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Abstract. The asymptotic stability of traveling wave solutions with shock profile
is investigated for several systems in gas dynamics. 1) The solution of a scalar
conservation law with viscosity approaches the traveling wave solution at the
rate t 7 (for some y > 0) as t — o0, provided that the initial disturbance is small
and of integral zero, and in addition decays at an algebraic rate for |x|— 0. 2)
The traveling wave solution with Nishida and Smoller’s condition of the system
of a viscous heat-conductive ideal gas is asymptotically stable, provided the
initial disturbance is small and of integral zero. 3) The traveling wave solution
with weak shock profile of the Broadwell model system of the Boltzmann
equation is asymptotically stable, provided the initial disturbance is small and its
hydrodynamical moments are of integral zero. Each proof is given by applying
an elementary energy method to the integrated system of the conservation form
of the original one. The property of integral zero of the initial disturbance plays a
crucial role in this procedure.
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Introduction

The study of traveling wave solutions for systems of nonlinear partial differential
equations is one of the interesting topics in mathematical physics. Recently new
progress has been made in the study of the asymptotic stability of several interesting
systems. Namely, Jones [5] proved the asymptotic stability of traveling wave
solutions with a pulse profile for the FitzHugh—Nagumo system. His proof is based
on the spectral analysis to the linearized system. Matsumura and Nishihara [6]
showed the asymptotic stability of traveling wave solutions with shock profile for a
model system of compressible viscous gas. Their result contains the strong shock
case. They use an elemental energy method for the integrated system and this
technique is based on the conservation form of the original system. Independently,
using a similar energy method, Goodman [3] obtained a result concerning the
asymptotic stability of traveling wave solutions with weak shock profile for systems
of conservation laws with positive definite viscosity matrices.

In this paper, we shall apply these energy methods to the following equations (or
systems) in gas dynamics and show the asymptotic stability of traveling wave
solutions:

1) scalar conservation laws with viscosity,

2) systems of viscous heat-conductive ideal gases,

3) the Broadwell model system of the Boltzmann equation for a simple discrete
velocity gas.

For scalar conservation laws with viscosity, I1’in and Oleinik [4] already proved
the asymptotic stability of traveling wave solutions for initial disturbances with
integral zero. They also showed that if the integral of the initial disturbance over
(— o0, x] decays exponentially e ** (with some o > 0) for | x| — o, then the solution
approaches, in the maximum norm, the traveling wave solution at an exponential
rate e P (for some f§ > 0) as t —» co. The maximum principle plays an essential role in
their proofs and so it is not straightforward to generalize these results to systems.

Recently, using an explicit formula of solutions, Nishihara [8] obtained a precise
estimate of solutions to the Burgers equation. This estimate shows that if the integral
of the initial disturbance over (— oo, x] has an algebraic order O(| x|~ %) (with some
o> 0) for |x|— oo, then the solution converges, in the maximum norm, to the
traveling wave solution at the same algebraic rate ¢~ * as t — co. He also notes that
this time decay rate is optimal in general.

In Sect. 1 we generalize Nishihara’s time decay result to a class of scalar conserva-
tion laws with viscosity. We assume that the initial disturbance has zero integral.
We also assume that the integral ¥,(x) of the initial disturbance over (— oo, x]
is suitably small in H? and belongs to a weighted L* space L? (with some a > 0),
that is, (1 4 |x|)¥>¥W,el?. Then it is proved that the solution converges, in H!
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norm, to the traveling wave solution at the rate t ~#/? with g = [«] as t — co. When «
is an integer, the exponent /2 of the time decay rate is equal to the exponent a/2 of
the spatial decay rate of the integral ¥,(x). Comparing this with Nishihara’s result,
we conjecture that the time decay rate obtained is optimal in our L? situations. To
prove the above time decay result, we consider weighted L2 spaces and use an energy
method for the integrated equation which is derived on the basis of the conservation
form of the original equation. The energy method works for the integrated form but
does not for the original equation. The reason is because the monotonicity of the
traveling wave solution gives a dissipative mechanism for the integrated equation
but it produces an acceleration effect for the original equation. (See, for example,
the Introduction of Goodman’s paper [3].) This dissipation combined with the
viscosity is sufficient to prove the stability of traveling wave solutions.

In Sect. 2 we treat the system of viscous heat-conductive gases in Lagrangian
coordinates. The system consists of three conservation laws for the specific volume v,
the velocity u and the total energy e + u?/2, where e is the internal energy. The
existence of traveling wave solutions for this system is well investigated by Gilbarg
[2] in general situations including the case of an ideal polytropic gas, i.e., the case
where the pressure p and the internal energy e are given by

p=RO/v and e=RO/(y— 1)+ constant,

respectively. Here 0 is the absolute temperature. The constants R >0 and y >1
denote the gas constant and the adiabatic exponent, respectively.

In the isentropic case, the pressure is given by p = Cv ™7 with a positive constant
C and the above equations can be reduced to a system of two conservation laws for v
and u. For this system, the asymptotic stability of traveling wave solutions was first
proved by Matsumura and Nishihara [6]. More precisely, they assume that the
initial disturbances for the conserved quantities v and u have zero integrals.
Moreover, they assume that y — 1 times the shock strength of the traveling wave
solution is suitably small and that the integrals of the initial disturbances over
(— o,x] are small in H?. Under these conditions they proved that the solution
converges, in the maximum norm, to the traveling wave solution as ¢t — co. The
above condition for the traveling wave solution is the same type as those in Nishida
and Smoller’s paper [7] for the non-viscous case and in [10] for the viscous case. It
should be noted that this condition does not exclude the case of strong shock when
the adiabatic exponent y is close to 1.

In Sect. 2 we generalize Matsumura and Nishihara’s result for the system of an
isentropic gas to the full system of an ideal polytropic gas. The result and the method
are much the same asin [6]. We use an energy method for the integrated system. The
advantage of the integrated form is even the same as in the scalar equation. In this
case, however, there is a difficulty that the system considered is not parabolic, i.e., the
viscosity matrix for the system is not positive definite. In fact, the second and the
third equations of the system can be regarded as parabolic equations for the velocity
uand the absolute temperature 6, respectively, while the first equation for the specific
volume v is not parabolic but hyperbolic. This difficulty of incomplete parabolicity
can be overcome by using the technique which was developed in [11, 10] to prove
the asymptotic stability of constant stationary solutions for the same system. There
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also appears a technical difficulty: while the conserved quantity for the third
equation is not the absolute temperature but the total energy, the equation cannot
be regarded as a parabolic equation for the total energy. Such a difficulty does not
appear in the system of an isentropic gas considered in [6]. This difficulty will be
overcome by approximating the perturbation of the absolute temperature by a new
conserved quantity for which the integrated equation restores the parabolicity.
Consequently, the stability analysis for the system considered here is much more
complicated than those for the scalar parabolic equation and for the parabolic
system considered in [3].

In the last section, we consider the Broadwel model system of the Boltzmann
equation for a simple discrete velocity gas. This system consists of three equations.
Only two of them can be reduced to conservation laws and hence the whole system is
not of conservation form. The conserved quantities are called, as in the kinetic
theory, the hydrodynamical moments; for the present system, they are the mass
density and the momentum. The existence of traveling wave solutions for the system
is well studied by Caflisch [ 1], though there have been no works on their asymptotic
stability. In this paper, we apply an energy method similar to that in [6] or in Sect. 2
and show the asymptotic stability of traveling wave solutions. We assume that the
initial disturbances for the hydrodynamical moments have zero integrals. We also
assume that the shock strength of the traveling wave solution is suitably small.
Moreover, suppose that the initial disturbance for the non-conserved quantity
and the integrals of the initial disturbances for the hydrodynamical moments are
small in H' and H?, respectively. Then it is proved that the solution converges, in
the maximum norm, to the traveling wave solution as t — co. To prove this, we
use the system which is derived from the original system by integrating the equa-
tions for the hydrodynamical moments. The energy method does work for this
partially integrated system. But the system is purely hyperbolic, and the dissipation
involved in the system seems to be weaker than that in the incompletely parabolic
system considered in Sect. 2. So, the stability analysis is complicated.

Notations

We summarize the function spaces used in this paper. I? denotes the space of
measurable functions on R which are square integrable, with the norm

1A 1= (§1f Co)lPdx)* 2.

