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A Solution to the Navier—Stokes Inequality with an
Internal Singularity
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Abstract. We consider weak solutions to the time dependent Navier—Stokes
equations of incompressible fluid flow in three dimensional space with an
external force that always acts against the direction of the flow. We show that
there exists a solution with an internal singularity. The speed of the flow reaches
infinity at this singular point. In addition, the solution has finite kinetic energy.

Section 1. Introduction

The purpose of this paper is to prove Theorem 1.1 below. The statement of this
theorem is followed by an informal explanation of what it says.

Definition. If f is a function defined on an open subset of R® x R, then the laplacian
and the gradient of f will involve only the R? variables. Thus,
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The norm |f| will always be the euclidean norm. For example, in (1.7) we have
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Theorem 1.1. There exist functions u: R3 x [0, 00)— R3 and p: R® x [0, c0) — R with
the following properties:

there is a compact set K < R such that u(x,t)=0 for all x¢K, (L1

for fixed t, the function u,: R®— R3 defined by u(x) = u(x,t) is a C* function,
(12)
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there exists M < oo such that |u,|, <M for all t, (u, is defined in (1.2)),
(1.5

[Vul?, [u|® and |u||p| are integrable, (1.6)

if ¢:R3 x (0,00)— R is a C* function with compact support and ¢ = 0, then
| fqu|2¢<j j(2 Hul? + p)u- V¢+j j 2” 1[u|2< o0 +A¢> 1.7
O R3

u is not essentially bounded on any neighborhood of the point (0, 1)
(which is an interior point of the domain of u). (1.8)

Before explaining this, we digress to place this theorem in the context of other
papers. Let S(u) be the set of points (x,t)eR3 x (0, 00) satisfying the following
condition: If U is a neighborhood of (x, t) (in the natural topology of R? x (0, o)),
then u is not essentially bounded on U. The first theorem in [4] implies the following:
if u: R® x [0, o)~ R3 and p: R? x [0, c0) — R satisfy (1.1)—(1.7), then the Hausdorff
dimension of S(u) is at most 2. The definition of Hausdorff dimension is given in [3],
starting on page 171. Under slightly different conditions, L. Caffarelli, R. Kohn and
L. Nirenberg have shown in [1] that the Hausdorff dimension of S(u) is at most 1.
Theorem 1.1, which says (0, 1)eS(u), shows that conditions (1.1)—(1.7) are not enough
to imply that S(u) is empty.

I have found examples in which (1.1)—(1.7) hold and the Hausdorff dimension
of S(u) is equal to 1 —¢ for any preassigned ¢ between 0 and 1. This shows that
the Caffarelli, Kohn, Nirenberg estimate is the best possible. Since these examples
are an order of magnitude more complex than what is presented in this paper, I
am postponing publication until I can bring the exposition into a more readable
form.

Now we give an informal discussion of the connection between (1.1)—(1.8)
and the Navier-Stokes equations. If R3 is space, [0,00) is time, and u: R3 x
[0,00)—R3 is a solution to the Navier-Stokes equations of incompressible,
time-dependent fluid flow with viscosity = 1, then we have the classical equations

6 3. O0u, dp 3 Ou
Z 15;—6—+A and Z PV

i=

(19)

where p: R® x [0, 00) > R is the pressure. In this paper we consider solutions to
the Navier—Stokes inequality, which can be written as (1.10) and (1.11):

0 3, Ou; Op 3 Ou,
gy = — — Au L=, .
ot “ ,-; u’axi 6 Eo it f” igll 8x,- (1 10)
3 ]
S fwso, ¥ Hioy, (111)
i=1 i=1 5xi

where f: R® x [0, c0) - R is a function and u, p have the same domain and range as
before. Condition (1.10) says that there is an external force f acting on the
viscous, incompressible fluid. The first part of (1.11) says that this force does not
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increase the magnitude of the velocity vector at any point in space-time. We will give
an informal proof of the following:

Assertion 1. Properties (1.3), (1.4), (1.7) imply that the Navier—Stokes inequality
holds in a weak sense.

This says that Theorem 1.1 can be rewritten informally as follows:

Assertion 2. There exists a solution to the Navier—Stokes inequality with an
internal singularity.
What we would really like to do is to prove the following conjecture:

Conjecture 1. There exists a solution to the Navier-Stokes equations with an
internal singularity.

This paper is a step towards proving this conjecture. At first glance, it seems that the
presence of f makes it more difficult to come up with an example of an interior

3
singularity. After all, the inequality > fu; <0 only makes it harder for u to become
i=1

unbounded. The force f tends to push down on |u|. This argument seems to imply
that Theorem 1.1 is at least as strong as Conjecture 1. Actually, the introduction of f
gives us more freedom in constructing an example because we can decrease |u| at
some points in order to create a situation in which the pressure term causes an
increase in |u| at some other points at a later time. In summary, Conjecture 1 is more
difficult to prove thar Theorem 1.1, but this theorem suggests that Conjecture 1
should be true.

Now we present the informal proof of Assertion 1. The identity u-Au=
271 Ajul® — |Vul?, (1.3), (1.7) and integration by parts give us

of [} <u6_u +uVQR Hul>+p) —uAa u)d) <0

oR3\ Ot
if p: R3 x (0, 0) = R is C*® with compact support and ¢ = 0. This is a weak form of
0
g uVQ Yu?>+p)—uAu <0,

ot

which can be rewritten as
ou 3 ou
i . . . . <
w +u <,~; u,axj>+u Vp—u-Au 0.
Setting
ou 3 ou
f__ﬁt +,-;1 uj—axj+Vp—Au, (1.12)

we conclude the first part of (1.11). If we take the divergence of (1.12) and use (1.3),
then we obtain
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. . 3 Ou; Ou
Since (1.4) yields Ap= i; j; 3, 3%,
part of (1.11). Property (1.10) follows from (1.12) and (1.3).

It should be emphasized that the f in the example is very singular. This means
that our solution is nonphysical. It is possible to smooth f a bit and make it C*
on R? x (0,1), but f would still be a bizarre function that would not come up in
real life situations. Nevertheless, the example shows that energy-based methods
are not enough to prove the regularity of weak solutions to the Navier—Stokes
equations. After all, these methods are based on (1.7) and (1.3) rather than (1.9).

The key ideas in the construction are the following:

the above implies the second

(A) Changing the Direction of u at Discrete Times. If u is a solution on a time
interval (ty,t;) and u' is one on (t,,t,), then they combine to give a solution of
the Navier—Stokes inequality on (¢, t,) iff

lu(x,t,)|? = |u'(x,t,)|* foralmostall xeR3,
(B) Changing the Viscosity. We construct u in such a way that it is a solution to

the Navier—Stokes inequality for all sufficiently small viscosities. Then we make
the viscosity equal to 1 with a change of scale.

(C) Self-Similarity. If one could solve
27w+ 27 Vw+wVw—vAw+Vg=g, V-w=0

for some w(x), g(x) with w-g <0, then u=(1—1)"2 w((1 — )~ ?x) would be a
singular solution of the Navier—Stokes inequality. The construction used in this
paper is different, but similar in spirit.

(D) Nonlocal Effects. The example has compactly supported velocity u=u'+ u”
with spt (u’)nspt(u”) = . The direction of u' is chosen to oscillate in a way that
makes the magnitude of u” grow, via the nonlocal effect of the pressure.

Section 2. Additional Definitions and Preliminaries

Definition. If U is an open subset of R™, then C*(U, R") is the set of C* functions
from U into R" with compact support. If feCZ(U, R"), then the support of f will
be denoted spt(f). If { f1, f>} = C2(R% R), f;=20, a<b and v > 0 then the 5-tuple
(f1, f2,a,b,v) is called admissible when there exist functions u: R® x [a,b] - R3
and p:R3 x [a,b] — R satisfying (1.1)—(1.6) and the condition

b
127005 bidx = [ 27V glx,a)dx + ] [ iVl

0

é? 27 ul?* + pu-Vo +i ) 2_1|u|2<E+VA¢>
a R a R3

for every ¢eCZ (R® x R, R) with the property ¢ = 0. We set
P = {(x,,x,)eR*:x,>0}.

3
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If ¢ =(c{,c,)eR? and c¢? + c2 = 1, then R,: R3— R? is the rotation
1,C2
R(x1,%5,%3) =(x1,¢1%5 — €3X3,C1X3 + C3X5)

about the x, axis. If {g,,9,} = C2(P,R), g; =0, a<b and v> 0, then the 5-tuple
(91,924, b,v) is called P-admissible if there exists { f1, f,} = C®(R3,R) such that

If ceR? |c|=1 and (x,,x,)eP, then f;(R.x,X,,0))=gix;,x,),
(fi» f2,a,b,v) is admissible. If feC®(P,R), v=(v,,v,)eC®(P,R?), f =0, and
f(x) > |v(x)| holds for all xespt(v), then p*[v, f] is the C* function from R? into R
defined by

p*[v,f](x)—Rf :i Z( ujlv, f])(y)< u[Uf])(y)(47IIx yD™ady,

where u[v, f] = (ul[va f]’ uz[v, f]s u3[v5 f])ecc?o (R35 3) 18 glven by

U[U, f] (X1 » X2, O) = (vl(xl > x2)’ UZ(xl > x2)9 ((f(xu x2))2
— Ju(xy,x2) %)) if (x;, x,)€P,

ulv, f1(R(x1,%5,0)) = R(u[v, f1(xy,x,,0)) ifceR?|c|=1,(x,,x,)eP,
ulv, f1(x4,0,0)=0
Note that u equals 0 in a neighborhood of the x, axis. We also set
plv, f1(x1,%2) = p*[v, f1(x1,X2,0) if (xy,x,)€P.
If A and B are sets we define A ~ B={xeA:x¢B}. If feC*(P,R) we set

0
L(f)(x1,x3) = Af(x1,x5) + x2—1<6_){2(x1,x2)> — x5 2f(x1,x5) if (x1,X,)€P.

We will often encounter repeated indices (for example, in (2.6)). These indices are
not summed unless there is a summation sign. In other words, the summation
convention for repeated indices is never used. Furthermore, the function v; in (2.3)
and (3.2) is not a component of a vector valued function. Rather, we have two
unrelated functions, v; and v,, and these functions have components v, ,, v,, and
U,1, Uyy, respectively.

Lemma 2.1. Suppose that a, b, J, C,, C,, Cy, C,, Sy, S5, 0, vy, U3, 415 4o
satisfy conditions (2.1)-(2.9):

a<b, Jisanopen set containing[a,b], (2.1)

Ci;cC;c P, C;andC;arecompact,C, and C, are disjoint, 2.2)
S;e{l,—1}, n>0, v;=(v;,0;,)€CZ(P,R?), spt(v)<C;, (2.3)
q;:P x J—> RisaC® function, q(x,t)=0 if x¢C;, (2.49)
4:20, q(x,0)>|v(x)| if xespt(vy), 2.5)

0
If xe C; then, using the notation q; (x) = q(x, t), we havea— ~(gix, 1))?

< —n—Swix) V(2™ 1g;)* + plv1, 91, + P[V2,92,1)(%), (2.6)
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T2 k0P <0 i xeC @)
L(g;,)(x) 20 if x¢Cj(see(2.6)), (2.3)
0 0
X3 6—xlv“(xl ,X2) + xza—xzviz(x1 »X2) + Uia(x4, %) = 0. (2.9

Then there exists vy > 0 such that the 5-tuple
(ql,a + ‘h,a, ql,b + q2,ba a, b’ V)
is P-admissible for all v satisfying 0 <v <v, (where gq; (x) = g(x,1)).

