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Abstract. We prove two bounds on the value of renormalized Euclidean
Feynman graphs. One is a relatively crude but widely applicable bound; the
other a finer bound applicable to ¢3-like models.

I. Introduction

In [FMRS 1] we used a phase space expansion to prove an exponential bound on
completely convergent Euclidean Feynman graphs:

IGISK"9, (L.1)

where |G| is the value of the amplitude associated to the graph G and L(G) is the
number of lines in the graph. In this paper K will stand for various numerical
constants whose precise values are largely irrelevant.

In this companion paper we apply the same expansion to the technically more
difficult cases of renormalized graphs.

The bound (1.1) fails for renormalized graphs in strictly renormalizable
theories; explicit families of graphs with factorial growth have been constructed
[GN1, L]. On the other hand in [CR], a general bound on graphs of massive ¢}
has been derived, which grows as the factorial of the number of renormalization
subtractions. It extends to renormalized graphs of massless ¢4 at non-exceptional
momenta [CPR]. These bounds are not optimal.

For example, if

G, = / VAN \

Fig. 1.1
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with n mass bubbles, at zero external momenta, the bound of [CR] is
|G| =(const)(2n)!. We prove two bounds on renormalized graphs. In Sect. I, we
prove a bound which is very widely applicable but quite crude. Applied to the test-
graph G, it gives |G,| < (const)(3n)!. In Sect. I, we prove a finer bound which is
applicable only to ¢3-like models, which gives |G,|<(const)n!, the correct
behavior. “¢3-like models” means essentially that for m> 5 the connected m-point
functions are superficially convergent, and for m=3,4, they are at worst
logarithmically divergent. Fermions are allowed, so the (Gross-Neveu), model
[GN 1] falls into this class. Therefore we recover in particular all the results of
[CR].

The advantage of the methods used in this paper over the original techniques of
[CR] is that they are directly applicable in the larger context of constructive field
theory [FMRS3].

We now provide an outline of the expansion used in [FMRS1] or [FMRS2].
Consider a Euclidean Feynman graph represented in position space. Bound each
propagator by:

dd k eik(x )

=[G ey

<K ¥ MPexp(~M'x—))), (13)

where 6 =d —2p, and assume m >0, M big enough (here one should take M >12,
with some straightforward changes one can take any M > 1). We fix one value i, of i
for each propagator # (a “momentum assignment”). To perform the integral over
position space, let us slightly simplify the recipe of [FMRS 1, FRMS 2].!

We make repeated use of: [ d*xexp(—Mi|x—y)=KM ¥,

Any spanning tree T of G can be used to define a partial order on the vertices of
G (choosing some external vertex of G to be the biggest). Then integrating over the
positions of the vertices in that order, starting from the smallest ones, one gets:

) l:[d“x., (EIG exp(—M¥x,—y ) < IvId"xv[lE';GXP(-M"‘lx;—yA)
=TIKM "4, (1.4)

where i, is the scale of the line directly above the vertex:

external biggest vertex

Fig.12

We must choose T so as to make the i,’s as large as possible. Let G; be the subgraph
of G made of these lines £ with index i, = i. G, is the union of connected components
G*. We choose T'so that its restriction to every GZis still a spanning tree in GZ. This

1 We thank G. Felder for this simplification
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is possible since the G¥’s form a forest of connected graphs (build inductively,
starting from the smallest G¥’s).
We claim that for this choice of T, and for any fixed G; every vertex v, save one,
of G has i, 2j. (This is an easy consequence of the connectedness of TnG7.)
Hence, aside from irrelevant constants, our graph is bounded by the sum over
momentum assignments of
T1 11 {[ 1 M‘W’] M—d(V(G}‘)—l)} I1 1-[ MPEH (1.4)
jz1 teG¥ jz1
where V(GY) is the number of vertices, and D(G%) the superficial degree of
divergence of G%. Assume now that thereis an ¢>0 (dependmg on the model) such
that D(G%) < —-sE(G") where E(G%) is the number of external lines of G%. Let us
achieve the sum over momentum assignments when the maximum number of lines
that may be hooked to a vertex is bounded (as in ¢4-like models for instance). For
the general case we refer to [FMRS1].
We write

(LHS I TIMHP LI
E1K

v {J, ¢’ hooked tov

M—E'“r*’w‘}, (1.5)

where ¢’ depends on ¢ and on the maximal number of lines per vertex.

We have now an exponential decay in momentum space between lines hooked
to a common vertex, dual to the usual exponential decay in position space between
vertices linked by a line. We order thelinesof Gas /4, ...,7,, ...,/ g, such that /, is
hooked to an external vertex and each {/,,...,Z,}, n=1, ..., L(G) is connected.

Then one has

L(G) - K
(LSS TT M~ ¥l ! (1.6)
n=1
with n'(n) <n, and, by convention, i, =0. Applying

S M %Vwor %l < const,
i,=0
starting with (1.6) and working backwards completes the proof of (1.1).

Notice that if G contains unrenormalized superficially divergent subgraphs, we
can have D(G¥)20, in (1.4) and the exponential decay in momentum space
disappears, or even becomes exponential growth.

It is that problem which is tackled by renormalization in the next sections.

In the course of completing this work, we received preprints from Gallavoti
and Nicolo [GN2] and Gallavoti [G] in which the factorial bounds of [CR] are
also derived by a phase space analysis, using an original and powerful formalism.
This formalism is not aimed at the study of individual and rather general Feynman
graphs, in contrast with the present paper.

II. Renormalized Graphs: Bounds for General Models

We assume the reader’s familiarity with some basic notions of Feynman graph
theory, like trees, forests, superficial degree of divergence, etc..... We shall be
considering connected graphs G, viewed in position space as usual, whose lines are
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the propagators of massive, power law fields. In other words we will not consider
logarithmic propagators in this paper. We start by describing how we shall
renormalize these graphs. We use two variants of Zimmermann’s forest scheme.
Before integrating over the positions of the internal vertices we apply the
renormalization operator

R=Y [1(-C). 21

& ge¥

Here the §’s are forests of divergent subgraphs of G; €, integrates over the
positions of the internal vertices of thesubgraph and replaces the resulting function
of {x,|v e Bg(g)} by the distribution supported at coinciding arguments which is, in
momentum space, the Taylor polynomial of degree D(g) for g (a precise formula

will be given shortly); the Taylor operators [](—€,) for convenience are ordered
g
so that if g, Cg,, —€,, is applied before —€,.

In the variant we use in this section we shall sum over the set F?(G) of all
connected divergent forests of G (including & =0). This means that every ge &
must be a connected, superficially divergent subgraph of G. This leads to a bound
which may be applied to very general graphs and whose proof is, relatively
speaking, not clouded by technical detail. On the other hand the bound is
relatively crude. It grows as S°(G)!, where the number of subtractions S°(G) in G is
defined by

D
57(G) soup., 181 22

In the variant we use in Sect. IIL, we shall consider only #3-like models and we
shall sum over the set §(G) of all closed, proper divergent forests of G (including
& =0). Hence in this case every g € § must be a 1PI, closed, divergent subgraph of
G. A divergent subgraph g< G is closed [CR] if and only if there does not exist a
divergent subgraph g’ obeying (1) g ¢ g’ S G, (2) every external vertex of g’ is also an
external vertex of g. In the example below g, is closed but g, is not.

- -

g1 92

Fig. 2.1

Because we tailor everything to ¢4 in this case we achieve a growth rate of S¢(G)!,
where
S9G@)= _sup |§l. 23)
()

For example if there are n mass bubbles in the graph G, of Fig. 1.1 we have
S¢(G)=n, whereas S?(G)=3n—1.

We come to the precise definition of €. After integration of its internal vertices
g is a function g(x;, ..., xy,;) of its V3 external vertices. By translation invariance its
Fourier transform is of the form do(k, + ... +ky)g(k,, ..., ky._,). The Fourier
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transform of €,g is then simply 6(k, + ... +ky,) times the Taylor polynomial

s k k ) (24)
——G(thky, ..., thy _ . .
jg’oj!dt’g( 1 Ve—1 o
Here D[ G] is the largest integer less than or equal to D(G). It appears superficially
that k. plays a distinguished role here. That is of course not the case thanks to
translation invariance. In practice we will want to apply €, to the test functions
smearing g rather than to the unsmeared value of g itself, i.e. to use

j((ggg) (xlﬂ ...,va)a(xl, "'axvg)dxl dva
=[g(X1s s X)) (€Fa) (Xq, ..y Xy )dxy ... X, . 2.5

Because €, is defined only for translation invariant g’s it does not have a single-
valued adjoint. However (2.5) is nonetheless true for €5 defined by:

DIG1 1 gJ
(G;a) (xla <oy Xy )= Z .——ja(xl(t)a xz(t)a cres va—l(t)’ va) s (26)
j=ojldt t=0
where x,(t)=x,,+t(x;—x,,) for i=1,...,v;—1. Here vy really does play a
distinguished role. However we could in (2.6) replace vy by any other external
vertex of g, thereby defining a different €} but one for which (2.5) is still true.
Here is a simple example that illustrates how renormalization works in the
context of the phase space expansion.