H'(l 2 0) denotes the Sobolev space of I*-functions f on R whose derivatives
dif,j=1,...,l are also I?-functions, with norm

1 1/2
= g, 1etn12)"

L2(xeR) denotes the space of measurable functions f on R which satisfy
{(x)*?fel?, with the norm

[fla=(J<x D% f(x)12dx)2,
where (x> = (1 +|x|?)"/2. Note that L2=H°=LZ and |- || =|"llo=1"lo-
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Let T and B be a positive constant and a Banach space, respectively.
C*(0, T; B)(k = 0) denotes the space of B-valued k-times continuously differentiable
functions on [0, T]. L*O, T;B) denotes the space of B-valued L?-functions on
[0, T]. The corresponding spaces of B-valued functions on[0, o) are denoted by
CK0, oo; B) and L*(0, oo; B), respectively.

1. Scalar Conservation Laws with Viscosity

1.1. Traveling Waves and Main Theorem. In this section we study a scalar
conservation law of the form

U+ f (W) = ik, (1.1)
where f is a smooth function on an interval [u, @] such that
f"w)>0 forall wuelui], (1.2)

and u is a positive constant.
The Eq. (1.1) admits smooth traveling wave solutions with shock profile

u(t,x)=U(), &=x—st, (1.3)
U¢)-»u, as ¢-+too, (1.4)

where u, e(u, i) and s (the shock speed) are constants satisfying the Rankine—
Hugoniot condition

Sy —u-)=fluy)—flu), (1.5)
and the shock condition
fluy)<s<f'u-), (1.6)
or, equivalently,
Uy <u_. (1.6")
In fact the function U can be determined by the ordinary differential equation
pUg= —sU+ f(U)+a=— M), 1.7
where a = — su, + f(u,)is the integral constant. Note that the solution of (1.7) with

condition (1.4) is unique up to a shift in ¢,
We consider the initial value problem for (1.1) with the initial condition

u(0, x) = ug(x), (1.8)
where u, is a bounded measurable function such that
Uo(x)>u, as x-— +oo, (1.9)

and the integrals

+ o0

f (uo(x) —u_)dx and | (uo(x)—u,)dx

exist. Under these assumptions II'in and Oleinik [4] proved that as t— oo, the
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solution u(t, x) of the problem (1.1), (1.8) tends uniformly with respect to xeR to the
traveling wave solution U(x — st) which is uniquely determined by the relation
+ oo
| (o —U)(x)dx =0. (1.10)
Our aim is to show an algebraic decay rate t~’(y > 0) under some additional
assumptions. Let U be a traveling wave solution. We assume that
u,— UeH?, (1.11)

and the integral
¥o(x) = _f (o — U)(y)dy (1.12)

exists for any xeR, and satisfies
Y,eL? for some «=0. (1.13)

It should be noted that (1.11) and (1.13) imply (1.9) and (1.10).
Since f in (1.1) is defined only on [u, ], it is reasonable to assume

uo(x)ef[u,u] for any xeR. (1.14)
In the following we simply assume ||uy — U ||; < ¢, instead of the condition (1.14),
where ¢, is a positive constant such that
goSmin{u, —u, u—u_}. (1.15)
The main theorem in this section is the following:

Theorem 1.1. Let u, €(u, i) and s satisfy (1.5) and (1.6), and let U(x — st) be a traveling
wave solution which smoothly interpolates the asymptotic values u, with the speed s.
Suppose that the initial data u, satisfy (1.11) and (1.13) for some o =0. Then there
exists a positive constant ¢,( < ey) such that if |ug— Ul + | ol = &, the initial

value problem (1.1), (1.8) has a unique global solution u(t, x) with
u—UeC%0, 0c0; HY)n L0, 00; H?) (1.16)
u(t,x)e[u,i] for any t=0,xeR. '

Moreover, the solution tends in the maximum norm to the traveling wave solution at the
rate t~Y% with y = [o]:

suplu(t,x) — U(x —st)| < C,(1 + )" "*(Jug — U, +|¥l,) forany =0,

xR (1.17)

where C, is a positive constant.
For the proof, we need some properties of traveling wave solutions. Let

u,e(u,,u_) be a unique state determined by

Sfu)—flu)

U, —u_

N

zfl(u*)9

and let U = U(¢) be the traveling wave solution in Theorem 1.1. Since M(u) =
sw—u,)—(f@w)—f(u,))>0 for ue(u,,u_), U is strictly decreasing in CeR.
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Therefore there exists uniquely number &, eR such that
U(E,) =u,. (1.18)

The following result plays an important role in deriving estimates of weighted norm
of solutions (see Lemma 1.6).

Lemma 1.2. For any Be[0,a], there is a positive constant c, independent of f such
that

AfO)=3{BE =)L =0T s = (U) ==& f'(U)e} 2 Bey (1.19)
for any EeR, where (&Y = (1 + )12,
Proof. From the inequality U, < 0 (for {€R) and the conditions (1.2), (1.18) and (1.6)
we can deduce that g(&) = s — f'(U(&)) is an increasing function of £€R, and satisfies
9(¢,)=0,g'(¢,) > 0,and g({) —» g+ > O(respectively g_ < 0)as & — + oo (respectively
—o0), where g'(¢,) = p~ ! f"(u)M(u,) and g, = s — f’(u,). Therefore,

19(EJ(E— &) for & near &,
c otherwise,

(5—6*)<5—5*>‘1(S—f'(U))§{

where ¢ is a positive constant. On the other hand, —<{¢—¢,0f'(U),=
E=E,59(6)>0 holds for £eR, and in particular,— (& — &, f'(U), 2 g'(¢,)/2
for & near £,. These considerations prove the lemma.

1.2 Reformulation of the Problem. Letting U(&) be the traveling wave solution in
Theorem 1.1, we put

Ult,x) =U() + y(t, &), E=x—st. (1.20)

Then the problem (1.1), (1.8) is reduced to
Vo= sYe+ {/(U+¥) — f(U)}e = mhee, (1.21)
¥(0,8) = Yo(é) = (uo — U)(&)- (1.22)

Inspired by the relation y, = ¥, . (see (1.12)) we seek the solution of (1.21) in the
form

Y=Y (1.23)
Substituting it into (1.21) and integrating once with respect to &, we get
Y, —s¥:+f(U+¥)— f(U)=pnY, (1.24)
with the initial data
#(0,8) = Po(d). (1.25)

Let us define the solution space of (1.24) by
X(0,T)={¥PeC°0, T;H?*);, ¥ L*(0, T; H*)}

with 0 < T £ + oo. Then the problem (1.24), (1.25) can be solved globaly in time as
follows.

Theorem 1.3. Suppose W,eH* n L2 for some o = 0. Then there exist positive constants
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&,( S gp) and C, such that if | ¥y ||, < €5, the problem (1.24), (1.25) has a unique global
solution YeX (0, + oo) satisfying

L+ eI P@O13 + 5)(1 +1) | W) 13dr S AU Wolz + | WoellD)  (1.26)

for t 20, where 0 <y < [o].

Here we note that Theorem 1.1 is a direct consequence of Theorem 1.3 because
the solution of (1.1) is unique in the function space C°0, T;H')nL*0, T; H?).
Therefore it is sufficient to prove Theorem 1.3 for our purpose. To do that, we shall
combine a local existence result together with a priori estimates.

Proposition 1.4 (local existence). Suppose WoeH? and | ¥, ||, < &o/2. Then there is
a positive constant T, depending on &, such that the problem (1.24), (1.25) has a unique
solution YeX(0, T,) satisfying

I#@)13 + (ft) I L) 3dT < 4] %3 (1.27)

for te[0,T,]. Moreover, if ¥oeL? for some a=0, then ¥YeC°0,Ty;L2) and
¥.eL*0, Ty; L2).

Proposition 1.5 (a priori estimate). Let T be a positive constant. Suppose that
the problem (1.24), (1.25) has a solution ¥eX(0,T) satisfying ¥eC®O0, T;L2)
and W.eI*(0,T;L?) for some a2 0. Then for each Be[0,«], there exist positive
constants ¢3(<¢y) and Cs, which are independent of T and f, such that if
sup || P(t)|l, < &5, then the estimate

0<t=<T
A+ PO+ i(l +1) | #(0) [3dr < C3(1 Wolf + | PoellD) (1.28)

holds for te[0, T], where 0 <y < [F].

Proposition 1.4 can be proved in the standard way. So we omit its proof.
Proposition 1.5 will be proved in the following two subsections. Here we show
Theorem 1.3 by the continuation arguments based on Propositions 1.4 and 1.5.

