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Abstract. Using a rigorous version of the renormalization group we construct
the effective action for the Y, model. The construction starts with integrating
out the bosonic field which eliminates the large fields problem. Studying the so-
obtained purely fermionic theory proceeds by a series of convergent perturb-
ation expansions. We show that the continuum limit of the effective action
exists and its perturbation expansion is Borel summable.

I. Introduction

The Yukawa, quantum field theory has a long history. Its existence was first
proved by Glimm and Jaffe [1,2] and Schrader [3] within the Hamiltonian, or
Minkowski space framework. By constructing the Euclidean Fock space and
proving the Feynman-Kac formula, Osterwalder and Schrader [4] established the
equivalence between the Hamiltonian and the Euclidean formalisms. The crucial
step towards Euclidean construction of the model was done by Seiler [5]. He
integrated out the Fermi field and proved that the resulting determinant was
integrable with respect to the free bosonic measure. This paper was followed by
[6, 7] where the stability bounds were proved and by [8,9] where the thermody-
namic limit was constructed and the Wightman axioms were verified. Renouard
[10] showed subsequently that the theory was Borel summable, and Balaban and
Gawedzki [11] proved the existence of two phases in the chiral Yukawa, theory.

In the present work we propose a new approach to the Yukawa, model which
consists, in a sense, in reversing Seiler’s approach. We start the analysis with
integrating out the bosonic field, and study the resulting purely fermionic theory
with a non-local quartic interaction. The inspiration for doing this comes from the
remarkable papers [12, 13] where the effective action for the Gross-Neveu model
has been constructed. The analysis of [12, 13] is in the spirit of the renormalization
group (RG) program (for review, see [14—16]) combined with the old observation
by Caianello [17] that regularized fermionic perturbation theory converges. This
convergence is because the Feynman graphs of a given order appear with either
sign, owing to Fermi-Dirac statistics. The resulting cancellations between the
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graphs compensate for the large combinatorial factors. A similar analysis of the
Yukawa, model is possible after integrating out the bosonic field. The fermionic
action is of the form

1 [dxdygy(x—y) p(x)p(x): :pO)w():,
where N is the ultraviolet cutoff, and the form-factor gy(x—y) is equal to
22 eiPx=y)
2f VP i omi )’

Jis the coupling constant. The mass counterterm, dm#(/) is given by second order
perturbation theory. This form of the effective action is preserved, up to
controllable corrections, under the RG transformations. The effective action on
the scale n, n< N is expressed by a perturbation expansion which converges for all
complex A’s within a circle |A*| < O(1/N). In our approach 4 plays a passive role,
that of an expansion parameter. Crucial for the analysis is the behavior of the form
factor g, y corresponding to the scale n. g, y plays the role of a running coupling
constant in our model and satisfies |g, yl/.:=O0(1/n) because of the logarithmic
divergence of the mass counterterm. The radii of convergence of our expansions
shrink to zero, when N —oco. This suggests that the renormalized perturbation
expansion of the theory with N=oo0 divergences. We show that it is Borel
summable. On the technical level our analysis follows the ideas of Gawedzki and
Kupiainen [12].

Our approach has certain advantages. It is natural, simple, and at least as
powerful as Seiler’s approach. In particular, the proof of Borel summability is
obtained very easily. Furthermore, we hope to extend the method to other models
with cubic Fermi-Bose interactions like Y; and QED,.

The paper is organized as follows. Sections IT and Il introduce the formalism.
In Sect. IV we discuss the first RG step. In Sect. V we establish the form of the
effective action and make a general RG iteration. Section VI contains the proof of
ultraviolet finiteness and Borel summability of the effective action. Appendices A
and B contain certain technical results.

II. The Yukawa Action
Let ACR?bethebox A={xeR*: —L;<x;<L;j=1,2},where L,, L, are positive

integers. By T, we denote the torus obtained f;om A by identifying the opposite
sides. The cutoff Euclidean Bose field ¢ with periodic boundary conditions is
defined by the Gaussian measure dyg , (¢). G4, ,, the covariance operator, is given
by G4, ,=(—4+m?); ;, where m*>>0, and ¢ is an ultraviolet cutoff. Explicitly, the

kernel of G, , is given by

Gy (x—y)= Zzz G(x—y+2nL), (1)
where
1 D o2 vy
Ge(x—y)'_—(‘z?)z—jpz_]_mze ¢ ’ &)

and nL=(n,L,,n,L,).
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Let w=(y4,y,) and Pp=(P,, P,) be a cutoff two-dimensional free Euclidean
Fermi field [4] with periodic boundary conditions. We shall find it convenient to
work with the “fermionic Gaussian measure” dug, (i, ) which is defined as
follows. We choose the Dirac matrices to be ’

(o =03
They satisfy the anti-commutation relations
) =20
The free fermionic action is given by
{ dxp(x) @+ M) ,0(),
where § =y#0,, M =0, and « is an ultraviolet cutoff. In a sense to be specified below,

this defines the fermionic Gaussian measure dug,  whose covariance S, , is given
by the periodic [cf. (1) and (2)] version of

S.0v=3)= gz [0 P e, ®
Throughout this paper we will be using two kinds of cutoff functions:
1dp)=exp{—(p* + M?)/x?}, “
which suppresses high momenta, and
1dp)=exp{—(p* + M?)/x?} — exp{— P(p* + M?)/c*} ®)

(I>1), which selects a slice in momentum space. The covariance whose cutoff is
given by (5) will be denoted by I,(x—y), and the corresponding fields will be
denoted by (&(x), &(x)). We include the fields p,(x) and ,(x) into one multiplet
denoted by P(x). Consider the set of functions of ¢ of the form

[ d"xF(x;a)p(x;0),

m=0 m! A=(0,.ers Um) A™

Fp)=

where o;=1, ..., 4, P(X;00) = 1, (X1),,(X2). .. Py, (X,,) (for convenience we place the
 fields to the left of the v fields). The kernels F™(x;a) are assumed to have all the
symmetries of the product {¥(x;e). Furthermore, we assume that there are
constants C, D >0 such that

Y | d"x|F"(x;)| SCD™. (6)

a Am
We define (to simplify the notation we suppress the subscript A4):
jdﬂs,c(w)ll’al(x1)~ . -Wak(xk)ll_’ﬂl(h)- . -U_’ﬁl(h)
=0y det {Sk,aiﬁj('xi - J’j)} ) (7)

and extend this definition by linearity to an arbitrary F. We will also be using the
notation [dug (P)F()=<F)s . Observe that in particular

! dﬂsn(@wa(x)ll—’p(}’) = Sx,aﬂ(x - J’) .
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Our definition is meaningful, since by means of Gramm’s inequality [13] (see also
Appendix A) we have
|det{S
with a cutoff dependent constant K, and it follows from (6) and (7) that
I§ dus, (PIF(P)| = Cexp(DK).

In the following we will need functions of a special form. Let A((p) be given by

(xi_yj)l K"

K, aif;

9]

Ap)= Y Y [ d"xAx;0)p(x;a), ®)

m=0 g={o,)= A™
meven

where there are m/2 y fields and m/2 p fields in the product §(x;a). The kernels
A™(x;a) have all the symmetries of ((x;a) and satisfy the bound

[ dmx|A"(x; )| = D™,
Am
for some D>0. Let B({) be given by
B(p)= AI dyB*(y; B)p(y; B),
with | d”y|B?(y; B)l <o. Set
AP

F(p) = B(ip) exp A().