2
scale i
' :
|
| t |
| |
3 | | L
o ————— ¢ —— o scale j
4 X ) Y2

Fig. 2.2

The propagator in scale k, being the energy M* part of a d=4 boson propagator
behaves essentially like M?* exp(— M*|£|). Once we have done the integration over
position space we will have associated with the subgrapho the net
momentum factor M2 x M?% x M~* = M° [one M?* from each propagator and
M~* from the “non-fixed” vertex of @@ see (1.4)]. This is not surprising

since the subgraph has degree 0. It is nonetheless distrastrous because there is no
decay in i to allow us to sum over the momentum assignment i. Suppose we now

renormalize O , ie. apply 1-GC, toO, ie. apply (1-€)* to

e—e o—e, ic replacc e—e bye—e - o&—e =(x;—X,)
y1 X‘| y1 x1 y1 XZ
-V.e—e . Then the gradient applied to exp(—M/|x—y,|) produces an
Yy X [some x
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extra factor of M/, and using
s — X, €xp(—2Mx; —x,]) S M ~*exp(— L5M'|x; —x,),

(xy—x,) produces an extra M ~i Hence altogether renormalization gives us
M~¢=): exponential decay between the momentum scale of the subgraph
renormalized and the scale of its external lines. It is also worth noting that the

bubble g=e__® occurs as a connected component of a G; if and only if
i,=min{i,, i, } >max{i,,i,}=e,.

Hence the divergence of —o— arises completely from momentum assign-

ments respecting this inequality and consequently could be successfully cancelled
by a counterterm of the form

ilz

Jaxdy 3 x &y ¢, (00, (),

ig>eq it
3

where @, is the field of scale i. But this is not local because of the restriction i, >e,,
and consequently is not a legitimate counterterm. Hence to preserve the locality of

the theory we must, in addition to applying (1-€)to ¥ —« >— ,add

ig>eg
the term — %, X —O— . Now i, <e, in effect put an ultraviolet cutoff
i2

igSeg

on the bubble {dy > x€__»y, rendering it finite. It is bounded by
such tlhza;tl?g Seg fs ¢ ¢
conste,. This e, is easily controlled by the M~ 2% in 3" e—e—e, 5o the extra
i/v iz,
term is finite. However, in larger graphs there can be an accumulation of ¢,’s
resulting in the production of factorials through sums of the form

> M~&"~const"n!. .7
i=0
This is the sole source of the factorials S°(G)! and S(G)!. We now state the
hypothesis for our first theorem.

(H2.1) The lines. Each line ¢ of the connected graph G has a propagator C, which
can be decomposed into

Cd.y)= 3, Cofx=) (282)

with all |n| order partial derivatives (we use the usual multi-index notation)
obeying

n

W Cl, j(x)

for some constants M >1, K’, v>0 independent of £ and J(¢). Propagators are
allowed to be matrix valued.

< K'e"™ " MIGO+ Inl) g~ Mlx] (2.8b)
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Remark. (2.8) is obeyed by the propagator 1/(k% +m?)? with m> 1 (we can always
scale to achieve this), & =d—-2p, and

p—1,—ak?+m?2) : .
F(p) {doza e if j=0
Ci= 1 M-26-0
F(E)“ !' daap—le-a(k2+m2) if ]>0
M-2i

(H2.2) The Vertices. There is a constant L such that at most L lines are hooked to
any one vertex. [This is not essential (see FMRS1) but simplifies.]

(H2.3) The External Vertices. The renormalized graph is integrated against a
“function” f(x) with x=(x,,, ..., X, ), Bg={vy, ..., vy, }. For example to get the
value of the graph in momentum space with momentum k, entering the external
vertex v (w1th 3 k, 0) one chooses

veBE
f®= ( I e"‘“"“) (X )-
v¥ DVE

(H2.4) Power Counting. We assume that there exist constants such that for every
connected subgraph gC G
D when D(g)=0

D(g)= { —2¢E(g) when D(g)<0,

. 2.9
E(9)<E if D(g)=20.

In effect D and E are the maximal degree of divergence and maximal number of

external lines for divergent subgraphs. For non-integral positive D(g) we also

assume D[g]+1=D(g) +e.

(H2.5) Divergent Forests. There is a constant K” such that the number |F(G)| of
connected divergent forests of G is bounded by K",

Theorem 2.1. If hypotheses (H 2.1)}(H 2.5) are satisfied, then for any 0<{ <1 and
any vg € B(G), there exists a constant K such that

( VJU) f
ve Be(G)

Ilfllc,v6=5dx[ sup HeXP(—(l—C)lxry;I)]f(X),

{xvlveB(G)} £eG

P 0 v=v
J09=sup {mx iy =l < [1 ’ 4=u2}’

and T(G) gives the sets of differential operators acting on f that can arise during the

renormalization process. It obeys:
(i) For each ve B(G), 0<j,< sup > (D[gl+1),

FeFP(G) vegelF

(i) il= ZJ.,_ sup, Z(D[g]+1)
(i) joo =

>
G, vGe

If %) (RG) (x)dx| < KHDSP(G)! Sup.

where
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Remark. If (H2.5) fails, we still get the above bound with S°(G)! replaced by

FeFP(G)

Comment. The Meaning of It All. Renormalization subtractions are effected by
applying 1—@€ to the test function f that is smearing g. By Taylor’s theorem this
results in the application of D(g) + 1 derivatives to the test function. Hence (i), (ii).

Even for a graph without divergent subgraphs G(x) need not be uniformly
bounded thanks to singularities at coinciding arguments. However we may get
something uniformly bounded by fixing any one external vertex v; of G and
smearing all the remaining external vertices. This smearing may be achieved as
follows. For each v+v; pick a smearing function 7, obeying

r’v(xv) g 0 ?
j.nv(xv)dxv= 1 b
supp, C{X,||x,| =7} -

For example 7, could be the characteristic function of a ball of volume 1. Then
apply

| [1dx,G(X')f (X’)l
| I Tdxdx,G(x)0(xoe = X00) TI 1,06 =l (x)

< [T1dxdx GO —%0) TT Mix= )T (0,

where

0 v=vg

F)=sup{lf ()] :bx,—x,| < {r., vto
=[ [1dx,(mG) @] (x). (2.10)

(mG) (x) now has each vertex except the fixed vertex v, smeared by 7, at the cost of
having to take local suprema of f. Hence the v; and the local suprema.
Furthermore we can choose v of (2.6) so that no € applies a derivative to vg.
Hence (iii).

By way of an example suppose f(x)=0d(x,, ) [] e*»*v_ We should choose

vFvyg

ve=vg to avoid both applying derivatives to the o-function and evaluating
sup _ d(x,,, ). Each derivative Vx, simply brings down a k,. Hence our

|x;zVE T Xvy, =1

bound has a dependence on the external momentum which grows at worst like
max lk,,l}z(”‘g)“’, with the sum running over ge®P(G) such that
v

B(G)ng+) O

Proof of Theorem 2.1. The first order of business is to reorganize the renormal-
ization operator R of (2.1) so as to perform renormalization cancellations when
they are needed. We call this reorganization “classification of forests.”

Classification of Forests. Divergent forests enter the problem of bounding G in two
somewhat independent ways. Firstly the definition (2.1) of the renormalization
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operator introduces a sum over all connected divergent forests of G. Secondly
given an assignment ¢ of momentum scales to the lines of G, the bounding process
of Sect.I naturally generates a forest of “dangerous” subgraphs of G: the
connected divergent subgraphs of

Gw={/eGli,2j},

where i, is the momentum scale of the line 7.

The situation here is a little different from that of Sect.I since the Taylor
operators —@, inhibit vision across the boundary of h. Hence in deciding
whether or not g € § is dangerous, we should consider only those internal lines of
g that are not in

FahGg

and those external lines of g that are in Bg(g), the smallest subgraph of § strictly
containing g. If no such subgraph exists we define Bg(g)=G. So given any
assignment y of momenta and any forest & € F2(G) we define the sets of dangerous
subgraphs of & and safe subgraphs of &, denoted D () and S (&) respectively? by:

g€ D, (F) < g€, g/Ag(g) is a connected component of
(Bg(9)/A5(9))(w) for some j

< geq, iy(F)>e,(F), (2.11)
where
iy(&=min{i |/ eg—A5(9)},
e,(&)=max{i |/ € E(g)nBg(9)},
and

geS, @) = g€, i(F=e,(F). 212

We remind the reader that E(g) is the set of external lines of g. E(g)nBg(g) can
be empty only when g=G; then we define e¢,=0. It is obvious that if §&,,
F2€B%(G), §1£F,, then:

i(&1) S i,(Fa) (2.132)
e,(§1) 2 ¢(d>), (2.13b)
for all g€ &,. From the definition of D,(F) it is also true that:
Lemma 2.2.
i(&) =1(S(F){g}), (2.14a)
e,(B) =¢,(S,(B{g}) . (2.14b)

This lemma will be proved later. Consequently S,(S,(F)) =S ,(&), so S, acts
as a projector, naturally composing ?(G) into classes:

§°(6)= U . {FeF(ONS(F)=}. (2.15)

Fsuchthat S, (F) =

2 Dangerous forests correspond to the skeleton forests of [CR, CPR, R]



32 J. Feldman, J. Magnen, V. Rivasseau, and R. Sénéor

In fact we can characterize {§ € F(G)|S(F)=F} completely in terms of
9. ={g< Glg is connected, divergent, compatible with §, ge D (Fu{g})}.

