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ITI. Zero Energy Bound States of the Pauli Operator
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Abstract. It is shown that there exist magnetic fields of finite self energy for
which the operator ¢-(p— A) has a zero energy bound state. This has the
consequence that single electron atoms, as treated recently by Frohlich,
Lieb, and Loss [1], collapse when the nuclear charge number z>97%/8a? (a
is the fine structure constant).

I. Introduction

In an accompanying paper [1] the stability of the hydrogen atom in magnetic
fields is studied. The authors considered the following Hamiltonian

H=[o-(p— A —z/| (1.1)

whose ground state energy was denoted by Ey(B, z). Here the ¢;’s are the Pauli
matrices and A is the vector potential, B=curl 4. H acts on 2-component spinors
. In particular, it was shown that there is a critical number z, >0 such that E(z)

= ir;f (Eo(B,z)+¢[ B?) was finite whenever z<z, and E(z)=—o0 for z>z,.

e=(8nx*)"! and « is the fine structure constant ~(137.04)~'. For the physical
interpretation of these results see [1]. When they first did their work, the authors
did not know whether z, was finite or not. However they show, among other
results, that a necessary and sufficient condition for the finiteness of z,, is that the
equation

o-(p—Ap=0, (1.2)

is valid for some A and some v, which satisfy
peHYR?), ie w,Vypel*R3), (1.3a)
AeLSR?, divA=0 and B=curldeL*}(R?). (1.3b)
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Furthermore, they prove the following formula for z,:

ze=min(e] B*)(y,|x|" 'p) "1, (1.4)

where the minimum in (1.4) is taken over all normalized solutions of (1.2), (1.3).

The aim of this work is to show that (1.2), (1.3) has solutions. Some of the results
were announced in [1]. We shall give a special class of solutions of (1.2), (1.3).
One of these examples will be used to compute an upper bound on z, via
formula (1.4). This is carried out in Sect. II. The result is

2, <9n%e=91% /82,

which is ten times bigger than the lower bound for z, given in [1].
Observe that while (1.2) is a gauge invariant equation, (1.3) imposes both gauge
invariant and gauge dependent constraints. The gauge invariant conditions are

pel? and Bel?. (1.5
The constraints

Vwel? and Aelf, divd=0, (1.6)

are not gauge invariant.
Assuming (1.2) has a solution then, by (3.3), B can be expressed entirely in terms
of the vector field

U=<1P,<71P>> (17)

and its derivatives. (U =twice the spin density and {, ) denotes the usual inner
product in C2.) U itself has to satisfy divU=0 if y satisfies (1.2). One is tempted to
ask the following question: Suppose a vector field U is given satisfying U e L', U
smooth, divU =0 and the B associated with U by (3.3) is square integrable. Can
one find yp and A satisfying (1.2), (1.3), (1.7)? Under the assumption that U is
nonvanishing the answer is yes. We prove this in Sect. III and thereby provide
some examples of solutions that probably cannot be obtained by the method of
Sect. II.

It is an interesting problem to ask how many solutions of (1.2) exist for a given
A. We do not know a completely satisfactory answer to that question, however, by
squaring (1.2) the problem is reduced to computing the number, N, of solutions of
the equation

[((p—A4)*~c- Bly=0.

Since |(p, o - By)|<(y, |Blp), by the minimax principle the number of bound-
states of the Hamiltonian
(p—A)*~—|B|

provides an upper bound on N given by

cf1B*2,

¢ is some constant (see [2, 3]).
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II. A First Example and an Upper Bound on z,

A simple class of solutions of Eq. (1.2) is provided by the following remark. Instead
of considering (1.2) we consider the problem

o - py(x) = Ax)p(x) 2.1

for some given real (scalar valued) A(x). Assuming that (2.1) has a solution and that
{p, ) (x)#0, all x then, by setting

A(x) = Ax)<p, 09 ()<, > (%), (2.2)

we find a solution of problem (1.2). For this, observe that the two by two matrix
O=0-{yp,op>/{yp,p> has v as an eigenvector with eigenvalue +1 (a simple
consequence of the relation {yp, oy {y,cpd =y, p>?), and hence

- A)p(x) = Ax)p(x) , (2.3)

and we have at least a formal solution of (1.2). In general, the 4 of (2.2) will not
satisfy (1.3b), so one has to add some ¥y to A and then check, in any particular case,
that 4+ Vy satisfies (1.3b).

Example. Choose

p=1+x*"¥*1+ic-x)¢,, (24
where ¢, is an arbitrary, constant, normalized spinor. Call w= {¢,, 64, > and note
that |w|=1. A simple calculation shows that

3

oY= 2.5)

and hence, by using (2.2), (1.2) is satisfied with

A(x)=3(1+x*)<{p, 09>, (2.6)
where

(p,opy=U=(1+x)"3{1—=x)Hw+2(w-x)x+2w x x}. (2.7)

It is easily seen that the B-field is

B=curl4=12U. (2.8)
Observe that
o (wex)
leA—-6—~(1 ) +0,

but, defining
A'=A+Vy, y=etp,
where — Ay(x)=divA(x) or

(w-y)
(1+y*?

