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Abstract. A formulation of massless QED is studied with a non-singular
Lagrangian and conformal invariant equations of motion. It makes use of non-
decomposable representations of the conformal group G and involves two
dimensionless scalar fields (in addition to the conventional charged field and
electromagnetic potential) but gauge invariant Green functions are shown to
coincide with those of standard (massless) QED. Assuming that the (non-
elementary) representation of G for the 5-potential which leaves the equations
of motion invariant and leads to the free photon propagator of Johnson-Baker-
Adler (JBA) conformal QED remains unaltered by renormalization, we prove
that consistency requirements for conformal invariant 2-, 3-, and 4-point Green
functions satisfying (renormalized) equations of motion and standard Ward
identities lead to either a trivial solution (with eψ = 0) or to a subcanonical
dimension d=% for the charged field.

1. Introduction

The search for a conformal invariant quantum field theory (QFT) is one way to
look for a (critical) renormalization group fixed point (see, e.g., [S2] where the
essential equivalence between the two problems has been spelled out). It is,
therefore, intimately related to the existence problem for a local relativistic QFT
(see [A3, F5, MS]).'

The study of conformal quantum electrodynamics (QED) [Jl, Al,2, El, M4,
F6, Bl] (see also Chap. VII to [Tl]) differs in at least two points from a parallel
investigation of a nongauge , Yukawa-type QFT (see [M2,3, D3,4, F4, Tl] and
references therein). First, current conservation and the Maxwell equations imply
that the dimension of one of the basic fields, the 4-potential Aμ(x), is canonical
(while the dimension of the charged field Ψ(x) is gauge dependent). Secondly,
although conformal invariance of the classical (vacuum) Maxwell equations has
been known since the time when application of group theory to physics was a
novelty (see [Cl, B2]), the problem of finding a conformal invariant gauge fixing
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term has been treated only recently (starting with [M7, B3]. The non-invariance of
conventional (local) gauges poses problems in exploiting conformal symmetry for
gauge dependent Green functions like the photon propagator.

It was gradually realized that the electromagnetic potential should transform
under a non-elementary representation of the conformal group G = SU(2,2)
(extended by space reflections) or its Euclidean counterpart Spin (5,1) (otherwise
the invariant photon propagator comes out purely longitudinal). The most
attractive approach, in our view, uses non-decomposable representations of G and
leads to a 5-potential (see the evolution of these ideas in1 [S3, B4, Zl, F7]).
Alternatively, direct sums of irreducible subrepresentations and factor represen-
tations of exceptional elementary representations for Aμ have also been tried
([F3,P2]).

The present paper studies possible conformal invariant solutions of the model
of massless QED, put forward in [FT]. We prove that if renormalization does not
change the transformation law for the 5-potential (which leaves the classical
equations of motion invariant and leads to a free photon propagator as in the JBA
approach), then the only conformal solution of the model corresponds to the

vanishing of a product of the type eCψZ(d) ~—^, where e is the electric charge,

Cψ is a normalization constant of the (renormalized) electron propagator, and Z(d)
is the finite part of the electron field renormalization constant Z2, d being the scale
dimension of the (interacting) electron field. From the analysis of the (re-
normalized) Sch winger-Dyson form of the Dirac equation and the small distance
behaviour of the 3-point Sch winger function (Aμ(xί)Ψ(x2)Ψ(x3)yE

 we deduce (in
Sect. 4) that this consistency condition amounts to

It will be made clear in Sect. 3 that if we do not allow a logarithmic behaviour for
the Euclidean 2-point function of φ, then its conformal invariant Wightman
function vanishes for d— f =0,1,.... Thus Eq. (1.1) means that either e = 0 (a result
asserted in [Kl] for the model of [F3, P2]) or ψ = 0, or else the (gauge dependent!)
scale dimension d takes the subcanonical value d = \. Thus finite conformal
electrodynamics with a free (JBA) photon propagator is either trivial or only exists
for a particular class of gauges that imply a = \ for e φ 0. Strictly speaking, we only
verify that the Schwinger-Dyson equations and Ward identities involving 2-, 3-,
and some 4-point functions are consistent with the conformal postulate provided
that Eq. (1.1) is satisfied. The existence proof for a non-trivial model for d = \ is a
challenging open problem. In any case, it is already clear that a more careful
argument is needed to justify recent claims [Kl, M6] that finite charge
renormalization in QED is impossible. We also point out that conformal
invariance does not necessarily lead to free photon propagators. The possibility of
using more complicated operator transformation laws (including non-
decomposable representations of the subgroup of dilations [Dl, Fl] that lead, in

1 The last three papers contain essentially equivalent sets of equations for a 5-potential
interacting with a conserved (external) current. However, it is only in [F7] that a non-singular
conformal action is proposed which also includes charged (spinor) fields
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particular, to a logarithmic term in the transverse part of the photon propagator)
has not been fully explored.