Proof. Hypotheses (2.1)-(2.5) and the notation in (2.6) allow us to define
u:R3® x J - R3 and pR*® x J - R for i = 1,2 using the formulas

u(x,t) = Sulv;, 4;,J(x),  p(x,1) = p*[v;, 45,1 (%)- (2.10)
If E is a subset of P we define R(E) = R? as follows:
R(E)={R(x1,%,,0):ceR?, |c|=1, (x4,x,)eE}. (2.11)

Using (2.1)-(2.4) we obtain
u' is a C* function on R3 x J, u'(x,t)=0 if x¢R(C)). (2.12)
In addition, (2.11) and (2.2) imply

R(C)) = R(C)), R(C,) and R(C;) are compact, R(C,) and R(C,) are disjoint.
(2.13)

We let p:R3® x J — R be the C* function given by

3 3
p(x,t)—lg~ =Z ;

t)-—(u +u? )y, )(@dn|x — y)~'dy.
(2.14)

Using (2.12), (2.13) we find 0/0x,u} (y,t)0/0x;u; (y,t) =0 if m # n. This fact, the
identity (S;)? =1 (see (2.3)), and (2.10), (2.14) imply

p(x, 1) = p*[v1,4;,1(X) + p*[v2, 42, 1(%) = (p* + p*)(x, 1), hence
P(x1,%2,0,8) = p[v1, 41, J(x1,%2) + P[02, 42,1 (X1, %) i (X1, x5)€P. (2.15)
From (2.12), (2.13), (2.10), (2.3) we conclude
(! + u?)(x1, %2, 0, 8) % = [ (x1, %, 0, )1 + | (x4, x5, 0, 1)
= (@1 (1, %2, 1))* + (2 (x1,%,, 1))* if (x1,x5)€P.  (2.16)
If xeC} U C) then (2.6), the disjointness of C; and C,, and (2.2)—(2.4) yield

6

527 (@0 0P + @00

=1 = (S101(x) + S,v2(x))' V(27 (g1,
+(42,0%))(%) = (8101 (%) + S20,(x))-V(p[v1, 41,1 + P[V2, 2, 1) ().
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Combining this with (2.16), the identity
Ui (X1, %2, 0,8) = S;v(x1,x) for k=1,2

(see (2.10)) and (2.15), we find that every (x,, x,)eC L C), satisfies

0
52_ ! lul + u2|2(x1’ X2, 09 t)

2 0
é - 'l - Z (ul% + ul%)('xlaxbo’t)a_(z—l |u1 + uZIZ + p)(x15x2a09t)'
k=1 Xk

The rotational symmetry of |u' + u?|> and p about the x; axis implies

0 .

(,5—363(2'1|u1 +u?|? + p)(x1,%5,0,8) =0 if (x,,x,)eP. (2.17)
Hence, using the 3-dimensional gradient V, we obtain
a -1y,,1 2|2
5;2 |u' + u®|*(x4,%,,0,t)
é /e (ul + uz)(xlsxb 09 t)V(z_ ! |u1 + u2|2 + p)(xl’xb 0: t)

if (x4,x,)eC; U C,. The rotational symmetry and (2.11) allow us to rewrite the
above as

%2_11141 + u?|2(x,t)
< —n—@ +udx, ) VR u' +u?> 4+ p)(x,t) if xeR(C)UR(C)).
Since (2.3), (2.13) imply that # is positive and R(C’)u R(C) is compact, we can
use (2.1), (2.12) to find v, > 0 with the following property:
%Z‘Hul +u?2(x, ) + v|V(ut +u?)|?(x, 1)
< — (@ +ud)(x, )V Hul +u?> +p)(x, 1) + vAQR ™ Hu! + u?|?)(x, t)
if xeR(C})UR(C)),te[a,b] and O0<v<v,. (2.18)
From (2.3), (2.5) we obtain
ulv;,4;,1(21,22,0) = 0,0, 9;,(21,25)) if (z1,25)eP~(Cy L CY). (2.19)
If (x4, x5, x3) = R.(24,2,,0) and (z,,z,)e P, then we must have
=X+ x3) 72 e =x3(5 +x3) 7V zi=xp, zp =03 + x5
The above, (2.19) and (2.11) imply
uz[vy, 45, 1 (x4, X2, X3) = €1 45,1(21, 25) = X203 +x3)” 1/ZQi,t(x19 (x3 +x3)'?)
if (x4, x5, x3)€R(P ~ (C, U C})). This fact and (2.10) yield

(U3 + u3) (x4, X5, X3, 1) = X, (X3 + x3) " V/3(S, qi,:+ Sz‘lz,:)(x1,(x§ + x3)'?)
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for (x4, x5, x3)eR(P ~ (Cy U C%)). This gives us

V. Scheffer

Auz + u3)(x1,%2,0,8) = (S L(qy,) + S2L(q2,0)(x1,X2)  if (x1,X)eP~ (CLUCy).

Using (2.19) and (2.10) we get

(2.20)

(! + u?)(x1,x2,0,8)=(0,0,(S1 91, + 5295,)(x1, %)) if (x1,x,)eP~(CLUCh).

From (2.20), (2.21), (2.2), (2.4) we obtain
(! + u?)- A + u?))(x,, x,,0,1)
=(81q1,+82492,)(x1,x)(S1 L(q1,) + S L(q5,)) (x4, X,)

= ‘Z,l (Si)zqi,t(xb x2) L(q;,0) (%1, X2)

if (x,, x2)€ P~ (C; U Cy). Combining this with (2.3), (2.5), (2.8) we find
(' + u?) A +u?))(xy,%,,0,0) 20 if (x1,X)eP ~(CyUCY)
The above, (2.11) and the rotational symmetry of u' + u* imply
(' +u?) AW + u?))(x,0) =0 if xeR(P~(CyuUCY)).
The general formula AQ2 7| f]?)— |Vf|*= f-Af and (2.22) imply
AR i + w2 )6, 0) — V@' + )P(x,0) =0 if xeR(P~(CLuCh)).
From (2.9) and (2.10) we conclude

23: 9 (u} +u¥)=0
i=15xi ' S

Using (2.16) and (2.7) we find

0
52"‘“4‘ + 2 (x1,%5,0,0) SO if (x4, X2)€P ~(Cy L CY).

The above, (2.11) and rotational symmetry yield

F
3,271 WP SOl xeR(P~(CruCy).

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

If (x;,x,)eP ~(C,UC,) then (2.3), (2.10) imply (ul +u2)(x;,%0,6)=0 for

k=1,2. This fact and (2.17) yield

(' +u?) VU +u?]> 4+ p)) ey, x5,0,0) =0 if (x,,x2)eP ~(C1 U CY).

The above, (2.11) and rotational symmetry imply
(' +u?) VR u' +u?? +p)(x,t)=0 if xeR(P~(CyuC))).
Combining (2.23), (2.25), (2.26) we obtain

5;2‘1[u‘ +u?2(x, )+ v| V(! +u?)|*(x,0)

(2.26)
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< — (W' 4+ u?) VR Yur +u?? +p))(x, 1) +vAQR™ Hul + u??)(x,1)
if xeR(P~(C;uC%)) and v>0. 2.27)

Suppose ¢ eCZ(R> x R, R) satisfies ¢ =0 and v satisfies 0 <v <v,. Multiplying
(2.18) and (2.27) by ¢(x, t), recalling (2.11) and (2.12), integrating over R* x [a,b],
and applying integration by parts and (2.24) we obtain

[ 27 u' + u?P(x, b)) (x, b)dx — [ 27 u' +u?|*(x,a)p(x, a)
R3 R3

b
dx+ [ [ vV +u?)*¢
a R3

0¢

b b
<@ e+ P +p)@ +u?)Vo+] [ 27 u! +u2|2{5+v4¢}.
a aR3

R3

The conclusion follows from (2.2)—(2.4), (2.10)—(2.12), (2.14), (2.24), the definitions
f1(x)=]u* +u*|(x,a) and f,(x)=|u' +u?|(x,b), the rotational symmetry
of f; and (2.16).

Lemma 2.2. If a<b<c, (91,94,a,b,v) is P-admissible and (g,,93,b,c,v) is P-
admissible then (g,,93,a,c,v) is P-admissible.

Proof . This is elementary.

Lemma 2.3. If 1,T,v are real numbers, 0<t<1,T>0,v>0,aeR? {f,f,}c
CZ(R%R), fi20,f1#0, (f1, f2,0, T,v) is admissible and the inequality

fo(tx+a)=t7 1 f,(x) if xeR? (2.28)

is satisfied, then there exist functionsu:R> x [0, 00)— R3 and p:R> x [0, c0) — R such
that (1.1)—(1.6) are satisfied and, in addition, we have (2.29) and (2.30):

if $:R* x (0, 00) > R is C® with compact support and ¢ 20 then | | v|Vu|*¢
0 R3

<[ [ Q@ YuP+puVe+ ]9 j32"1|u|2{%+qub}, (2.29)

O 8

R3
u is not essentially bounded on any neighborhood of the point
(=1 ta,(1—-73)71T). (2.30)

Proof. Since (f,,f,,0, T,v) is admissible, we can find functions u!:R* x [0, T] -
R? and p*:R3 x [0, T] - R satisfying (1.1)—(1.6) (with u and p replaced by u' and
p!) and the condition

127 (200200 T — [ 271(7 (9 blx, 0)dx + { ] vVl P

-1 112 1 1 H -1 2 a(b
SPT@ Mu' P+phuVo+ [ [ 27Hu' PS—+vAd
0 R3 at

R3

if peC?(R*xR,R) and ¢ =0. (2.31)

Ot—==x
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Recalling the hypothesis 0 <t <1, we set ﬂ:(:;l)ru)T for j=0,1,2,...
(with the convention To=0) and T, = lim T;=(1—1*"'T. The functions
fERP SR W:R* x [T;_,T]->R*> and [J)f#?@ x[T;-y,T;]>R are defined
inductively by the equations
fi=fofiT =" fic" (x—a) ifi=12,
Wi, )=t 't (x —a),t " 2(t— T)),
Prie)=1"2p " (x—a),t73(t—T))

for je{1,2,3,...}, where u' and p' are the functions that appear in (2.31). The
required functions u and p are given by the following conditions:

if T;_;<t<Tj then u(x,t)=u/(x,t) and p(x,t) = p/(x,?),
if T,=<t, then u(x,t)=0 and p(x,t)=0.

From (2.31) we conclude

I32_‘(J’£(X))2¢(x, Tjdx — I32'1(f’i(X))2¢>(x, T;-)dx + ? [viVi?e

R3

H<2 N2 + pyw Vo + f K ‘Iu’lz{ s Aff’}

T

-1

if peCP(R® x R,R) and d) g 0. (2.32)

Since f;is nonnegative and (2.28) implies f3(x) =t f1(t "' (x — a)) = f?(x) for all
xeR3, we can use induction to show

(502 = (fi*'(x))* forall xeR® and j=1,2,3,.... (2.33)

The definition of u*, p' and 0 <7 <1 imply

IVul3= Y IV@3= ) ¢ Ve 3=(1~0) " Vu' |5 <o,
=1 j

j=1

@ . sl .
lull3= Zl lw |} = '21 U3 =1 =) lu! |3 < oo,
i= i=
@ . . ) .
lupll,= ,Zl lwp'lly= ,Zl 20wt pt | =1 =) Hu'pt ] < oo,
i= i=
[ lW(x,0)Pdx <07} sup{ [ lu'(x,0))?dx: 0=t < T} <7 iM2
R3 R3
2.34)

Now (2.32)-(2.34) and lim v/ ' M? =0 yield

Jj= o

- [27 1060 dx+°§R VIVl

3
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o0 2
éj;QSZ“(f’é(x)) o(x, Tj)dx—ga2“(f{(X))2¢(x, T;-,)dx)

o Tj © ©
+ Y IJ [vIViPe< [ [ ulP+puVo+ | | 2‘1|u|2{%+ quS}
=i ke 0 R3 0 R3 ot
if peCZ(R® x R, R) and ¢ = 0. The above, (2.34) and the properties of u!, p! imply
(2.29) and (1.1)—(1.6). It remains to prove (2.30). From (2.28), f; = 0and f; # 0 we get
f2#0. Let x'eR3 satisfy (f,(x))? > 0. Choosing ¢ =0 such that ¢(x’, T) > 0 and
¢(x,0) = 0 for all xe R3 we see from (2.31) that u* cannot be zero almost everywhere
on R? x (0, T). Conclusion (2.30) follows from this fact, 0 <t < 1 and the identity

iz iz .
u(‘r’x + ( Y r")a,12’t+ < Y 12"> T> =t ul(x,r) if0<t<T.

K=0 k=0
Lemma 24. Suppose t,T,v,a,,a, are real numbers, 0<1<1,T>0, v>0,
{91, 92} €« C(P,R),g; 20,9, #0, (91,9,,0, T,v) is P-admissible and the following
property holds: If (x;, x,, x3)€R® and (x;,(x3 + x3)/?)espt(g,), then (tx,+
a,)* + (tx3)* >0 and

ga(txy + ay, (1%, 4 a5)* + (1x3)%)2) 2 171 g, (x1,(x5 + x3)173).
Then Theorem 1.1 is true.