It is easy to see that F satisfies (6), and is therefore integrable with respect to
dus, (). This fact justifies the perturbation calculations we will be doing later.

The (two-dimensional) Yukawa model describes a system of Bose and Fermi
fields interacting via the action A{:9py: ¢. One easily finds that the perturbative
divergence index of the Yukawa, theory is given by w=2—v— f/2, where v is the
number of vertices, and f is the number of external fermionic legs of the graph.
Hence, there are only two superficially divergent graphs:

@ and MQW

The corresponding counterterms are
1
Eco=5 4" [ dxdyGx—)) Tr{S(x—y)S{y—x)} ©)
A2
(vacuum energy renormalization), and

1

= %2 | dx:o(x)*:
2 4

(bosonic mass renormalization), where

22 =~ [ dxTr{S,(0)S(~)}. (10)
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S.(x) is given by (3) with the cutoff function (4). Notice that o2 >0, if k is large
enough. Both E, , and o} are logarithmically divergent when x—o0. Notice,
however, that E, , stays bounded when ¢— 0. The fact that o} = O(logx) will be
crucial for our analysis.

The renormalized action is given by

Ay . 0) =2 ] de:000: 900)
— 372 [ dx:(x): + B,
A

and the full interacting (unnormalized) measure is equal to
exp {4y, (P, @)} dus (Pdpg ()

The coupling constant A is taken to be a complex number with |argA?| < =. Our
estimates, however, are not uniform when A? approaches the negative axis, or |4|
becomes large. Therefore we will assume that JargA?|<a,, and |A|*<R,, where
n/2<ag<m and R,>0 are arbitrary but fixed numbers.

The chiral version of the Yukawa interaction is given by A[:py>yp: ¢, where
9% = —iy%!. Our methods apply to this model as well. We will not perform the
calculations explicitly, since they are essentially the same as in the case of the non-
chiral Yukawa model.

By integrating out the Bose field and working only with the Fermi field we
circumvent the problem of large fields which is difficult and obscures the way the
renormalization group works. The moderate price we have to pay for this is non-
locality of the effective fermionic action.

The effective fermionic action A4, ,({) is given by

eprk,Q(¢) = j.d:uGQ((p) eXpr,Q(VN)a CD) ‘

This integral can be easily evaluated to obtain
o1 _ _
A D)= 5 AI dxdyg,,(x—y; W) p(x)p(x): :PIp():

1 1
-3 Tr log(1 +walG,)+ 3 wo2 }"1 dxG0)+E, ,,

where w= 2%, and wg, } =G, ' +waZ. The ¢— oo limit of 4, , can be taken easily.
As we have already observed, E, = lim E, , exists. g, (x)= lim g, ,(x) exists as
[nd s [nded]

well and is in LP(A4). Also,
Tr{log(1 +wa2G)—waZG} (11)
exists, since G is a Hilbert-Schmidt operator. We show now that (11) is the g— o0
limit of
Tr {log(1 +wa2G,)—wo2G,} . (12)
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Notice that the spectra of T,=wa2G, and T=wa2G lie on the ray argz =o with
|| = m. The spectrum of T(s)=sT+(1—s5)T,, 0=s=<1, lies on the same ray, and
therefore

11+ T() ™I = Cw),
uniformly in s (C(a)— oo, if a— + ). Now, we can write
Tr{[log(1+T)—T]—[log(1+ T)— T,]}

= } ds 4 Tr{log(1 + T(s))— T(s)}
o ds
=— } dsTr{(1+T(s)) "' T(s)(T—T)}.
0

This is bounded by
COUTI+ITI)NT—Tl,

where the operator norm | - |, is defined as usual by || T||,=(Tr(T*T)”?)"/7. Since
1G—G,l,=Cl4]'?™",
we have that
[Tr{[log(1 + wa2G) — worG] — [log(1 + wa2G ) — wa2 G 1}
<C(x,|ADe ™.
This proves our assertion.
As a result we can remove the bosonic cutoffin the effective fermionic action to

obtain 4,(§)= lim A, (), where
[“aadcel
o1 _ _
AB)= 5 [ dxdyg,(x—y;w):p(x)p(x): :OIp():
A2
1
k) Tr{log(1 + wo2G) —wolG} +E,. (13)
A simple calculation in momentum space shows that g,(x—y) is equal to the
periodic version of

w =y

(27'()2 jdp

. 14
p?+m?+wo? (14)

It is easy to see that there exist k-independent constants o, o, >0 such that
o, logk<a2<a,logk. Let Q be the following subset of C

Q= {w:largw| Sarp, W SR, },
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where a, and R, have been introduced earlier. We set

Q. ={w:|w|Er.=1m*,logk) " }uQ,

where m? is the bosonic mass. It is clear that for each test function f(x) the function
w— [ dxg,(x;w)f(x)

is holomorphic for weé,C (= the interior of Q,) and continuous for we Q,. By
H(Q,) we denote the set of functions having these properties. Notice that Q, tends
to  when the cutoff k is removed.

Let us reintroduce the subscript 4 into g, (x—y;w) (to drop it in a while
again).

Lemma. The following bound holds

Ig4,«(+; W)l o < C(logr) ™17, (15)
where || - || 1o is the LP-norm, and C is independent of k, A, and w.
Proof. g, (x—y;w)is equal to

EanX=ysW)= 3 gdx—y+2mL;w), (16)

where g, (x— y; w) is given by (14). We prove that g, satisfies the following bounds
(we set T=1logk):

O()wlexp{—B(wl)'2Ixl}, if (wl)'IxI=1,

1
—O0M)wllog{(wlr) ZIxI}, if (wlr)?x] <1, 1

lg.(x; W) = {

with O(1) and f positive and independent of 4 and w. These bounds and (16) imply
(15). The argument leading to (17) follows the standard pattern. The Fourier
transform of g, has poles at p,= +i|pt +m?+wo?|/? exp(io/2), where « is the
argument of p} +m? + wo2. Performing contour integration in the p, variable and
using the fact that |p?+m?+wa|=C(p?+|wjt), for weQ, we obtain
(17). Q.E.D.
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We will be ignoring the A-dependence of g, , and treat it as if 4 =IR?. Arguing
as in the proof above it is easy to see that our estimates are uniform in A.

III. The Renormalization Group Transformation

The renormalization group transformation reduces the ultraviolet cutoff x in the
propagator (I1.3) by a certain factor. This is accomplished by integrating out the
high momentum part of the field (. We choose a sequence of cutoffs x,=1", n=1,
2,...,N (k=ky is the initial cutoff), where [>1 is an integer taken to be large
enough. We write S,=S,, and represent S, as

Six=y) =81 x=y)+1,(x—-y),

where I,(x — y) is given by (11.3) with the cutoff function (IL.5). Notice that I}(x — y)
decays exponentially on the scale [™":

II:l,aﬁ(x_y)lgclcne_Knlx—y'7 (1)

where |[x — y| is the distance on T, and C is independent of n and 4. The measure
dpus, factorizes into dug, | x duy, . This induces the following representation of the
field : _

Px)=P'(x)+<¢(x),

where &(x), the fluctuation field on the scale [™", has covariance I,. We do not
rescale the field §'(x), since there is no field strength renormalization in our model.
In the following we will be omitting the prime in {'(x), keeping in mind that the new
1 has covariance S, _ ;. Let A, () be the effective action on the scale n. A4, _; A(),
the effective action on the scale n—1, is defined to be

A, 1, N(®)=1log| dﬂr,.(g) exp A, n(® + 3. 2

The logarithm is well defined, as it will be clear from our analysis.