(2.16)
Lemma 2.3. Let §= G (§). Then
(@) FuH(&)eF°(G), and
(b) for any F € F°(G)
CuF)=F < FLFLFUH).
This lemma which will be proven later allows us to rewrite
R°G=_ ¥ TI1(-€) Z G(w
FeFP(G) geG
=2 > 2 H (—€,)G(w)
peM Fsuchthat S, (F)=F F/suchthatS,(F)=F g
= 2 2 2 I (—€)G(u)
ifei‘yD(G) psuchthat @, (F)=F §F suchthatS,(F)=F ge&
= 2 2 2 I (=6)G(n)
iEsifD(G) psuchthat S, (F)=F F'SHu®) geFUF”
= 2 > [1(-¢ ) H (1— )6 . (2.17)

FeFP(G) usuchthatS,(F)=F geF

Recall that Taylor operators are implicitly ordered so that €, always occurs to the
left of €, when g2g’. In (2.17) we have a “miraculous” reorganization of the
“renormalization + momentum space decomposition” process. Thanks to the

(1-C,) we get a renormalization cancellation which renders finite all
9€Hu(®)
divergent subgraphs of G that are dangerous from §’s point of view. Thanks to the

IT (—€,) [with & (&)= &] no other divergent subgraphs are ever encountered (as
geg

connected components of the appropriate analogues of the G;’s of Sect. I). This
may be seen as follows. We will work inductively, so pick any g € Fu$,(F){G}
and any momentum scale and consider any connected component h/Ag. g &(h) of
(9/Ago5,.(9);- In order for h to be dangerous in the sense that it will fail to deliver
any M ~¥s in the transition from (1.4) to (1.5), it must have D > 0. In this case k will
be a connected D = 0 subgraph that is compatible with Fu H,(F) [simply because it
is a reexpanded version of a subgraph of g/Ag.s,.@(9)] and that obeys
i(F{h})=min{i,l/ €h/ Ai?u(h}(h)}

=min{i ¢ € h/Ag g, @om(h)} by Lemma 5.2

2j

>max{i |/ € E(h)ng} . (2.18)
Now this forces h=g because otherwise

=e(Fu{h}) by Lemma 2.2,

and that would place h € $,(%). In the event that h=g € § (&), renormalization will
save the day. In the event that h=g e §, which by the way makes it the “useless”
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half of a counterterm that we have been forced to introduce to preserve the locality
of the theory, we must still have i,(FU 9 (F)) < ex(FUH(F)). This places an upper
bound on the possible values of i, preventing divergence.

By hypothesis (H 2.5) there are at most K" forests in &P, so it suffices to
consider two arbitrary but fixed mutually compatible disjoint forests &, $ € F°(G)

and bound
IT (=€) TT (1—-C)G(n). (2.19)
usuclghfé)iugf)=i§ ge® geH

The bound will be by induction on the depth of the forest FuHU{G}. The depth of
a forest &' is the size of the largest linear subforest {g, Cg,Cgs ... Cg,lg;€ &'} This
induction can be implemented because given any fixed ge FuHU{G}, the
restrictions of the conditions & (&) =&, 9,(&) =9 to graphs containing g depend
only on momentum assignments to the lines of G/g, while the restrictions to graphs
contained in or equal to g depend only on the momentum assignments to the lines
of gUE(g). We will view g as having:

— regular vertices

— generalized vertices. There is one generalized vertex for each

heWs 6(g)={heFuHlhCg, h maximal, ie. hCh'Cg, WeFUH = h'=g}.

The “value” of a generalized vertex h is a distribution which depends not only on
the positions x of the external vertices but also on parameters e, = {e,|Jv € B(h)}
with e, being thought of as the largest momentum assignment of any external line
of hhooked to v. The value of the vertex is the obvious analogue of (2.19). It will be
denoted Rh.

— lines: The set of lines left (i.e. not inside g’s generalized vertices) are simply
those of g/ Az, 5(9). In the event that g isitself a generalized vertex, i.e. in FUH, the
momentum assignments to these lines must be consistent with the appropriate
inequality i, <e, or i,>e,, with e, being determined by the parameter values e,. In
any event the only connected component g’/Ag,4(g) of the (g/Ag,4(9));’s which
may violate D(g") <01is g/Ag,, 5(g) itself. The momentum assignments to the lines of
g/Ag. ¢(g) together with the parameter values e, determine the parameter values e,
for the generalized vertices of g.

We shall prove inductively a bound on Ryg(x, e) smeared against a test function

f(x). The bound is, for ge FuHU{G},
Vx. \Jv Y
) M™% .
miy {<M> }f ”
v¥vg g

II gKg ) f Xm é Klf(g)M D(g)eglu(g)(eg) jilTl'g)

(2.20)

Here
hm= 3 G+1yM 20" .21)

i>m

[4 gives the accumulated effect of all the i,’s generated by “useless” counterterms
(recall (2.7))]

u(g)=Hg'€ &lg’S g}l (2.22)

T(g) is the set of possible configurations of derivatives that may be applied to f. It
has the following properties:
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—if je T(g) with ge §, then [j|=3j,<D(g) and j, =0. Hence derivatives

generated by €,’s with hCg cannot get out of g.
—if je T(g) with g e HU{G}, then

(i) for each ve By(g) 0<ju_. > (@d1+H+ X D47,

veg e.ﬁ( ) gv'e;;u(y)
ey pe Aglg €
@ll=s x O@Ll+ 1)+ Z DLy,
9.€9 g9’ A5(9)
7340
(iid) jy, -—0
v, is the fixed vertex of g. Its choice will be described later.
w=1/2(D+1) (2.23)

The norm |- ||, is defined as follows. First, for each he §, h<y, set equal all
variables of f which correspond to the positions of external vertices of h. In other
words collapse each h to a point. Call the result (f/&) (x,). Then take local suprema
in all variables except that containing v,,

(TB)ex) =sup {l(f/m () by — xS [O’ V=g

—(eg+1)
M™% D vFue

} . (229

Then multiply by the usual decay factor

g (X)=  sup [T {e~-oM=*lx—yly prdeg+ D@ -1 (225)
#T ko loe D@/ ceqlF

(the factors of M in g, are to make it power counting neutral) and integrate

Il _{jd"xlf(x,x,...,x)l if ged
o Jdx,g.,(x,) BF)o(x,) if geHU{G}.

Applying the inductive bound (2.20) and the facts that |[FuHU{G} < L(G),
A(—1)Z Cin! [proven in Lemma (2.4)], D(g") <D [by (2.9)] and

§ dx,g_4(x,) (W@) “Y(x)SKH9 § dxg_,(x)f ~(x)

(i.e. removing the restriction that some subgraphs be collapsed increases the norm)
gives Theorem 2.1.

The heart of this chapter is the proof that the bound (2.20) is preserved by an
inductive step. So let g € FUHU{G}, and suppose (2.20) is obeyed by all elements of
Uz, 5(9). [The induction would start with g, 5(g) =0.] We will start by writing
explicit formulae only for the case g, 4(g) containing a single subgraph h. The
case g, 5(9)=0 is similar but much easier. The general case simply involves
taking a tensor product of /’s. In fact in the inductive bound (2.20) we really should
have a tensor product of Rg’s smeared against a single test function f. However this
would not introduce any new features to the bound. Let x(y, z) denote the position

(2.26)
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of all vertices common to f, g, and h (f and g only, h and g only) and let €} denote
€, (1—C€)) or 1 as appropriate

)3 [dxdyf(x,y)&GLI dz(g\k) (-, -, 2) (R) (-, D] (%, Y)

momentum assignments
tog\h

=X dxdz(Rh) (x,2) | dy(€*f) (z,¥) (9\h) (%, ¥, 2)
= X[ dx dz(Rh) (x,2) fo(x, 2). .27

Now apply (2.20) to Rh. The bound on the result is organized into a number of
modules:

Module 1. Counting where derivatives can act.

Jv
Module 2. Extracting | {M Twi (5‘—;’;) } fl whengeg.
v g
SV Jv
Module 3. Extracting || ] {M W (ﬁ) } fl when ge HU{G}.
v g

Module 4. Extracting power counting factors from renormalization
Module 5. The choice of fixed vertices and the integral over position space.

Module 6. The sum over momentum assignments.
Here we go.

Module 1. Counting where derivatives can act.

