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Abstract. Let H, = — 34 + V denote a Schrédinger operator, acting in L(R"),
1 <p< 0. We show that o(H,)=0(H,) for all pe[l, o], for rather general
potentials V.

Introduction. In [12,13], B. Simon conjectured that o(H ) is p-independent, where
H,= —3A + V is a general Schrodinger operator in L,(R"). Partial results on this
problem are contained in Simon [12], Sigal [10], Hempel, Voigt [5].

In the notations of Sect. 1, our main result reads as follows.

Theorem. Let V=V, —V_, V, 20, where V, is admissible, and V_eK, with
c(V-)<1. Then o(H,) = o(H,) for 1 <p < c0.

In addition, if A is an isolated eigenvalue of finite algebraic multiplicity k of H ,, for
some pe[1, o], then the same is true for all pe[1, o0].

The proof of this result is contained in Propositions 2.1, 3.1, and 2.2.

In Sect. 2 we prove the inclusion o(H,) = o(H ), following ideas of Simon and
Davies.

In Sect. 3 we show that the integral kernel of (H, — z) ™", for neN, n > v/2, defines
an analytic (L (R"))-valued function on p(H ), which coincides with (H, — z) " for
z real and sufficiently negative. This implies o(H )  a(H ), by unique continuation.

A different situation, where an integral kernel determines operators with p-
dependent spectrum, can be found in Jorgens [6; IV, Aufg. 12.11 (b)]; note that the
kernel in Jorgens’ example is the resolvent kernel of the differential operator

d 2

_EXE on (0,00), atz= —2.

1. Schrédinger Operators in L (R")

First we recall briefly several facts concerning the semigroup associated with the
heat equation. For brevity, we shall write L, instead of L,(R"), in the sequel
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(analogously, CZ:= CZ(R"), etc.). For teC, Re t >0, we define k,eL, by
k(x):= (2nt)~? exp (— | x|?/2¢).
For 1 < p < oo we define U, ,(t)e#(L,) (teC, Re t >0) by

Uo,o()f:=kxf (f€L,),

and further U, ,(0) = I. For 1 £ p < o0, U, ,(*) is a holomorphic semigroup of angle
n/2; let — H, , denote its generator. Further denote H,, ,:= H, *.

Next we introduce the class of potentials V' to be considered in this paper.
Following Voigt [14], we define classes of potentials by

K= {VeL, ,sesssup [ |g,(x—yIIV(y)dy < o},
xeR®  |x—=y|<1
where g, is the usual fundamental solution of $A4. Note that this class is slightly
larger than the class K, in Aizenman, Simon [1], Simon [13]. For VeK, we define

c(V):=lim(esssup | |g,(x—p)IV(y)|dy).
al0 xeR”  |x—y|sa
Obviously K, = L, joc.unic for all veN, K| = L, oc unie> and ¢,(V) =0 for all VeK .
A potential V =0 will be called admissible if Q(H, ,)NQ(V) is dense in L,; cf.
Voigt [14]. In particular, ¥ >0 is admissible if V€L, ;,(G), where G = GcRis
such that R*\G is a (closed) set of Lebesgue measure zero.
Throughout this paper we shall assume

V=V,-V_, V.20,

> . 1.1
V_eK, with¢(V_)<1, V. admissible. (L1)

In the following proposition we denote the truncation of V by
V™. =(sgnV)(|V]| An) (neN).
1.1. Proposition. Let V satisfy (1.1), and let 1 < p < 0. Then, for t 20, the limit

U,(t):=s— lim exp(—t(H, , + V™))

n—oo

exists, and (U (t);t 2 0) is a Cy-semigroup on L,. The Feynman-Kac formula

U,(t)f(x) = E { CXP< - i V(b(S))dS> f (b(t))}

holds for all feL,.

Here, E, and b(') are as in Simon [13]; cf. Reed, Simon [9], Simon [11]. The
proof of this proposition can be found in Voigt [14; Proposition 5.8(a), Proposition
2.8, Remark 5.2(b), Proposition 3.2, Proposition 6.1(c)].

We denote the generator of (U (t);t 20) by —H,, for I <p < o0, and we shall
henceforth write U (t) = exp(—tH,). Also, H, = H}. More detailed information
about the operators H,, in particular for p=1, p =2 can be found in Voigt [14].
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Note that H, is the form sum of —34 and V; cf. Voigt [14; Remark 6.2(c)]. (It
follows from Devinatz [3; Lemma 4] that V_ is H; ,-form small.)