Proof of Theorem 1.3. Choose ¢, and C, such that ¢, = min{e;/2,¢,/2C5}, C, =
C;. Then the local solution of (1.24), (1.25) can be continued globally in time,
provided the smallness condition ||%¥,|,<¢, is satisfied. In fact we have
|| Woll 2 < ¢, < &5/2. Therefore, by Proposition 1.4, there is a positive constant T, =
To(e5) such that a solution exists on [0, T,] and satisfies || P ()], 2| Poll, S &5
for te[0, T,]. Hence we can apply Proposition 1.5 with T = T, and get the estimate
(1.28) for te[0, Ty]. In particular, putting f =0, we have || P(t)], < C; || ¥, |l for
te[0, T,]. Noting that || ¥(Ty) || , < Cs¢, < &5/2, we apply Proposition 1.4 by taking
t = T, as the new initial time. Then we have a solution on [T, 2T, ] with the estimate
PO, =21 P (Ty) |, <&y for te[T,,2T,]. Therefore | ¥(t)||, <é; holds on
[0,2T,]. Hence Proposition 1.5 again gives the estimate (1.28) for te[0,2T,]. In the
same way we can extend the solution to the interval [0, n T, ] succesively,n =1,2,...,
and get a global solution. The estimate (1.26) is a consequence of (1.28) with = a.
This completes the proof of Theorem 1.3.
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1.3. Basic Inequalities. Let ¥e X(0, T) (for some T > 0) be a solution of (1.24), (1.25)
satisfying WeC®0, T;L?) and ¥,eL*0, T;L?) for some o > 0. Put

N(t)= sup | ¥(v)||, for te[0,T],

0st=t

and assume N(T)=<¢,, where ¢, is a constant in (1.15). In order to estimate the
solution, we rewrite Eq. (1.24) in the form

¥, — (s~ [(U) ¥ — n¥ee = F(U, P, (1.29)

where

FU¥) = —{f(U+ ) —fU)=f"(UW}. (1.30)

Lemma 1.6. Forany f3,y€[0, «], there is a positive constant C independent of T, § and
y such that

(1+ 1y PO + Bi(l + 1| ()3 de + i(l + 1) P 1) | 3dr
< C{I Poli + V(jt;(l + 07 P(O)pdr+ Bi(l +1)7| Po) | *de

+5)§(1 + 1) CEF | PIF(U, ‘Pg)ldédr} (1.31)

holds for te[0, T].

Proof. Let &, be the constant in (1.18). Multiplying (1.29) by (1 + ¢)’<{ ¢, M,
we have

(B +07CE =62, = 2y 7 (e g )0
FHDCE=EDT T ALDY 4 (1 + 1) (= EMWE
Bl 17 CE = E P THE = ENF W+ )
=1+ &= ENPP-F(U, P, (1.32)

where A,(¢) is defined in (1.19), and {- -}, denotes the term which disappears after
integration with respect to £eR. Integrating (1.32) over [0,¢] x R and using the
estimate (1.19), we have

(1417 ‘P(t)lf; + ﬁi(l + 1) ?’(r)lﬁ_ldr + i(l + 1) 'f’é(‘[)lﬁd‘c
gc{l ‘Pol,%ﬂi(l +r)y-1w'(rn;dr+/3(fg§(l L P did

oo vFw. q@mﬁdr} (1.33)

with some constant C. To get the desired estimate (1.31), we must estimate the third
term on the right-hand side of (1.33). Using Schwarz’ inequality, we have

p

/9C§<§>”’_1|‘1“1’¢|d5§5|‘1’l,§_1 + BC[(EY WAL
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with a constant C. We choose a constant R so large that «C{¢> ™1 < 1/2 for any
|£] = R, and divide the integral on the right-hand side into two parts I, and I,
according to the regions ||= R and |£|<R. Then we have the estimates
I, <3| ¥} and I, <pC| ¥|* with some constant C. Substitution of these
estimates into (1.33) yields (1.31). This completes the proof of Lemma 1.6.

For derivatives of the solution, we have the following estimates.

Lemma 1.7. Let |=1 and 2. For any ye[0,a], there is a positive constant C
independent of T and vy such that

L+ 07PN + [(1+27 | 0L P())2de
0
gc{uag%nui(l L W) |2 de

+fj(1 +7)0 oL (U, ‘Pg)ldfdr} (1.34),
0

holds for te[0, T].

Proof. Letl=1and 2. Apply 0% to(1.29) and multiply it by (1 + t)? 0} V. Integrate the
resulting equation over [0, t] x R. Then we can get the desired estimate (1.34), in the
same way as in the previous lemma. The details are omitted.

1.4. A Priori Estimate. We proceed to estimate the solution of the problem (1.24),
(1.25). Put

Ny=|%¥ls+ [ Poell; for a=0.
We first take f =7y =0 in the inequalities (1.31), (1.34); and (1.34),, and combine

them successively. Then we have

102 +§u ¥,(1)) 2dr < C{Né +j)§(| Y|4 | el FU, %))

+ | Weeel | F(U, Wé)émcdr}.

Since F(U, ¥;) = 0(| ¥,|?) for | #| - 0 (see (1.30)), the integral on the right-hand side
is majorized by

CN<r)j) | o) 2de

with some constant C = C(g,), where we have used N(T) < ¢,. Therefore we arrive at
the following lemma.
Lemma 1.8. There are positive constants e,( < &y) and C = C(e,) independent of T
such that if N(T) < e,, the estimate (1.28) with f =7y =0 holds for te[0, T]:
t
I3+ [1¥:(2) [3de < CNG, (1.35)

Next, combining (1.31) with (1.35), we derive the decay estimate for I2-norm of
the solution.
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Lemma 1.9. Let ye[0,a] NZ. There are positive constants es( < ¢,) and C = C(es)
independent of T and y such that if N(T) < ¢, then

t t
A+ TPOR-,+ @ =D [A+ ) P@)F-, - 1dt+ [(1+ 07| Pe(0)|; -, de < CN;
0 0
(1.36)
holds for te[0, T]. Consequently, for any 0 <y < [o], the following estimate holds:

L+ PO+ j(l + 1) || Pe(1) | *dr < CN;. (1.37)
0

Proof. We first estimate the last integral on the right-hand side of (1.31). If
N(T) £ ¢, it is majorized by

CN(t)i(l +17)| We(0)3de

with a constant C = C(g,). Therefore, for suitably small N(T), say N(T) £ ¢s, the
inequality (1.31) becomes

L+ P()I; + ,Bi(l + )| P()|f- dTt+ 5)(1 +1)| Pe(r)[fdr

< C{l olj +yi(1 + 1) P () |Fdr + Bi(l +7)7| 'I’g(‘c)llzdt} (1.38)

with a constant C = C(es).

Step 1. Letting f = a and y = 01in (1.38), we have (1.36) with y = 0, where (1.35) was
used. Therefore the lemma is proved for o <1.
Step 2. Firstly, letting § =0 and y = 1 in (1.38), and using (1.36) with y = 0, we have
(1.37) with y = 1, where a = 1 is assumed. Secondly, letting f=o—1 and y=1in
(1.38), and using the estimates (1.36) with y =0 and (1.37) with y = 1, we have the
desired estimate (1.36) with y = 1. Therefore the proof is completed for o <2.
Step 3. We repeat the same procedure as in Step 2. The estimate (1.38) (with =0,
y =2) together with (1.36) (with y=1) yields (1.37) (with y=2), where o =2 is
assumed. Also, (1.38) (with f=oa —2, y =2) together with (1.36) (with y = 1) and
(1.37) (with y =2) yields (1.36) (with y = 2), which proves the lemma for « < 3.

Repeating the same procedure, we can get the desired estimate (1.36) for any
o = 0. This completes the proof of Lemma 1.9.

Finally, we show the same decay rate ¢t~ "2 for derivatives of the solution.

Lemma 1.10. Let =1 and 2. For any 0=y <[a], there are positive constants
e6( = &5) and C = Cleg) independent of T and y such that if N(T) < ¢, then the decay
estimate

t
I+ 0710 ¥O1* + (f)(l +1)"[10¢" ! P(n)l|*dT < CNZ (1.39),

holds for te[0, T].
Proof. We combine (1.34), (I = 1,2) and (1.37). If N(T) < ¢,, the last integral on the
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right-hand side of (1.34), is majorized by
5) (L4177 Pd7) | 1dr.
Therefore, for suitably small N(T), we have
A+ P + g(l + 0| Pelo) 1 2dr < C{ Io.ell* + j)(l + 1) W7 | de}.

This inequality together with (1.37) gives the desired estimate (1.39),. Similarly, we
can obtain (1.39), using the estimates (1.34),, (1.37) and (1.39),. This completes the
proof of Lemma 1.10.