Each €} will have up to D[g] + 1 terms each being a product of up to D[g]+ 1
derivatives each of which can act on any one of E(g) external lines. That’s a total of
up to

]_[ (DLg]+1E(g)*¥'*! <const(D, E)8-9!
geFuH
possibilities thanks to (H2.4). Every ge §u$ must contain a line that is not
contained in Ag(9), |FUH| = L(g), and we can absorb the above constant into
K9, That’s the last counting of this nature that we shall do.
when ge §.

w2 Ev_ju
o () 1]

Let’s first see what happens to all the derivatives: the old derivatives from

\%
(5%,

vertex v, of g and apply €} to f. This produces a sum of terms each a “product” of

Module 2. Extracting

and the new derivatives from €}. We choose vy of (2.6) to be the fixed

up to D[g] differential operators

vg

quotation marks on “product” is that the ¥V, ’s must act directly on f and not on
other (x,—x,,)’s. Furthermore all dependence of (€ f) onall the x,’s other than x,,
resides in the (x, —x, )’s. Hence as long as we are careful never to differentiate with
respect to x,, (that’s the content of Module 4) every ¥, /M® from the | - ||, must act
either on M*(x,—x, ), yielding M~ " or on a propagator of g\h. By hypothesis
(H2.1) the effect of applying n such derivatives to a propagator is simply to
multlply the conventional estimate K'M*“®)e~M¥x~¥l by ¢~ (Note that i, < e,).
The """ is beaten by the appropriate M "% from inside | - .
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Now we apply || - ||,- If he § this simply means setting all vertices of x and z
equal and integrating. In other words just collapse & to a point and treat it like an
ordinary vertex. The factor M?®e»1,, (e,) should be associated with the vertex and
viewed as simply a logarithmic correction [if u(h) 3= 0] to the ordinary powercount-
ing. If h e § we first have to reduce each subgraph of & that is in & to a point. Then
we have to take some local suprema. Since x, g is the only variable which now
appears in f and since either v, is not in h, or in the event that it is in h,v,=v,
(Module 4 again) it is not involved at all in the local suprema. Hence local suprema
are applied only to propagators of g\h that end at vertices of 4 and to
M*(x,—x,,)’s having v e Bg(g)NBg(h). In the former case we apply

sup e M=yl < go= Midlx, =yl (2.28)
[x5= X S M~ (en* 1) = ’

since e, =i,, and in the latter case we use
Me|x, —x, | SM® ™+ M®|x,—x, | . (2.29)

Sug
Ix,—xy| SM - (ent 1)

Hence the only effect of the local suprema is the introduction of additional
constants that we merrily absorb into the KM% as in Module 1.
The obvious application of

[dx, Jo(x,)alx,)| < supla(x, )l [ dx, lo(x,)l

i
M —wj2< Veg> f
1 g
consists of g with

(i) each subgraph h in g, g(g)NF collapsed to a point and endowed

now leaves us with (recall j><const) times a graph which

with the power counting factor MP®en], . (e,), (2.30i)
(i) each subgraph h in g, 4(g9)NH replaced by
MP®O] 4y (enhe,(X,), (2.30ii)
(iii) each line of g/Ag,,4(g) endowed with the usual

M &p—M fe|x,— y,| , (2 30111)
(iv) the vertex v, held fixed but all others [consistent with (i), (ii)] integrated
over all space, (2.30iv)
(v) at most D[g] additional factors of M® ™, M®|x,—x, | with ve Bg(g).
v\ (2.30v)

Module 3. Extracting IH {M Wi 1\/;; f " when g € HU{G}.

Start by applying to f, in (2.27) the old derivatives V, /M** from the inductive
bound on Rh. These derivatives can either act on propagators in g\h or on
(1-€nf. In the former case they are treated just as in Module 2. The inequality
n+ m)2 =n? 4 m? may be used to split M ™" into two parts: one for transmission
forward to the bound on g, the other to control the n-dependence in our bound on
V"G, In the latter case we use

N S AR
() 0o (5ie) 1= B | (i) Joof.

)
0




Bounds on Renormalized Feynman Graphs 37

which is true because no V/M*®" can differentiate the fixed vertex of g which is
playing the role of v in (2.6). If there exists at least one pair of external vertices v, v’
of g that are separated by at least a distance 4M ~©s* 1) we need not renormalize g
at all, as we shall shortly see. In this case split the right-hand side of (2.31) into the f

i
half and the €} f half. Bound the f half by ‘(1\7}%) f l, noting that since

ge{H}U{G}, e,>¢,. Treat the €} f half exactly as in Module 2. If, for every pair
v,v" € By(g) we have |x,— x| <IM @+ apply Taylor’s theorem to the function

i vy
fio= ‘[(Men) f] (x(®)
to rewrite (2.31) as

v\ . 1 db@+1 v A\VARN
(M—> 1-S)f= G 51 dt"‘”’*l{tl |[<M%> f](x(t))}

for some 0 <t* < 1. Evaluating the d/dt’s gives a sum of terms each one of which is
of the form (up to irrelevant numerical coefficients and powers of t*)

Mea\ 'l . v ARV S .
(—M—~> (M°®(x,—x,,)) [<M> f] x@*) (2.33)

with [j'|+j"|2 D[g] + 1. These factors of M*/M** and M*(x,—x, ) are crucial —
they supply the power counting factors that make renormalization work. Note in
addition that the v™ argument of f is evaluated at some unknown point within a
distance (1/3)M ~s*V of x,.

We now update the M "% in the inductive bound. At the beginning of the
inductive step we had some M ~*¥*, Part of this was used up bounding propagators
but M~ was saved [the same j’ as in (2.33)]. Now take |j’| +[j”| — D[g] — 1 factors
of M¢s/Me from (2.33), recall that [j| is X j,, not (3 j?)*/? and argue

Mea\li'l+1i"l-Dlgl -1
M Wi <M~ VI? M1 - Digl - 1)
Me =

(2.32)

t=1

since e,>e, since ge$HU{G}<const(M,D)M*I*"* since |j’|<D+1,
w=1/2(D+1). The constant is no problem. See Module 1.

Now apply the norm | - ||, to the result of our calculation of (V/M®*)if,. This
involves: collapsing some points together [that transmits well since
Xy=X, = X,(t¥)=x,(t*)]; assigning h the power counting factor MP®e}, , (e,);
possibly replacing h by h,,(x,); taking some local suprema (if & € $) and integrating.
As in Module 2 applying local suprema to propagators and to (x,—x,,)’s has no
practical effect. Applying local suprema to f merely takes variables whose location
is already only known to within an accuracy of (1/3)M ~“s* 1 and spreads them
out an additional M~ @+ <(1/3)M €t D),

The next step is crucial. It involves exploiting the decay of g to convert the
M®|x,—x, |'s, M°~*"s and, in the case (1—G})f was split up, the separation
between a pair of external vertices of g into the power counting factors that make
renormalization work. The logically correct time to perform this step is now. But
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to highlight it and to avoid breaking the flow of the current argument we are
extracting it as a separate module which can be read a bit later.

Finally we have to separate the test function (V/M®s)i' *i"f from everything else.
We will call everything else the graph g’. There are really three separate terms. The
term in which (1 —G&%) f was kept as a unit and the two terms f and —&}f when
they were split up. For the two cases (1 — &%) f and f the procedure is the following:
First apply (2.10) with all #,’s being the characteristic function of a ball of radius
(1/3)M ~ s+ D multiplied by the normalizing constant const M%©s* 1), This gives

§ dx,(mg") (x, J(V/M*) T f)(x,).
Now extract from (mg") all the normalizing constants above and enough decay
factors to build g, (x,), noting that g’ really does contain all the lines of g/% each
with a decay factor exp(—M®*!|x,— y,)) or better. Call what’s left mg’. Finally
apply
I} dx,o(x,)o(x,)| < suple(x,)| | dx,a(x,)
to separate (mg”) from g, (V/M¢)’"*¥’f. The result is the desired
|M = (V/Meo)if |,

times a graph having essentially the structure (2.30). The only significant difference
is (2.30v) is modified. Roughly speaking there are either exactly D(g) + 1 factors of
M?s™°r, M*|x,—x, | or at least one pair of widely separated external vertices. We
will make this prec1se in Module 4. There are two other irrelevant differences: the
decay rates of the lines are down by a constant factor; some of the vertices are
integrated only over balls of radius (1/3)M®*?

That leaves us with the “split up term — €} £ In it, as happened in Module 2, f
depends only on x, . In fact we can apply

[ dx, o0, )llo(x,,)| < sup lo(x,,) fdx, lo(x,,)l

j
just asin Module 2. This leaves us with the €-type norm of M ~*¥* (‘Mv‘g) ftimesa

graph with the structure (2.30). However in fact the €-type norm in (2.24) is
bounded by a constant times the $U{G} type norm in (2.24).

Module 4. Extracting power counting factors from renormalization. Suppose
g € $. At the time this module is invoked [just before (2.10) is used to separate the
test function from the graph in Module 3] we have either

— exactly D[g] + 1 factors of M® ~*, M*|x,—x, | in the case that (1 — &) f was
not split up or

— a pair external vertices at least a distance of

(1/3)M—(eg+1)_2M—(e;.+1)2(1/6)M—(eg+1)

in the case that (1—@%)f was split up.

Now any pair v,v” of external vertices are connected by a sequence of
propagatorsin g/@. At this point in time each of these propagators is endowed with
a decay factor exp(—M'jx,—y/) with i2i(FU$). By extracting a very small
fraction of each of these factors we can build up

exp{— ({/I0E)M'*®D|x, —x, |}
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while still leaving the original propagators with exp { - <1 - 1C—0> Mi|x,— y,l} .In
the event that |x,—x,|=iM~©*1) we have

e Digl+1
M ) (2.34)

C ig(Fu
exp{—WMg( 5)|xu_xu,| < const —Am

In the other case (and also in Module 2) we have

10E

this also true, both in Module 2 and Module 3, that e, 2 i (Fu 9) simply because h

must have an external line that is internal to g/ U 9. So we are now in a position to

replace (v) of (2.30) by

) for ge & at most D[g] additional factors of M® ~is®-9) (2.36)
for ge $ exactly D[g]+1 additional factors of Me®s~*s@®-9)

Ix, —X,,| exp { - L_z Mis@®D)|yx xvgl} <constM ~i«@9 (2.35)

Module 5. The choice of fixed vertices and the integral over position space. Let
v be any external vertex of G and §” any forest of connected subgraphs of G that
contains G. We show how to select from each g’ € § an external vertex v, in such a
way that

(i) v, is the external vertex of G selected.