Proof. Let f, f, be functions in C®(R3, R) such that f;=0, fi(R.(x,x,,0))=
gi(x1,x,) if ceR?|c|=1 and (x;,x,)eP, and (f,,f,0,T,v) is admissible.
Then the property f;=0 implies f,(tx+(a;,a,,0)=17""f;(x) for xeR3.
Lemma 2.3 (with a = (a;, a,,0)) implies the existence of u:R3 x [0, c0)— R* and
p:R? x [0, 00) > R such that (1.1)~(1.6), (2.29) and (2.30) are satisfied. We obtain
Theorem 1.1 if we use u, p with a change of scale (i.e., u(x, t) is replaced by au(bx, ct)
and p(x, t) is replaced by a?p(bx, ct) for appropriate a, b, c) and a translation in the
space coordinates.

Section 3. The Basic Construction

Throughout this section we fix T, 6, K, K,, U,, U,, f1, f5, v, v, such that T >0,
0 > 0, and properties (3.1)—(3.7) are satisfied:

K; = U, < P, K, is compact, U; is open, closure(U;) = P, (3.1)
f,€C2(P,R), v;=(v;1,0;,)€CX(P,R?), (3:2)
closure(U,)and closure(U,) are disjoint compact sets, spt(v;) = K, (3.3)
fi20, flx)=0 ifx¢U;,, fix)>v(x)| if xeU, (3.4)

0 0
xzavu(% »X3) + x25x—20i2(x1 s X2) + U;p(x 1, X2) =0, (3.5)

(f202))? — Toy(x)-V(ploy, £;1 = pIO, £11)(x) > [0o(x)1* if xeU,,  (3.6)
L(f)(x)20 if x¢K;, L(f)(x)>0 if xeU;~K;. 37
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Note that (3.1)—(3.4) imply that the functions p[v,, f1] and p[0, f,] (which appear
in (3.6)) are defined. We will see, in the course of the proof of Lemma 3.1, that
the functions p[v,, h; ], p[0, h, ,] appearing in (3.13) are also defined. Assumptions
(3.1), (3.3), (3.6) imply that the quantity under the square root sign in (3.14) is
nonnegative.

Lemma 3.1. There exist 6, g,,g,, hy, h, such that 6 > 0 and (3.8)—(3.15) are satisfied:

9:€C?(P,R), h;:P x(—06,T+3d)—>RisaC® function, (3.8)
spt(g) = Ui, spt(v) = {x:gdx) =1}, 0=gfx)<1 if xeP, (3.9)
h; =20, hyx,t)>|v{x)| ifxespt(gy), (3.10)

hix,t)= fix) if x¢spt(gy), (3.11)

(hy(x,))? = (f1(x))* — 2t3g,(x), (3.12)

(ha(x, 1))? = (f2(x))* — 2tdg,(x) — 5) vy(x) V(p[vy, by .1 — p[O, by 1) (x)dr,
where h; (x) = h{(x,t), (3.13)
hy(x, T) + 0 > ((f2(x))* — Toy(x)-V(plvs, f11 — P[0, f1])(X))/* if xeP,  (3.14)
L(h; )(x) =0 if g(x)<1 (whereh, (x)=h(x,t)asin(3.13)). (3.15)

Proof. Assumption (3.1) allows us to find an open set V; with compact closure such
that K; < V; and closure(V;) = U;. Let g;e CX(P,R) satisfy spt(g;) = U;,g:(x)=1
if xeclosure(V}), and

0=gi{x)=<1 forallxeP. (3.16)

Let W, be an open set with compact closure such that spt(g;)) = W; and closure
(W;) = U;. Using (3.3), (3.4), (3.2) we get

spt(v;) = K; = V; = closure(V) < { x: g{(x) = 1} < spt(g;) = W, < closure(W))
c U; = {x: fi(x) > [vx)|} = spt(f;) = P. (3.17)

From (3.17) we conclude fi(x)> |v(x)| for all x in the compact set closure(W)).
From (3.7) and (3.17) we conclude L(f;)(x)>0 for all x in the compact set
closure(W;) ~ V;. Hence there exists ¢ > 0 such that

fi(x) > (% + Jofx)|)Y?  if xeclosure(W)), (3.18)
L(f)(x)>¢ if xeclosure(W,) ~ V;. (3.19)

If ie{1,2}, xeP and SR satisfy 25g/(x) < (fi(x))* we define
kix, 8) = ((f1x))* = 26g:0)"?,  k; 5(x) = ki(>x, 6)- (3:20)

If xeW, and 6 <¢?/2 then (3.16) and (3.18) imply 25g,(x) < &2 < (f{(x))%. Hence
k;is C* on W; x (— o0,&?/2). The function k; is C* on (P ~ spt(g;)) x R because (3.4)
implies ky(x, ) = ((f(x))*)!'?> = f(x) for (x,9) in that set. All this and (3.17) (which
implies spt(g;) = W; and spt(g;) = spt(f;)) yield
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kiisC®onP x (— o0,e%/2), k; =0, spt(k;s) = spt(f). (3.21)

Setting L(k;)(x, 8) = L(k; 5)(x) (see(3.20)), we conclude that L(k;) is a C* function on
P x (— ,¢2/2). In particular, L(k;) is uniformly continuous on the compact set
(closure(W;) ~ V) x [ — €%/4, £2/4]. Hence there exist 8, > 0 such that §, < ¢?/4 and

|L(k;)(x,8) — L{k;)(x,0)| <¢&/2 if xeclosure(W,)~V; and || < d,.
Combining this with L(k;)(x,0) = L(f;)(x) (see (3.4)) and (3.19) we obtain
L(k;)(x,0) >¢/2 if xeclosure(W;)~ V; and || <d,.

If xe P ~ closure(W,) then (3.17) yields g(x) = 0 and x¢ K. In this case, (3.4) and (3.7)
imply L(k;)(x,d) = L(f;)(x) = 0. All this implies

L(k, ))(x) = L(k)(x,0) =0 if xeP~V¥, and || <, (3.22)

If xespt(g;) and & < &2/2 then (3.16)—(3.18) imply (fi(x))? — 26g:(x) > (fi(x))* —
£2 > |v(x)|*>. We obtain (see (3.20))

ki o(x)>[v(x)| 20 if xespt(g;) and J<e?/2. (3.23)
Assertions (3.17), (3.21) and (3.23) imply that p[v;,k; ;] and p[0,ky,s]
b a

make sense for § < &?/2. Hence, using the convention [ = — [ and the notation
a b

H(x,1,6) = (f5(x))* — 20tg,(x) — (It) v20) V(pLo1, Ky r5] = PLO, ks 5])(X)dr,  (3.24)

we can say
Hisa C® functionon P x (—2T,2T) x (— £2/(4T), /(4 T)). (3.25)

From (3.24), (3.20), (3.4) we obtain
H(x,t,0) = (f2(x))* — toy(x)-V(p[vy, £1]1 = pLO, f1])(x). (3.26)

If xeclosure(W,) then (3.26), (3.17), (3.6) yield H(x,0,0)> |v,(x)|* and
H(x, T,0) > |v,(x)|2. The linearity of (3.26) in the variable t implies H(x, t, 0) > |v,(x)|?
if xeclosure(W,) and te[0, T]. Now the compactness of closure(W,) x [0, T, (3.2)
and (3.25) imply that there exists a > 0 such that o < T, « < £2/(4T) and

H(x,1,0) > |vy(x)|* if xeclosure(W,), te[—o, T +al, |6|<a.  (3.27)
We will use the notation
h(x,t,8) = (H(x,t,8))* if H(x,t,6)=0. (3.28)

If x¢spt(g,) then the properties x¢spt(v,) (see (3.17)), (3.28), (3.24), (3.4) imply
h(x, t,8) = ((f2(x))})'? = f,(x). Hence (3.25) implies that h is C® on the set

(P ~spt(g,)) x (— 2T, 2T) x (— &*/(4T),*/(4T)).

From (3.25), (3.27), (3.28) we obtain that h is C*® on the set W, x (—a, T + o) x
(— o, a). All this, (3.17), « < T and « < £2/(4T) imply

hz0, hisC®onP x(—oa, T+ o) x (— o, 0). (3.29)
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Furthermore, (3.27), (3.28) and (3.17) yield

h(x,t,0) > |vy(x)| if xespt(g,), te(—o, T+a), || <a. (3.30)
Using spt(v,) = spt(g,) = spt(f5,) (see (3.17)), (3.24), (3.28), (3.4) we find
hx,t,0)=0 if xéspt(fy), h(x,t,0)=rf(x) if xéspt(g,). (3.31)

Recall that we fixed 6 > 0 at the beginning of this section. Now we use (3.29) and
(3.2) to fix &; >0 such that (T +6,)8, <&, <&*/4, 6, <a and the inequality
|h(x, T,0,) — h(x, T,0)| < 8 holds for all xespt(f,). From (3.31) we obtain that
|h(x, T,d,) — h(x, T,0)| < 8 holds for all xeP. This implies (see (3.26), (3.28),
(3.29))

h(x, T,8;) + 0> ((f2(x))* — Tvy(x)-V(p[vy, f11- P[0, f11)())*?  (3.32)
for all xeP. We define h;: P x (—d,, T + 6,)—> R and h;, by (see (3.21))
hl(x> t) = kl(xa tél)a h2(xa t) = h(x’ t’ 51)a hi,t(x) = hi(x, t)'

If (x,t)eP x (—&,, T + 8,) satisfies g,(x) <1 then (3.17) implies v,(x) =0. There-
fore, (3.28), (3.24), (3.20) yield

hay(x, 8) = h(x,t,81) = ((f2(X))* — 20,tg2(x))"/* = ky(x, 15,)
in this case. The definition of #; and the above imply
ifg{x)<1 and —6;<t<T+9, then h(x,t)=k(x,td;). (3.33)

The number ¢ in the statement of the lemma will be J,. From the definition of
g, 0< 6, <a, (T +6,)5; <&?/2, (3.21), (3.29) we conclude (3.8). Assertion (3.9) is
a consequence of (3.16), (3.17). Properties (3.23), (3.20), (T + 6,)d, < &%/2, (3.29),
(3.30), 0 < 6, < a imply (3.10). Assertions (3.4), (3.20), (3.31) imply (3.11). We obtain
(3.12)—(3.14) from (3.20), (3.24), (3.28) and (3.32). Finally, (3.15) follows from (3.22),
(3.33), (3.17) and (T + 6,)0; < dg-

Lemma 3.2. Let d, g;, h; be as in Lemma 3.1. Then there exist d, N, J* for ze{1,2,3},
and g for ie{1,2}, ze{1, 2, 3} such that (3.34)—(3.41) are satisfied:

N is a positive integer, d = T/(4N), (3.39)
J?is an open subset of (—06,T +6),q7:P x J* >R is C®, (3.35)
[4nd,4nd + d] = J',[4nd + d,4nd + 2d] < J?,

[4nd + 2d,4nd +4d] < J? if ne{0,1,...,N — 1}, (3.36)
qi(x,4nd + d) = g?(x,4nd + d), g(x, 4nd + 2d) = q}(x, 4nd + d),

g7 (x,4nd + 4d) = g}(x,4nd + 4d) if ne{0,1,...,N — 1}, (3.37)

q;i 20, gi(x, ) =h{x,1) if x¢spt(v)), (3.38)

gi(x, ) > lvx)| i xespt(vy), (3.39)

qil(x’ 0) = hi(x, 0)9 qg(x, T) = hi(x9 T), (340)
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0. _ -
22 H(gi(x, 1))* = 6/2 — 3g,(x) — Sivi(x)- V(2™ (gF,)* + pLvi, 45, + pLv3, 45.1) (),

whereS]=8;=83=S1=1, §$?=8}=—1, vl=0?
=vy, 11=0, v3=0,, and g (x)=qi(x,1). (3.41)
Proof. If ie{1,2} and je{1,2} we define wi: P— R? as follows:
wi=v, if (L) #(2,2), w3=0. (3.42)
From (3.9), (3.4) we obtain
spt(v;) = spt(gy) < spt(f)). (3.43)

Recall the notation h; (x) = hy(x, t) introduced in (3.13). Properties (3.8), (3.10), (3.42),
(3.43), (3.2) imply that p[wi,h, ] and p[v,,h,,] make sense for te(— &, T+ J).
b a