We start in Sect. 2 with a new concise derivation of the equations of motion
(and the Lagrangian) of the model within the classical framework. We give a
formal argument in Sect. 2C (based on Feynman path integration) that in spite of
the presence of non-conventional terms in the equations involving two dimension-
less scalar fields the gauge invariant Green functions coincide (at least within the
framework of perturbation theory) with those of standard massless QED. Section
3 is devoted to the "conformal quantization" of the model (in which some of the
canonical commutation relations are traded for the assumption that renormalized
Green functions are conformal invariant). Ward identities are studied in detail. It is
demonstrated that they imply a deformation of the charged field transformation
law (with deformation parameter e). Section 4 is devoted to the renormalization
program. The discussion is based on combined use of conformal in variance and
Wilson (operator product) expansions (together with a systematic application of
Euclidean symmetric integration) see [S6, PI, D5].

Notational Conventions

Minkowski space metric: xp = xμημvp
v = xp — x°p°; [yμ, y^]+=2ημv (the physical

time variable is ί = x°, the energy is E= — p0).
Euclidean (Schwinger) functions and their Fourier transforms. Scalar field of

dimension δ:

4 V pίpx

Spinor field ψ of dimension d:

= - i ί ( p - d d*P> ( W = CψSd(x))Λ = y»pμ , (1.3)

_ d4p 2_ 2 2 _ - 0
d^p — — —£ , x — x + %4 , x4 = — ix ,

\LTl)

y* = iyo , (CΨ = Cψ(d\ Cv(|) = 1) . (1.4)

2. Conformal Electrodynamics Involving a Non-Decomposable 5-Potential

A) Nonsingular Conformal Lagrangian for the Electromagnetic Potential from a
Manifestly Covariant Connection Form

The most natural way to introduce a non-trivial conformal 5-potential is to use
Dirac's manifestly covariant formalism [D2, Ml].
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Compactified Minkowski space M is realized as the projective quadric:

R* = ]R\{0},

ξ2 = ξ°ηabξ
b = -^ + ξ2 + £f-£i =

Identifying the points at infinity with the projective 3-cone

we imbed (real) Minkowski space M into M by setting

(M3)x"=-e, μ = 0,l,2,3, for κ( = ξ5

K

thus M

The 5-potential is defined as a homogeneous (in ξ) real valued 1-form on the
quadric Q:

ξa for ξξ* = 0 = ξξ*.

In the local coordinates (x, K) on Q\Q^ we can write

= Aμ(x)dx» + A - (x) — , (2.1)
tc

where sfμ(x) = κs/μ(^ + (^p(ξ)-^5(ξ))ζμ and ^l_(x) = ίβ^β(ί) are /c-
independent Poincare covariant vector and scalar fields with the following
transformation properties under dilations x^ρx, ρ>0 and (infinitesimal) special
conformal transformations

x^->/x'l = ω(xμ + xV)(«x'l(l-2c x) + xV for c"->0),
2x2, (2.2)

, Av(x)-+ρAv(ρx); (2.3)

where N = v, — and

[4_(x), CJ = (2xMx3-x23^_(x), (2.4a)

- xv^μ(x) - ημvA _ (x)) . (2.4b)

The crucial property is the appearance of A_ in the right-hand side of (2.4b), which
is responsible for the non-vanishing of [Av(x),Cμ]\x=Q. As a consequence the
Maxwell tensor Fμv = dμAv — dvAμ is also transformed under a non-elementary
non-decomposable representation of the (local) conformal group, together with
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3V^4_; we have

ldμA.(x)9 CJ = [2xλ(l + xd)-x2dλ-]dμA.(x)

+ 2(ηλμxd-xμdλ)A_(x), (2.5)

ίFμv(x), C J = [2xΛ(2 + xδ) - x2dλ~]Fμv(x)

- x^F λv] + 7/^ ,̂4 _ ) , (2.6)

where ηλ[μFκv] = ηλμFκv-ηλvFκμ, etc.
Taking the divergence dv of both sides of (2.6) and the d'Alembertian of (2.5), we

deduce that only the combination

j» = dvF
μv-^ΠdμA_ (2.7)

transforms as a conformal 4-vector. Therefore, if Jμ is identified with the
electromagnetic current of a charged field, setting, e.g.,