(ii) for each g’ § either v, ¢ Ag(g") or for all h’e F with v, € h'Cg’ we have
Vp =0,

W!:)rk by induction from large subgraphs to small ones using the partial
ordering of § by inclusion. We pick v for G to start. Then:

if UBG,(,,/) € hl then set Uh' = UBg'(h')
if vg, o ¢ h" then choose v, at random from amongst By(h).

Applying this rule to § =FuU$H builds the v,’s which appear in (2.20), and they
satisfy (i) and (ii).

Now the current situation as far as x dependence is concerned is the following.
[See (2.30)]

— Each subgraph s, 4(9)NE has been collapsed to a point. This point is
integrated over all space.

— Each subgraph h in g, 4(9)N$ has been replaced by h,,(x,). By (2.25), this
means that h has been replaced by h/ (i.e. subgraphs of k that are in § have been
collapsed), that internal vertices of h/& are not integrated over, that external
vertices of h/§ are integrated and that propagators in /& have decay rate
const Mo+ 1,

— Lines in g/§uU$ have decay rates const M* as usual.

— One vertex v, is held fixed but all others not in Ag,, 5(g) are integrated over all
space.

The only impediment to our immediately applying the procedure of Sect. I is
the fact that vertices internal to subgraphs of g, ¢(9)N 9 are not integrated over.
This problem is avoided by simply getting rid of them: deleting internal vertices
and some internal lines, using triangular inequality, we bound each such h by a tree
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connecting the external vertices of h. The lines of this tree have decay const M®»* 1,
We now have a conventional graph h [namely g/& but with each subgraph in
Wz, 5(@)NH replaced by a tree connecting its external vertices] each of whose
vertices, with the exception of one fixed vertex v,, are to be integrated over all space.
Now integrate over position space as in Sect. I (or [FMRS1,2]). This gives, for
each vertex v in ¢/, a factor const M ~%"*, where i, is the momentum scale in which v
was integrated. The constants just go to updating the K@ of the inductive bound
(2.20). Hence our bound on |f Ry - fdx| now consists of
L

-wi2 Z’&_)J}
vil%(y) {M <M o /
times the sum over all possible momenta assignments of a bunch of momentum
factors:
— M™% for each v+v, of ¢’
— M**® for each line of g/Ag,(g) from (2.30) (iii)
— MP®en) ) w(ey) for each he g, 5(g) from (2.30) (i), (i)
— MUt DVEGH=D for each he Wy, 4(9)NH from (2.30) (i), (2.25)
— M~ i@ 9Pr with D, =D[g]+1if ge$H and 0SDx<D[g] if ge & from
(2.36) (V).
Before moving onto the final module we simply organize these factors a little
better. This organization will involve the assignment of factors to the connected
components (g/FUH); of

(9/Fu9);={leg/FUDli, 2]} -

L
K19 sup
ieT(g)

Start by writing
M~ div — ppé l—"[ M
i=0

and similar decompositions for [M?@], [MP®7]° and [ M4V =®®~1)1]en*1 Now
the factors left over in front of the product signs combine to give M to the power

—dlv@)-1+ % )+ 2 D+ X S)d(VE(h/%)—l)

£+9g/Agos(9) heUgo5(9) heUgus ()0
=—d(V(g/Fu)—- 1+ eglz o 5(/)+hem2 (y)D(h) 2:37)
-D/FU+, T D)
=D(g). (2.38)

Since D(g)<D this MP® can be absorbed into the KX@ as in Module 1. Next
consider any connected component g” of

g;={¢ €g'|¢ had decay rate >constM’}.

Each vertex but one of this component has a factor of M ~% In particular if a tree
replacing some h e leu 5(@)ND appears in g” (and it will appear either in whole or
not at all) the vertices of the tree thus have M~ =*/®) This combines with an
MV EHRB =1 from the decomposition of (MAV=R®~1hen+1 ¢4 give just plain old
M ~? Hence, since the lines of the tree do not have an M°“’s we may as well collapse
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the tree and view it as being a single vertex. After this collapsing the lines of g/ are
exactly the lines of (g/Fu$); and each has an M*“ and the vertices consist of the
vertices of (g/FU9); plus possibly some isolated vertices. These isolated vertices
arise when some he Wy, 5(9)NH has i, <j but every line in E(h)ng has i,<j. This
vertex has the factor one so we just throw it away. Hence the M ~%v, M),
MAEr* DVERB=1) haye resulted in

I MP@EUSE) (2.39)
Jk

Now we look after the factors resulting from the decomposition of the [MP®]w’s,
Since

e,=max{i,|/ € E(h)ng},

his a vertex of (g/FUH); for exactly e, + 1 values of j and it is natural to put MP®e»
into (2.39).

Module 6. The sum over momentum assignments.
We are left with the problem of controlling the sum over allowed momentum
assignments of
Mea—ig@VS)NDr I )'u(h)(eh)n MPWEoD))) , (2.40)
J.k

heWUg 5(9)

where

D((9/FU9))=D((9/FuH)) + 2 o D(h)
such thathisavertex

of (g/FUH)F
=D(g}).

Here g* denotes the subgraph of g consisting of (g/Fu $)k with all the collapsed
subgraphs reexpanded. Now by (2.18), (2.19) D(g%) can be non-negative only for
g¥=g. For all other g%,

D(g§) < —2¢E(g}) = —2¢E((9/FV9H)5).-

Hence we are almost in the position of (1.5). The only problem is that we can’t
harvest any decay for j<i (Fu9H):
[T MP@BU9) < MP@LEUS 1] [T M~ 2E@BYS) (2.41)
n’ k - .,
! >ilEus)
So we rewrite the sum over all allowed momentum assignments as an iterated sum
> 3 with the inside sum being over all allowed momentum assignments having
ig ﬂliy
the given value of i;. The [T 4,4 (es) may be moved outside the Y as follows:

heUg,5(9) . . rlig .
— Let e, =max{elheWg ¢(9)}. Fixing h, costs a combinatoric factor

|z, 5(9)| that may be absorbed in the K@ as in Module 1.
— Apply
Thl Augen) = l;I Aug(en,) (Lemma 2.4(c))

=Asumlen,) (Lemma 2.4(f)
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— Extract part of the decay in momentum space that exists between the line of
scale i, and the line of E(h,)Ng that has scale e, (again the combinatoric factors
involved are no problem) to get M ~#¥¢s~i9) and apply

& . .

Thatleaves J] M~ 2El6B 9 inside thesum Y. This sum may now be done
ik ulig
| i>ig®us) .
exactly as in Sect. I and is bounded by K'2¢/8°9 which may be used to update the
K@ in the inductive bound (2.20). Our sole remaining task is to sum
.2 M!les—iglPr As u(h)(ig) MP@Lig+1] (2.42)
g
If ge & we have
,- ;e M(es—igDrR /12 u(h)(ig) MP@lig+1]
9=°g

SMPMP@< . 2 Azumliy) since Dg = D(g)

igSeg

SMPMP®%s(e, + 1)Ag,e,) by Lemma (2.4c)
<constMP@%}; . . :(e,) by Lemma (2.4d)

and this is what we want since Y. u(h)+1=u(g) for ge §. If ge H we have
heUg,5(9)

. Z Mles —igl(DIgl+1) A’}:u(h)(ig) MP@ G+ 1)
ig>eg

SMPOMP@es 3 M)y (i,) since D[g]+12=D(g)+¢

ig>eg

ZconstMP®*e}; ..(e,) by Lemma (2.4¢).
This is again exactly what we want since again
> u(h)=u(g) for ge§.

heWUg,s(9)
It remains only to prove some by-passed lemmas:

Lemma 2.2. For any &€ &°(G), assignment of momenta yu and any connected g,
compatible with &

(a) min {i,|/ € g\AGu(i’y)u{g}(g)} =min{i,|£ € g\Ag,;,(9)} >

(b) max {i |/ € E(g)nBe,.(ﬁ)u{g}(g)} =max{i,|{ € gnBg,,(9)} -
{roof. (2) Suppose A, g)u(9) & 45(9) and let £, be any line in Ag(g)\Ae,,g)u4)(9)-

et
£y2dyCd,C ... Cd,Cyg

be the set of all dangerous elements of & containing £, and contained in g. Then for
each k=0, ..., n there must exist a line Z, . ; which is an external line of d, and is
contained in d . (g if k=n). Since d, is dangerous and there aren’t any safe sets

betwpen 4o anc} 9in> g,y Hence i, >i, , with?Z,., € g\Ag, ;. Hence £, cannot
provide the minimum in g\Ae, e (9)-
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(b) Suppose E(g)NBg,gu(9) 2 E(9)NBg,(9) and let £, be any line in the
difference. Let ¢, be any linein E(g)nBg,(,(9). Let d be the largest set of & obeying

gCdCBs,gugs fo€EW@) (2.43)
d
Pruin
g 1
|
lo
Bﬁu(ﬁ)

For example Bg(g) obeys (2.43). Now d must be dangerous for & so using the result
of (a) part

igo = €4(&) <ia(&) = 1S, (F)o{d}) S e, -
Hence ¢, cannot provide the minimum in E(g)nBg,gug(9). O

Lemma 2.3. Let §=S,(&). Then
(@) FuH(F)eT’(G) and
(b) for any & € F°(G)

Cud)=8 < FLFFUHT).