Iterating the above formula down to a certain scale n, (n, has to be taken
sufficiently large) we obtain a sequence {4, y},-,, of effective actions. Each 4, y
of the sequence depends on the initial cutoff xy. The main aim of our analysis
is to control the n and N dependence of the effective action and to show that
the limit P}im A, NP)=A,(P) exists.

Let A, »(®) be given by [cf. (I1.8)]
A, N P)= Y [ d™xAT N(x )P ). A3)

m20,a gm
Let us now compute, following Gawedzki and Kupiainen [12], how the effective
action transforms under (2). (2) can be written as

3]

A= 3 At ) Ay @+ D, @

where the superscript T means partial truncation (see Appendix A). It is clear from
(3) that —

mt W An—l,N(lp)Id)=0:

Ay (X 0)=
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where oP(x;a) =0, (X,)...0p, (x;). Inserting (4) into the above formula we
obtain that
ATy, N(x'“)
5m4 T
—1)* - n + -
Zlk' Z ( ) <H 5lp(1 ) N(w )>1"

J
{IJ}J 1 i o

m' k $=0>

where the summation runs over all partitions {I,}5_, of {1, ...,m} into disjoint sets
I;(some of them may be empty). (— 1)" is a sign which plays no role in the following.
We have also used the notation m;=|I |, X;= {X;};c;,, and o;={a;};. . It is easy to
see that

o L~
mAn,N(w+é)l¢=0
=p§m {mmzﬁp_m}hi)"(p m),fd” my A2 v(x,y; 0, B)E(Y; B),

and we obtain finally

Z:’:— 1, 8% o)

1 =1 k p;!
-y — _qy o P
m! =1 k! @ (p,}>{|3j}( ) jl=_Il (pj—m;)!
pj=mj
ko ko T
iy 11 Antovinh) (11 b)) g
= j= I'n

where m=Y) m;, p=7y p;.

IV. The First RG Step

In this section we start the analysis of the infinite set of Egs. (IIL.5). Let us first fix
some notation. To measure the magnitude of each term of (IIL.5) we introduce the
norm

1A N 50l = sup nj:o dm x| Ay yx; o)
Let us also define
Ay nx)= g Ay y(x;a),
and
145yl = Z (ZUNEI]

We set gy v(x— ) =g (x—), of x =02, Vy.n=Ven» and Qy=0, . Undoing the
Wick ordering and antisymmetrizing the kernels we write the action (IL.13) in the
form “

AN NP)= ¥ [ d"x AR N(X;0)P(x; 0.

m=0 a gm
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It is clear that
14} NISCy, (1)
[ A% nll < Cy(1/N), 2

uniformly in N and w. Performing the RG transformation we obtain the effective
action Ay_, y({) which we write in the form

Ay-inl@= T I 2000, e

Proposition. The effective action (3) can be written as

Ay- 1,N(¢’) =1 dxdygy , MX =) P (x): Ppy)w(y):
— [ dxdudvdyp(x)p()p)H y _ 1 n(X, u, 0, YYPOYPH)W(Y)
+Vhoint Y Jd™xAf - NXe)P(x; ),

m20,a

where the Wick ordering is performed with respect to Sy _ |, and the kernels have the
following properties: 5
(i) For m=8 we have Ay _| y=AN_ n, and

1A%y I < BT(/NY"2 22,

(ii) Set Oy, n(x—)=Tr{Iy(x =Ny —x)}, and 5 y=—0n (O0), o -1 y=0R x
— 0% n- Define gy_ 1 y(x—y;w) by (IL14) with o} y replaced by o _, y. Then
gn—1,n(x—Y) is given by

Ev—i,nx—Y)=gn_  NX—Y)FEy—1, N *hy— 1 MX—Y)

with
Ilhy 1,51l SDA/N)>. )
Furthermore, we have the bound
1A% - 1, v SC4(1/N)?. ©)
(i) Hy—n(600,9) =8y s w(x— MU —0)gy1 A0 1)

For the remainder m=6 contributions we have
||A§,_ 1,1v|| =< C6(1/N)3K1;’_ t.
(iv) [I4§ -1, =Cy(1/N)%
(v) Vy—1.n is equal to
—4Tr{log(1 +woj_; yG)—wag_ NG} +Ey_1 x>
where
EN—1,N=EN,N_%W.dedyG(x_Y)QN,N(X_)’)

Furthermore,

|4} -1, M S Co(1/N)* 4] (6)
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The constants C, C;(j=0, 2, 4, 6) and D are independent of N and w. All the kernels
are in H(Qy).

The rest of this section is devoted to the proof of the above proposition. We
start with the easiest case of m>8.
Estimating | AN_ nl, m=8. Using (A.2) to bound the truncated correlation

functions we obtain from (IIL.5)

1 1
A™ < —_ CP—mylp—m)2
” l,N” = m| ; (%} k' {Izj} N

pj>mj

k R koo~
S _bir [ dxdy -H1 |AR §(X5 ¥))
it

Ter j=1 (pj—m)! x,=o
X exXp{ —KkyLr(Xy, .., X))} - @)

Let us consider a single anchored tree T. Using translation invariance of Ex’ ~X)
and performing the integrations over the branches of T'in the order indicated by its
tree structure we bound the corresponding integral by

g T 1Rl
i

This and the fact that there are O(1)? ~"k! anchored trees on {x;, ..., X, } lead to the
following bound on (7)

||A%—1,NH< Z Z Z Ccr~ mK(p m)[2-2(k—1)

{IJ) {pj)
pj>mj
k p '
< I o P VAR ®)
J

Now, we have

min {m, k} k m!
>o= ) <l) I
{Ij}j=l =1

m1+ +m3 mHm‘

where m;#0, j=1, ...,1. This allows us to bound (8) by
min {m, k} -
2" {z ¥ (’j) (L 022 A Y
k pj

=1
1

I I(X x*ﬁ/z"zcw-'"f||zm||>} s

{m;} j=1 \p;j>m;j
Using (1) and (2) we find that
Y kf2T2Ch | AR | SO0()(1/N),  m;20,
pj>my
and thus

min {m, k} k _
||A%—1,N||§2m{; ) <l> ) (C/N)k}KNm/2+2

=1 (ms}j=1

<4m {; (2C/N)"} ™22,
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Since the summation over k starts with m/2— 1, the last inequality leads to
|45y ]| S BT(1/NY"2 " i+ 2,

This completes the proof of (i).
Now, the same brute force argument applied to m=2, 4 would yield

1A% -1 I SB(1/N)ey, | A} -1,y SBH1/N).