This fact, (3.8), and the convention [ = — [ allow us to use the notation
a b
2s
Mi(x, 1, 5) = (h(x, 8)* — 258g,(x) + (— 1Y [ 0/x) V2™ (1 1.,)?
0
+ p[W{’ hl,t+r] + p[v2, h2,t+r])(x)dr (344)

if {i,j} = {1,2}, xeP, —8/3 <t< T +5/3 and |s| < 6/3. We have

Miis a C* function on P x (—§/3, T+ 6/3) x (— 6/3,6/3). (3.45)
We will also use the notation
mi(x, t, s) = (Mi(x, t,5))"/* if (x,t,s)satisfies M{(x, t,5) = 0. (3.46)

If (x,£) is in the compact set spt(g;) x [0, 7] then (3.44), (3.45), (3.10) yield
Mi(x,t,0) = (hx,1))> > |v{(x)|>. Hence (3.45), (3.2) imply that there exist an open
set E; = P and a number > 0 such that spt(g;) < E;, f < /3 and

Mi(x,t,s) > |vx)|* if (x,t,5)eE; x (— B, T + B) x (— B, B). (3.47)
Using (3.45)—(3.47) we conclude
miisC®onE; x (— B, T+ B) x (— B, B). (3.48)

If x¢spt(g;) then (3.43) and (3.44) yield Mi(x,t,s) = (h{(x,t))*>. Combining this with
(3.45), (3.46), h; = 0 (see (3.10)) and S < /3 we find

mi(x,t,5) = hix,t) if (x,1,5)e(P ~spt(g)) x (— B, T + B) x (— B, B), (3.49)

and hence (3.8) implies that m! is C® on the set mentioned in (3.49). This last
assertion, (3.48), and spt(g;) = E; imply

miis C* on P x (— B, T+ p) x (— B, P). (3.50)
Using (3.46), (3.47) and spt(g;) < E; we find
mi(x,t,5) > |v,(x)| if (x,t,5)espt(g) x (= B, T+ B) x (— B, ). (3.51)
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For future reference, we use (3.44), (3.46), (3.50) to write

(mi(x,,5))* = (hi(x, 1))* — 259g,(x)
(= 1 ] 000 VR ) + Py ]
4 ploa, g OO
if (x,,5)€P x (— B, T + ) x (— B, B). (3.52)
We will use the notation
mi, {(x) = mi(x,t,s). (3.53)

Properties (3.49), (3.11), spt(g;) = spt(f;) (which follows from (3.4) and (3.9)) and
(3.46) imply

Spt(m{,t,s) < Spt(f,-), m{,t,s g 0 if (ta S)E('— ﬁ9 T + :8) X (_ ﬂ? ﬂ) (354)

Now (3.53), (3.51), (3.43), (3.54), (3.2) imply that p[v;,m!, ] and p[0,m!, ] make
sense if (¢,s)e(— f, T + B) x (— B, f). We define

FLO(x,t,5) = v(x)- V(2™ }(m], ) (),
Fi4(x, t,5) = vi(x)- V(pLog, mi,, )(X)if k=1,2,
F33(x,,5) = 05(x)- V(p[0, m3 , 1) (x) (3.55)

for (x,t,5)eP x (— B, T + B) x (— B, B). We use (3.2), (3.50) to choose d >0 such
that 84 < /2, N = T/(4d) is an integer and

IF‘ii’k(x’ t,S) - F{‘k(X”t,,O)I < 5/6
{60} c[— B2, T+p/2), lt—t]<8d, |s|<8d. (3.56)

For ne{0,1,...,N —1} we set
J} = (4nd — dJ3,4nd + d + d/3),
J2 = (4nd +d — dJ3,4nd + 2d + d/3),
J3=(4nd + 2d — d/3,4nd + 4d + d/3),

N-1

JF= ) Jz ifze{1,2,3}. (3.57)
n=0

If z is fixed then the intervals J3, J3,...,J%_ are disjoint. Hence the properties
N =T/(4d), 8d < B/2, B < 6/3, (3.8) and (3.50) allow us to define g7: P x J*— R as
follows:

IfteJ} then gi(x, t) = mi(x, 4nd, t — 4nd),

IfteJ? then g3(x, t) = m3(x, 4nd + 2d,t — (4nd + 2d)),
IfteJ? then g3(x, t) = hy(x, t),

IfteJ} then gi(x, t) = mi(x, 4nd, t — 4nd),
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If teJ? then g3(x, t) = m3(x, 4nd, t — 4nd),
If teJ? then g3(x, t) = m3(x, 4nd + 4d, t — (4nd + 4d)). (3.58)

Note that, in (3.58), m} is evaluated only at points in P x(—f/2,T + /2) x
(— B/2, B/2). Using (3.46), (3.10) we find

q; 2 0. (3.59)
If x¢spt(v;) then (3.12), (3.13) imply that the identity in (3.52) reduces to
(mi(x,t,5))* = (hi(x, 1))* — 250g,(x) = (fix))* — 2tgi(x) — 250g(x) = (hfx, t +5))*.

The above and (3.58) yield (qZ(x, t))* = (hy(x, t))? if x¢spt(v;). Now (3.10) and (3.59)
imply
gi(x,t) = h{x,t) if xeP ~spt(v;) and teJ (3.60)

From (3.58), (3.51) and (3.10) we conclude
Gi(x,t) > |vd(x)| if xespt(g) and teJ- (3.61)
Properties (3.58), (3.57), (3.52), (3.42), (3.12) and the argument

z_de(r)dr= (f) FQd+r)dr=— [ FQd+r)dr
0 24

0

which is valid for an arbitrary F, yield
(q1(x,4nd + d))? = (mi(x,4nd, d))* = (h,(x, 4nd))* — 2dSg,(x)

- f 1) V27 anasn) + 2 Pl P ana + 1) (x)dr

= (ha(x.nd + 24)* + 245,()
- I 100" V2 7 (hy anas ) + Z PLoes i ana + 1) (x)dr

= (hy(x,4nd + 2d))* + 2dbg,(x)
T G A PISTRLESS S C I Tor

= (m3(x,4nd + 2d, — d))?® = (q*(x, 4nd + d))*. (3.62)

From (3.13) we obtain
(hy(x,4nd + 4d))* — (h,(x, 4nd))*

4nd+4d

=—8d592(x)_ 4!1(1 UZ(x)'V(p[vl’hl,r]—p[O’hl,r])(x)dr

44
= —8ddg,(x)—- (I) 02(X)'V(PLo1, hyana+r] = PLO By ana+ D(x)dr. (3.63)
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Using (3.58), (3.57), (3.52), (3.42) and the argument

—4d 0 4d
| Frydr=— [ F(r)dr=— [ F(r—4dydr,
0 0

—4d

for arbitrary F, we find
(@3(x,4nd + 2d))> — (g3 (x, 4nd + 2d))?
= (m3(x,4nd + 4d, — 2d))? — (mi(x, 4nd, 2d))*

= (h,(x,4nd + 4d))* + 4ddg,(x) + _Ed v,(x)'V(2~ 1(h2,4m,+4d+,)2
 PL0,hy s a0 4,1+ PL02 b s g D)r — (5, dnd)? + 45 g5(2)
4 T 02V gt 4 P01 1+ DD, g D

= (hy(x,4nd + 4d))* — (h,(x, 4nd))* + 8d5g,(x)
4 1 020 VL0 hyant ]~ PO b g )

The above and (3.63) yield
(43(x,4nd + 2d))* = (g3 (x, 4nd + 2d))>. (3.64)
Using (3.58), (3.57), (3.52) we obtain
(¢3(x, 4nd + 2d))? = (m3(x, 4nd + 2d,0))* = (hy(x,4nd + 2d))*

= (g3 (x,4nd + 2d))?, (3.65)

(@3 (x, 4nd + 4d))? = (h, (x, 4nd + 4d))> = (m! (x, 4nd + 4d,0))
= (m!(x,4(n+ 1)d,0))* = (g} (x,4(n + 1)d))?, (3.66)
g3 (x,4nd + d) = mj(x, 4nd, d) = q3(x, 4nd + d), (3.67)

(@3 (x,4nd + 4d))* = (m}(x, 4nd + 44, 0))* = (h,(x, 4nd + 4d))?
= (m(x, 4nd + 4d,0))? = (mi(x, 4(n + 1)d, 0))2
=(q3(x,4(n + 1)d))*. (3.68)

Our construction yields (3.34)—(3.36). Assertion (3.37) is a consequence of (3.59),
(3.62), (3.64)—(3.68). Properties (3.59), (3.60) yield (3.38). From (3.61) and (3.43) we
obtain (3.39). Using (3.58), (3.57), N = T/(44), (3.52), (3.59), (3.10) we conclude (3.40).
The proof of the lemma will be completed by showing (3.41).

From (3.52), (3.53)-(3.55), (3.10) we get

FF0(x,1,0) = v;(x)- V2™ (h:,)*)(x),
F*(x,t,0) = v;(x) V(p[ve by, ])(x) if k=1,2,
F33(x,,0) = 0,(x): V(p[0, 2y 1) (). (3.69)
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The identity (3.52) gives us

0 . . .
552 ml(x,1,5)* = = 89,00 + (= D/0i(0) V2 (i 20" + pIWh by e 2]

+p[v2, by 44 25])(X) (3.70)

We will use the notation gf,(x) = gi(x,t). Assertions (3.59)—(3.61), (3.11), (3.43),
(3.2) imply that p[v;,¢7,] and p[0,q;,] make sense. If teJ) then (3.58), (3.53),
(3.55) imply

v:(x)' V(27 (gi)*)(x) = F}°(x,4nd, t — 4nd),
v:(x)"V(p[ves gic ])(X) = F}*(x, 4nd,t — 4nd) if k=1,2.
The above, (3.69), (3.70), (3.58) and (3.42) yield the following for teJ}:

2
—6gi(x)+ Y, (FI*(x,4nd,t — 4nd) — F}*(x,2t — 4nd, 0))
K=o

—0,(x)'VQ2 ™ Yqi)? + vy, g1, ] + P2 g5, ])(x)

2
= —38gi(x)— Y, F}*(x,2t —4nd,0)
k

=0

2
= —0g;(%) = v;(x) V27 (h; 20— 4na)* + kZ1 P P 20— 4nal) (%)
0
=—2"Ygl(x, 1))~
52 @)
The above, (3.56) and the definition of J}! imply

;—tZ‘ Hgi (5, 1) £6/2 = 89i(x) — v(x)' V(27 ' (qi,)* + P[v1, 41,1 + PL02, 5, 1) ().
(3.71)
If teJ2 then (3.58), (3.53), (3.55) imply
0, (x)'V(27 (g7 ,)*)(x) = F2°(x,4nd + 2d,t — (4nd + 2d)),
v,(x)'V(p[vy, 42 1)(x)=F}'(x,4nd + 2d,t — (4nd + 2d)),
0,1 (x)-V(p[v,, q3.1)(x)= F1?(x,4nd, t — 4nd).
The above, (3.69), (3.70), (3.58) and (3.42) yield the following for teJ2:

1
—8g:(x)+ Y (F2*(x,2t — 4nd — 2d,0) — F*(x,4nd + 2d,t — 4nd — 2d))
k=0

+ (F12(x,2t — 4nd — 2d,0) — F}2(x, 4nd, t — 4nd))
+ 0,00V (g} )? + plvs, 43 ] + P02, 45,1) (%)

1
=—38g,(x)+ ¥ F2*(x,2t — 4nd — 2d,0) + F12(x, 2t — 4nd — 2d, 0)
k=0
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2
=—0g,(x) +0v,(x)V(2~ ! (h1,2t-4nd-2d)2 + k;1 pLve hk,Zt-4nd-2d] )(x)
=1 @)

ot
The above, (3.56) and the definition of J2 imply

T2 G 0 S92~ 50,0 + 0, () V@G + pLovad ] +pLoa 310

(3.72)
If teJ? then (3.58), (3.53), (3.55) imply
02(x) V(271 (43,07 (x) = F3°(x, 4nd, t — 4nd),
02(x)-V(p[o1, 47 ,1)(x)= F3* (x,4nd + 2d, ¢ — (4nd +2d)),
v,(%)-V(p[v2, 43, 1)(x)= F3*(x, 4nd, t — 4nd).
The above, (3.69), (3.70), (3.58) and (3.42) yield the following for teJ2:
—8g,(x) + (F3°(x,4nd, t — 4nd) — F1°(x, 2t — 4nd, 0))
+ (F%'(x,4nd + 2d,t — 4nd — 2d) — F3'*(x, 2t — 4nd, 0))
+ (F3*(x, 4nd,t — 4nd) — F1*(x, 2t — 4nd, 0))