Proof. (a) We need only show that no two g, g’ € $,(&) can overlap. If they did g\g’
and g'\g would have to
9'\g g

T — A e e it

|11

I e— o [
-1 U l

g’ g\g'
be nonempty and g and g’ would have to have at least a vertex in common. But
since g is connected g\g’ would then have to contain a line £ which was an internal
line for g and an external line for g’. Furthermore ¢ cannot be in Ag,,,(g) by the
compatibility of g’ with & and must be in Bg,,(,,(g9") by the compatibility of g with
& Similarly g'\g would have to contain a line ¢’ with /"€ g\Adg y,4(9),
¢’ € E(g)n By, ,;(9)- But this now forces

i, 2i,(Fuig)) > e, (Fuigh =i,

ip 2i (Folg) >e (FolgD i

and
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That’s a contradiction.
(b) Firstly note that if F;,§, € F°(G) and F, S F, then by (2.13):

geD(F1) = geD(F,)-

Hence if geF —F=FnH(F), then ge D, (Fu{g)) D (F) So S(F)EF. In
order to have G,(F)C §, there must be a ge § with

iy(§)> €,(F) = (S (F)) 2 €,(F) 2 iy(F) =1y, ,
since § = S (). But then /, must be in some h € $ (&) with h Cg and must not bein
Ag(g) and so:
iz, =min{i |/ € h\Ag(g) = h— Aggy(h)} >max {i,|f € E(h)nBg,u(h)} -

This is impossible because E(h) must contain a line that is internal to
Bgu(h)(h);g [or else Bg,,4,(h) is not connected] and this line cannot be in Ag(g)
[since h is compatible with § and is not contained in Ag(g)].

= Assume S, (F)={g. It is obvious that FEF". Furthermore

geF —F = geD(F) = geD(S(F){g}
by (2.44).

Lemma 2.4. There exist constants c,(¢) such that for all n>0
(@) cin!'=A,(-1)=c5n!
(b) cint+(m+1y"ZA,m A +m+ D) for mz —1,
© A(m) = A,(m) for m'zm,
(d) (m + 1)”},,‘(1‘") = ﬂ‘n +n'(m)s
) T M #m-m) (m)<A(m)if M is large enough,

m>m

k
® H Any(M) < Az, (m) if M is large enough.

Proof. Recall that A,m)= 3. (i+1yM 2¢ ™= % X (+mt1yM 2

i>m
S m —Ei n _E" n
(a) "M 2 zn"M 2 znlc},
i=1
® | t, opl @ _E; !
. =i Nn. n: i n:
Si'M =~ Z ——'(ou)”M 2! <— Ze‘"M 2 §c;,—l
i=1 o

for a small enough.

() i;fl("*’"*l)"M_z kzo,zlk'( ~o)!

By (a) part this is bounded above and below (for different ¢’s) by

(mt 1M 2"

n

n!
K=

The lower bound follows by taking the k=0 and k=n terms. The upper bound
follows by (n—k)!(m+1)*. (c) and (d) are obvious.

(m+1)kc" Hn—k)!.
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if M is large enough.
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k ®© —iip e
® H(Z (p+m+1)"M 2 >§Z(m+1+maxi,,>z""M 2
=it i) ’

£ _ iip
<k Y (i 4mt 1M 2

i1=1i2...ixZiy

w0 _EN\k-1
§kﬂzn,,(m)<.§lM 2) = Azn,(m)

provided M is large enough. [

IIL. Renormalized Graphs: Bounds for ¢4-like Models

There are two sources of slackness in the S(G) dependence of the bound of
Theorem 2.1 at least as far as it applies to models like ¢3. They arise because F2(G)
is unnecessarily large.

(S1) We have introduced counterterms for 1PR subgraphs even though it is well-
known that these will in fact be finite.
(S2) We have introduced counterterms for non-closed subgraphs. Hence if, for

example, G=@, we introduce counterterms for both@ and

6 . This is silly.x @ ¥ is a function of only one variable x — y. Any

non-integrable singularity in x—y can clearly be removed with a single Taylor
operation.

These two sources of slackness are removed simply by cutting down F?(G) to
&(G), the set of closed, proper, divergent forests of G:

RG= Y TI(-€,)G. (3.1)
FeF(G) geF

By ¢3-like graphs we mean graphs obeying
(H3.1)=(H2.1) Roughly speaking we consider graphs built with any power
(H3.2)=(H2.2) law propagators and having at most L lines hooked to

(H3.3)=(H23) any one vertex. The external vertices are smeared against a
general test function.

(H3.4) Power Counting: We assume that if g is a connected subgraph of G then
lE@)|25 = D(g9)= —4¢E(g),
|E(9)l=4 = D(9)<0,
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|E(9)|=3 = D(g)=0,
|E(9)|=2 = D(g)=min{2p(/)i/ € E(9)} .

Remark. The effect of the last inequality is as follows. Take any connected biped
and add to it any line of E(g)nG. The result is at worst of degree 0: D(O—e)<0.

We also assume that D(g) = 4¢ for any biped g which is the closure of a proper
divergent quadruped and that for non-integral positive D(g) we have D[g]+1
2= D(g)+4¢ where as in Sect. II D[g] denotes the integer part of D(g).

(H 3.5) Closed Forests. There is a constant K” such that the number |§F(G)| of
closed, proper divergent forests of G is bounded by K"X9.

We remark that, for example, ¢} (even with lower order vertices) and Gross-
Neveu, obey these hypotheses. With these hypotheses we have (using the same
notation as in Theorem 2.1).

Theorem 3.1. If hypotheses (H 3.1){(H 3.5) are satisfied then for any 0<{<1 and
any v, € Bg(G) there exists a constant K such that

I £ (35°6) xS K“OSG)sup || T 7))

b
G,vG

S°(G) being defined by (2.3).

Remark. Combining Theorem 3.1 with the combinatoric lemma of [CR]
Appendix C, gives a global K"n! bound on the n'* order of perturbation theory for
#3-like models, hence the “local existence of their Borel transform” as in [CR].

Proof. It suffices to consider graphs G that have no one-point subgraphs; all
divergent monopeds are renormalized to zero and all others are just constants.
Our principal task here is to produce a replacement for (2.7) which ensures that we
still get renormalization cancellations when we need them even though F°(G) is a
lot smaller than F?(G). We need to redefine €, and D, the operators which decide
when subgraphs in a forest are safe or dangerous. Suppose we are trying to bound
€¥g. So pick any assignment of momentum scales to lines of g and pick any
connected subgraph hCg. Is hdangerous? Of course before we get to h we will have
applied a €, for every §ah'Cg. So we really need to consider g/Ag(g).

In Sect.II, h is dangerous if h has D(h)=0 and if h/Ag(g) is a connected
component of (g/Ag(g)); for some j, ie.

iy=min{i |/ € h\Ag(g)} >max {i |/ € E(h)ng} =e,.

The problem is that there are two situations in which we will be unable, by law, to
renormalize h even if it satisfies this criterion. We consider them in turn.
Firstly, h might be 1PR. We know that this shouldn’t be a problem if we have
renormalized its 1PI components properly. Consider the “end” 1PI components of
h,i.e. the components for which precisely one external line is internal of 4. Each end

can be either a single vertex | e.g. Q'—‘> , a biped, a triped or a quadruped. Since
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h is divergent (H3.4) ensures that at least one end is a proper, D >0 biped h,,. In
addition, if you sum over all such h,’s associated with h

hZD(hp)%D(h)+Ae. (3.2)

Hence as long as we can choose v of (2.6) to be the one external vertex of h, that is
not external to h too, all derivatives arising from the renormalization of h, act on
external lines of h and have the same effect as renormalizing h itself. In fact this
choice of v; does not pose a problem. In Sect. II, for reasons which remain valid
here, we always applied (2.6) to h’ with v, being the fixed vertex v, of h’. These fixed
vertices were chosen in Module 5. But there was a lot of freedom in their choice.
The only time there was a restriction was when vg ), i.¢. v, in our case, appeared in
K. But bipeds never have external vertices in common with larger 1PI graphs.
Hence it suffices to supplement Module 5 with the rule

“if vg, ) ¢ I, then set vy, to be the vertex of b’ which carry the line
obeying i,=max{i |/ € E(h")}.”