These bounds are hopelessly non-iterative and a better analysis, including
renormalization cancellations is required. It is a remarkable fact that only few low
order terms have to be analysed carefully. The remaining terms play a less
important role and all we need is to estimate them rather crudely.

Extracting the new form-factor. From the first and second orders of the
perturbation expansion we pick the following graphs:

IR QD

where ~~n~u represents the form-factor gy y(x—y), and stands for
Iy(x—y). In analytical terms, the above expression is equal to
gv.NMX—Y)—8&n.n* Oy v * gn MX— ). )

Observe that 0 ~,5(p) is holomorphic for [Imp,| <(1 —n)ky, 0 <1 <1/2,and satisfies
there

1OnMPI=C. (10)
Applying Cauchy’s bound we obtain
IQN,N(p)_QN, MO) = Crey Mpl, (11)

for [Imp,|<(1—2n)ky. Repeating the argument leading to (IL.15) we find that
1Qn,n * gn, v+ 0%, nEN NIl S Crey L.
This allows us to rewrite (9) as

gv, WX — )+ 0% N8N, N * Sn, NX— V) +8x v * By -1 N(X—Y),

(12)
where [y 1 yll=0(xy ).
Lemma 1. The following equality holds:
gv-1,MX—Y)=8n N * 'Zo (0% NVgN, N *- % gy MX— ). (13)
i=

Proof. We generate (13) by means of the obvious identity

—A+m2+woc§,’N=(—A +m2+fo§;—1,N)+W5]%l,Ns
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and the fact that g, y(x—y)=w(—4+m>+wo? y)~(x— ). (13) converges, for by
means of (IL.15) and (10) we have

.ZO (512\1,N)ngN,N*---* gyl
I=
=2 Cligynlis < .ZO (C/Ny<w. QED.
J= j=

Comparing (12) with (13) and collecting the remainder terms we see that the new
form-factor has the required form and (4) holds.

Estimating || Ay -, yl. Let us break up (IIL5) into two parts: k<2, and k=3.
Mimicking the proof of (i) we bound the second sum by C(1/N)>. After extracting
gn-1,n5(x—y) the first sum involves the following diagrams only:

TE St > b i

where the dotted line stands for Sy _ ;. The norm of the first of them can be bounded
as follows:

Jdx dx3dx | In(— %)l 1gn, m(X2 —X3] [Ty(x3 — X4)| 1gn, n(X4)]
< lgn,nlilign, vllczl Tyl ||FN'|L2§CK§1 .
Similarly, we bound the second graph by
fdxdxsdx,|gn, n(x2)| [ Tn(xz —X3) [gn, (X3 — Xa)| [Ty(x4 —X,)|
<lgn nlellgn vl Tyl 1yl 2 < Crey t
The third graph can be bounded by
TrSy-1(0) IlgN,Nllfl [Tyl =Cryt.

This completes the proof of (5). B
Estimating ||A%_, y|l. The only k=2 contribution to A§_, y is the following

graph:

Expanding gy y in terms of gy_, y and shifting the remainder terms [which are
O((1/N)*ky )] into A5 _, y we obtain the explicit form of the sixth order term in
Ay— 1 MP). A3 _ 1, yis a sum of the above mentioned remainder terms and the k>3
part of (IIL5). The latter can be easily bounded by O((1/N)*xy ).

Estimating || A% y|. After having exhibited the cancellation Sy(0)—Ix(0)
=Sy_1(0) we extract from (IIL.5) the following terms
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They can written as — gy _; y(0)3(x; —x,) TrSy_,(0) and absorbed in the Wick

ordering of the quartic term. Let us list the other graphs occurring in the first two
orders of perturbation theory. They include:

N> Y U, WYy W

L

™

!/ \
|

/

RN -
/7 N

/ \

1

I

-
\
\
! O\ NNY) \
' ! \/ A d
/
M- N’

7
/

——
' N,
-

Simple estimates show that all of these graphs are O(ky "), for some # > 0. It remains
to prove also that the k > 3 contribution to || 43 - y|| is O((1/N)?). Here some care
is needed. As we have already observed, brute force estimation leads to a positive
power of ky in the bound for 43 _ y. A closer look at the Feynman graphs shows,
however, that no such power should actually be present. Expanding in terms of
Feynman graphs has the drawback that it destroys the combinatorial structure of
the estimates and the convergence of (IIL.5) gets lost. Fortunately this is not
necessary.
Let us collect all the terms in (IIL.5) which have the following structure

(14)

The sum of all such terms can be superficially bounded by C(1/N)?ky, and we have
to reduce the power of ky by one. We write

Lx—y) =L (x—y)+ I (x—y),

where

—ip
M2 xn(D) s

f’g\?)(p)z p2+

N M
F,f,“(p) = m xn(D)-

Using the fact that the determinant is a multilinear function of its columns we
produce this way only 27! terms in each order of k. Those terms which have at
least one column of the I{* can already be bounded properly. The final remark of
Appendix A shows that the power of k in (A.2) drops by one. Repeating once more
the estimates leading to (i) we bound the corresponding sum by O((1/N)>?).



Effective Action for the Yukawa, Quantum Field Theory 451

Potentially the most dangerous terms are those involving the I}{”) propagators
only. In the product

k

H N(X]’y]7a]’Bj) <H é(y11ﬂ1)>

=1
in (III 5) we have p;=2 or p;=4. The sum of terms where at least one factor with
=2 occurs can be bounded by O((1 /N )?) owing to (1). The sum of terms with all
=4, which is superficially O((1/N)%)xy, vanishes, as the following simple
argument shows. We expand the correlation functions in terms of Feynman
graphs. Since the number of vertices in &y _; y is odd, each Feynman graph
contains an odd fermionic loop, say

Tr{l"h(,o)(xl — X)) (%, —x3).. 'FI\(IO)(xm—xl)} .

This is proportional to Tr (product of m y-matrices)} =0, for m is odd.
To bound the other terms in A3 _, y we use the following formula

<E(X1UXI1;°‘1U‘1’1)E(X1¢§ak)>17:
=<E(X1;°‘1)E(X'1§°‘I1) é(xzaaz) ﬁ(xk’dk)>l"
Z (—1)“<é(x1,a1) 1 é(x,,a)>

KiUK;={2,...,k}
KinK,=0

x (&) 1] &xs ) (15)
which follows easily from (A.1). The number of terms on the RHS of (15) is bounded
by C* which guarantees that (IIL5) still converges. Let &(y,uy;; B, UB;) be the
cluster attached to ,(x,). Then it is either &,(y,)&4(0})E4(v1) or E(y,), and (15)
generates the following types of terms:

(@)
(16)
)

}__

Now it is an easy task to obtain the required bounds. To bound the terms of type ()
we notice that
”‘%N—I,N” é C:

and hence

Fdx,dx3dx 4| In(—%2)| g, MX ) |1 By — 1, n(X2 — X3, X3 — X4
S| %y- 1, mi &N,N ”L3HFN||L3/2<CK—1/3
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To bound the second type of terms in (15) we use the superficial bound on &:
[ -1,nll =C(1/N) Ky,
and the following bound on J [cf. the discussion of (14)]:
1Tx-1.51 =CUA/NY,

where a+b>=2. It follows that the terms of type () can be bounded by C(1/N)?
since the L'-norm of the propagator between % and 7 is O(ky !). The proof of (iv)
is complete.