Jμ = ieψγμψ, (2.8)

then Eq. (2.7) can be regarded as a conformal extension of the standard Maxwell
equation. On the other hand, applying D 3V to both sides of (2.4b), we obtain

[ Π dA, CJ = [_2xμ(3 + xd) - x2dμ-] Π3A + 2dvFμv - D dμA _ . (2.9)

Hence, the equation

J+ (2.10)

can be regarded as a covariant complement of the conformal Maxwell equation
(2.7) provided that (Jμ, J+) transforms as a 5-current; in particular,

2JΛ(0)'
0

so that we can not use the simple conformal gauge condition D dA = 0 (of refs. [M2,
B3]) in the interacting case.

It follows from the properties of conformal representation spaces (see [P3])
that the integral

(2.12)

is convergent and, according to (2.10) and Gauss theorem, it is expressed in terms
of the asymptotic values of D^4μ at infinity. Current conservation

Q (2.13)

guarantees its conformal invariance. As we shall see (in Sect. 2.C below), it is also
gauge invariant.

Assuming that (JN) = (JV, J+) is a given conserved external 5-current, we can
write the following canonical Lagrangian for the 5-potential AN which yields the
conformal invariant equations of motion (2.7), (2.10), and (2.13):

L(A, J) = ±Fμ*QFμv - dμAv + dvAμ) -±A_

2 + J+A_+JμAμ. (2.14)
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It is non-singular; in particular, each independent field variable Aμ and A_ has a
non-vanishing conjugate momentum:

The results of this section can be summarized as follows.

Proposition 2.1. // the electromagnetic 5-potential AN = (AV,A_) obeys the non-
decomposable conformal transformation law (2.3) (2.4) (derived from the invari-
ance of the homogeneous connection form (2.1) on the 5-dimensional quadric Q),
then the Lagrangian (2.14) gives rise to the conformal invariant field equations

^μWffί ~ίfπ

Π

2VfSWfS) (2 15a)

that describe the interaction of a conserved (external) (5-) current with AN. Current
conservation (2.13) implies the generalized free field equation

D 2 ΛL=0, (2.15b)

which yields β-ίndependence of the equations. The Lagrangian is non-singular, the
(Euclidean) p-space matrix Jί(ip) being invertible for pή=0 whatever the value of
the gauge parameter β. (Jί~l(ip) will be identified with the propagator matrix in
Sect.SB.)

B) Construction of J+. Conformal Dirac Equation

The fifth component J+ of the 5-current cannot be expressed in terms of a
conventional (charged) Dirac field Ψ only. An economic way to construct J+,
proposed in [S3, F7] uses a longitudinal 5-potential coming from the closed form

dK
dS(ξ) = dμS(x)dxμ + q — , where q is a constant. (dμS,q) spans an invariant

K
subspace of the non-decomposable space of 5-potentials (Aμ,A_) (obeying the
same transformation law (2.3), (2.4) which could be also deduced from the
following law for the dimensionless scalar field S(x) :

[S(x)9 C J = 2xμ(xdS(x) -q)- x2dμS(x)

see [SI, Dl, Fl]).

Proposition 2.2. Ifjμ is a conserved conformal vector current and S obeys (2.16), then

Jμ = qjμ and J+ = -jvdvS + ocJvdvA_ +α2D
2S (2.17)

transform as a 5 -current for any values of the (real) parameters oc1 and α2.

Proof. Equation (2.16) and the infinitesimal conformal transformation law forj v

imply [J+(x),Cμ] = (2xμ(4 + xd)-x2dμ)J++2Jμ(x) in accord with (2.11).
In the classical theory we could set q = l. We shall see, however, that

quantization forces us to regard q as a (constant) dynamical variable. It seems,
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nevertheless, consistent to assume at both the classical and the quantum level that

Jv(x) = ie : ψ(x)yvιp(x) : = q Jv(x) . (2.1 8a)

We shall also restrict our attention to the choice α1=0 = α2 i
n Eq.(2.17), thus

having
J+(x) = -J\x)dvS(x) . (2.18b)

Combining (2.14) with (2.8) and (2.18) and adding (massless) conformal
invariant kinetic terms for ψ and S, we end up with the following Lagrangian for
conformal electrodynamics:

L(A,S,ψ,ψ) = L(A,J)-^ϊιp+^(US)2, 9=dμγ". (2.19)

It reproduces Eqs. (2.7) and (2.10) (with JN expressed in terms of \p and S) and
implies in addition the (modified) Dirac equation