Now, the estimate (1.28) follows directly from (1.37), (1.39), and (1.39),. There-
fore the proof of Proposition 1.5 is completed.

2. Systems of Viscous Polytropic Gases

2.1. Traveling Waves and Main Theorem. The one-dimensional motion of a viscous
heat-conductive polytropic gas is described by the following system of equations in
Lagrangian coordinates:
v,—u, =0,
ut + px = (:uux/v)x’ (21)
(e + u?/2), + (pu), = (x0,/v + puu,/v)..,
where the unknowns v >0, u and 6 > 0 represent the specific volume, velocity and

absolute temperature of the gas, respectively. The pressure p and the internal energy
e are related with v and 0 by the equations of state

p=RO/v, e=RO/(y— 1)+ constant, 2.2)

where R >0 is the gas constant and ye(1,2] is the adiabatic exponent. The
coefficient of viscosity and heat-conductivity, u and x, are assumed to be positive

constants.
The system (2.1) admits smooth traveling wave solutions with shock profile

(v, u,0)(t, x) = (V, U, O)(C), §=x—st, (23)
V,U,0)(&)—(v,,u,,0,) as &+ oo, (24)

where v, >0, u,, 6, >0 and s are constants satisfying the Rankine-Hugoniot
condition

—swy —v_)—(uy—u_)=0, (2.5)
=8y —u_)+ (s —p-)=0,
—s{(es + 12/~ (- + U2/} +(pyus —p_u_)=0,

and Lax’s shock condition that
either A <s<Ai] or A7 <s<Aij, (2.6)

where 1, = — (yRO)Y2/v, A, =0 and A, = (yRO)*/?/v are characteristic roots of the
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hyperbolic system associated with (2.1) (i.e., the system (2.1) with u = x = 0). In (2.5)
and (2.6) we use the abbreviations p, = R0, /v, ,e, = RO, /(y — 1) + constant, A =
—(yRO,)"?/v, and A3 =(yRO,)"*/v, . Note that (2.6) is equivalent to

u, <u_ (ors(wy —v_)>0). (2.6"

The functions (V, U, ®@) are determined by

—sV—U=a,,

{—sU+P=uU¢/V+a2, 2.7
—S(E+U?/2)+ PU=xOV +pUU,/V +a,

where P=RO/V and E=R@O/(y —1)+constant, and a, = —(sv, +u,), a,=

—su, +p, andas; = —s(e, + uzi /2) + p,u, are the integral constants. The system
(2.7) is transformed into ([2])

suVe/V = —{P + s*(V — b, /s)},
{K@g/SV = —{E—(s*/2)(V — by/s*)* + b}/2s* — b,},
U= —(sV +ay), (2.8)
where b, = —sa, +a,=p, +s*v, and b, =(sa}/2—a,a,—a)/s=e, +p v, +
s?v?% /2. See [2] for the existence and uniqueness (up to a shift in &) of the solution of
(2.8) with the condition (2.4).

We consider the initial value problem for (2.1) in a neighborhood of a traveling
wave solution, with the initial data

(Ua u, 0)(0, x) = (UOa Up, 00)(x)
Let (V, U, ®) be a traveling wave solution with shock profile. We asume, as in Sect. 2,
that

(v —V,ug—U,0,— O)ecH?,
and the integrals

X

Do) = | (vo— V)Y, Pol)= | (o — U)(y)dy,

— o - o0

Wo(x) = _L (eo +u3/2)(y) — (E + U?/2)(y)dy
exist for any xeR, and satisfy
(@o, ¥y, Wo)eL?,
where W, = (y — 1)(W, — U ¥,)/R. In the above we put e, = Rf,/(y — 1) + constant.
Here we note that (2.10) and (2.12) imply the relations

00— Vdx =0, [ (o — U)(x)dx =0, 2.13)

+joo(eo + ud/2)(x) — (E + U?/2)(x)dx = 0.

-

Let v < 5,4 and 0 < @ be any fixed positive constants. Suppose that the constants
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v,,u, and 0, in (2.5) and (2.6) satisfy the following inequalities uniformly with
respect to ye(l 2].

v=v, <0, |uy|<u, 0560,=<0 (2.14)

As in Sect. 1, we choose a positive constant ¢, such that
&o < min {v, 0}, (2.15)
and assume [lv,—V,0,— O |, <¢, instead of the condition inf {vy(x),f(x);

xeR} > 0.
The initial value problem (2.1), (2.9) is solved globally in time as follows.

Theorem 2.1. Letv,,u,,0, and s be given constants satisfying (2.5), (2.6) and (2.14),
and let (V,U, ©)(&), & = x — st, be a traveling wave solution which smoothly inter-
polates the asymptotic values (v, ,u,0,) with speed s. Suppose that the initial data
(vg,Ug, Bo) satisfy (2.10) and (2.12). Put

No=lvo—V, uo—U,(0p — @)y = 1)'2 |1 + || @0, ¥o, Wo/(y = ']

Then there exist positive constants 6, and ¢,( =< g,), which are independent of ye(1,2]
and (v, ,u,,0,), suchthat if (y — )|lv, —v_| < d; and Ny < &, then the initial value
problem (2.1), (2.9) has a unique global solution (v, u, 0)(t, x) with
v—VeC%0, 0; H)NIX0, c0; HY),
{(u—U,9—@)ECO(O,oo;H‘)mLZ(O,oo;HZ), (2.16)
inf {v(t, x), 0(, x); t =2 0, xeR} > 0,

Moreover, the solution tends to the traveling wave solution in the maximum norm:

sup [(v,u,0)(t, x) — (V,U,@)(x —st)| >0 as t—o0. (2.17)
xeR
For the proof, we need some properties of traveling wave solutions. We first note
that the Rankine—Hugoniot condition (2.5) gives

§ = yR@‘ 5.) 9+=9_(1—”+:"“5+> (2.18),
forv, —v_>0, and
R .
2RO 5 0 =0, < "*:" 5_> (2.18),
+

for v, —v_ <0, where 5¢ =di/(1 +d,) withd, =@ — Dfv, —v_|/20,.

Lemma 2.2. The traveling wave solution (V,U, ©)(%) satisfies sV;= —U,>0 and
50, <0 for any (eR. Moreover there is a constant C independent of ye(1,2] and
(vy,u,,0,) such that for £eR,

{I V.’,‘I;IV<§§|’|@§¢| = C|1J+ —l)ﬁ|,

2.19
10 S Clo— Do, —v_|, [O/Vel<Clr—1), (219)
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The estimates in (2.19) can be shown by direct calculations. We omit the proof.

2.2. Reformulation of the Problem. Setting

,u,0)(t,x) =V, U, 0)() + (&, ¥, W)(,{), E=x—st, (2.20)
we rewrite the problem (2.1), (2.9) in the form
b —sp.—Y:=0,

O+w O\ | pu U U
nesher R 7>J{m"’é+<m—9”¢};

R L R L2 O+w
<mw+5¢2+U¢>,—S(V— W +U¢>¢+R{V+¢I//

1
O+w O K K K
* < V+o _7>U}€= {V+ o (V+ ¢ —T/>@C}
u
+{V+¢(W5+ Uy + Uén//)+<V+¢ V)UUﬁ}é (2.21)
(d)’ lpa W)(O, é) = (¢09 !//05 WO)(‘S) = (DO - V’ Up — Ua 00 - @)(é) (222)
It should be noted that the third equation of (2.21) is reduced to

R O+w O+w O
—_—1( SW@)'*‘R V+¢) l// +R<m—7>U§

_f o= K N A
e e e L O i

(2.23)
Equation (2.23) is not of conservation form but it is regarded as a parabolic equation
in w.