However we must be careful to ensure that h,, is indeed renormalized. If we keep the
same criterion as in Sect. II this need not happen e, will be the scale of the external
line of h, that is internal to h. It may very well be hlgher than i, . Hence for bipeds
we should replace e, by

¢, =2"max {i,|/ € E(h)}
P ' ' Chp

iy @l ;

€h

|
hp |
ef‘p .————‘ }
!
= ef'.p
— e ~— )
h
Fig. 3.1

The second situation in which we will not be able to renormalize an & when we
want to, occurs when A is proper but is not closed (see Fig. 2.1). As long its closure,
the biped h*, is renormalized this is again not a problem. Call the external vertices
of h* x and y. Recall how renormalization works. We get D[h*]+1=D(h)+1,
(x—y). V’s from the application of (1 —€,.). Each V when applied to a propagator
of scale j produces an M/. The decay exp{—constM™*~*} coming from
propagators joining x to yin h* can be used to turn the (x — y) into an M ~**, Hence
we have the decay M ~®*~/) between i;« and j. But x and y are also external vertices
of h so it produces the decay M ~°°"st#I*~¥l petween x and y. Using it instead gives
M~ =9 just what we want for the renormalization of h!
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h | |
| | 'h
|
j .————+ :
| f
‘—-———-‘ ip*
h*

Fig.32

Again we must modify the definition of dangerous to ensure that h* is
renormalized whenever A is dangerous.

Here are the new definitions of i, ¢, &, and D,.. Fix any forest § € §°(G) and any
assignment of momenta u. First define for all ge §

(&)= max min {i |/ € h\Ag(g)} . (3.3a)

Here max runs over all h obeying

— h*=g,

— h is compatible with &,

— h/Ag(g) is a proper component of (g/Ag(g)); for some j. We will denote the h
giving the maximum I(%). Then define inductively from large to small in the
ordering by containment of §

e Jmax{ile € E(g)CBesg(9)} if g is a triped or quadruped
%(®)= {2'"‘ max {i,It € E(g)} T g is a biped, (3:35)
and
geS(F) <= geF, eF)2iy(T), (3.4a)
geDYUT) < gedF, e(F)<ig(P). (3.4b)

Remark. We do not demand in (3.3a) that & be divergent or even a quadruped. In
general a proper subgraph h is closed if h contains the closure of each proper
quadruped contained in k. In general the closure h* of a proper subgraph is the
smallest closed subgraph containing h. If we were to demand that h be divergent
&;, would not have the desired properties. In particular (3.5a) (to follow) would fail.
Similarly if we are to replace Bg; g (g) by By(g) in (3.3b), (3.5b) would fail.

These are essentially the same as the corresponding definitions in [CR]. [In
[CR] () is x(g, ), €;(F) is y(g, §) and S;(F)=S(F)]. As there we have, for
geFeF(0),

i (S Bigh) =), (3.53)
¢(Su(&)u{g}) =€,(B), (3.5b)
UGB =C(D), (3.5¢)
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we also have the analogue of Lemma 2.3. Define
9 =1{g < Glg is closed, proper, divergent, compatible
with &, g€ Dy(Fu{gh)}.

Lemma 3.2. Let §=S(F). Then
(a) FuHUB) € F(G) and
(b) for any & € F(G)
S (F)=F < FLFLFUHD).

The proof is in [CR].
As a consequence of this lemma we have the analogue of (2.17) for RG:

RGe= 3 ¥ TI(= (Sg) H (1 €)W . )]
Fege(G) IlS:%l;th%t ged

Each term in this sum will be bounded inductively with each inductive step
involving an application of the procedure of Sect. II. The basis for understanding
the bound is understanding which divergent diagrams are encountered and how
they are dealt with. So pick any g € FUH;(F), and suppose we are attempting to
bound ]'I ( ¢,) ]_[c( )(1 €,)9(1), having already dealt with smaller sub-

9 g €
graphs i 1n @ FUHUB). The “momentum exponential decay” of Sect.I breaks

down only when we encounter a connected component h/Ag(g) of (g/A3(9)); for
which h is divergent. In order for this to happen we must have either h=g or
in(§) > e(F), where we recall that

in(&) =min {il¢ € \Az(h)} ,
e,(&)=max{il¢ e E(h)ng} .

In the event that h=g we have the situation of Sect. II; either h € & in which case we

have the inequalities
in(&) < i(F) < ei(F) (3.8)

putting a cutoff on the allowed values of i,(§); or h € $,(&), in which case we have
renormalization giving exponential decay between 1,,(3_%) and the highest external
leg differentiated. But unlike the case of Sect. II we may also have hCg. Because of
the difference between e,(§) and () this may happen even if i is divergent closed
and 1PI, ie. a legitimate candidate for renormalization. Since g is 1PE E(h)ng
must contain at least two lines. Hence to allow e,(F) < ei(%), h must be a triped or
quadruped; to keep h out of $,(F) we must have

(&) < i@ S i B = ei(B), (39)

so there is again an ultraviolet cutoff on i,(§). We will call the set of tripeds and
quadrupeds for which (3.9) is satisfied & (&). h could also be 1PR of course. We
already know that such an h must have an “end” proper component h, which is a
biped whose fixed vertex v, is hooked to the line of E(h,)ng carrying the highest
momentum [ =the one line in E(h,)nh] and which has D(h,) = D(h). For h, not to
be in § [ie. not to be contracted to a point in h/Az(g)] it would have to obey

&, (Fuih Dz, [Foih) 2, () 2in(&) > e(F), (3.10)
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which is impossible. Hence h, will provide the exponential decay between i, () and
e,(F) that h needs.

The last way to get a divergent connected component h/Ag(g) of (g/Az(g)); is
for h to be a proper, divergent quadruped which is not closed. Then its closure, the

biped h*, will have
Ga(FU{h*}) Z (&) > en( &) (3.11)

h* must then be g [or else E(h*)CE(h)ng forcing h* into $,(&)]. If ge9H,,
renormalization will save the day; if g€ & we have an ultraviolet cutoff on i,.

Now that we understand where the dangers lie and how to control them we are
ready to proceed with the inductive bound. As usual we may fix an arbitrary family
of mutually compatible disjoint forests &, H, ] and consider only

Rg=2" I1 (- %) H (1— ) (3.12)

r g29'€§

with g e Fu$ and the sum Y running over momentum assignments for which
"

CuF=8, =9, KMOBE=R. (3.13)

The inductive bound is then

lmg : f Xm = KII‘(G)M D(y)egj'u‘(y)(e-g)

g b))
veBE(g) M %

v¥vg

(4

: (3.14)

[

- Su
ieT(g)

where

() =I{he FURIS g},
¢, =max i/ € E(g)nBy(9)}

and T(g) is as described in Sect. IL | - ||¢ is the same as | - ||, except that the local
suprema are taken over balls of radius M ~s* ) and the decay factor g,_is replaced

b
d gi)=sup sup T {exp(—(1— DM 'x,~y))

{xveBrg/B)} teh/F

IT _{exp(—(L=Ohe,—ypMUE DOm0 (3.15)

te(y~h )/E
with the sup being over subgraphs of g that are proper, consistent with & and

generate g: h*=g.

We can now follow the procedure of Theorem 2.1 essentially verbatim until we
are well into Module 5. It suffices to replace e, by ¢; and i, by i;. We merely point
out that the following essential requirements of our old proof are still satisfied:

v
— Whenever a — M - (or a local supremum on scale M%) acts on a propagator i,

we have ¢} =i,

— Whenever a V/M¢® (or a local supremum of scale M®¥) acts on an external line
of g, g is dangerous and consequently ef, > e;. (This is not quite so obvious as the
analogue in Sect. IT was. It is proven in Lemma 3.3.) In particular we can still
update the factors e ™’ that are used to avoid factorials arising from the
accumulation of many derivatives acting on a single propagator.
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— There is a decay of exp { —const M*|x,—x,|} between any pair of external
vertices of g/&. This is also not so obvious as in Sect. I, where every line in g/§ had
a decay rate at least M's. In the present situation we observe that there is a path
joining x,, x, in the generator I¢ (3\)35) of g/FuH and that each propagator in this
path has decay rate at least const M by the definition of i¢. Furthermore this path
crosses a number of generalized vertices he Uy, 5(9)NH. We can construct, using
the inductive hypothesis, a path across (a generator for each) such h with decay rate
constM®*1, Since each such h necessarily has an external line in I(FU9)
Lemma 3.3 ensures that e}, 2 i, and consequently that we have the desired decay
between x, and x,. As a result the extra power counting factors due to
renormalization [replacing (2.36)] are

for ge & at most D[g] additional factors of M~ 4@

for ge $ exactly D[g]+ 1 additional factors of M~ @D (3.16)

To perform the integral over position space we again construct a graph g’
consisting of g with each subgraph in g, ,3(g)m$' collapsed to a point and each
subgraph he Ay, 5(g)NH replaced by a tree _]ommg the external vertices in E(h/&).
Each line in this tree has decay rate const M+ 1, since the external vertices of h are
spanned by any generator of h. Each remaining line £ in g/Fu$ has decay rate
const M*, Asin Module 5 we perform the integral over position space. At this point
the bound on || Ry - fdx| consists of