2. o(H,) < o(H,)

In this section we show that interpolation, duality, and p—g-smoothing lead to the
following result.

2.1. Proposition. Let V satisfy (1.1). Then p(H,) < p(H,) for all pe[1, 0], and
(H,— 27 'L,nL,=(H,—2)"'|L,nL, (zep(H,)).

This result was stated in Simon [12, 13]. The argument given there was based on
interpolation between the resolvents (H,—z)™! and (H, —z)~ ', for zep(H )=
p(H,). It is not immediate, however, that these resolvents coincide on L,NL,, as
can be seen from Jorgens’ example mentioned in the introduction. This gap in
Simon’s argument was closed by E. B. Davies (private communication). Compare
also Hempel, Voigt [S5; Proposition 3.1].

Proof of Proposition 2.1. (i) (due to E. B. Davies) Let 1 <p<g< o0, t>0. Then
e "HreB(L,, L,); cf. Voigt [14; Proposition 6.3]. This implies

e HrH, < Hpe ", 2.1
Assume additionally Aep(H,)n p(H,). Then (2.1) implies
(H,— ) leMr=e""Hr(H,— 1)1
For t -0 we obtain
(H,— A 'L,nLy=(H,— A" '|L,NnL,. (22)

(This holds also for g = oo because e "*##fis o(L,,, L,)-continuous for feL,NL,,.)
(i) Let 1=p<2,1/p+1/p'=1, and let Zep(H,) (= p(H,)). Then (H, — A"
|IL,nL, =(H,—A)~'L,nL,, by (22). The Riesz-Thorin convexity
theorem implies that (H, — )~ is continuous as an operator R, on L,.
For feL,nL,, (2.1) implies

(Hy— A)e™""o(H,— )" f=e "o f.

For t—0 we obtain (H, — 1) (H,—4)~'f=/. This implies (H, — A)R, =1, and
hence Aep(H,). |

2.2. Proposition. Let V satisfy (1.1), and let 1 < p < oo. Assume that A is an isolated
point of o(H,). Then / is an eigenvalue of H, with finite algebraic multiplicity if and
only if the same is true for H,. In this case, A is real and a pole of first order of the
resolvents of H, and H,, and the multiplicities of A as an eigenvalue of H, and H,
coincide.

Proof. Without restriction p < co. (Duality for p = c0.) Note first that the selfadjoint
operator H, can only have real eigenvalues which are poles of first order of the
resolvent of H,. Now the assertions follow from Proposition 2.1 and Auterhoff [2;
Theorem 1.5]; see also Hempel, Voigt [5; Theorem 1.3]. |
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3. 6(H,) < 6(H,)

In this section we shall derive properties of the integral kernel of (H, — z) ™", for neN,
n>v/2, in order to show the following result.

3.1. Proposition. Let V satisfy (1.1). Then p(H,) < p(H ), for all pe[1, o0].
The proof relies on the following two auxiliary results which will be proved
below.

3.2. Lemma. Let X be a Banach space, T a closed operator in X, p(T) # &. Then p(T)
is the domain of holomorphy of (T —z)™", forn=1,2,....

3.3. Proposition. Let V satisfy (1.1), and let neN, n > v/2.

(a) Then (H, —z)™" is an integral operator, for zep(H,).

(b) Let G"(x,y;z) denote the integral kernel of (H,—z)™". Then, for any
K c < p(H,)! there exist constants C, n > 0 such that

[G™(x,y;2)| < Ce " (zeK, x, yeR).

Proof of Proposition 3.1. By duality, it is sufficient to consider the case 1 < p < 2. Fix
neN, n>v/2, and let G"(x, y;z) be as in Proposition 3.3.

First we show that G™ (-, ; z) defines an analytic %(L )-valued function G{"(z) on
p(H,). To prove this, we remark that for any ¢, yeCZ, the mapping

p(Hy)3z ([ G (x, y; 2)p(y)P(x)dxdy

is holomorphic. Furthermore, for any K = < p(H ), there exists a constant C’ such
that

|G, <C' (z€K),

by the estimates in Proposition 3.3(b) and Young’s inequality (cf. Reed, Simon
[9;p. 32]).