6 _ 3
X(x)=z7;f|x—y| 1 dy=(w~x)r—3(r—arctanr),
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it is easily seen that A’ e L and div A’=0. Certainly, y’ € H' and B e L. With this
example we can compute the upper bound on z, mentioned in the introduction.
After normalizing (2.4) we obtain, upon inserting into (1.4), an upper bound in
terms of Beta functions, and the result is

z, Sgmla?, (2.9)

which is ten times larger than the lower bound given in [1].
The following might help the reader to visualize the field lines. The field lines of
B can be found by solving the differential equation

Xx=(1=x)w+2w-x)x+2wx x. (2.10)

We assume w to point in the 3-direction. By passing to a rotating coordinate
system
cos2t sin2t 0

x=R(t)y, R()= |—sin2t cos2t 0 |,

. 0 0 1
we find for y the equation

y=1—=yHw+2(w-y)y. (2.11)

This system is rotation invariant around the 3-axis and it is easily seen that the flow
lines of system (2.11) are 2 dimensional circles and the motion is periodic with the
same period as that of R(¢). In other words, the y field is qualitatively the same as
the field of a current loop with closed circular field lines that lie on torii. The effect
of R(z) is to twist the y lines in the (x, x,) plane in such a way that they stay closed,
because the period of the twist is the same as the period of the y motion.

Remark. Note that the solutions of ¢ - py = A(Jx|)w can be classified according to
the invariant subspaces of the total angular momentum operator J=3%0+L
(L=angular momentum) labeled by j=%,3, ... . The solutions constructed above
belong to the subspace with j=3. In a similar fashion it is possible to find solutions
of (1.2) and (1.3) where the y carries any j value.

Following [7, p. 62], define the spinor

Up = QDT AMADPY, oy, —(C—m+2) Y y),
where Y, ,, are spherical harmonics and —j<m<j, with j=/+% being the total
angular momentum. The solution to (1.2) is then
W)= (L +x%) " 732 +io - xTug s
A(x)= (24 +3)(1+x%) "y, o> (x)/<w, ) (x)
=24 +3)(1+x3) " 2{(1 —xH)w(x) +2w(x) - x)x +2w(x) X x}

with W(X) = Cthg s Ot (X s g > ().

Unlike the j =3 case, w now depends on x. The A field given above does not satisfy
div 4 =0 but, as before, one can add Vy to Aso thatdivA=0and Be L? and 4 € LS.
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ITI. Another Class of Solutions of Eq. (1.2)

In this section (1.2) is viewed in a different way. We suppose that yp e H' is given
and want to find A such that the pair y, 4 satisfies Eq. (1.2). Assuming (i, p>(x) is
nonvanishing, this problem is easily solved, and we get

A=[eurlz{y, o9 +Im <y, Vy)1/<y, w), (3.1)
provided 1 satisfies the additional constraint
div{yp,op)=0. (3.2)

A computation shows that for this 4 and y (1.2) is formally satisfied. A more
tedious calculation shows that

B

=307 [; UfcurlU x VU)— |U|ZAU+%UZk8iijiVUj x VUk], (3.3)
where U = (yp, oy ). We emphasize that B depends only on U and its derivatives.
This suggests that U essentially determines the whole problem. The following
theorem shows that this is true in a certain sense. Let C** be the space of functions
which are C? and their second derivative is Holder continuous of order « for some
O<a<l.
Theorem. Let U be a C** nonvanishing vector field which satisfies

(a) divU=0,

(b) f|Uldx< .

Further, suppose that the B-field given by formula (3.3) is square integrable.
Then there exists yp and A which solve (1.2), i.e. (1.2) holds together with the
conditions given by (1.3). Moreover, {y,oyp>=U and curl A=B.

Proof. Define U1+ U7
- 3
1-=2 llz(wl+iU2>/(»U|+U3>“2>' G4

n- is well defined and smooth outside the closed set
I ={xeR*}U}+U3=0, U;<0}.

Note that # _ is chosen such that {5 _,an_ ) = U. Now we invoke formula (3.1) and
find (outside I"_) the vector potential associated with #_:

A_=Q| U~ eurtlU+L(1—U,/[U)VE, 3.5)
0=Arg(U, +iU,), (3.6)
VO=(U,PU,—U,VU,)/(U?+U?). (3.7)

Observe that 0 is defined as a multiple valued function on the set R3\I', where
I'={x|U2+U3=0}.
Because U is nonvanishing, I'=I", uI'_, where

I, ={xeR3U?+U%=0, U;>0}.
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Also note that the second term in (3.5) is, in fact, well behaved on I', since n_, and
hence 4 _ is C! outside I'_. Formally, # _ and A4 _ solve (1.2). By Theorem A.11in [1]
we can find 4 € L® such that curl 4 =B and divA =0. In [1] the 4 field is given by

1 xX—y 3

A= o HL o x B(y)d®y.