—02(0)-V27(g3,)* + plv1, g} + plvs 43,1 (%)
= — 3g,(x) — F1°(x, 2t — 4nd, 0) — F2(x, 2¢ — 4nd, 0)
— F3%(x,2t — 4nd,0)

2
= —0g,(x) — 0,(x) V27 {hyp00d)® + kgl PV P 514na]) (%)

_a =1¢,2 2
=527 (@ 0P,

The above, (3.56) and the definition of J2 imply

%2_ H(g3(x,1))* £6/2 — 09, (x) — v2(x) V(2™ (g3.)* + p[v1, 43,1 + p[v2.43,7)(X).
(3.73)
Finally, if teJ? then (3.58), (3.53), (3.55), (3.69) imply
0,(x)- V(2" 1(g2,)?)(x) = F2°(x, 4nd + 4d, t — (4nd + 4d)),

v,(%)-V(p[0, 43, 1)(x)= F3°(x,1,0),
02(0)'V(p[v2, 43, 1)(X)=F3*(x,4nd + 4d, ¢ — (4nd + 4d)).
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The above, (3.69), (3.70), (3.58) and (3.42) yield the following for teJ3:
—0g,(%) + (F3°(x,2t — 4nd — 4d,0) — F3°(x,4nd + 4d, t — (4nd + 4d)))
+ (F33(x, 2t — 4nd — 4d,0) — F23(x,,0))
+ (F32(x,2t — 4nd — 4d,0) — F%%(x,4nd + 4d,t — (4nd + 4d)))
+0,(x)' V(27 (g3,0* + P[0, 43,1+ pv2,43,.1)(x)
= —8g,(x) + F3°(x,2t — 4nd — 4d,0) + F33(x, 2t — 4nd — 4d, 0)
+ F%2(x, 2t — 4nd — 44,0)
= —06g,(x) +v,(x) V(2™ 1(h2,2t—4nd‘4d)2
+PL0, by 5e— ana—aad + PLV2 B2 5 ana—2a]) (%)

— 6 =1¢,3 2
=27 @),

The above, (3.56) and the definition of J? imply

i
5;2‘ Hg@3(6,1))? £ 6/2 = 89,(x) + v,(x) V(27 (g3,)* + P[0, 43 ] + p[v2, 43, 1) (x).

(3.74)
Using (3.58), (3.12) we obtain

;%2'1(4?(96, 1)* = %2"‘(’!1(& 1)*=—0gy(x) if teJ;. (3.75)

Conclusion (3.41) follows from (3.71)—(3.75).

Lemma 3.3. There exists v, > 0 such that the 5-tuple
(hy,0+hy0.hy 1+ hy1,0,T,V)
is P-admissible when 0 <v <v,,.

Proof. We recall Lemmas 3.1, 3.2. For ne{0,1,2,...,N — 1} we define a} = 4nd,
by=a2=4nd +d,b? =a} =4nd +2d,b} =4nd +4d. Let ze{1,2,3} and n
be fixed. From (3.9) and (3.4) we conclude spt(v;) = {x:g{x) = 1} = spt(f;). Using
(3.3), (3.4) we find that spt(f,) and spt(f,) are disjoint. Properties (3.11), (3.38),
(3.9), (3.4) imply ¢i(x,t)=0 if x¢spt(f;). Using (3.38), (3.15), (3.9) we obtain
L(g; )(x) =0 if x¢{x:g;(x)=1}. All this, the hypotheses of this section, and
Lemmas 3.1, 3.2 imply that (2.1)-(2.9) are satisfied if a, b, J, C,, C}, S;, n, v, q; are
a; b, J%, spt(f), {x:g:(x)=1}, S, 0/2, v}, ¢}, respectively. Now Lemma 2.1
implies that there exist positive numbers v}, v2, v3 such that the 5-tuple

(91.4na + 92,400 91 ana + 2 + 43,400+ 040, 4nd + d, v)
is P-admissible if 0 <v < v}, the 5-tuple

(0 ana+a + 95 ana+a> 93 and+ 20 + 93, 4na+ 200 4nd + d, 4nd + 2d,v)
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is P-admissible if 0 <v <v2, and the 5-tuple
(q?,4nd+ 24T qg,4nd+ 24> q?,4nd+4d + qg,4nd+4d’ 4nd + 2d,4nd + 44, v)

is P-admissible if 0 <v < v3. The conclusion follows from the above, Lemma 2.2,
(3.34), (3.37), (3.40), and the choice of v, such that vy >0 and v, < v2 for all z and n.

Section 4. The Geometric Arrangement
Throughout this section, we fix F, 4, B, C, D such that (4.1)—(4.4) are satisfied:
F=(F,,F,)is a C* function from R? into R? 4.1
A, B, C, D are real numbers, B>0,C >0, D >0, 4.2)
F,(A4,0)=B, if xeR then |F,(x,0))<B and F,(x,0)=0, 4.3)
lim x*F,(x,0)=D, if xeR? then |F(x)|<C|x|™*

and |VF(x)| < Clx|™5. (4.4)

When oeR,p>0,6>0 we let F**°=(F}”?,F%”°) be the C® function
from R? into R? which is defined by

F02(xy,x,) = (0°/p)F((x; — @)/p, xa/p) if (x1,x,)eR%. 4.5)
From (4.1)-(4.3) we conclude the existence of G with the properties
0<G<(6CY*B~1*+|A])/8, if [x—A|<G then F,(x,0)>(.999)B. (4.6)

Lemma 4.1. If aeR, p>0,0>0and « = A — p A then the following two properties
are satisfied:

iflx — A| = (6CY*B~1* 1+ |A|)p, then F?*°(x,0)> —1073(¢?/p)B;
if|x — A| < Gp, then F%*°(x,0)>(.999)(c*/p)B.
Proof. If |x—A|=(6CY*B~'*+|A|)p, then the hypothesis a=A—pA
implies
[x—al=|(x—a—pA)+ pA|=[(x — A) + p A
2 |x—A|—pl|A| Z(6C*B~* +|A])p — p|A| = 6C* B~ p.
The above and (4.5), (4.4), (4.2) yield
|F177(x,0)| = (a%/p) | F 1 ((x — 2)/p, 0)| < (6%/p)C|x — | ~*p*
<(a?/p)C(6C*B™*p)™*p* =(a/p)6~*B < 10~*(c/p) B.

This proves the first property. If |x—A|<Gp, then a=A4—pA implies
[(x—a)/p—A|=|x—a—pA|/p=|x—A|/p=<G. This inequality, (4.5) and
(4.6) imply

F17?(x,0) = (6%/p) F1((x — #)/p, 0) > (6%/p)(:999)B,
which yields the second property.
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Let a', a", ', 1", s, s” be the real numbers determined by (4.7) and (4.8):
r'=G/(6C'*B~Y* +14))>0, r"=(r')*>0, 4.7
Ad=A—rA, a'=A-r'A4, s=02r)?*>0, s'=@")"?>0. 4.9)

From (4.5), (4.3), (4.8) we conclude

(F4™s + F{"r"*" + F,)(4,0)=2B+ 4B+ B=17B 4.9)
Using (4.7) and (4.6) we find
O<r<1/8, 0<r"<r/s. (4.10)

Lemmad.2. If xeR, then (F{"""¥ + F{"""*" + F,)(x,0) = — (1.006)B.

Proof . The fact Gr' < G (see (4.6), (4.10)) allows us to separate the argument into
the following three cases: |x—A|<Gr,Gr<|x—A|LG,|x—A4]=20G.
If |x — A| £ Gr', then |x — A| < G (see above). Hence (4.5), (4.7), (4.8), Lemma 4.1,
(4.3), (4.6), (4.2) imply (in the first case)

(F§™ + F{"""" + F1)(x,0) = (.999)((s)?/r)B — ((s")*/r")B + (.999)B
=(.999)(2B) — 4B +(.999)B > — (1.006)B.
If Gr <|x — A| £ G, then (4.7) yields
|x — A| 2 Gr' =(6CY*B~Y* +| A|)(r')* = (6CY/*B~* + | A|)r".
Hence (4.5), (4.3), (4.7), (4.8), Lemma 4.1, (4.6), (4.2) imply
(F§" + F{"""" + F)(x,0) = — ((5)?/r)B — 10~ 3((s")*/r")B + (.999) B
= —2B—107%4B) + (.999)B > — (1.006)B.
If |x — A| = G, then (4.7), (4.10) yield
|x—A|=G=(6C"*B~ 14 +|A|)r' > (6C*B~ 14 + | A|)r".
Hence (4.3), (4.7), (4.8), Lemma 4.1 imply
(F§ + F{"""" + F)(x,0) = — 1073((s')?/r')B — 10~ 3((s")*/r")B— B
= —10732B)— 10" 34B)— B = —(1.006)B.

Lemma 4.3. There exists E such that (4.11)—(4.13) hold:
E>0, E<r'/8<r/8<1/8, 4.11)

if x,€R and |x,| < E, then (F{""¥ + F{"""" + F,)(x;,x,) > — (1.01)B,
4.12)

if |x;, — A|S(10°C/D)E and |x,|<E,
then(F{™% + F{"""" + F)(x,, x,) = (6.99) B. 4.13)
Proof. This follows from (4.10), Lemma 4.2, (4.5), (4.1), (4.4), (4.2), (4.9).
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Lemma 4.4. If xeR?, |x| > 2|A|, then |(F“""* + F*"""%" 4 F)(x)| £ 2C|x|*.
Proof. Using (4.8), (4.10), |(x,, x,)| > 2|A4| we find
(g — @', x3)| Z | (xy, X)) — la'| = [(x1, %) — (1 = r)4]

2 |(xy, Xo)[ — Al > [(xq, x5)/2.
Then (4.5), (4.7), (4.8), (4.4), the above and (4.10) imply
LF&7 S (g, x2)| = () /) F((xy — @)r', x, /)|
=2|F((x; — a)/r', x,/r)| £ 2C|(x, — @', x)|~*()*
S2C|(x, %) 724 £ 2C|(xq,x,)| 7447

A similar argument yields |F*""""(x,,x,)| S 4C|(x,,X,)| " *4~ % if |(x1, x,)| > 2| 4].
The conclusion follows from all this and (4.4).

Assumptions (4.2), (4.4) imply that we can choose M large enough to satisfy
(4.14)—(4.16):

M 21+ 10*C/D, (4.14)
ifm=M and |x, —m|<10*C/D, then|m*F,(x,,0)— D|<(.0005)D, (4.15)
ifm=M, then C(m— 10*C/D)™3 <(.0005)m~*D. (4.16)

If m= M, |x; —m| < 10*C/D and |x,| < 1 then the mean value theorem, (4.4), (4.14)
and (4.16) yield

|Fy(xy1,%5) — Fi(x;,0)| S 1x,]|VF (x4, )] |x2|Cx1‘5 =< Cxl_s
< C(m —10*C/D)™3 < (.0005)m~*D.
The above and (4.15) give us
ifm>=M, |x;,—m|<10*°C/D, |x,|<1 thenl|F,(x,,x,)—m *D|
<107 3m *D. (4.17)

We choose ¢ > 0 small enough to satisfy (4.18) and (4.19):

e (1 4 e)12E/10> 241 + 1, 2C( (1 +62)2E/10)"* < 10~ %2B, (4.18)
0<e<.01, ¢ '103C/D>M, & '10°C/D>10*C/D, (99)(1 + )2 <1,
(4.19)
We set
r=¢ (14 ¢&3)2E, a= —r(e '103C/D), (4.20)
d=r(10*C/D), s=[((1.02)B/(.999))(c~ 103C/D)*(r/D)]"/*. 4.21)
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Using (4.20), we can rewrite (4.18) and the last inequality in (4.19) in the form
r/10>2|A|+ 1, 2C(r/10)"* <107 3¢2B, (.99)re <E. 4.22)
From (4.2), (4.4), (4.21) we get
C/D=1, henced = 10*r. (4.23)
If|x, — A| £ (10*C/D)E, then (4.22), (4.21), (4.23), (4.20), (4.19), (4.23) allow us to write
Ix,| £ 14| + (10*C/D)E < r/20 + d(E/r) < 107*d/20 + de < (1 — 10" %d < d —r.
The above, (4.19) and (4.20) imply
[A—(10*C/D)E, A + (10*C/D)E] =(r —d,d —r) and E<r/10. (4.24)
Lemma 45. If ~d<x,<dand 0<x, <r, then
|F5"%(x,, x5)] £(002)Be and (1.02)B < F¢™%(x,,x,) <(1.03)B.