Next, the fact that e™*» coincides with e™*2 on L,nL, implies that G{"(z)
coincides with (H, —z)™" for z real and sufficiently negative.

It follows by unique continuation that the domain of holomorphy of (H, — z) ™"
contains p(H,). Hence, p(H,) > p(H ), by Lemma 3.2 above.

Let us now prove the auxiliary results.

Proofof Lemma 3.2. Clearly, (T — z) ™" is holomorphic on p(T). Let spr(4) denote the
spectral radius of an operator Ae#(X). From the well-known facts (cf. Kato
(7 p. 27, p. 37])

spr((T — )~ H)=inf[|(T =)~ "||'",

neN

spr((T — )" ) zdist((,a(T) ™" (Lep(T)),

it is clear that ||(T —¢)™"| 2 dist({,a(T)) ™" ({ep(T)). ]
For several reasons, we include a proof of Proposition 3.3 (instead of simply
referring to Simon [13; Theorem B.7.1 (¢’)]): The estimate given in [13; loc. cit.] is

! K c < p(H,) means: K compact and K < p(H)
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not uniform for zeK < < p(H,) (although one might be willing to believe that it
must be true). Also, the proof of the (essential) Lemma B.7.11 in [13] is very sketchy,
and it is our aim to give a complete proof of reasonable length. Finally, our proof will
show that it is advantageous to consider (H, — z) 7", n > v/2,neN, instead of arguing
with (H, — z)~ ' directly (which would be possible, but involve more estimates, like
[13; Theorem B.7.2 (1), (2), (4)]).

Since we shall have to consider e ~*#» as an operator from L, to L,, g = p, we shall
frequently drop the subscript p and simply write H = —3A4 + V, in the sequel. The
proof will involve several steps, following rather closely the outline given in [13;
proof of Lemma B.7.11]. For the remainder of this section, the assumptions of
Proposition 3.3 are always assumed to hold.

34.Lemma. Let 1 Sp<q< o0, 6g>0. Then there exist constants C = C(p,q, &),
A= A(p, q, &), such that for eeR, || < gy, t >0, we have

e e e =], , < Ct~ e,
where y:=(v/2)(p~ ' —q 7).
Proof (compare Simon [13; Lemma B.6.1]). Let eeR’, |¢| < g,. Clearly,

2
K., 35 ) = (2m) ™26 exp ( ] )
is the kernel of e *¢!/? 4 ~¢* By Young’s inequality (cf. Reed, Simon [9; p. 32]), it is
enough to estimate || K(0,-;1)|l,, for ss=(1+g~* —p~ 1)~ 1. Now,

I K0, 50) ]|, < ct-(v/z)(l—x'l)u~ esso\/tlrll—(5/2)!n|2dn]1/s,
RV
and the term in square brackets can be estimated by

2
| o dy + { o dy < ¢pvi2etsedt o en m
Inl<deo /1 Inl>deg/t

3.5. Proposition (compare [13; Eq. (B11)]). For all 1Sp<q< o0 there exist
constants C = C(p, q), A = A(p, q) such that for all t > 0 we have

lle=" ], < Ct7e",

1

where y =(v/2)(p"' —q 1)

Proof. This follows from Devinatz [3; Lemma 2] combined with duality and
interpolation as described in Voigt [ 14; proof of Proposition 6.3]. Under the slightly
stronger assumption c¢(V)=0 a simpler proof can be found in Simon [13; loc.
cit.]. ]

3.6. Lemma (compare [13; Lemma B.6.2(b)]). Let 1 <c<c(V)™1!, l/c+1/c = 1.
Then, for any eeR”,

” ee'xe—tHe—s‘x ”p'q é ” e—r(—(l/Z)A+cV) ”;11,/; ” ec'z'xe(t/Z)Ae—c’s»x”Il’,/é"