Vacuum energy. Proceeding as before we extract from (I11.15) the following term

%gN— 1,~(0) {TTSN— 1(0)}2|A| >

and absorb it in the Wick ordering of the quartic term. To renormalize the
logarithm occurring in ¥}, y we pick the following graphs:

-1 1
2 @ %

We reintroduce now the bosonic cutoff as in Sect.II (to remove it in a moment
again). We write

QN,N= “‘51%1,N+(QAN,N+5IZV,N)E _512V,N+RAN,N’
and observe that

—Tr(gy, 5, oQn, 8)+ Wok, y TT(G))+ Ey y
=5I%I,NTr(gN,N;g)+wal%l— 1,NTr(Gg)+EN— 1,N
—Tr{RN,N(gN,N—WG)} +0(e™ ). (17)

Similarly, we have

Tr {(gN, ~On, N)Z}

= (03,5 Tr{ga.n} + Tr{(gn,nQn.»)" — (&N, n0%.N)*} - (18)

Lemma 2.
() () Tr{Ry,n(gn,n— WG S Cryl4],  0<n<1, (19)
(i) T {(gn.nQn.5)* — (8N, nO%. 3} = Crey ' 4], (20)

uniformly in N, w, and A.

Lemma 3.

[Tr {log(I + W“JZV, NGQ) - 512\7, N8N, N;o T %(51% N)zgl%f, Nie
—log(1 +wag _ ;1 yG,)}| S C(1/N)*| 4]+ 0™ ), (21)

with C independent of N, w, and A.
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It follows from (17)~21) that Vy_, y is equal to
—3Tr{log(1+woy 1 vGp) —wog—1,¥G,} +Ex— 1,5
+O((1/N)*)14]+0(e™ ).

Removing the cutoff ¢ as in Sect. IT and shifting the remainder terms to A5 _ ; y we
see that Vy_, y has the required form.

Proof of Lemma 2. (i) We have
[T (Ry, (e, y— WG)} < ClA1 [dplRy, w(P) Igh y— WG P)

Using (11) we can bound the above expression by

ClAINxy ! fdplpl (p? +1) "2 S ClAJxy".

(ii) ITr{(gn,nQn,»)" —(&n, xO%,n)*}]
< ClA| [ dplOn, x(p)* — On, MO (P> +1) 2.
Using (10) and (11) we bound this expression by Cxy '|4|. Q.E.D.
Proof of Lemma 3. It is easy to see that
log(1+ W“rzv,NGg) =log(1 +wag - 1,8Gp)—log(1— 512\’,NgN,N;g) +0(e™ ).

Using the inequality

[Tr{log(1+T)-T+4T*}|<C|TI3,
valid for Te.#,, we find that

LHS of (21) =Cligy,ylI3+0(e™ )< C(1/N)*|4[+0(¢""). QE.D.

To complete the low order analysis of the vacuum energy we have to consider
the graphs which we were ignoring so far. They include

=
7/
/ AY
J
\\~ _/,

and, as simple estimates show, are both O(xy") |4].

Finally, let us consider the k > 3 part of (IIL.5). From each term of (I11.5) we pick
a bosonic line and apply (15) to the &s attached to the line. Two kinds of terms are
generated:

00 D

Both of them can clearly be bounded by O((1/N)?)|4|. This proves (6).
The analyticity statement follows from the fact that our expansions converge
uniformly in w. The proof of the proposition is complete.
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V. The General RG Iteration
The aim of this section is to prove the following theorem:

Theorem. Let n, and | be sufficiently large. For each n=n, the effective action
A, x(P) can be written in the form
Ay, NP) =1 [ dxdyg,, n(x — y) P(X)p(x): :P)w(y):
— [dxdudvdyp(x)p(Xpu)H,, 5(x, u, v, Y)PEIPYIP(Y)
Vvt Y [d"XAR X )P(X;0), (1)
mz20,a
where the Wick ordering is performed with respect to S,. There exist constants B, C;
(0<j<6) and D, independent of N and w such that the following statements hold:

(in) AT N SB™(1/n)>+em=8pm2+2 ;m>8 where 0<e<1/12 is a fixed
number.

(i) Set
O, n(x)=Tr {E.(x)ll(—XHZ > ) F,.(X)F,(—x)}- )

=n+

Let 6% y=—Q, y0),and o y=02 ., y—02,, v.Defineg, n(x—y)tobe (11.14) with
af. y replaced by o y. Then

gn,N(x_y)=gn,N(x_Y)+gn,N*hn,N(x—y)a

with
[y nllLs < D(1/m). 3
For the remainder terms we have the bound
A5 NI S Cy(1/n)>. 4
N
(iii,) Hn,N(xa u, 0, y)= gn,N(x —u) . Z+ ) I—‘;(u - U)gn, Mv—y).
J=n

The remainder terms can be bounded as follows:
47 vl = Co(1/n)’xe, L
(ivy) 147 ¥l < C,(1/n).
(Vo) V,.n is equal to
—31Tr{log(1+wa2 yG)—waZ yG}+E, y,
where E, y=E, . y—3w[dxdyG(x—y)0, 11 y(x—y). Furthermore,
|4 xS Co(1/m)14]. o)

All the above listed kernels are in H(Qy).

Remark. Notice that the bound (i,)) is slightly worse than the corresponding bound
of Sect.IV where we had e=1/2.
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Proof. The proof consists in showing that (i,}{(v,) imply (i, - )v,- ). We write
A, N(P) in the form

A, NP)= §dmx Ay v(x; ) P(x; ), (6)

m=0,a

v

with the obvious notation.

Lemma 1. There are constants o4, a,>0 such that
o-ln<oc,, N=o,n,

uniformly in N.

Proof. It is clear that

‘xr%N'_nn 22 Z Tr{[‘(xl—;c( x}(o

j=1k=n+

Since O(1)n < a2 , < O(1)n, it suffices to show that the second term is O(1). Indeed, it
can be bounded by

CY Y Kjfdxe ™~

j=1 k=n+1

=0(1)

Jj
The lemma implies, by means of the same argument as in Sect. I, that

P=n=1 ¥ "k<0(1). QED.

1 k=0

IIM:

g, wllLa= C(1/m)'4, (7

uniformly in N. It follows that the kernels A™ y, m=2, 4, 6, of (6) obey the bounds
145 51l < Co(1/n)i; )]

145wl < Ca1/n), ©)

145 5 £Cs,s (10)

uniformly in N. We can now pass to the estimates.

m2=8. We separate the term with k=1, p=m (which is equal to A}’ y) and write
Ay NX) = A7 N(x)+ A7 1 M(X). (11)

Estimating | A", y| proceeds in the same way as estimating || A%, y|l. We find

easily that

min {m, k} k - k—1
A" vl 2" {; )y <l> <Z Kﬁ"’z_zC""llAﬁfzvl!>

=1 pj

x ) Kﬁf/z_ch"'"fllﬁ,’,’ﬁvll)K,T’"’z”}- 12)

my;t, J=1 <I’j>mj
Let us first consider the k=1 contribution to (12). Using the induction hypothesis
we find that

Y KkBI2TRCPHT™| Ay | S B(1/n)> T m 26, (13)

pj>mj
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We can thus bound the k=1 term by
2mBm(1/n)3 +e(m— B)Kn— mj2+2 .