Proof. Using(4.5),(4.20), (4.3), the mean value theorem, (4.4), our assumptions on x;,
(4.19) and (4.21) we obtain

[F§"%(xy,X,)| = (s*/r)|F,(x,/r + £~ *103C/D, x,/r)|
= (/)| Fx,/r + £~ 1103C/D, x,/r) — Fy(x,/r + &~ 110°C/D,0)|
S (82/r)(xa/n)IVF y(x,/r + £ 110°C/D, &)
< (s*/P)C(x,/r + £~ 1103C/D)~3
< (s2/n)C(e™10°C/D — 104C/D)~3 < (s*/nC((9)e~*103C/D)" 5
= ((1.02)B/(:999))(e~ 10°C/D)~ (C/DX.9)~* < (002)Be,
which gives us the first conclusion. Using (4.5), (4.20) we find
(s2/r) " LF%"(x,, x5) = F,((x; — a)/r, x,/r) = F(x,/r + £~ *10°C/D, x,/r).

If we set m = ¢~ 110°C/D, then the above, our assumptions on x;, (4.17), (4.19) and
(4.21) yield

I(s/r)~ 1F§"5(x,, x,) — (67 1103C/D)~*D| £ 107 3(e~'103C/D)~*D.
Substituting (4.21) into this inequality, we-obtain
[F&"%(x,, x,) — (1.02)B/(.999)| < 10~3(1.02)B/(.999),
which implies the second conclusion.

Lemma 4.6. If —d<x, <dand0 < x, < E, then

(F§7+ FY7 4 F{"" 4+ Fy)(x,, %) 2 (O1)B.
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Proof. This follows from Lemma 4.5, (4.12) and (4.24).
Lemma 4.7. If |x, — A| £(10*C/D)E and 0 < x, < E, then

(F4ms + F&rs" + F{"7" + F)(x4,X,) 2 (8.01)B.
Proof. This is a consequence of Lemma 4.5, (4.13) and (4.24).

Lemma 4.8. There exists we C®(P, R?) such that we have

spt(w) = (—d, d) x (107 %er, 1), (4.25)

sptw) and [r—d,d—r] x [E,r/10] are disjoint, (4.26)
0

xzz-);;wl(xl » %) + xza_xZWZ(xl »X2) + Wy(xy,x,) =0, 4.27)

and the function  h(xy,x;) = w(X;,X):(F*" + F*"¥ + F¥"""" 4+ F)(xy, X))
satisfies (4.28)—(4.30):

if |x,—A|<(10*C/D)E and (02)er < x, <(98)er, then h(xy,x,)2 (8.01)B,
(4.28)

if |x;<d—r and (02)er <x, <(98)er, then h(x,,x,)=(01)B, (4.29)
if xeP, then h(x)= —¢*1.032)B (4.30)
Proof. We set (see Fig. 1)

H, = {(xy,x,):x, = e(x; + d), (0)er <x, <(.99)er},
Hy={(x1,%,):(x; + d)x, = (.9801)er?, (.99)er < x, <(.0199)"/2r},
Hy={(x1,x,):x; +d=¢(r* — x3)/x,, (.0199)2r < x, <(.9999)"?r},
Hy={(x1,%5):(x; +d)x, =(0001)er?, (O1)er < x, <(.9999)'/%r},

H; 4= {(x1,%):(—xy,x,)eH;} fori=1,2,3,4,

H
N +
I\H3 I | ] Hy Ji
| |
H
Hg (L | Hg
| & I Hy | | He I
I Hl H5 |
D T T e . -
| | Ho | |
-d r-d 0 d-r d
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Ho={(xy,x,):|x{| £d — (01)r, x, = (.01)er},
H,yo={(x1,x5):1x,| = d — (99)r,x, = (99)er},
Hy = {(x1,%):]x;] £d — ((.9801)/(.0199)* ?)er, x, = (.0199)*/?r},
Hyp = {(x1,%):]x1] < d — ((0001)/(.9999)"/2)er, x, = (.9999)'/2r}.

The topological notions of this paragraph will always refer to the natural
topology of P(not R?). The sets R,,..., R are open subsets of P determined by
the following conditions: R;,..., Rs are bounded, R4 is unbounded,

H,UH,,WHsUH,=boundary(R,), HsuHgUH,UHg=boundary(R,),
H;UH,,UH,UH =boundary(R;), H;UH, UH; U H, =boundary(R,),
H,UH,,wHsUH,; =boundary(Rs), HoUHgUH,,UH,=boundary(Rg).

The function v=(v,,v,) from P into R? is defined almost everywhere by the
equations

v(xq,x,) = (x5,0) if (xq,x;)eRy,

v(x1, X5)=((¢/2)(d — xy), (6/2)x3) if (x1,%;)€R,,
v(xg, %)= (—€%x,,0) if (x;,x,)eR;,
v(xy, X2) = ((e/2)(xy +d), — (¢/2)x;) if (xy,x,)€R,,
v(xy,x,)=1(0,0) if (x;,x,)ER5URG.

Let v be the continuous function on closure (R;) that agrees with v on R,. If
H; = closure(Rj)nclosure(R,) then the restrictions of v/ and v* to H; have the
same normal components with respect to H;. If feC?(P, R) then v-V f = div(f)
is valid on each R;. Hence, applying the divergence theorem to each R; and adding
up the resulting six equations, we conclude

[o(xy, x5)"Vf(xq,X,)dx,dx, =0 if feCP(P,R). 4.31)

P

We have
O<eld—x)<x, if (x,%x)ER,, O<e(x;+d)<x, if (xy,Xx;)eR,.

This implies 0 <wv,(x,,x,)<x,/2 if (x;,x,)eR,UR,. Combining this with
0<e< 1 (see (4.19)) we conclude

[0(x1, X)) S X5, (X, %5) = — & Xy, |05(x1, %)l £ (6/2)x, (4.32)

for almost every (x,,x,)eP. Using (.99)er < E <r/10 <(.0199)/*r (see (4.22),
(4.24)) we obtain

spt(v) = (—d,d) x [10~ %¢r, ), (4.33)

spt(v) and [r—d,d —r] x [E,r/10] are disjoint sets.  (4.34)

Hence we can choose ge C?(R?, R) such that (extending v by 0 to all of R?) we get
g(x)z0,lgll; =1,9(x)=g(y) if [x|=Iyl.gx)=0 if |x|=10%er, (4.35)
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spt(v*g) = (—d,d) x (107 3¢r,r), (4.36)
spt(vxg) and [r—d,d—r] x [E,r/10] are disjoint sets. 4.37)
From (4.32), (4.33) and (4.35) we obtain
[(0*g)(x1, x5)l S x5, (v3%g)(x1,%5) Z — €2,
Wy *g)(x1, X)) = (/2)x, if (x4, x,)€eP. (4.38)

The definition of v on R;, Ry, Rg, 0 <e <1 (see (4.19)), E <r/10 (see (4.24)) and
(4.35) give us

if |x;]<d—r and (02)er=<x,=<(98)er then (v*g)(x,,x,)=/(x,,0), (4.39)

if [x;]<d—r and O<x,<E then (v;*g)(x;,x,)=0, (v,%g)(x;,x;)=0.

4.40
Recalling (4.36), we define weC* (P, R?) using the formula o
wlxy,X;) = x5 1 (v*g)(xy, X,), (4.41)

and use (4.38), (4.39) to conclude
wx) <1, wi(x)=—¢2, |w,(x)|<e/2 if xeP, (4.42)
if |x;]£d—r and (02)er=x,=(98)er, then w(x)=(1,0). (4.43)

Conclusions (4.25), (4.26) follow from (4.41), (4.36), (4.37). Properties (4.31), (4.33)
give us div(v*g) = 0, which implies (4.27). Using (4.43), (4.24), (4.22) and Lemma 4.7
we get (4.28). From (4.43), (4.22) and Lemma 4.6 we conclude (4.29). All we have to do
now is prove (4.30).

We may assume (x;, x,)espt(w). If (x,, x,) satisfies |(x,, x,)| > #/10, then (4.42),
(4.25), Lemma 4.5, 2|A| <r/10 <|(x,x,)| (see (4.22)), Lemma 4.4, (4.22) imply

w(xXy, X,) (FS + Fr S + Fr"S" 4 F)(xy, x5)

=Wy (X1, Xo) 17 (x 1, X5) + wa (X4, X5) F3™* (x4, X3)

+ w(xy, X,) (F + F* " 4+ F) (x4, X,)

> —£2(1.03) B — (¢/2)(.002) Be — 2C|(x;, x,)| ~*

> —¢2(1.031)B—2C(r/10)"* > — ¢2(1.031) B— 10732 B = — £2(1.032) B.
It remains to show that (4.30) holds if |(x;,x,)| <r/10. In this case, properties
(4.23), (x,,x,)espt(w), (4.25) imply

x| €r/10£107%d<(1—-10"%d <d—r, 0<x,=r/10.

The above and (4.26) imply 0 < x, < E. Then (4.40), (4.41) yield w,(xy,x,) =0,
w,(x;,x,) =0 and Lemma 4.6 gives us h(xy,x,) = 0. The conclusion follows from

this and (4.2).

Section 5. Edge Effects
Lemma 5.1. If ceR,s>0 and f:(c—s,c+s)—> R is a C* function such that

fX)=0 ifc—s<x=<c, fO%)>0 ifc<x<c+s,
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then every xe(c, c + s) satisfies
f'(x)>0, 0<flx)<(x—c)*f"(x)y 0<f'(x)<(x—c)f"(x).

Proof. If c <x <c+s then the theory of divided differences (see [2], pp. 41, 52)
and ¢ — s <2c¢ — x < c imply that there exists £€(2¢ — x, x) such that

f)=fQ2c—x)=2f(c)+ f(x) =2(x — c)* f[2c — x, ¢, X]
=2(x =’ f"(©)2<(x =) f"(x).
The remaining conclusions follow from the mean value theorem.
Lemma 5.2. If ceR,s>0and f:(c—s,c+s)—> R is a C* function such that
O <0 if c—s<x<ec f(X)=0 ifc<x<c+s,
then every xe(c — s, ¢) satisfies
[')>0, 0<f(x)<(x—cf"(x), (x—c)f"(x)<f'(x)<O.
Proof. This is a consequence of Lemma 5.1 and a reflection of f.

Lemma 5.3. Suppose a; <b,,0<a, <b,, ¢>0,b,—a;>2¢ for each i, f, and f,
are C® functions from R into R, h(x,x;)= f(x,)f,(x;) and the following
properties hold for each ie{1,2}:

Fl)>0 fa<x<b, f{)=0 ifx¢(a,b)
fPx)>0 ifa<x<a;+s fOPX)<0 ffb—e<x<b;

Then there exists 6 >0 such that the inequality
0
L(h)(x1,x5) = Ah(xy, X;) + x5 15}1(3‘1, X3) = X3 2 h(x1,%2) >0
2

is satisfied for every point (x,x,) that has the properties
(x4, x5)€(ay, by) X (az, by), (x4, x,)¢[a, + 6,b, —6] x [a, +6,b, — 6]
Proof. If x,eR and x, >0, we set
91(x1) = f1(x1), g2(x2) = f3(x2) + 12 (x5)/x2 — f(x,)/x3. G.1
This notation implies
L(R) (x4, x3) = g1 (x4) f2(x2) + [1(x1)g(x2)- (5.2)

We may assume ¢g/a, <1/2,¢/(b, —e)<1/2 without loss of generality. If
x,€(a,,a, + ¢), then (5.1), Lemma 5.1 and ¢/a, < 1/2 imply

92(%2) > [5(x2) — £ 2(X2)/x5 > [5(x2) — (x2 — ) f5(x2)/x3
> (1= (e/az)*) f3(x2) > (3/4) f5(x2).
If x,e(b, — &, b,), then (5.1), Lemma 5.2 and ¢/(b, — &) < 1/2 imply
92(X2) > f5(x2) + (x2 — b) f3(x2)/%5 — (x5 — b3)? 5 (x2)/x3
> (1 —&/(b; — &) — (e/(b2 — 8))*) f3(x2) > f3(x,)/4.
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From the above and Lemmas 5.1, 5.2 we obtain

gi(x) > fi(x)/4 >0 if x.e(a, a; + &)U (b, — &, by). (5.3)
The positivity of f, on (ay,by), b, — a, > 2¢, (5.2) and (5.3) yield
L(h)(x1,x,) >0 if x.e(ay, a, + &)U(by — &, by). (5.4)

There are numbers m >0, M < oo such that
x€lay + ¢,b, — €] implies fi(x,)>m and |g,(x)| <M. (5.5)

We can find 6 >0 such that é <e, m/4 —6*M > 0. Now suppose that (i,j) is a
permutation of (1,2) and the point (x,, x,) satisfies

x;€la; +¢,b;,—¢], x;eaj,a;+0)u(b;—d,b)). (5.6)

The assumptions b; — a; > 2¢,0 < e imply that (a;, a; + ) and (b; — J, b;) are disjoint.
Hence we can define
c=a; if x;e(a,a;+9), c=b; if x;e(b;—4,b)). (5.7)
The properties J <¢, (5.2), (5.3), (5.5), (5.6), (5.7) and Lemmas 5.1, 5.2 yield
L(h)(xy,x;) = fi(xi)gj(xj) + fj(xj)gi(xi) > fi(xi)fj"(xj)/4 - fj(xj)M
>mf](x)/4—(x;— ) fi (x,) M > (m/4 — 6> M) f}(x;) > 0.
This estimate and (5.4) imply that L(h) is positive on the union of the sets
((@y,ay +&)U(by — & by)) X (a2, a2 + &)U (by — &, b)),
[a;, + &by — el x ((aza, + 8)(b; — 0,b,)),
((ay,ay +0)u(by —6,by)) x [ay + &by —¢].
The conclusion of the lemma follows from this and 0 <J <e.