[0 - ie(4 -A_ 0S)] Ψ = 0 (2.20)

and a 4th order equation for S

ιp. (2.21)

In order to verify the conformal in variance of Eq. (2.20), we use the infinitesimal
laws (2.4) (2.16) and

), CJ = {2xμ(f + xd) - x2dμ +i[yμ, f]}ψ(x) , (2.22a)

. (2 22b)

[They imply, in particular, that (4 — A_$S)ψ has the same conformal transfor-
mation law as

Remark 2.3. Clearly, the Lagrangian (2.19), and hence, the equations of motion are
invariant under the discrete y5 transformation ψ-+iy5ψ, ψ-+iψy5ι (JN^JN> AN

->AN, S->S). Moreover, the equations of motion imply that the axial current
J» = ie:ψyμy5ψ: is also conserved; this allows us to decouple the left and right
handed Weyl spinors in the Dirac equation.

C) Gauge Properties. Relation to a Non-Local Gauge Fixing

The action integral jLΛc, and hence the entire set of Eqs. (2.18), (2.15), (2.20),
(2.21) are invariant under the (restricted) gauge transformations

Aμ-+Aμ + dμA ,

S-+S + C for D 2A(x) = 0( - dμb = dμC) .

The above gauge freedom allows us to introduce a more general conformal
transformation law for the basic fields which still respects the equations of motion.
We shall use, in particular, a pure imaginary anomalous dimension for the spinor
field (cf. [F7] and[B3(b)]):

U(Q)ψ(x) I7(ρ) ~ 1 = ρϊ + ieδψ(ρx) ,
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It leads to a special conformal transformation law (for hc: x
μ^>'xμ = ω(xμ + cμx2),

where ω"1 = l+2xc + c2x2) that differs from the standard one, ψ->'ψ9 by a gauge
transformation:

U(hc)ψU(hcΓ
1 = ωieδ'ψ = exp{-ίeδln(l+2cx + c2x2)}'ιp; (2.25a)

it should be accompanied by an additive gauge transformation of the "compensat-
ing" (transformed) 4-potential Άμ\

= '4.-2*, .SΓΛ-α (2 25b)

Note that Λ(x) = δ Inω satisfies the restriction D 2A = 0 of (2.23) for ω~\x9c)> 0.
We shall now demonstrate in a formal way (within the framework of the

Feynman path integral - see, e.g., [P4]) that the non-conventional (^4_-and S-
dependent) terms in the Lagrangian (2.19) play the role of a gauge fixing.

We start with a modified form of the corresponding part of the action

(2.26)

where "α" is a constant dynamical variable ("the value of A_ at infinity"). We
define the generating functional

.-a) f da

K=$h(x)d4x, (2.27)

where /i(x) and #(:x) are external sources, J+ = —JμdμS [see (2.18b)], AT and AT!

are (infinite!) normalization constants; —y is the integral operator defined by

* f w = J ln (2'28)

[It is independent of / on the subspace f~0 of functions / with vanishing integral; it
appears reasonable to assume that the external source H(x) belongs to '" "
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The average of (2.27) over the (local) gauge group gives

A _
N2e

(2.29)

where C is a constant. We can choose the normalization constant N (respectively,
#! and N2) in such a way that C = 1. We see, in particular, that for vanishing
sources

ί Fo,o(Aμ + 8μΛ9 r)DA = C( = 1) , (2.30)

which is (according to [P4]) precisely the condition that the contribution (2.26) to
the action is a gauge fixing term. Moreover, it follows from (2.29) that the
expectation value of a time-ordered product of gauge invariant fields (say, Fμv and
Jλ) and a number of fields A _ and S factorizes into a product of the standard gauge
invariant expectation values (of T-products of Fμv's and J/s) with generalized free
type τ-functions of A, and S that can be evaluated from (2.29). We have

= <ΓJ1'(x1)...F/ίnVn(xm+n)>o/ίn

1

(2.32a)

~ς In . (2.32b)

We see that the τ-functions of A _ are only real for pure imaginary α's [i.e. for a
complex action (2.26)]. As we shall see [in Eq.(3.16) below] the 2-point function
(2.32a) that is related by conformal invariance to the normalized transverse photon
propagator corresponds to

α--8π2/. (2.32c)

We shall take the above heuristic argument as a justification for postulating
(2.31), (2.32).

3. Quantization

A) General Requirements. Ward Identities. Electron Propagator

The construction of a quantum field theory corresponding to a given set of
classical field equations requires new postulates that include a choice of certain
operator properties of the basic quantized fields (commutation relations, prop-