I l {Ad-wﬂ(F )Jv}f
veBE(9) Me;
g

vFvg

KX su
ieT(9)

times the sum over all allowed momenta assignments of the momentum factors:
— M™% for each v+v, of ¢’
— M**® for each line of g/Ag,(9)
— MP®ek) (&) for each heUg,, 4(9) (3.17)
— MR+ DVE@B -1 for each heWg,,5(9)NH
— M€~ 5@UDr with D, =D[g]+1if ge H
and 0<Dy<D[g]ifgeF.
Our first task is to work these factors more or less into the standard form of
(1.4)«(1.5). Using M% = ]'J'[ M* we can organize all the M~ %> M@ and

i=1
MR+ DEEBB D factors into

— d(nk —
M " tegianod® [T Mav=em-v] (318
jzi )k hedy,sn$

suchthatef;+12j

where g} is a connected component of
g;={¢"eg|/ has a decay rate >constM’}

and n is the number of vertices in g”‘ As in Module 5 for each he Az, 509, j, k,
elther hCg}orhand gf are d1s101nt In the former case we can collapse 4 to a point
with the resultmg change in n% exactly cancelling the corresponding MV =#/8~1),
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After all this collapsing is done g* has either become a connected component of
(9/Fu9); or asingle point (if g% was exactly one h € U, ;N H). Since the latter hasa
factor 1 we can throw it away. Hence

3.18)=T11 HMD((g/E‘U!)) (319)

jz1

In order to get something calculable we would like to use the MP®<h of (3.17) to
convert D((g/FuH)) into D(g%), where g is the subgraph of g consisting of
(9/FU9); with all the collapsed vertices reexpanded. Now

D(g9)=D((g/FuH)) + > D(h),

€Uy, 5(9)
suchthathisa collapsed
vertex of (g/Fu bﬁ‘

s0
MP®en TT H MP@BUHH — ] H MPE

heUg,5(9) jz1 jiz1

where we recall that for he g, 4(9),
e,=max {i,|/ € E(h)ng}

=max {jlh is a collapsed vertex of some (g/‘{yusﬁ);f}.
But we have MP®eh not MP®en For tripeds and quadrupeds D(h)=0, so the
difference between e}, and e, doesn’t matter. For bipeds it matters a great deal. We
are now basically watching “end” quadrupeds coming to the rescue of 1PR
divergent subgraphs. We write, for bipeds

eh=ey—liz, —iz,|,

where the external legs of h have momentum scales i, ,i,,. Hence

MP®en T I MPGBOSD — T] M PO g™

heEp(gl)
heg,5(9) jz1 jz1

where Eg(g%) is the set of “end bipeds” of ¢¥, i.c. the set of bipeds h such that his a
collapsed vertex of (g/F U $)} for which E(h)nE((g/%uﬁ)")#:(b
So (3.17) has now become

(g% — D(h) _ oc — ie(&u -
(HM D herbon ) TT Ay (@) M 569D (3.20)
heUgus5(9)

We next work on the last factor, starting with the extraction of the M®?@ that we
will need for the inductive bound (3.14). If ge

ME—i9PR < MEE—iDPO+49 since D[g]+ 12 D(g)+4e
{MD(g)egM —(i§— ig)4sM —igD(g)—(ig —eg)de if ig z e;

= ) MP@es g~ 5~ ig)min(4e, D) \f ~isPO@) if &>, (3.21a)

If g€ §, considering the cases D=0, D +0 separately gives
M~ iDr < MP@es £~ (i~ ig)min(Dig), 1) p 1 —igD(g) (3.21b)
If =G with D(G) <0, ;= —1 so
1S MPm™esp . 1, (3.21¢)
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In all of (3.21a—) the first factor goes to the inductive bound, the second goes to
divergent proper open subgraphs and the third goes to the sum over the possible
values of i,, the lowest momentum appearing in g/FuU$. Note that for any jat most
one g* can be an open proper dlvergent subgraph (since for k+k’, g, and g* are
disjoint) and if there is such a g% we must have D(g%)=0 (g% is a quadruped),
i,<j<i; (by the definition of i7) and D(g)= Se¢ [by (H 3.4) and the definition of
open). Hence, setting

)= {mm(l ,D(g),1/4¢) if D(g)20,i,<j<i (3.22)

otherwise
we have for any j, k

either g* is convergent

= D(g}) — X D(h)—4ex,() < D(g}) < —¢E((g/FUH)}) by (H3.4),
or g is divergent, IPR

= D(g})— X D(h) —4e,() < D(g) — L D(h) < —4e < —¢E((g/FUH)) by (3.2),

or g% is divergent, 1P, open

= D(g%)—X D(h)—4ey,(j) = —4e= —4eE((9/FUD)}) »
or gke &
= D(g§)—3 D(h)—4ex, () <0,
orgte .

In the last case g¥=g and D(gl) > D(h)— 4sxg(1) D(g). This happens for
precisely 1<j<i,, and so the resulting [] MP@P)~2D®~42x,0) — \P@'s exactly
cancels the M~ 2®s of (3.21).

So (3.17) has now become

MP®@es { I luc(h)(éh)} M I1 M eEe®)

heUg,5(9) j21 ksuchthat
gkeRUE

{1 if geF or D(g)<0or ge$P, &>i;

MG ifge$, i, =€ (323)

As in Sect. II the next step is to move the A,4(€,)’s outside the sum over momenta
assignments so we can perform that sum. For each h, &,=i,, for some ¢, If this 7, is
an external line of g we can simply apply A,p(iz,) < Aue(€,). Otherwise there is a
unique smallest

ge{g/FUDlg € RUlg}, Ag.5(9) 29’ S g} =Fa

in which £, appears. There is“gaxponential decay (in M ‘gE“g/ﬁUf’)i‘)) between the
Js.k
scale i, of any /'€ §/Fq and the base momentum

b;=min{i,|¢ € §/Fa}
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of . Using three quarters of this decay we can bound all of the 4,.4,’s associated
with any one g€ &g by

~bg . —bg! .
) I;[ Auey(ig ) =EM ) Agucchy (m}z'ix l,h)

by Lemma 2.4(c)(f)
giguc(,,,(bg) by Lemma 2.4(¢).

-3 i — $(maxi
e (g

M

Now b;is in fact exactly i,., the lowest momentum scale of lines in g'/§Fu $H, where g’
is the element of RU{g} associated with §. If g’ € R (2.9) ensures that i, < €5(§) and
furthermore that the line of E(g’) for which i,=¢($) is in E(g)nBg(g) too. So
e(F)=<eé, and

As way(bz) = A; wan(€y) - (3.23)

If =g and g€, b;=i,<i;<e;<é, and we again have (3.23). If g'=g and
g€ HU{G}, we either have ij<e;<é,; we take three quarters of the decay

M~ Gs=ed4e of(2,23) <or if g= G with D(G) #0 from the H M ~EBUD) )) and again
apply Lemma 2.4(f):

exp(—3e(i,— e;))'l)h:uc(h)(ig) = lgu«h)(e;) = /1;: wei(Eg) -
We have by now worked (3.17) into the form

&

¢ ~ - 7E(@/Fu9)y)
MPO%) 5 @) T1 M * !
hellg 50 j,ksuch that

gEERUF
N if geForg=G,D(G)<0orgeH,e;>i, (3.24)
M-~ if ge, &<i,, ‘

and the last remaining problem is to perform the sum over allowed momentum
assignments.

We first sum over all allowed momentum assignments with the base momenta
b; of all the je &g held fixed. As we have already observed every £ eg/FuH
appears in exactly one §/&q. Furthermore our

M_%

j2ig ksuchthatgl¢ KU

E((g/&u9)y)

provides the usual momentum decay to all the §/§g’s: for every vertex v of any
J/ &« and each line entering that vertex, there is the decay factor M 0+~ where i,
is the scale of the highest line of §/& g entering v. The only catch is that, unless §= G
with D(G) <0, there is no corresponding factors for lines # which are in E(g/& ).
Still as long as b, is held fixed, to break the translation invariance, we can perform
the sum over momentum assignments at the cost of a constant per line of g/§. That
leaves the sum over all possible values of the b;’s. For §=g//F with g'e RUF the
sum is bounded by the number of values b; can take. As we have already noticed
b;=i, <&, so each such sum produces a factor of &,+ 1. For g'=g € § we use up
the remaining M ~¢s~¢9e;
Y 14+ ¥ M~ G <const+e.

7 c i c
ig<eg ig2eg
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Hence the sum of (3.17) over all allowed momentum assignments is bounded (aside
from irrelevant constants) by
D(g)eg 5\ (3 l{g'lg' e RUF.9'S9.9'S 45090}
M l vzwm uc(h)(ey) (eg + 1)

SMP@4%), . (€,) by Lemma (2.4d).
That verifies the inductive bound. O

Lemma 3.3. Let h,g € & € §°(G) with he Ag(g).
(@) If EMn{E(@)VI(F)} +0, then e(F) Ziy(F)
(b) If in addition g€ D ,(F'), then ey(F') > eg(F).

Proof. (a) h has at least a vertex in common with I(§’), but cannot contain all of
IY(§), since h*=hCg. Since I(F) is compatible with § we must then have
hCI(F). But I(F) is proper so

22 [EM)N @) = EM)NIHE)/ Ag9)l s

which in turn implies

i(&)=min{i |/ € I,(F)/A5(9)}
<min{il¢ € E(WNI(F)/ Az (9)}
<2 max{i lf € E(h)nIy(F)/Ax(9)}
<2 max {i/|f € E(h)ng} < ei(F)-
(b) If geD,(F) we also have iy(F)>ey(F). O
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