Set W = (o +5/2) — (E+ U?/2) = Rwo/(y — 1) + ¥3/2 + Uypo.  Then, from
(2.11), we have (¢o, Yo, Wo) = (D, : o, éWO o). Taking it into account, we seek the
solution of the problem (2.21), (2.22) in the form

(DY, W) = (@, P, W), (2.24)

where W = Rw/(y — 1) + ¥2/2 + Uy. Let us introduce

-1 .
W= Y—R—(W— UY). (2.25)
Using this W, we can write w in the form
w=W,+ (Ué —1y?) with ¢ =¥, (2.26)

Substituting (2.24) into (2.21) and integrating once with respect to &, we get the
system for (@, ¥, W):
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@, — 5@, — ¥, =0,
O+ (]
b5t R( g = ) =g et (g = Vs

Vid, V) V+ @ Vio, V
R O+w
'y—_‘—l(W,—SWQ SUC‘{’-'_RV q){'f’

K K K
- ~%)o.+ W+ UL, 227
V+(D§W<+<V+<D¢ V) v+ cp( Fet UFe, (22D

with w given by (2.26), where we have used the relation (2.25). The initial condition
for (2.27) is
(D, ¥, W)(0,8) = (Do, ¥o, Wo)(©). (2.28)

Before introducing the solution space, we first rewrite the system (2.27) in the
form

@,—sq—'{g:o

—1
¥, —s¥, (b1 )(D+ Wc l:,q':é"' UW=F,,

{ R
yj(W,—sWé)+(b1—szV)'{’é V<W§+ U'P)é—sUE‘[’

K
+57 00 =F, (2.29)

where F, and F, are nonlinear terms with respect to (@, ¥, W); they are expressed in
terms of (¢, Y, w) only, that is,

y—1 ¢

F,= % ‘ﬁz_ (V—I—qb){(bl V) — RW+MD.:}
{F,=— "(” )Wg Vﬁ(p (by —s*V)$ — Rw + i)
Ko 1
‘W(Wﬁ_?@i‘p)' (2.30)

In the above derivation, we have used the equality (RO — uU,)/V="b, — s>V (see
(2.8)). From (2.29) and (2.30) the equations of ¥ and W can be regarded as a
parabolic system, provided | ¢, y| is small enough.

From these considerations we can define the solution space of the problem (2.27),
(2.28), as follows.

X(0,7)={(®, ¥, W)eC°(0, T, H?); @, L*(0, T; H"), (¥, W)€ L*(0, T; H?)}.
Then we have the following
Theorem 2.3. Suppose (@,, ¥y, Wo)eH?. Then there exist positive constant §,,

¢)(S¢p) and C, independent of ye(1,2] and (v,,u,,0,) such that if
0 —=Dlvy —v_| <5, and
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No =@y, Po, Wo/(y — )2 || + [ pos Yos Wo/(y — D2 | S e,
then the problem (2.27), (2.28) has a unique global solution (@, ¥, W)e X (0, + o0)
satisfying

1@, ¥, W[y = DVO 17 + (s, w/ly — DV |17
+(§) V(W — D)@ + @)1 + [, W) I3dr < C3NG (2.31)

for te[0, o), where (¢, W, w) is defined in (2.24) and (2.26), and (¢, W, Wo) is the initial
value corresponding to (¢, ¥, w) (see (2.22)).

The function (¢,¥,w) in Theorem 2.3 becomes a global solution of the
problem (2.21), (2.22), which belongs to the space specified in Theorem 2.1. Thus we
have a desired solution of the original problem (2.1), (2.9). On the other hand the
solution of (2.1) is unique in the above space. Therefore the proof of Theorem 2.1 is
completed.

From these considerations, it is sufficient to prove Theorem 2.3 for our purpose.
The local existence of a small solution of (2.27), (2.28) can be shown in the standard
way (cf. [19]). So, for the proof of Theorem 2.3, it suffices to show the following a
priori estimates, because the continuation argument used in the proof of Theorem
1.3 is also applicable to this case

Proposition 2.4. (a priori estimate). Let (@, ¥, W)eX (0, T) (for some T >0) be a
solution of the problem (2.27), (2.28). Put

N®) = sup { (@, ¥, W[y — D)@ + 1, ¥, Wy = 1)) (@)} (232)

0<t<t

Jor te[0, T]. Then there exist positive constants 05, e5( < ¢g,) and C,, which are
independent of T,ye(1,2] and (v, ,u, ,0,), such that if (y — 1)[v, —v_| < 65 and N(T)
< ¢,, then the following estimate holds for te[0, T].

N@)* + j) V2, Wy = DY@ + [ 9(0) (13
+ (W, w)(D)lI3de = C3NG. (2.33)

2.3 A Priori Estimate, 1. Let (@, ¥, W)e X (0,T) (for some T> 0) be a solution of
the problem (2.27), (2.28) satisfying N(T) < ¢,, where ¢, is a constant defined in
(2.15). In the following, we use the symbols C, ¢, d,...to denote the constants which
may depend on v, 7,4, 8 and § but not on T,ye(1,2] and (v, ,u,,0). We first show
the estimate for the I>-norm of the solution.

Lemma 2.5. There are positive constants 6, and C such that if (y — 1)|v, —v_| £ d,,
then

(@, %, W/ — D)0 + :f)il [Vel"2(P, W /(y = )'2)(1) |2
+ W W@) [ 2dr — C(y — Dlo, —v_ |£ll¢(f) I2dz

< c{u Do, W, Wo/(y— 1) + g [IP1F [+ (W] IFzIddfdr} (2.34)
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holds for te[0, T].

Proof. Putting k(V)= (b, —s*V)~ !, we multiply the equations of @, ¥ and W in
(2.29) by @,k(V)V¥ and Rk(V)*W, respectively, and calculate their sums. Then
we have

E(D,¥, W), +E,(V,¥:)+ Es(W, W)+ G(¥, W, D, W,)
+{~~}§=k(V)V‘I’F1+Rk(V)2WF2, (2.35)
where
1 2 2 R2 2 2
E(D, Y, W)=§ o +k(V)VY +y—_—1k(V) W25,
E,(¥,¥,)=A ) s uk(V)‘I’§ + pk(V): V¥,
with 4 = %(k(V)V)¢ + (= Dk(V)U,,

sR? 2 k(V)?
TRV )W 4 R

Ey(W, W) = Wi,

k(Vy? k(Vy? —1
G(‘I’,VK(Di,Wg)=x(y—1)(—V)—U§'1’W¢+KR< (V) ) W<W§+y—R—U§‘P>
4

k(V)
+ KR—VZ— @i W(Dé,
and {---} . denotes the term which disappears after integration with respect to £eR.
Here we have used the equality k(V), + sk(V)*U, =0 to simplify the term ¥ W.
We shall estimate the functions E,, E,, E; and G by using the properties of the
traveling wave solution. We first note that

p.Sk(V) '=b —s*V<p, for ssO, (2.36)
where p, = RO, /v, . By virtue of this inequality, we have
2 WZ
c<<D2+‘I’2+ W1>§E1§C<<D2+ P2+ 1>, (2.37)
Y Y
2
Ey2> c(l Vgly T + Wg), (2.38)

with some positive constants ¢ and C, where k(V), = s*k(V)*V, and sV, >0 are
used in (2.38). Next, for any o > 0, there is a constant C, such that

W2
+w@>+c4w-nw+—04{ng<wz+y_l>+a§}
(2.39)

2

W
Gl =af |V,
||_a<|ay_1

where we have used the inequalities in (2.19).
Finally we show that suitably small (y — 1)|(vy —v_|, say (y — D|v, —v_| £,
there is a constant ¢ = ¢(d) > 0 satisfying

E,2c(|V,| P2+ P2). (2.40)
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For this purpose it is sufficient to check the inequalities
infA/|Ve[>0 and supD/|V¢ <0 (2.41)
4 3

for suitably small (y — 1)|v, —v_|, where
D = p{ulk(V)e|> — 4A4k(V)}
is the discriminant of E, with respect to (¥, ¥,). By direct calculations, using (2.8),

we have

ANV =SI0PA, DVil = — iskD,

where
A=b,—2(y—Dk(V)™', D=b, +s*ROKV)+k(V) ! —d(y— Dk(V)™ 1,
with b, =p, +s?v,. We estimate 4 and D by using the inequalities (2.36) and

0, < @ <0 (for s 2 0). By the relations in (2.18), , there is a constant C such that
for s 20,
S22 ypfv, —CoO—Dlv, —v_|, 0,20, —Clr—1)o, —v_|.

Taking into account these inequalities, we get the following estimates for s 2 0.
(s +5%0) =20 — Dps 2B = RO fo, — Cly — Dlvy —v_|,
(ps +5%05) +5*RO, /pz — 4y — Dp;
(5~ 2RO /v, — Cy— vy —v_],
where C is a constant. Choose d so that 2C§ = R@/i. Then we have 4, D > R/2 for
(y — D]v, —ov_] £ 9. This inequality together with (2.36) implies (2.41), and conse-
quently the desired estimate (2.40).

Now, let « in (2.39) be o« = c/4 and put é, = min {J, ¢/4C,}. We then integrate
(2.35) over [0,t] x R and use (2.37) ~ (2.40) to obtain the desired estimate (2.34)
under the condition (y—1)[v, —v_|<d,. Thus the proof of Lemma 2.5 is

completed.
Next we estimate the I2(0, T; I?)-norm of the derivative D: = ¢.