Proof. Let ¢eR” and write w(x)=e“*. Also, let heC®, g:=w™*h. Factorizing
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lgl =|h|*e|w™“h|}, it follows by Holder’s inequality in function space that
e~ ) ()] < [(e ™" MDA+ ()] [ 4w~ h]) ()]
Now, multiplying by |w(x)|, taking g™ powers and integrating, we obtain

j’lwe—tHW—lhiqu < j‘[e—t(—(1/2)A+cV)|h|]q/C[wc’e(t/2)Aw—c’|h|]q/c'dx
< {.“(e-t(—(l/Z)A+cV)|h|)qu}1/c.{j‘(wc’e(t/Z)Aw—c’Ih')qu}1/c”
which implies
—tH -1 —1(—(1/2)A+cV) 1/ 1/ L/2)A,—c 1) 1/
| we hlg=lle PG IR Iwe e Aw=< | L A u

3.7. Proposition (compare [13; Theorem B.6.3]). Let 1Sp<g=<o, a>y=
(v2)(p~* — q~ "), and g, > 0. Then, for z real and sufficiently negative, there exists a
constant C such that

e (H—z)"% "], , 2 C (eeR", ¢ = &).
Proof. For ¢eCZ, we have (with w:= e*”)
(H=—2)"w '¢)= ca:f e t* e H(w 1g)dt
and hence
IwH —z)"*w™ ¢, <c j!lwe"”'w_lllp,qe'zt“"dt'll¢$lp
2¢ Ille‘“ W2 a+eV) | L)y o@D A= || e | @,
(by Lemma 3.6)
T | e R A L1
(by Proposition 3.5 and Lemma 3.4)
SCy [t 9], S Cor 1

provided A +z<0. |

3.8. Proposition. For any K c < p(H,), there exist ¢y =¢o(K)>0 and a constant
C = C(K,¢&) such that K <= p(e* *H,e *) for |e| < &g, and

le**(Hy—z) e ™| =||(e**Hpe **—2) 1| =C (|elSeo,2€K).

Proof. As W} contains the form domain of H,, the operators 0; are |H,|'/*-
bounded and hence H,-bounded with relative bound zero (j = 1,...,v). This implies

eE-tze—S'x — H2 + S'V 1
for all eeR*. Now the identity

(Ha+eV—4e2—2)=(I+(e:V—e2)(H, —2) ) (H,—2)
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implies the desired conclusion. u
We can now finally proceed to the proof of Proposition 3.3.

Proof of Proposition 3.3. Fix neN, n > v/2, and choose w real and so negative that, by
Proposition 3.7,
e X(H —w)™"2e™"*|| 5+ || e"*(H —w) "2e™"*||, , <C (3.1

for all |¢] £ 1, with some constant C.
Now let K = < p(H,) and zeK. Taking n'* powers of the resolvent equation
(Hy—2) '=H,—w) ' +z—w)(Hy—w) ' (Hy—2)71,
we obtain

n

(Hy—2) "=(H,—w)™" ) (?)(Z”WV(HZ_Z)_}.' (3.2)

j=o

To prove Proposition 3.3, it is clearly enough to show that, for any 0 <j < », the
operator

(Hy—w) "(Hy—2)7 = (Hy —w)""*(Hy — 2) (Hy —w)™"2 (3.3)
is an integral operator with kernel G,[(x, y; z) satisfying
1Gax, y;2)| = Cpje "1 (zeK, x, yeR?), (3.4)

with some positive constants C,;, a,;.
So let 0 <j < n. By Proposition 3.8, there exists ¢, > 0 such that

e (Hy~2)7e | < C' (le| < &p,2€K). (3.5
By (3.3) we have
e (Hy = w) "(Hy—2) e = (¢ X(Hy — w) e ) (X (H, —2) e ™)
(€ X(Hy — w) "2 ™o,
and hence it follows from (3.1), (3.5), that
le"*(Hy —w)™"(H, —2) e™**||; , S C" (le| S &, 2€K).

Now it follows from a classical theorem of Dunford and Pettis ([4; Theorem 2.2.5, p.
3487; see also Simon [13; Cor. A.1.2]), that the operator e**(H,—w)™"
(H,—2z)7Je™®~ is an integral operator, and its kernel G,;, (x,y;z) satisfies the
estimate

[[Guje(rs52) M = C" (le] = &9, 2€K). (3.6)

In particular, the above statements apply to ¢ = 0, and we see that (H, —w) ™" x
(H, —z)7/ is an integral operator with L -kernel G,{-,;z); clearly,

e"TING, (X, y;2) = G, (X, Y3 2).
Therefore (3.6) implies
e NG, (x,y;2)| £C” (zeK). W
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