Lemma 54. If a; <b_, 0<a, <b,, d>0 and b;—a;>2d for each i, then there
exist 6 >0 and a C* function h:R?* [0, 1] such that é <d,

h(x1,%;) =0 if(x1,x3)¢(as, by) x (az,b,),
h(xy,x5)=1 i (x1,x;)€la, +d, by —d] x [a; +d,b, —d],
0<h(xy,x)S 1 if (x4, X2)€(ay,by) x (a3,b5),
L(h)(x)>0 if xe(ay,b,) x (az, b,), x¢[a, + 6,by — 8] x [a; +6,b, — 3]

Proof. We can find & >0 and C® functions f;:R—[0,1] for i=1,2 such that

0<¢ <d, spt(f) < [a;,b].fi(x) >0 if xe(a;, b)), fi(x)=11if xe[a; +d,b,—d],
fi)=exp(—(x—a)™?) if g;<x<a;+¢,
fi)=exp(—(b;—x)"2) if b;—& <x<b;.

Setting k(x) =exp(—x~2) for x>0, we can find ¢ such that 0 <e<¢ and

k¥ (x)>0 for all xe(0,6). Then f®(x)>0 for xe(a,a;+¢), f&(x)<0 for

xe(b; —¢,b;). The conclusion follows from Lemma 5.3 and the definition

h(x1,x5) = f1(x1) f2(x2)-
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Lemma 5.5. If a; <b, and 0 <d < a, <b,, then there exist 6 >0 and a C* func-
tion g:R?>—[0,1] such that 6 <d,

g(x1,x) =0 if (xy,x5)€las, b1] x [a,,b,],
glx,x)=1 if (x4, x;)¢(a, —d, by +d) x (a, —d, b, + d),
0<glx;,x)S 1 if (xy,x5)¢[ay,by] x [az,b,],
L{g)(x)>0 if xe(a, —d,b, + ) x (a —9,b, +9), xé¢[ay,b,] % [a,,b,].

Proof. We can find ¢ >0 and C* functions f;:R—[0,1] for i=1,2 such that
¢ <d, f(x)=0if xe[a, b;],f;(x)>0if x¢[a;b],

fix)=exp(—(a;—x)7?) ifa;—¢& <x<a,
fi)=exp(—(x—b)"%) if by<x<b;+¢.

As in the proof of Lemma 5.4, there exists ¢ such that 0 <e<¢, f&(x) <0 if
xe(a; — & a), f3(x)>0 if xe(b,b; +e). Setting h(xy,x;)= f1(x1)+ f2(x;), we
find

L(h)(xy, x5) = (f1 (xy) — F1(x0)/x3) + (f5(x2) + [2(x2)/%5 — f2(x2)/%3). (5-8)

We may impose the conditions &/(a, —¢) < 1/2,¢/b, <1/2 on & If we use these
conditions and interchange a,, b, in the argument that led to (5.3), then we obtain

5 () + 2 (x2)/x2 — f5(62)/x5 >0 if x,e(a, —6,a,)U(by, by +8).  (59)
Our definitions (which imply a, — ¢ > 0) give us
50x2) + 2 (x2)/x2 — f2(x2)/x3 =0 if x,€[a,,b,], (5.10)
fix)— fi(x)/x3=0 if x,e[a;,b;] and x,>a,—e. (5.11)
Now suppose x;€(a; —¢,a,)U(by, b, +¢) and x, > a, —e. If we set
c=a, Iif x,e(a,—¢a,), c=by if x;eby,b;+¢),
then Lemmas 5.1, 5.2 and ¢/(a, —¢) < 1/2 yield
F10en) = f1(e)/x3 > f10c0) = (e = )2 f10x1)/x3 > (1 — (e/(a, — 2))?)
S1(x1) > (3/4) f1(x4) > 0.

Combining this with (5.8)—(5.11) and the definition of f, we find that L(h)(x) and
h(x) are positive when x satisfies

xe(a, — &b, +¢&) x(a, —&, b, +¢), xé[ay,b;] % [ayb,].
We can construct a C® function g: R?— [0, 1] such that
g(x,x)=1 if (xq,x,)¢(@; —d,b, +d) X (a, —d, b, + d),
0<glx;,xx)=1 if (xy,Xx5)¢[ar,b,] X [az,b,],
g(x1,x,)=h(xy,x,) if (xq,x,)€(@, —d,b, + ) X (@, — 8,b, + J)

are satisfied for some ¢ with 0 < < e. This concludes the proof.
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Section 6. Conclusion
Lemma 6.1. Suppose ucC*(R3 R3) satisfies Z 0u;/0x; =0 and the functions
p:R*->R,G=(G,,G,,G;):R*— R? are defined by

=% 35

6.1)

Then we have
lim x4 G, (x,,0,0)=3(4m) " [ (4y(0) + s (9) — 20, ()P dx,  (62)
R3

and there exists CeR such that C >0 and

G Clx|™%, [VG(x)|=Clx|™% (6.3)
Proof. We set g(x)=(4n|x|)"! for xeR3 Integration by parts and the
assumption .23:1 O0u;/0x; =0 imply

G(x)= ‘! ZZ i u;(y)u ( ) if x¢spt(u), (6.4)
aG 3 3 3 .
a3 Y u,-(y)ui(y)ga(—%%;(x—y)dy it xgspile). (69)

Let r be a positive real number such that u(x) =0 holds if |x| =r. Then (6.4),
(6.5) imply that |x[*|G(x)] and |x|°|VG(x)| are bounded on the set
{x:|x| = 2r}. Since (6.1) implies that these functions are also bounded on the
compact set {x:|x|<2r}, we conclude (6.3). Assertion (6.2) is a consequence
of (6.4).

Lemma 6.2. Let U be the open subset of P defined by
U = {(x;,x,)eR*:|x,| < 1,1/8 < x, < 7/8}. (6.6)
There exist f,z,F,K, A, B,C, D such that (6.7)~(6.15) are satisfied:
feCP(P,R), z=(z,,2,)eC*(P,R?), F =(F;,F,)eC®(R%R?), 6.7)

K is compact, spt(z) c K = U, (6.8)

f20, f(x)=0 ifx¢U, f(x)>|z(x)| ifxeU, (6.9)
L(f)x)20 ifx¢K, L(f)(x)>0 if xeU~K, (6.10)
X g 1050+ 3 3 01 ) + 200 35) =0, (6.11)
V@l0,f]1-plzf1)(x)=F(x) if xeP, (6.12)
A,B,C, D are real numbers, B> 0,C>0,D >0, (6.13)

F,(A,0)=B, ifxeR, then|F,(x,0)<B and F,(x,00=0, (6.14)
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lim x*F,(x,0)=D, if xeR? then|F(x)<C|x|"* and |VF(x)|<C|x| 5.
(6.15)
Proof. Let k:R?— R? be the function defined by

k(xy, %) = (— (X5 — 1/2),%,) if 1/16 < (x3 + (x, — 1/2))% < 1/8
and k(x,,x,) =0 otherwise. Let ge C®(R?, R) satisfy
g(x)20, gx)=0 if [x|=1/16, ligl,=1 g(x)=g(y) if |x|=]yl.
Setting z(x,, x,) = x5 ! (k*g)(x,, x,) for xeP, we obtain
2eC*(P,R?), spt(z) <[ — 3/16,3/16] x [5/16,11/16], |z|l, <2/5, (6.16)

21 (X1, X2) = 21 (— X1, X2),  Z5(X1,X5) = — z,(— X4, X,), (6.17)

0 0
22 (x1,%2) + 251 X5) = = (g *g)(X1, X5)

0z,
Xy (X1, X,) + X, =—
2ax1( 1> X2) 2ax2 9%

+ %(kz*g)(xl,xz) =0. (6.18)

Setting a;, = — 1, b, =1,a,=1/8, b, =7/8, we use Lemma 5.4 (with 1/16 in place

of the d that appears there) to obtain the function h and é < 1/16. We then define

f(x)=h(x) if xeP, K={(x,,x,):|x,|<1—6,1/84+6=<x,<7/8—6}, (6.19)
and observe that the properties of h, § < 1/16, (6.6) and (6.16) imply

feCE(P,R), f(x)>0 if xeU, f(x)=1 if xespt(z), (6.20)

L(f)(x)>0 if xeU~K, f(x)=0 if x¢U, spt(z)cKcU. (6.21)

Using (6.16), (6.20) we find
f(x)>|z(x)] if xeU. (6.22)

Assertions (6.16), (6.20)—(6.22) imply that the definition

F(xy,x3) = (Fy(x,%5), F3(x,%5)) = (%(P*[O, f1=r*[z f1(x1,x5,0),

0
E(D* [0,f1—p* [z,f])(xl,xz,O)) (6.23)
2
3
makes sense for (x,,x,)eR?. Using (6.16), (6.18) we obtain ) (9/0x)u;[z, f]1=0.
i=1
3
This fact, the identity Y (9/0x)u,[0, f1=0, (6.16), (6.20) and Lemma 6.1 imply
i=1

(6.24) and (6.25):
lim x}F(x;,0)=3(4n)"" RL [0, £1(x))* + (u3[0, £1())* — 2(u, [0, f1(x))*dx

X100

—3(4m)~! RL [z, F1(x))* + (uslz, £1(x))?
— 2uy[z, f1(x))*dx
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=3(n)~ " [ (f0ep,(x3 +x3)V/?))?dx  dx,dx,
R3
—=3(4m) 71 | (20x1, (x3 + x3)"/2))?dx, dx,dx,

R3

= 30@m) 1 [ (flxr, (63 +x3)%))

R3
—|2(xy, (x5 + x3)'/?)|?dx dx,dx4

—3@4n) " | —2(zy(xq,(x3 + x3)"%))?dx, dx,dxs
R3
=9(4m) ! | (z4(x;,(x3 + x3)/?))?dx, dx,dx; > 0, (6.24)
R3

|F(x)| < C|x|~%, |VF(x)|<Clx|"° forsomeC < c0. (6.25)

Using (6.24), (6.25) we find that the function F,(x,,0) of the variable x; achieves
a positive maximum at some number 4. Let B be this maximum value. From
(6.17) and (6.23) we obtain F,(— x,,0) = — F,(x,,0) for all x,eR. All this implies

Fy(4,00=B, |F,(x,0|<B if xeR. (6.26)

Finally, (6.20), (6.16), (6.23) imply (6.7); (6.19), (6.21) imply (6.8); (6.20)—(6.22) imply
(6.9); (6.6), (6.21) imply (6.10); (6.18) implies (6.11); (6.23) implies (6.12); and
(6.13)—(6.15) follow from (6.23)—(6.26) and the fact p*[v, f](R.x) = p*[v,f](x). The
proof of the lemma is complete.

Now we tie together the results from Sects. 3, 4, 5. We will use the U, f, z, F,
K, A, B, C, D from Lemma 6.2. Since (6.7), (6.13)—(6.15) say that the hypotheses
of Sect. 4 are satisfied, we can use the machinery developed in that section. In
particular, we will use the function w in Lemma 4.8 and the numbers a, r, s, a’,
r,s,a",r", s", E, ¢ d introduced in Sect. 4 (see (4.7), (4.8), (4.18)—(4.21), Lemma 4.3).