HV IIV

HV

Lemma 2.6. There is a constant C such that
@)1 + g | p(7)[|2dr — C{ @)%+ g V2P (@) 1% + (W, W) (o) IIZdT}

éc{ll ‘f’ollz+Il¢ollz+ijl¢llF1ldidf} (2.42)

holds for te[0, T].

Proof. Multiply the equations @ and ¥ in (2.29) by V¥, —~V,¥ and — V&,
respectively. Next we apply d; to the equation of @ in (2.29) and then multiply the



116 S. Kawashima and A. Matsumura
resulting equation by u®,. Calculating their sums, we arrive at the equality
<gd>§ -V, ?’)t +(by —SPV)D} = V{s®: + ¥,) — V¥}

from which follows the desired estimate (2.42) after integration with respect to t and
£. This completes the proof.
Finally we note the estimate for the I*(0, T; I?)-norm of w:

j) (o) | 2de — C{g V2@ 12 + | W) ||2dr} <c I [l 2wldeds, (2.43)

with some constant C. This is an easy consequence of (2.26).

24 A Priori Estimate, I11. We proceed to estimate the H'-norm of the quantities
(¢, ¥, w). We first rewrite (2.21) (see also (2.23)) in the form

¢:_S¢§_'/’.:=O’
1 ) R u >
— sy ——(b; — 2V T =
lpl sw{ V( S )¢§+Vw§ (Vl//é :

1 2 R —
- {;(lh -5 V)};ﬁ + <V>€W =fi,

R
y_—l(w, — swQ) + (b — V) — <§wg>E

1
+ (;,’%@@) — (b = V)¢ — Rw + wp JU =1, (2:44)
\ g
where f, and f, are nonlinear terms with respect to (¢, y, w):
_ ¢ 26—
fi=-— {m{(l’l —s*V)¢ — Rw + i} }ﬁ,

1
V+o (by —s*V)p — RW+#‘//¢}<‘/’¢ U¢¢>

Ko 1
{ (V+¢)< 7@51))}{. (2.45)

Compare (2.44) and (2.45) with (2.29) and (2.30), respectively.
The estimates for the L2-norm of 0(¢, ¥, w), | = 0 and 1, are obtained in a similar
way as in Lemma 2.5.

fa=

Lemma 2.7. Let | =0 and 1. There is a constant C such that

10:(¢, ¥, w/ly — DV2)(0) ||2+f||5’“(l// w)()[|?dt

- ci 16, W) (@) 7dr < c{ 134(Bos Vo wolly — D)2 + j jR,dedr} (2.46),
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holds for te[0, T], where

Rz{wnﬂerun| for 1=0,
U el L fil + W weel | | for =1

Proof. Put k(V)=(b, —s*V)~'. We apply 05(I =0, 1) to (2.44) to obtain the system
for 04(¢, Y, w). Multiply the equations of di¢, dkyy and diw by 95, k(V)V oLy and
Rk(V)*d%w, respectively. Calculating their sums and integrating the resulting
equality over [0,t] x R, we can get the desired estimate (2.46), in a similar way as in
Lemma 2.5. We omit the details.

For the [0, T; L?)-norm of ¢,, we have the following

Lemma 2.8. There is a constant C such that the following estimate holds for te[0, T].
ummW+y%mWﬁ—c%me+ﬂmemwﬁ

< C{Il Voll> + l do,ell* + ij|¢§| Iflldidf}- (2.47)

Proof. Multiply the equations of ¢ and ¥ in (2.44) by V. — Vay and — V.,
respectively. Next we apply 0, to the equation of ¢ in (2.44) and then multiply the
resulting equation by u¢,. Calculating their sums and integrating over [0, ¢] x R, we
can get the desired estimate (2.47) similarly as in Lemma 2.6. We omit the details.

Now, we shall combine the estimates (2.34), (2.42),(2.43),(2.46),,(2.46), and (2.47)
to get the desired estimate (2.33). Firstly, we calculate (2.34) + {(2.42) + (2.43)} x o
with o = 1/4C. Then, for (y — 1)[v, —v_| < 63 = min {J,,2/2C}, we have

(@, ¥, W/ — 1)) + | () |1
+ g NV, W/ — DY@ 12 + (8, ¥, w)(@) | 2de

= C{II Do, Fo, Wo/(y — )21 + [ o |12

+ij|'1’,¢||F1|+|W||F2|+|¢2w|d§dr}. (2.48)

Combining successively the estimates (2.48), (2.46),, (2.47) and (2.46),, we reach the
following inequality.

N()? +i Ve, Wiy — D)) + 1@ 1T + |, w)(r) [ 3de

éc{N%N'ijl Y, UF |+ |WI|Fo| + 2wl + [, b Ve Yeel | f1]
+ W, we, wee|| f|dEd 5. (2.49)
It follows from (2.30), (2.45) and (2.19) that for |¢, ¥, w|—0,
|F i Fal =01, Y, w2 + 16,0 [ 1Y, wel),
| f1:£21 = O, w1 + |, Wl e, e, wel + D, Uil Ve wel + 1D [We W)
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Therefore the integral on the right-hand side of (2.49) is dominated by

CN(t)i I¢@ 1T + W, w)(z) 34T,

with some constant C = C(g,), where N(T) < ¢, is assumed. Thus we arrive at the
desired estimate (2.33) for suitably small N(T). Thus the proof of Proposition 2.4 is
completed.

3. The Broadwell Model System
3.1 Traveling Wave Solution and Main Theorem. The one-dimensional Broadwell
model system for a simple discrete velocity gas is written in the form (cf. [1])

Fl,t+vF1,x=F%-F1F3’

FZ‘t= —%(F%—F1F3),

Fy,—vF;,=F}—FF;, (3.1)
where the unknown functions F;, F, and F; represent the mass densities for gas
particles moving in x-direction with the constant speeds v, 0 and — v, respectively.
Here v is a positive constant.

For the density distribution function F = (F,, F,, F3), we define the hydrody-
namical moments, the mass density p and the momentum m (in x-direction), by

p=F +4F,+F;, m=vo(F,—Fj). (3.2),
We also define another quantity z by
z=0%F, + F5). (3.2),
Then F =(F,, F,, F3) is conversely represented by (p,m, z) as follows:

Fy=(z+v"m)/20,
Fy=(v?p —2)/4v?,

Fy = (z — v*m)/2v%. (3.3)
Using (3.3), we can transform (3.1) into the following equivalent system.
p,+m, =0,
m+z,=0,
z,+ v*my, = {(v?p — 2)* — 4(z* — v’m?) }/8v*. (3.9

The function F = (F,, F,, F ;) satisfying the conditions F, F,, F; > 0 (positive-
ness) and F3 = F F, is called a local Maxwellian. By the relations in (3.3), the
condition for the positiveness of F is equivalent to

v|m| <z <v?p, (3.5)
and the condition for F to be a local Maxwellian is

p>0, |ul<v, z=po(u), (3.6)
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where u =m/p is the fluid velocity, and

o) = 3’;{2(1 + 3up?)12 — 1, (3.7)

In this paper, the function (p,m, z) satisfying condition (3.6) is also called a local
Maxwellian.

In what follows, we shall investigate the system (3.4) instead of the original
system (3.1). The system (3.4) admits smooth traveling wave solutions with shock
profile

(p,m,2)(t,x)=(P, M, Z)(&), &=x—st, (3.8)
(P, M, 2)()—(p,,m,,2,) as E- oo, (3.9)

where p,,m,, z, and s are given constants satisfying the condition (3.6), i.e.,
p.>0, |ul<v, z,=p,0(,) (withu,=m,/p,), (3.10)

the Rankine—Hugoniot condition

—spy —p-)+(my —m_)=0,
3.11
{—s(m+—m_)+(z+—z_)=0, 3-11)
and in addition Lax’s shock condition that
either A_(u,)<s<A_(u_) or A (u,)<s<A.(u.). (3.12)

Here A, (1) = (u + o(u)*/?)/oo(u) with 6(u) = (1 + 3u?/v*)"/? are the eigenvalues of the
hyperbolic system

pr+m,=0,
me+ {po@)} =0, u=m/p,

which is derived from (3.1) (or (3.4)) by the Chapman—Enskog expansion. Note that
condition (3.12) is equivalent to (see [1])
u,<u_ (ors(p, —p_)<O0). (3.12)

Let p<p and i <v be any fixed positive constants. We simply assume that the
constants p,, m, and z, in (3.10) ~(3.12) lie in the region

P<p.<p lul<a (withu,=m./p.) (3.13)

