¢ cos[ (G, + Y)]} K. (D.11)

G, and Y are specified in (6.25) and (C.17). Now it is not difficult to calculate the
explicit form of the matrices ¢, G,, Y proceeding from the definitions (3.17), (3.18),
(3.19), (C.17) and verify that for all the cases we are considering

F=0. (D.12)
Substituting the last equality into (C.7), one comes to
Resﬁ(@)lG:w:O. (D.13)

Thus, we have demonstrated that R(f) has no poles at O0=+kn, keZ. The
residues of R at §=kn, ke Z, are calculated with the help of (5.14), (6.35), (6.33),

ResR(0)]p—, =sin2U*PU ¥, (D.14)

whereas thf: asymptotics for 60— +ioo is found applying (4.15), (6.29), (D.6).
Restoring R(0) by (D.14), (D.15) with the help of the Liouville theorem and using
(C.4), (C.13), we obtain that

sinOR(0)/sin(0+2¢)= La,(0—2¢,0+20) &, (D.16)

where ¢ was defined in (6.40). Equations (D.1) and (D.16) lead immediately to the
representation (6.39).

3. 9=C", 4=sp(2n).

The proof of (6.41) is in a complete analogy with the above proof of Eq. (6.39).
Note that in this case Eqgs. (D.6) and (D.10) are replaced by the relations

% =exp(ipd,), (D.17)
P.K=0, P_K=K. (D.18)
4. G=A0, A _, G=sl2n+1), sl(2n).

Remember, that the initial conditions for ¢,(6) in Eq. (6.11) for the series A%
and A$%)_, are given by the relations (6.45) and (6.47) respectively. Thus, we have

0,(0)=0,(0,0)0,. (D.19)
From (6.6) one has
o,(0+m)=Us,(O)V 1, (D.20)
U=1-Gy+Gy(Ux1), (D.21)
V=1—-Gy+Gy(V x1), (D.22)

where

V k=0,'U *0,(kn,0)0,. (D.23)
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Using (C.15), it can be shown

0, k+0(modN)

N, k=0(modN)’ (D.24)

Sp(Go V)= {

It follows then that the eigenvalues of the matrix (G, V) are
A,=exp(2rio/N), a=0,...,N—1. (D.25)

For o, in the form of (6.45) and (6.47) the matrix V is diagonal and defined by the
relation

V=—U; =AY, (D.26)
and by the relation (6.41) for ¥=A4%_ .
Turn now to the proof of (6.43). The matrices (6.20), (6.21) in this case become

N-1
K=Y (-0)*G,, R=G,, (D.27)
a=0

with the matrices G, defined by (6.25). Substituting (D.27) into (6.20) and summing
over k, one has

(O =N"1 {GO tgh+icos™ 10 N_f (—1)*G, exp[iO(N ~2oc)/N]} . (D.28)

This entails, in particular, that

LO=INT Y (—1FG,. (D.29)

a=1

The relation (C.15) in this case takes the form

0,(0—Nop,0)=—Nsing {,(0)+cos(¢pG,). (D.30)
Then it follows from (D.29), (D.30), (6.45) and the relation G,G;=G, , that
-1y . .
5x0)= " @G, 4G, ) 11 G, (D31)

Consider now the function
R(O)=05"(0—N@)ER(0)Eo,(0+ No). (D.32)

By virtue of the properties of a,(6), R(0) has no poles at 6=n/24+ No +kn, keZ.
The residues at poles at § =k= are easy to calculate with the help of (5.14), (6.33),
(D.20), (D.26),

ResR(0)]y—,,=sin2¢U*PU k. (D.33)
Exploiting the asymptotic values following from (D.31)
—1) .
T2(Dlg= 1100 = u G+ e N1 —Go+ ..., (D.34)

2
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as well as Egs. (3.17), (4.15) and

Gy 1)2 % e 2P GGz 1), =% 290 471G, (D.35)

we obtain
RO)gor s, =F teF2oPg—1 (D.36)
where P and % are defined by (3.18), (6.34). As follows from (D.33), (D.36), (C.13),
FR(0)% =sin(0+2¢)sin~ 'O e g, (0 —2¢,0+2¢)e 9! (D.37)

Substituting (D.37) in (D.32), we obtain the representation (6.43). The proof of
Eq. (6.46) is similar (though more cumbersome) and is therefore omitted here.

Acknowledgement. The author thanks A. G. Shadrikov for reading the manuscript and very useful
comments.
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