When a«eR, p >0, 0 >0 we let

f*7?eCP(P,R) and z*77=(z5"°,z%7°)eC?(P,R?) (6.27)
be given by
JoPoxy, x0) =0 f((xy — @)/p, x2/p),  2%P%(x1,X,)
= 0z((x, — &)/p, x,/p). (6.28)
If xeR and p >0, we set
U= = {xeR*((x, — 2)/p, x,/p)eU},
K*? = {xeR?:((x; — &)/p, x,/p)eK}. (6.29)
We will use the notation
fo = fors 4 fanrs 4 gatats” + 1
vy =25 4 2 4 g g g
U, =U0U"" U U,
K;=K*"UK“" UK UK. (6.30)
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Properties (6.9), (6.28), (6.29) imply
spt(f) = closure(U), spt(f**?) = closure(U**). (6.31)
From (4.20), 0 < & < .01 (see (4.19)), (4.23) and (4.21) we conclude
a+r=—re""M03C/D+r< —r10°C/D+10"*d= —10d + 10" *d < —d.
This inequality, (6.6), (6.29) and (6.31) imply

spt(f*™) and [—d,d] x [10™ 3er,r] aredisjoint. (6.32)
Using (4.10), (4.11), /10 > 1 (see (4.22)), (6.6), (6.29), (6.31) we find
spt(f*""*)uspt(f*""*")Uspt(f) = R x (E, r/10). (6.33)

From (4.8), (4.10) we get |a'| + ¥ < |A| + 1, |a"| + r’ <|A| + 1. Properties (4.22), (4.23)
imply |4| + 1 <r/10 <d —r. These facts, (6.6), (6.29), (6.31) and (6.33) yield

spt(f< =Y Uspt(f* ") U spt(f) < (r — dyd — 1) x (E,r/10).  (6.34)
In addition, (4.10), (6.6), (6.29), (6.31) yield

spt(f*), spt(f*""*") and spt(f) are disjoint. (6.35)
From (4.22) and (4.24) we conclude .
[r—d,d—r] x [E,r/10] = (—d,d) x (10 3er,r). (6.36)

Now (6.32), (6.34)—(6.36) yield
spt(f*"%), spt(f*"), spt(f*"""*") and spt(f) are disjoint.  (6.37)
Properties (6.6)—(6.9), (6.28), (6.30), (6.37) imply

plvy, f1]=pLz®"% <51 + pLz"%, £ + plz""", 4751 + plz, f],
(6.38)

pl0, f11=pL0, f*"<1+ p[0, "1+ p[0, "]+ p[0, f1.  (6.39)
Using (6.12), (6.28), (4.5) we conclude
VIO, f*77] — pLz*»7, f**1)(x) = F***(x) if xeP. (6:40)
From (6.12) and (6.38)—(6.40) we get
V(@lO0, /11— plvy, f11)(x) = (F*"5 + F&5 + F¥""" + F)(x) if xeP. (6.41)
Recalling (6.36), we set
U,=((—d,d) x (107 3er,r)) ~([r —d,d —r] x [E,r/10]) = P. (6.42)

The proof of (6.36) shows that we can find d, > 0 satisfying 2d; <d—(d —r), 2d, <
E —1073¢r, 2d, <r —r/10. Since Lemma 4.8 says spt(w) = U, (see (6.42)), we can
assume that d, is small enough to yield

sptw)c(—d+d;,d—d,) x (10 3er +d,,r —d,),
sptw)and[r —d —d;,d —r+d,] x [E —d,,r/10 + d,] are disjoint.
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We let h be the function of Lemma 5.4 which is obtained when a, = —d, b; =d,
a,=10"3¢r, b, =r and the number d in the statement of that lemma is equal
to d,. Similarly, we let g be the function of Lemma 5.5 which is obtained when
a,=r—d,b,=d—r,a,=E,b, =r/10 and the number d in the statement of Lemma
5.5isequal to d, . Setting k(x) = h(x)g(x), we find that there exists K, satisfying (6.43)—
(6.45):

sptw)c K, < U,, K,iscompact, keCP(P,R), 0Zk<1, (6.43)
k(x)=0 if x¢U,, k(x)>0 if xeU,, k(x)=1 if xespt(w), (6.44)
Lk)(x) =0 if x¢K,, Lk)(x)>0 if xeU,~K,. (6.45)
We choose u > 0 large enough to satisfy

©2>10([lwlZ, + 1), (6.46)
p>100] f4" I and > 100 £ o + 1S Nl + 1 fll)-  (6.47)

Noting that (6.46) implies u2 — ||w|2 — 1 > 0, we set
fa=uk, v,=w, T=(u>—|vy]%—1)/(c*(1.032)B)>0, t=(48)c. (6.48)

If xespt(v,) = spt(w), then (6.48), (6.44), (6.41), v,=w, T >0 and Lemma 4.8 (in
particular, (4.30)) yield

(f202))* = Tva(x)-V(p[vy, f11 = P[0, f11)(x)
= p* + Tw(x)-(F*" + F*% + F*""" + F)(x)
2 p? — Te*(1.032)B = || v, 1%, + 1 > |v,(x) .
If xeU, and x¢spt(v,) = spt(w), then (6.48), (6.44) and u > 0 imply
(f200))* = Toy(x)-V(plvy, £11 = PO, /11D)(x) = (f2(x))* = p*(k(x))* > 0 = |v,(x) .
All this shows
(f2(3))* = Tvy(x)-V(ploy, £11 = plO, £11)(x) > o,(x)* if xeU,.  (6.49)
Conditions (6.46) and (6.48) imply
p? —[v,]|2 — 1> (9)u?, hence T > (9)u?/(c*(1.032)B). (6.50)
Now (6.50), (6.48), (6.47) yield
(4 + T(8.01)B)*2 > (T(8.01)B)*/? > [(.9)n?(8.01)/(¢%(1.032)) ]2 > ((:48)e) " *(1.1)u
=t (LDu> U o + 1 o + 1 f o + ) (6.51)
Similarly, (6.50), (6.48), (6.47) yield
(u? + T(.01)B)'/2 > (T(.01)B)!/2 > [(.9)u*(.01)/(¢*(1.032))]*/2
> ((48)e) ™ H(1/100) =17 }(1/100) > ¢~ || f*"*| o (6.52)
Assertions (6.51), (6.52) allow us to choose 6 > 0 such that (6.53), (6.54) hold:
(1 + TEONB)2 = 0> 17 ([ f*" oo + 1S N oo + | f o + 1) (6.53)



Navier—Stokes Inequality 83

(& + T(O)B)'2 — 0>t~ 1| fors| .. (6.54)

Lemma 6.3. The parameters T,0,K,,K,,U,,U,, f1, f,,v,, 0, defined above satisfy
T>0,0>0 and (3.1)-3.7).

Proof. This follows from (6.27)—(6.49) and the definition of 6.

The above lemma says that all the hypotheses of Sect. 3 are satisfied. We will
now use the machinery developed in that section. In what follows, we refer to the
functions h; and h;, that are featured in Lemmas 3.1, 3.3.

Lemma 6.4. Let hy, h, be the functions that were introduced in Lemma 3.1. Set
hy=h, +h, and h;(x)=hs(x,t) for te[0,T]. If (x;,x,,x;)eR® and (x,,
(x3 + x3)*)espt(hs. o), then (tx, + er/2)* + (tx3)* > 0 and

hy, 1 (tx1 + A, ((1x5 + er/2)% + (1x3)°) 1) > 7 hy o(x, (x5 + x3)"/?).
Proof. Part (4.29) of Lemma 4.8, B > 0, (6.48), (3.1) and (3.3) (see Lemma 6.3) imply
[r—d,d—r] x [(02)er,(98)er] = spt(w) = spt(v,) = U,. (6.55)

Properties (3.4), (3.9), (3.11) imply h,(y,t) =0 for y¢U,. This fact, (6.55), and the
disjointness of U,, U, (see (3.3)) imply

if |[y;|Sd—r and (02er =y, <(98)er, thenh,(y,,y,,T)=0. (6.56)
Using (3.12), (3.13), f; =0, h; = 0 (see (3.4), (3.10)), (6.30) we find
hso=fi+ fa=f""+ f"7" + [+ [+ . (6.57)

Suppose (x;,(x3 + x3)/?)espt(h; o). Then (6.57), (6.31), (6.29), (6.6), (6.34), (6.36),
(6.48), (6.44), (6.42) imply that either Case 1 or Case 2 is satisfied:

Case 1: (x1,(x3 + x3)"*)espt(f*") = closure(U*") = [a — r,a + r] x [r/8,7r/8],

Case 2: (x1,(x3 + x3)"?)espt(f**)uspt(f*"""Yuspt(f)uspt(f;) = [— d,d] x
[10 3er,7].

In either case, we have (x2 + x2)*/2 <r. This fact, (6.48), and the general inequality
=+ +yS((x+ )2 +2) 2= (P +2) 2 4y if y>0
imply
0 < (02)er = —1r +er/2 £ — ((tx,)? + (tx3)%) 2 + er/2

< ((1x5 + &r/2)% 4 (1x3)*)H? S ((1x2)* + (tx3)) V2 + er/2 S tr + er/2
= (98)er. (6.58)

In particular, (6.58) gives us (tx, + &r/2)> + (tx3)*> > 0. In both cases we also have
|x| < la| + r + d. Using this fact, (6.48), (4.20), (4.22), (4.21), (4.19) and (4.23) we find

[tx; + Al S tlxy| + |A] S t(lal +r +d) + |A]
< (48)ere~1103C/D + (48)e(r + d) + /20
< (048)d + (.0048)(1.0001)d + 10~%d/20 < d — r. (6.59)
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From (6.58), (6.59), (6.55), (6.44), (6.48) we conclude
Sfamx, + A, ((tx, + er/2)* + (1x3)%)V?) = . (6.60)
Properties (6.48), (6.44), (6.42), (6.32), (6.34), (6.37) yield
spt(f*"%), spt(f*""), spt(f* "), spt(f), spt(f,)aredisjoint.  (6.61)
Recalling (6.58), we set
V1, y2) = (tx1 + A, ((tx5 + er/2)* + (1x3)*)/?)eP. (6.62)
From (6.62), (3.14), (6.60), (6.48) and (6.41) we conclude
ho(y1,¥2, T) + 0> ((f2001,92))* — Toa(y1,92) Viplvs, 11— IO, f11)(v1, ¥2))*?

=+ Tw(yy, y,) (F*" 4+ F&5 4 F " 4 F)(yy, p,)) Y2 (6.63)
Properties (6.56), (6.58), (6.59), (6.62) imply
hy1(1,Y2) =h1(y1, Y2, T) + hy(y1,¥2, T) = hy(y1, y2, T). (6.64)

Now suppose that Case 1 holds. Using (6.63), part (4.29) of Lemma 4.8, (6.58), (6.59),
(6.54), (6.61) and (6.57) we obtain

hy(y15y2, T)+ 0 > (u? + T(O1)B)2 > 0 + ¢~ 1| f*5)
20+ 171 "y, (63 +x3)12) =0+ 17 (S + £2)(xp, (63 + x3)12)
=0+ 1 'hy o(xy,(x3 + x3)13).
The above and (6.64) yield
Case 1 implies hy (v, y,) > T~ thy o(x, (x2 + x2)1/2). (6.65)

On the other hand, suppose that Case 2 holds. This implies |x,| < d. This fact, (6.48),
(4.21) and (4.22) yield

|(zx; + A) — A| = 1|x,| £ 1d = (48)er10*C/D < E(10*C/D).

Now (6.63), part (4.28) of Lemma 4.8, (6.58), the above inequality, (6.53), (6.43),
(6.48), (6.61) and (6.57) yield

hy(yy, ¥z, T)+ 0> (u? + T(8.01)B)'/2
>0+ S N + L N + 1 o + 1f2])
ZO+T (ST S 4 )0, (5 4 X))
=0+17 (1 + f2)(x1,(x3 +x3)'?)
=0+ 1" 'hy o(xy, (X% + x2)1?).
This inequality and (6.64) yield
Case 2 implies hy 1(y1,¥5) > 77 hy o(x1,(x3 + x3)1/3). (6.66)

The conclusion of the lemma follows from (6.58), (6.62), (6.65), (6.66).
Finally, Theorem 1.1 is a consequence of Lemma 6.4, Lemma 3.3 and Lemma 2.4.
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