We consider the initial value problem for (3.4) in a neighborhood of a traveling
wave solution. Let (P, M, Z)(&), & = x — st, be a traveling wave solution. Suppose
that the initial data

(pamaz)(o’x)=(p05m0920)(x) (314)
satisfy
(po — P,mo— M,zoy — Z)eH". (3.15)
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Moreover we assume that the integrals

0= | (b= PYOMy, Fol)= ] (mg— M)y (3.16)

exist for any xeR, and satisfy

(Dy, Py)e 2. (3.17)
Note that the assumptions (3.15) and (3.17) imply the relations
+ +
_j (0o — P)(x)dx =0, _f (mg — M) (x)dx = 0. (3.18)

Our main theorem in this section is

Theorem 3.1. Letp ,m,,z, ands be given constants satisfying (3.10) ~ (3.13), and let
(P,M,2)(&), £ = x — st, be a traveling wave solution which smoothly interpolates the
asymptotic values (p,,m,,z,) with the speed s. Suppose that the initial data
(o> My, 20) satisfy (3.15) and (3.17). Then there exist positive constants 6, and g,
independent of (p,,m,,z,) such that if |p, —p_| < 5, and

No=llpo—P,mg—M,zo— Z||, + || Dy, ¥ Il < &0,

then the initial value problem (3.4), (3.14) has a unique global solution (p, m, z)(t, x),
which satisfies

(p — P,m— M,z — Z)eC0, o0; H) A I2(0, o0; HY), (3.19)

and asymptotically tends to the traveling wave solution in the maximum norm:

sup|(p,m,z)(t,x) —(P,M,Z)(x — st)| >0 as t—co. (3.20)
xeR
It is worth noting that the traveling wave solution (P, M, Z)(¢) satisfies the
condition (3.5) uniformly in £eR (see (3.26)), and so does the solution (p, m, z)(t, x),
provided N, is suitably small. Therefore we get a positive solution of the original
system (3.1) through the relation (3.3).
For the proof of Theorem 3.1, we first study the properties of traveling wave
solutions. The eigenvalues A (u) satisfy (cf. [1])

E;iuli(u) >0, A_(u)<min{u,0} <max{u,0}<2i,(u)

for |u| < v. Therefore, noting the equalities A _(—v)= —v, A_(v) = 1,(—v) =0 and
A+(v)=v, we have

—v+c<A_(w=min{u,0} —¢, max{u,0}+c<i,(w<v—c

for |u| < @, where ¢ = ¢(27) (< v) is a positive constant. In particular, from (3.12) and
(3.13), we have

—v+c<s<min{u_,0} —c¢ or max{u,,0}+c<s<v—c. (3.21)



Asymptotic Stability of Traveling Wave Solutions 121
The system for the traveling wave solution (P, M, Z)(¢) is
—8sP:+M,=0,
{ —sM:+Z,=0, (3.22)
—SZ:+ M, ={(v®P — Z)* —4(Z* — v*M?)}/8v>.

The first two equations give

—sP+M=a,, —sM+Z=a,, (3.23),
where a; = —sp, + m, and a, = —sm, + z_ are the integral constants. Substitut-
ing (3.23), into the third equation of (3.22), we obtain

v? + 3s?
SP;——SUZ—(P—PWL)(P—PJ, (3.23),

where |s| < v is used. The existence and uniqueness (up to a shift in &) of the solution
of (3.22) with the condition (3.9) is obvious from (3.23), , and (3.12)".
We summarize the properties of the traveling wave solution.

Lemma 3.2. The traveling wave solution (P, M, Z)({) satisfies
sP;<0, M,=sP;<0, sZ.=sP,<0 (3.24)
for any EeR. Moreover there are positive constants C and c depending only on p, p and

u such that for £eR,

[P/ <Clps —p-I% (3.25)
v|M|+c<ZZvP—c. (3.26)
The inequalities in (3.24) and (3.25) are obvious. The estimate vM + ¢ < Z follows
from the fact that Z — vM is a monotone function of £ R with the asymptotic values
z, —vm, 2z, —v|lm,|Zcfor {— + co, where c is a positive constant depending

only on p,p and . Similarly, we have —vM + ¢ < Z and Z < v?P — ¢ with some
positive constant ¢. This completes the proof of (3.26).

3.2. Reformulation of the Problem. Let us reset the problem (3.4), (3.14) on the
moving coordinate ¢ = x — st. Putting

(P, m, Z) (t’ X) = (P’ Ma Z) (é) + (¢’ l/ja W) (ta 5)> (327)
we rewrite the problem (3.4), (3.14) in the form
¢t_s¢§+l//§:03
{lp,—sl/lé-i-Wé:O,
W, — SWe + 0 — Ap — MY + Bw=T'(d, Y, w), (3.28)

(@, %, w)(0, &) = ()0, V0, Wo) (&) = (po — P,mo — M, 2o — Z) (&), (3.29)

where
A=0*P—2Z)/4, B= P+ 3Z)/4? (3.30)

(¢, 4, w) = {(*¢ — w)* — 4(w? — v?y?) }/8v°. (3.31)
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Inspired by the relations (¢o, o) = (Do ¢, o) (see (3.16)), we seek the solution
of the problem (3.28), (3.29) in the form

(D, 4, w) = (D¢, P, w). (3.32)

Substituting (3.32) into (3.28) and integrating the first two equations once with
respect to £, we get

D, —sP.+ ¥, =0,
{ ¥, —s¥:+w=0,
w, — sWe + 0 Wee — AD, — M ¥, + Bw = I'(D; ¥, w). 3.33)
The second equation of (3.33) gives
w=— (¥, —s¥,). (3.34)
Substituting (3.34) into the remaining equations of (3.33), we get a closed system for
(D, ¥P).
Li(D,¥)=D,—sD.+ ¥, =0,
Ly(®, W)= (¥, — sW¥o), — (¥, — sW); — 0> Py
+AD,+ (M —sB)¥.+ BY¥,= — (D, ¥;, — (¥, —s¥)), (3.35)
with the initial condition
(@, ¥)(0,8) = (Do, ¥o)(S), W(0,8)= Wi (&)=(s¥o:—wo)(¢)  (3.36)
We introduce the solution space of the problem (3.35), (3.36) as follows.

XO0,7)={(®,¥)(1,&); @eC%0,T;H?, ¥YeC°0,T;H)NC0,T;H"),
(q)é’ .{’éa t)ELZ(Os T5H1)}

Then we have the following

Theorem 3.3. Suppose that (®,, W,)eH? and ¥,eH'. Then there exist positive
constants 6,,¢; and C, independent of (p,,m,,z ) such that if [p, —p_| <6, and

No=[Dg, Foll, + Iwelli S&; (wog=—(¥; —5¥))

then the problem (3.35), (3.36) has a unique global solution (@, ¥)eX(0, + o0)
satisfying

(@, FYO 17 + | F0) 17 + j) (@, P, ¥) (1) [ Tdr < CING (3.37)

for te[0, o).

For the solution (@, ¥) in the above theorem, we define (¢, y, w) by (3.32) and
(3.34). Then it becomes a global solution of the problem (3.28), (3.29), and
consequently we have the desired solution of the problem (3.4), (3.14) through the
relation (3.27). On the other hand the solution of (3.4) is unique in the space
C°(0, T; H"). Therefore the proof of Theorem 3.1 is completed.

To check the local existence of a solution of (3.35), we transform (3.35) into the
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following system of third order.
@D
(0, — 502 (0, — (s + v)0) (0, — (s — v)aé)( ‘P) + lower order terms = 0.

This system is strictly hyperbolic, and therefore the standard arguments give a
solution (@, ¥)eX(0, T) for some T > 0. So, for the proof of Theorem 3.3, it is
sufficient to show the following a priori estimates.

Proposition 3.4 (a priori estimate). Suppose that the problem (3.35), (3.36) has a
solution (@, ¥)e X(0, T) for some T > 0. Put

N(@®) = sup {|(@, V)OIl + | ¥ ]} (3.38)

01t

for te[0, T ]. Then there exist positive constants d,,&, and C, independent of T and
(py,m,,z,)such that if |p, —p_| £, and N(T) < ¢&,, then

N@)?® + j (@, e, P)(@)ITde < CING (3.39)
0

holds for te[0, T].

3.3. A Priori Estimate. Throughout this subsection we suppose that the problem
(3.35),(3.36) has a solution (@, ¥)e X (0, T) for some T > 0. As in Sect. 2, the symbols
C, ¢ and ¢ denote the constants with may depend on P> P and # but not on T and

(p + m + z i)' .
First we show the following basic estimates.