Since B e C*% it is easily seen by dividing the integration smoothly into |x —y|>2
and |x —y| <1 that the first part is C* and the second part is C* by [6, p. 54] and
hence A is C'. By the lemma below there exists a function @_ such that
(P_,6®_>=U and the pair &®_, A satisfies (1.2) on R3I_. In addition,
& _ e LA(R3\I'_. Similarly using

—o1 <(U1 —iU5)/(U|— UW)
T (ui-vyz )

We repeat the procedure and obtain @, with (& ,c@® > =U such that the pair
@, A satisfy (1.2) on R3\I', and @, € L*(IR®\I'",). Observe that @, and @ _ give
the same 4 on R3\I" and the same U. From the latter @, and @ _ can only differ by
a phase factor, say e'%, and, by the former,

O=0(p—A)P, =e*c(p—A)D_ +e*aVyd_ .

Since ¢ _ is nonvanishing and satisfies a(p — A)® _ =0 we have that Vy=0,and so
islocally a constant, i.e. it is constant on all connected components of R*\I". Hence,
in the case where R3\I" is connected, y is a constant, ¢, and

. D, on R3:\I',=Q,,
T léd_ on RN =Q_,
satisfies ®eL? AeL® and o-(p—A)®=0. Theorem A2 in [1] proves that

V® e L* In the general case we know that @, and @ _ differ by a locally constant
phase factor on 2=0Q,nQ_. By the Mayer-Vietoris cohomology sequence (see

(4,51
H(Q,)®H*(Q-)-H(Q)-H'(R*={0},

one easily proves the existence of locally constant phase factors e+ and e~ such
that @, e+ =d _e*- onQ. O

Lemma. Let n_ and A _ be given by (3.4) and (3.5) (with U € C?) and let A be any
C' vector potential for B given by (3.3). Then there exists a gauge
transformation ¢*™ such that the pair @ _ =e*n_ and A satisfies (1.2) on R3\I"_.

Remark. Note that since R3\I'"_ is not necessarily connected y is determined only
up to a locally constant function.

Proof. Denote R3\I', by Q,, and let {Q%, } be the connected components (indexed
by i) of Q,, respectively. Let p'e @, i=1,2,.... Define

10)=J (A=A )-dx if xeQi. (3.8)

pt
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Equation (3.8) is a line integral. Although y is not single valued, we want to prove
that the branches differ by 27 times an integer, which makes e* and Vy well
defined. (Observe that y is C2.) This, however, follows once we have shown that

%{(A—A_)-dxel, (3.9)

for every closed curve y € Q_. Observe that the integration depends only on the
homology class of y in Q_ denoted by [y]e H{(2_). By the Mayer-Vietoris
homology sequence (see [4])

{0} =H,(RY) — H,(2_nQ,) > H,(2)®H,(Q,) — H,R%)={0},

the map j, defined by .

JED=[p1® —[A1,
is hence an isomorphism. [f] on the left side is considered as a homology class in
H,(R2,nQ_)and f on the right side as a homology class in H,(Q2_) and H,(Q.),
respectively. Hence for any [y] € H,(2_) there exists [f] € H,(2_NQ ) such that
J([BD)=[y1®0, and hence

1 1
— | (A=A )-dx=— | (A—A_) -dx
2n [‘il( ) 2n [gl( )

1
L {4 VO)dx— L [ve-dx,  (3.10)
2n 81 2n (1

where 0 and V0 are given by (3.6) and (3.7), respectively. Since A—A_ +V0is C*
and has vanishing curl on Q _, the first term in (3.10) is zero and the second, by the
definition of 6, is an integer. That @ _ together with A satisfy (1.2) is obvious. [J

In the following the above theorem is used to give examples of solutions
different from the ones given in Sect. II. Let

B
U,=[x}+px3+2nx,x,/p—(2n— Dx3+17/D"*1,
Us=2nfx,x;/D"*1,

Ui= [l(Xf+X§)—(2n— D)x3 + l/ﬂ}/D"“,

where D =x? + Bx3 +x3 + 1, nis a positive integer and 8 >n? a positive constant.
It is easy to check that U is a non-vanishing divergenceless vector field and has the
following asymptotic properties:

(a) By considering the leading order of the numerator (it is homogeneous and
vanishes only at the origin), we have U~r~?", where r=(x?+x3+x3)!/?, ie.
iR>0, C,,C,>0, such that

Cir "<U(X)SCr~ %" for r>R.

(b) 10,U1<SC-r~ 21 14U <C -~ "2 for some constant C.
Itis easy to check that the assumptions on U and B of the previous theorem are
satisfied.
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Remark. The example above provides solutions which are stable in the sense that if
f is any C? vector field with compact support satisfying div f =0, then ¢f can be
added to U and, for ¢ sufficiently small, all the assumptions of the theorem continue
to be satisfied.
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