To bound the higher order contributions to (12) we use (13) and the following
estimates [which easily follow from (8)—(10) and the induction hypothesis]:

LHS of (13) <2Ce(1/n)?, m;=4, 5,
LHS of (13) £2C,(1/n),  m;20.

Simple calculations using the assumption 0 <¢<1/12 show that the k=2, 3 terms
can be bounded by

4mBmC(1/n)3 T em =8y -miz+2
where C involves C, and C. A term with k>4 can be bounded by
4mBmCH(1/n)3k/4 +elm =8y ~m/2+2

Summing over k we obtain the following estimate on (12):

A 1 | SAmBRC(1 /) +om= O mia 2
It follows from (11) and (i) that

47— 1wl S B"(1/(n—1))>*em= O 22,
provided that [ has been taken large enough. This completes the proof of (i,_ ).

m=4. As in Sect. IV we extract from the first and second orders of the
perturbation expansion for A;_; y the following terms:

gn,N(x_y)_gn,N*Qn,N*gn,N(x_y) (14)

(with the factor 1/2 in front). Observe that the cross-terms in Q, y(x—y) come from
the sixth order term in (1).

Lemma 2. 0, x(p) is holomorphic for [Imp,| <(1—n)k,, 0<n<1/2, and satisfies the
inequalities:

10, MPI=C, (15)
10, 5(P)— Qo sOI = Cre; Mlpl,  [Imp,|<(1—-21)k,, (16)
uniformly in n and N.
Proof. Observe that

CK: exp(—xnl-xl)’ if Kn'x' 21 5

< P
10, »(x)| = Ck, X Kge = {Ck,,lxrl, if K, |x|<1.

j=n+1

This implies the analyticity statement and (15). Equation (16) follows from
Cauchy’s bound. Q.E.D.

Proceeding as in Sect. IV we write (14) as

a1, NX—=Y)+gu1 N *hpo g N(X—Y)
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with ||h,_; [, <D'(1/n)%. Expanding g, y in terms of g,_; y and collecting the
remainder terms we obtain

hy— 1, N(X) = hy, (%) + By - 1 W(X) +O((1/n)).

Then ||h,_; yll SD(n—1)"1, provided that D has been taken large enough. This
proves (3).
To prove (4) we write again

AT (X5 0)= A3 y(x50) + A0 N(X; ). 17)
Let us first consider the k=1 contribution to 4, ; r(x). After extracting the graphs

>N

Dol D

n

which has been used to renormalize g, y [and which is the only O((1/n)?)
contribution to p=8], we bound the k=1 term by O((1/n)?). From the k=2 term
the following O((1/n)?) graph has been removed

n

Do el

n

Considering the same graphs as in Sect. IV we convince ourselves that there are no
other O((1/n)?) contributions to k=2. We can thus bound the k=2 term by
O((1/n)3). The sum over k>3 can be clearly estimated by O((1/n)3). As a result we
obtain that

AN < Ca(1/n)?,

provided that C, has been taken large enough. This and (17) give (4) with n
replaced by n—1.

m=6. The only O((1/n)*)k, ! contribution to 4,° ; ycomesfromk=2,p,=p,=4,
and is given by the graph

>\/\I\N\-‘—n_’.lw/‘< (18)

Weexpand g, yintermsofg,_, y,absorb(18)into H,_ yand shift the remainder
[which is O((1/n)*k, ") to AS_, y]. Then,

49 NI = ”AS,NH + 142 Nl
SCo(1/m’x,  +0((1/n)*r, N S Co(1/n— 1))k, 2 .

This completes the proof of (iii,_ ;).
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m=2. We extract the same terms as above to absorb them in the Wick ordering of
the quartic term. As in Sect. IV we verify that the low order contributions to
k=1,2 are O(x, "). It remains to show that the remainder can be bounded by
0((1/n)?), or in other words, we have to exhibit a mechanism allowing to reduce the
power of k, by one.

Let us first consider the contributions to 4, ; y which have the structure of
(IV.14). In order not to complicate the notation we keep denoting them by 4,2 | .
We claim that 4;% | y can be written as

N-n+1 .
1;1 szj)— 1,n(X) (19)
with
B, Il < C(1/mP(1/1Y 1 (20)

Notice that (19) and (20) imply that ||4;% ; | <C(1/n)* To prove the claim we
proceed as follows. As in Sect. IV we write

L=LO+LY,
and represent A% ; y as
A 1,n(%)= Ar%(l} ¥(x)+ B2 1,8%) s

where A2 \ is the contribution containing no I\") propagators. Each term of
B{Y | y contains at least one column of the I;" propagators and can thus be
bounded by O((1/n)%). Suppose we have represented A2 | N(x) as

AT M)+ Z By wx),

where A7 A(x) contains no I'\") propagators for j=n,..., n+m—1. We write
L w= L0+ L,
and correspondingly
Ay NX)=A2 o NX)+ AP0 NX)+ A N(X)
= ARQ) )+ AP M), (21)

where A7) . consists of terms containing at least one column of the L,¥),
propagators. Equation (21) induces the following decomposition of 42" 3

A7) N(x)= A3 Y (x)+ BT R(x),

where B{"*1}(x) consists of terms contammg at least one column of the I},

propagators. Since we gain one power of .., in the bound for A7) \(x), we

obtain that
By kI < C/m)>(1 /D

We set B "y V= A2N "1+ 1. By the same argument as in Sect. IV we have
1B VI = C/mya /.

This completes the proof of the claim.
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For the terms which do not have the structure of (IV.14) we apply the following
procedure. We choose an external leg of 4,2 ; y(x) and write

N-—n .
Az 1,MX)= 'zo (oA 1,8%),
j=

where C{, y(x) is the sum of contributions where the external leg touches a
propagator I, ; for the first time. Applying (IV.15) and proceeding as in Sect. IV
we obtain that

N—

n N—n
142 vI=C ,;o Ko dj+ C(1/n)? j;o I77<C(1/n)?,

where the first contribution comes from the graphs of type («), and the second
comes from the graphs of type (f).
Collecting all the contributions to A?_; y we find finally that

||A3—1,N” SCn ' +n )= Cln—1)7",
provided C, has been taken large enough. This completes the proof of (iv,_ ).

m=0. The low order analysis is an almost word by word repetition of the analysis
of Sect. IV. To bound the remainder terms we use the method explained above for
the case of m=2. Q.E.D.

As a simple corollary to the above theorem we obtain the stability bound. Set
Z 4, n=<eXpAn,N)sy-
Corollary. There exists C>0 such that
|Z 4,5l S e,
uniformly in N.
Proof. We have
logZ s =V, n+ A4} v+ 1og{exp 4, s, - (22)

The first two summands can be bounded by C|4|. Indeed, for A2 y we have (5), and
¥, can be bounded as follows

|V M| S 3Tr {log (1 + wog yG)— wos yGH +IE,
<illwog xGlI3+|E, A S ClA].
To bound the third term on the RHS of (22) we use (A.2) with I, replaced by S,. The
corresponding estimate is
k T
< H @(Xﬁ aj)>
Jj=1 Sn

where C depends on n, 0 <#n <1 is a certain number, and M is the fermionic mass.
Using (i }iv,) we find that

llog(exp A, y>s,|<Cld|. QED.