Lemma 3.5. There are positive constants 6 and C such that if |p, —p_| <9, then

IO+ I PO+ I P01 + i [P 2@ + [ (Fe, PI()[2de

= C{II @o 12+ 1| PollT+ lwoll? +ij(l Y+, 'Ptl)lrldfdf} (3.40)

holds for te[0, T].
Proof. We first note the elemental estimates for the coefficients 4, M and B in Eqs.
(3.35). From (3.24) we know that

1 1
sA; = ‘—‘(u2 —5)sP; <0, sB;= m(v2 + 35%)sP, <0, (3.41)

where |s| <v is used. Therefore there are positive constants ¢ and C such that for
20
<Y,

<A, SA<A.<C, c¢<B,<B<B.<C, (3.41")
where A, (v?p, — )/4 nd B, =(v’p, + 3zi)/4vz. We also know that
{A™Y(M — sB)}g —s%)A"%a, P, <0,

where |s| <vand sa, = — spi(s —u,)< (see (3.21)) are used. Therefore we have the
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estimate
—{A'l(M—sB)}ggcchL (3.42)

with some positive constant c.
Now we show (3.40). Firstly, we calculate

— YL, + AT, —sWy)L,=— A", —sW,)T. (3.43)
The left-hand side is reduced to

2
A—l{%(tp,—sqfé)z +%5v§ - Aqwfé}
t
+ A YB(Y,— sV + M( ¥, —sP)¥:.— AVE}
+ AT (W, —sPe)* + 203 (W, —sW) P+ s> P2+ {- s,
where { - } . denotes the term which disappears after integration with respect to e R.
Secondly, we calculate
DL +A 'YW L,=—A'YT. (3.44)
The left member is reduced to
[A‘l{%A(DZ +3BY¥Y*+ P(¥,—s¥)} + %(A‘l)é'lﬂ]
t
+ A Y — (W, — sV +0* Wi} —3{4A (M —sB)},'P?
+ @ —)AT) PP+ { )
Hence, the combination (3.43) + (3.44) x A with a positive constant 4 yields
{E((D, W)+ ExNV, ¥, —s¥o)+ E('P)},
+ Ey(¥Y,— sV, P)+ ES(F)+ GV, ¥, —s¥, Vo) + {}e
=—A" AP+ (¥, —s¥)} T, (3.45)
where
v

2
E(®,¥)=A"" <%Ad§2 —APY + ?'g),

yl
Ez(‘I’,Y’,—s‘[’§)=A‘1{EB'PZ+/1‘P(5”,_s'1’§)+%(’1’,—s'{’<)2},
Ef(¥,—s¥, W) =A"Y{(B— (P, — s+ MV, — sV ¥+ (? — A)¥E},
~ As A
Ez('n”)=7(A D2 El(P)= _E{A_I(M_SB)}:'Pza

G(¥, ¥, — sV, Vo) = Mv? — s?) (A1) P,
+HATD (¥, — s W) + 200 W, — s ) W, + sv* W2}
We choose a constant 4> 0 so that the inequalities
sgp D;<0, j=1,2,3, (3.46)
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hold uniformly in (p,,m,,z,), where D; is the discriminant of the function E;:
D, =A(A—?*), D,=MA—B), Dy=M?—4A— w2 (A— B).
For this choice of 4, there exist positive constants ¢ and C such that

P>+ WYH<E, SC(D*+ V),
{ (P> + (W — sV} SE, S C{¥*+ (¥ —sV)?},

E 2 c{(¥,—sW)* + Vi) (3.47)
On the other hand, (3.41) and (3.42) give
0<E,<C¥? and E,=Zc|P,¥? (3.48)

respectively, where C and ¢ are positive constants. Moreover, for any o > 0, we have
|Gl S alP| W2+ Clp. —p-IP{(¥.—s¥)* + PE (3.49)

with some constant C,, where (3.25) is used. We choose « so that o = ¢/2. For this
choice of o, we assume that |p, — p_|*> £ ¢/2C,. Then the equality (3.45) together
with the estimates (3.47) ~ (3.49) give the desired. estimate (3.40) after integration

with respect to ¢ and ¢,
1t remains to check condition (3.46). It is easily seen from (3.41’) that the first two

inequalities in (3.46) are equivalent to
A v*<A<B, (fors=0). (3.50)

On the other hand, we know that D;/4v’=(A—A)(A—1,) with A, =
(A +v*B—D"V%/20? and 1, = (4 + v?B + D'/?)/2v?, where D =Z? —v*M? is the
discriminant of D;/4. Therefore the last inequality in (3.46) holds if

sup Jy <7 <infia. (3.51)
g
Since D2min{D,,D_}and D, =z} — f_r > ¢ with a positive constant ¢, the
condition (3.51) is satisfied if
(A + 2B — o)/ 20 < i< (A, +v*B, +co)/20? (fors=0),  (3.52)

where we also used (3.41'). The inequality (A +v*B; —co)/2v*> <(A, + v*B, +
¢o)/2v? (for s = 0) is equivalent to

Vpr —p-l+lze —z-| <4co, (3.53)

which is satisfied automatically for suitably small |p, — p_|. Under the condition
(3.53) we take A to be

A=A, +A_ )4+ (B, +B_)d=(p, +p_)8+(z, +2_)/80% (3.54)

Then (3.50) and (3.52) hold uniformly in (p,,m,,z,). Thus condition (3.46) has
been checked. This completes the proof of Lemma 3.5
For the derivative @;, we have the following

Lemma 3.6. There is a positive constant C such that for te[0, T],
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| @.0)]2 +in (1) |2d7 — C{n(%, w012 + g (%, ) (0) uZdr}

éC{II ‘Po,gllz+llwo||2+if|d’gllfld€dr}- (3.55)

Proof. We calculate the equality
(W, —sW:+ 0’ D) 0L, + DL, = — DT (3.56)
The left-hand side of (3.56) is reduced to

2
{%qig + @(%—s?fg)—%wg} +A®? + O((M —sB)¥,+ B} + {-}..
t

Therefore, integrating (3.56) over [0, t] x R, we get the desired estimate (3.55). This
completes the proof.
We proceed to estimate the higher derivatives.

Lemma 3.7. There is a positive constant C such that for te[0, T],

I @4e) (12 + | Fe) |1 + | Prd) 1” + i 1(Pee, ) (@) 2dr — Ci (@, e, W) I 7dx

< C{II Poell? + | Wo,ellf + o ell* + (ft)f(l Fel + | P ?ﬂgl)ll}ldfdf}, (3.57)
I @)1 + i | Do) I7dr — C{ I(¥ee, W) 0) 1> + i @011 + 1(¥e, P)(0) llfdf}

t
< C{” (Do,gg ||2 + |l Wo,.{”2 + g“djgﬂ lrg'dfd'f}' (3.58)
Proof. Since 0.L\(®, ¥)=L,(P:, ¥y) and 0L, (D, ¥)=Ly( P, ¥+ AP +
(M —sB): ¥ + B;¥,, we can calculate the equalities
— 0, W 0Ly + A7 0¥, —sW) 0Ly = — A7 0¥, —s¥,) 0., (3.59)
0P 0L, +A7 0, W 0.L,=—A"10:¥ 0.1 (3.60)

in the same way as in Lemma 3.5. Add (3.59) to A times (3.60), where 4 is the constant
given in (3.54). Integrating the resulting equality over [0,¢] x R, we get the desired
estimate (3.57) as a counterpart of (3.40).

Next we calculate the equality

O, — s W, + V2 D) 2L, + 0, D0, Ly = — 0,0,

in the same way as in Lemma 3.6. Integrating it over [0, (] x R, we get the estimate
(3.58) as a counterpart of (3.55). This completes the proof of Lemma 3.7.
Combining successively the estimates (3.40), (3.55), (3.57) and (3.58), we have

t t
N + [ (P, Ve, P IFd7 < C{N% +[J1P, @, W, W
0 0

+| tPg, (Dgg, 'flgga .{’t{| |F§|d5d7} (3.61)
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for te[0, T], where |p, — p_| <0 is assumed. Since
[T =0(@, Ve, ¥,I?) for |®, ¥, ¥,|-0,
the integral on the right-hand side of (3.61) is majorized by

t
CN(t)g (@, e, P)(x)[I3dx,
with some constant C. Substituting it into (3.61), we reach the final estimate
t
N(@? +(1— CN(t))(I) I(®e, ¥y, P)()|ITdT < CN

for te[0, T, where C is a constant. Therefore, assuming N(T) < 1/2C, we obtain the
desired estimate (3.39). Thus the proof of Proposition 3.4 is completed.
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