écp+q Z exp{_u_ﬂ)M"?T(xl’"'axk)}’
TeTd
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VI. The Continuum Limit and Borel Summability
of the Effective Action

In the previous section we have shown that A4, y stays bounded, when we go with n

down to a scale n,. We are now going to prove that the ultraviolet cutoff N can

actually be removed, i.e. that the limit A, (p)= lim A, y({) exists for all n=n,.
N—-w

Furthermore, we show that the perturbation expansion of A4,(¢) around w=0 is
Borel summable.
Observe that the N— oo limit of o7 y is equal to

o2 = —2Tr{S,(x)S(—x)} (0) + Tr{S,()S,(—%)} (0),

where S(x) is given by (IL.3) with y(p)=1. This implies the existence of g,(x — ). It is
also easy to see that H,(x,u,v,y) and V, exist. To prove that the other kernels in
(V.1) have continuum limits we will investigate their behavior under a change of
cutoff. Set

5An,N=An,N+1 _An,N~

The variations 64, y obey a recursion relation. We have
A,_ 1, n+1(P)=loglexp A, n+1(P+ D,
=log{expdA, (P + ) expA, NP+ Dr,-

Subtracting A, - ; ()= log<{exp A, n(P + -))r, from thisequation and expanding
in powers of 4, y and 64, y we obtain that

Syan@= 3 5 i @+ WA+ IDE,

or in terms of kernels

1 (1) kel pl
v kU J}Ej::f {pj}Z,:{llj) j=1 (pj—mj)!

pjzm;

u[\/]g
"MS

1
5An 1M(x;0)= ml

k
X fdP~™my jl=_11 Ang(xj, Yjs o [5,)
k+1

x H 5An N (XprapBJ)

Ten
< i é(y,,ﬁj)> . (1

Proposition. We set u, y=0g, yll.i. Suppose that | and n, are large enough. Then
there exist constants B, C; (j=0,2,4,6), D and B such that

() 045 NI S By \(N/m)P(1 n)> o™ S 202 m2 8.
(i) (1047 vl < Copta f(N/n)P(1/n)’kc, "
(ii,) 16k, w1l < Dpty (N /) (1/n)?,

1645 N1 < Captn, NN/ (1/m) .
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(iva) 1047 ¥l < Coptty, \(N/mYP(1/n).
(Va) 1047 NI = Cott, N(N/m)P(1/m) | 4]
All the kernels are in H(Qy . 1).

Proof. The proof does not differ from the argument presented in Sect. V. We have
to extract the same low order terms and make (essentially) the same estimates. Let
us only comment on how to iterate the factor p, 5(N/n)’ which is crucial for the
existence of the N— oo limit. Observe the |do2 y| < C(x,/ky). This implies that

Ha, v = C(1/n) (icy/ 1) - )

The expansion
& N(X)=8n-1,n* 'Zo (—0n NY&n— 1w %% 8ue1,4(X),
i=
and (2) lead to the inequality
Py S +C/M)y—y y- ©)

It is now easy to understand how the iteration goes for the terms with m=6. For
example, for m=8 we have

OAL_ 1 NX)=0A7 N(X)+ 04" | N(X),
where
1645 1 yl| S4"B"Cpt, W(N/mY(1fm)>* 20~ mi2 2

We prove (i, ;) by applying (3) and taking / large enough. Observe that the factor
. f(N/n) is present in the bound for |4,™ ; y| because the summation over [ in
(1) starts with /=1. For the terms with m <4 the iteration is slightly subtler. For
example, for m=4 we have

1045 1 vl < Captn, f(N/mY(1/m)3,
and hence
1043 1, ¥I| S Catty— 1 N(N/n)(1 + C/n) (1/(n— 1))
S Capty— 1 NN/(n—1)/(1f(n— 1)),

provided that f=C. This explains the reason why the logarithmic correction
(N/n) has to be included in (i,}(v,). Q.E.D.

It is now easy to show that A4,(P) exists. We set
Ap(xsa)=Ay (x;o)+ ¥ 0An (x;0), m22, 4)
ji=n

and write analoguous formulae for h,(x) and A?. The series converges, since by
means of the proposition and (2) we have that

Y 6Ar <o,
j=n
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To prove that A}(x;a) has a Borel summable perturbation expansion in w we
observe that for each test function f

|fd"x A, (x;0) f (x)| < Clm, m)| £ || poe ™",

with C(m,n) and p independent of j and w. The Borel summability of (4) follows
now from the lemma of Appendix B.

Let us summarize the results of this section in the following theorem (below we
change slightly the meaning of A, 0=<m=<6).

Theorem. The continuum limit action A,((p) exists and can be written in the
following form:

A,(P)=1% [ dxdyg,(x—y): p(x)p(x): :p(w(y): +V,
+ Q% famx An(x; a)p(x; o),

where the Wick ordering is performed with respect to S,. All the kernels are in H(Q)
and they have Borel summable perturbation expansions around w=0. Furthermore,
they satisfy the following bounds:

@ A7 < Bm(1/n)3*+m = mi2+2 gy >8,
(ii) |A™| £C,(1/n)*k;™2*2 m=4,6.
(iif) 421 = Cy(1/m).
(iv) |4RI= Co(1/m) 4] .

Appendix A. Tree Decay of the Partially Truncated Correlation Functions

Let us recall the definition of partially truncated correlation functions. Suppose
that the product &(x;; o) contains p; fields of the ¢ type and g; fields of the £ type.
k

Y. p;j+q;is assumed to be even. Set
j=1

Exsapr=<&x;a)py, (=I)

T
and define < [k] E(xj;oz)> inductively by
ji=1 T
ko m > T
<‘n i) = 5, 0 fi (] fivim)) )
ji=1 T ji=1 leK; r

{Kjtj=1
1<m=k

The summation in (1) extends over all partitions of {1,...,k} into non-empty
disjoint sets, and (— 1)" is the parity of a permutation which brings the fields Eaj(x 5)
on the RHS of (1) to the original order.

Let T be a graph on the points x;, ..., X, ,, Which is a tree with respect to the
clusters xy,...,x,. We call such a T an anchored tree on {Xi,...,X,}. By
Lr(xy, ..., X,) we denote the length of T and by 7 the set of all anchored trees on

{X1s .m0 X}
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The followmg propos1t10n gives a precise characterization of the decay

properties of < H f(x,,a)

Proposition. There is a constant C such that

ko T
<.l=—[1 ¢(x;; aj)>

where p=3"p;, 4= 4;

Remarks. 1. Estimate (2) has been communicated to me by Gawedzki. Below I
present a simple proof of (2) based on an expansion different from the one used by
Gawedzki and Kupiainen [12].

2. Notice the good combinatorial properties of (2). The number of terms on the
RHS of (2) is at most C?*2k!

This is because of the fermionic character of the correlation functions. An
analogous bound for bosonic correlation functions would involve the com-
binatorial factor of p! (where 2p is the number of fields).

We turn to the proof of (2). The untruncated correlation function

SCPr PR N exp{—K,Lr(Xy, - X0} 2
Teg

< Ex ;o o= can be explicitly written (up to a sign which will not bother us) as
the determmant det.#, where the entries of ./ are given by

I,

o, 1,050, i'(xj»i_xj',i') ’
hi=1,..,ki=1,..,p,i'=1,...,q;. Introducing Grassmann variables 1; ;, 7; ; we

can write det.# (up to a sign) as the Berezin integral

k 4j
NI H dn;,i 11 df;.iexp(@, ). ©)
i= =1
We present V =(1, .#n) as a “two-body potential”:
V= Z (nu'ﬂnj)_ Z i,j°

1=i,j= i,J

where 0;=(;,1,.-s1j,p)> N;=(}, 1> ---»1},4,)- For each pair (i,j) we introduce an
interpolating parameter 0<s;;<1, 5;;=s;;, and set

k
Vis)= Y Vi+ ; $iiVij- )
i= i$j
We call (4) a BF (=Battle-Federbush) decoupling of V if there is a bijective
mapping g: {1,...,k}—>{1,...,k} with g(1)=1 such that
Sg(i)g(j)=sisi+1...Sj_1, l<], (5)

where 0<s;<1,j=1,...,k—1. The following lemma is an immediate consequence
of (3) and [18,19].
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Lemma 1. The partially truncated part of det.# is given by
Y, fdndn T (V;;+V;)[dpr(s)expV(s), (6)

TeT, (i, )eT

where I, is the set of trees on k vertices and dp.(s) is a probability measure
concentrated on such s that V(s) is a BF decoupling of V.

Let us now consider a single term on the RHS of (6). Expanding the product

[T (V;;+V;,) we represent it as a sum of terms of the form
@i,j)eT

(aproduct of k— 1 propagators, each of which joins two different
a k-1

xj,s)x I—[ ﬁi{,mr’jz,mz n ﬁjlymlnibnl' (7)
=1 l=a+1

Observe that if 77; , and #; ,, are factors in (7) then all the terms in V(s) involving
these variables are actually absent. The Berezin integral may be this factored and
evaluated to obtain a product of k—1 propagators multiplied by a
(p+9/2—k+1)x(p+9q)/2—k+1) determinant. Using (II1.1) we can bound the
first factor by

CH 1k~ texp{ — K, L (X150 X)) 8)

where T 'is an anchored tree on {x,, ..., X, }. The entries of the determinant have the
structure s;l;, 5. (X —X; ). We wish to show that the determinant can be
written as a Gramm determinant det {(f,, g,)}, provided that s is in the support of

dp(s).

Lemma 2. There exist unit vectors ey, ..., e, € R* such that (e, e;)=s,;, with (-, ) the
usual scalar product in R*.

Lemma 3. There exist A(x— -), B(y— )€ L*(R*)@L*(R?) such that I, ,(x—y)
=(A(x— ), By(y— -))- Moreover, || A,(x— -)||, || B,(x— -)| < Cx,'?, uniformly in x.

These two lemmata imply that
Siila npymZin—Vim)=(€® A4, (X n—),¢;®Bs  (Vjm— "))
for s in the support of dp(s). Using Gramm’s inequality
|det{(f,» go)}| = l;I I fall llgsll
we (cza;n bound our determinant by C?* 4% *9/2~k*1 This and (8) lead immediately
to (2).

Proof of Lemma 2. Let s;; have the form (5). By v; we denote the i-th unit vector
(v);=0;;. We set e; =v, and define ¢,; inductively by

eg(J)=SJ_ leg(j_1)+(1 _SJZ_ l)l/zvj, j=2, ..‘,k_:l .
Then

”eg(j)HZ:SJ;—1||eg(j—1)“2+(1 —512—1) ||UjH2= 1,
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and

(€40 €9() = 55— 1(€gip €g(j— 1)) =S1---8j-28j-1

=s;;, for i<j. Q.E.D.

Proof of Lemma 3. The following argument is due to Feldman et al. [13]. We set
2
Ia‘z,/}(x _y) = ;1 IdztAa,t(x - t)Bﬂ,r(y - t) 5

with A(p)=(—ip+M)(p*>+M?)~>*x(p)'?, B(p)=(p*+ M?)~"*x y(p)"/*1, where
«(p) is given by (IL.6). This gives the required representation. The bounds
|4, (x— ), IBx—-)|| £ Cx}/? follow by a simple calculation. Q.E.D.

Remark. If in b columns of det.# the propagators I'(x—y) are replaced by the
propagators

r®x—y)= (ple==,

1 p M
(2n)? f pp2+M2 X
then the power of k, in (2) is reduced by b. This follows from the fact that

ITx = y)| < Ce ™ol

and AP (x— )], [BY(x— )I=C.

.Appendix B. A Lemma on Borel Summability

A well known criterion of Borel summability of a divergent power series is the
following theorem [20, p.192]:

Theorem (Watson). Let f(z) be holomorphic in
D,={z:|z|<r,|argz| <m/2 + ¢},

where r>0, and 0 <& <m/2 are certain numbers, and continuous in D,. Suppose that
k
f2)= X a7 +Ry(2),
=

and that there exist C, 6 >0 such that

la,| < Ca*k!, 1)
[R(2)| S Ca** (k4 1)!|z[F*1, )
uniformly in k and z € D,. Define
© tk

(Bf)(t)= Z a, ﬁ
k=0 .
The function (Bf)(t) is holomorphic in {t:|argt| <&} and
f@)= | die” (B ez,

for |z|<r, |argz]| <e.
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In the lemma which we prove below we deal with a special situation which we
encounter in our analysis of the Yukawa model. The sets ; have the same meaning
as in Sect.IV.

Lemma. Let f{z), j=n, n+1,... be a sequence of functions such that

0) fieH@),

(i fDISCe™,  u>0, ()
with C independent of z and j. Then the function

0= 3 5 )

satisfies the assumptions of Watson’s theorem with D,=Q.

Proof. It follows from (3) that (4) converges uniformly in Q. This implies the
analyticity statement. For each j we write

k - e o
fz)= ZO aPz"+RP(z), ze, (5)
where
. m
af)= ml dz" {2)z=0-

It follows from Cauchy’s bound and (3) that
la|< Ce™ Wy m=CCle™", (6)

where C; ' =jr;. Let us bound the remainder term in (5). If |z <4r;, then

®©
RID= Y adz",
m=k+1

and we have
IRP(2)| S2CCHF 1 te ™Mz 1 (7

For ze Q with |z| = }r; we make a direct estimate

m=0 m=

REGISI+ 3 s (1+ 5 i)

S2Ce™ ki: (I2l/r)" SACCKF1je+ g izt + 1, ®)
Now, we write
1= 3 "+ Rl
where

oo} . o) .
a= Y &, Rf)= ¥ RIG).
j=n

j=n
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It follows from (6) that

la SCCY Y je™ < CCY | dtt*e™ =(C/w)(C,/ufk!.
j=n 0

Similarly, (7) and (8) imply that

IR S@C/) (Co/wF T (k+ DT, zeQ.

The last two inequalities imply (1) and (2), respectively, if we replace 4C/u by C and
C/ubya. Q.ED.
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