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Abstract. Consequences of the existence of an invariant (necessarily indefinite)
non-degenerate inner product for an indecomposable representation n© of
a group G on a space $ are studied. If = has an irreducible subrepresentation =,
on a subspace §,, it is shown that there exists an invariant subspace £, of
containing &), and satisfying the following conditions: (1) the representation
¥ =nmod H, on Hmod$H, is conjugate to the representation (n,, H,), (2) 9, is
a null space for the inner product, and (3) the induced inner product on
9, mod$H, is non-degenerate and invariant for the representation

n, =(n|g,)mod $H,,

a special example being the Gupta-Bleuler triplet for the one-particle space of
the free classical electromagnetic field with §, = space of longitudinal photons
and $, =the space defined by the subsidiary condition.

1. Introduction

In the study of massless particles, one meets [1-6, 9—11, 15, 17-19] indecompos-
able representations n of a Lie group G on a space $ (with an invariant indefinite
inner product), which take, for example, the following form:

(1.1)

M2y 17> ... 2Ty
$§=5n35n—1) o 351}.

Here $; is a n(G)-invariant subspace of $;., without any n(G)-invariant
complement, namely, there are no subspaces §; such that $;+9H;=9;.,,
9;n9;=0, 1(G)H;CH;. The representation 7; of G on H,;/H;_, is obtained by first
restricting 7 to the subspace $; of  and then considering it modulo §;_, : m(g) [£]
=[n(g)¢] for £ € H;, where [{] =+ 9, isa vectorin H;/H;_ ;. (We note that the
construction of representations on a quotient space, especially with respect to a
null space, is now a popular game [14].)
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It has been noticed in examples [1-3, 5, 6, 15] that =, ==, and it has been
suggested that this is a general phenomenon [7]. The purpose of this note is to
formulate this into a mathematical theorem.

A representation ] of G on 7 will be called conjugate to a representation
of G on §, if there is a sesquilinear form (&, n), ¢ € H7, n € H, such that H, and H7
separate each other [i.e. (£,7)=0 for all €%, implies £=0 and (&, #)=0 for all
e 9} implies n=0] and the following equality holds for all ¢ € 7, ne $,, and
geaG:

(g~ M) =(& my(g)m). (1.2)

Our conclusion: if 7, is an irreducible subrepresentation of an indecomposable
representation © of G on a space § with a G-invariant non-degenerate (indefinite)
inner product, then 7 is of the form (1.1) (n = 2) with , on $,/9, _ ; dual to 7, on &,
(Theorem 1). (In examples quoted above, 7, is selfdual.)

If $; has a complement &;,; in H;,, (ie. H;+8K;.1=9;4+1, H;nK];=0) for
j=1,..,n—1,then H=K, + K, + ... + &, with ] =%, and 7n(g) can be written in
the following matrix form:

ni(g9) c12(g9) ... c1.(9)
O I (&
0 0 m,(9)

The off-diagonal elements c;(g) (i <j) can be studied in terms of cohomologies [8,
12, 13, 16]. For n=2 and 3, we give a necessary and sufficient condition on
representations =; for (1.1) to have G-invariant non-degenerate inner product in
terms of cohomologies related to n; (Theorem 2).

All mathematical arguments are algebraic, topological complications being
avoided in the following way: (1) We call a subspace € of § closed if €=(E")*,
where L indicates the polar of € in § with respect to the (G-invariant) non-
degenerate inner product in $§:

Ct={e$H: ((,n)=0for all neE}. (1.4)

Irreducibility and indecomposability are defined in terms of G-invariant closed
subspaces. Then Theorem 1 holds without any further assumption. (2) For
discussing c;{(g), we introduce the assumption that subspaces $; have closed
complements in §; ; (used in their definition). With this assumption, Theorem 2
holds.

2. Invariant Hermitian Form

Let 7 be a representation of a group G on a complex vector space . Let (£, 7), £ € D,
1 € $ be a hermitian form on §, linear in ¢ and conjugate linear in y [(€, 7)=(, &)],
n(G)-invariant [i.e. (n(g)¢, n(g)n)=(&,n) forallge Gand all £ € §, n € H] and non-
degenerate [i.e. (¢, 1)=0 for all y € § implies £=0].

We recall (cf. Sect. 1) that a subspace € is defined to be closed if € =(G)*.
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Lemma 2.1. € is a closed subspace if and only if there is a subset A of § such that
C=4"%

Proof. If € is a closed subspace, we may choose 4 =E*. To prove the converse, we
note (i) ],; CK,, then K1 D K3; (ii) from definition, & C(]*4)*. By taking K =€, we
have €C(G4)* by (ii). By taking R=4, we obtain 4C(4*)* by (ii) and hence
A >4 by (). Therefore, € =(G4)* for E=4*. Q.E.D.

We note that any finite dimensional subspace is closed by the non-degeneracy
of the inner product.

Remark 2.2. The collection of seminorms p(n) = |(£, )| onn € H with & varying over

9 defines the weak topology a($, H) on $. A subspace € of § is closed in the above

sense [i.e. €=(€*)"] if and only if € is o(9, H)-closed due to the bipolar theorem.
We introduce the following definitions:

Definition 2.3. A representation = of G on § is irreducible if there is no closed
subspace € of  such that €+, €40 and n(g)€CE (i.e. € is G-invariant) for all
g € G. A representation 7 of G on § is topologically indecomposable if there are no
non-zero closed G-invariant subspaces ; and $, of $ such that (H; + 9H,)) =9
and H,nH,=0 (i.e. H, and $, are topologically complementary).

In terms of the notion of conjugate representations introduced in Sect. 1, we
can now present one of our main results:

Theorem 1. Let 7 be a representation of a group G on a complex vector space $ witha
G-invariant non-degenerate hermitian form. Let $, be a G-invariant closed subspace
of 9 such that the restriction n, of mwto $, is irreducible and there are no G-invariant,
closed topological complements of $, in $. Then (1) $, is a null space, (2) w is of the
form (1.1) with n=2 or 3 such that &, on $,/9,-, is conjugate to m, on &, and
(3) 9,/91 has a n,(G)-invariant non-degenerate hermitian form.

Proof. Consider 8=$,nH7. Due to G-invariance of the hermitian form, the
G-invariance of ), imphes that of $1 and hence that of & As an intersection of
closed subspaces, & is closed. More explicitly, (H;+9H7) =91 (H1) =H7
N$H; =K. By the irreducibility assumption for 7, the G-invariant closed subspace
K of H, must be either H; or 0.

If =0, then (H, + H7)* =K =0 while H, H} =0. Hence H7 is a G-invariant,
closed, topological complement of §,. This contradicts the assumption and K =0
is excluded. [ The assumption excludes the case of the zero complement (i.e. H1 =0,
9, =9, n irreducible) as well.]

We now have H,nH1 =/ =9, and hence H, C H1. Therefore, §, is a null space
[ie. £€$H and ne H imply (&,1)=0].

Let $,= 91 and H=9/9,. For £ € H, denote the class £+ $, of € in H/$, by
&. Denote n*(g)&* =(n(g)¢)* which does not depend on the choice of & in the
equivalence class ¢* due to the G-invariance of §,. Define (£*,n)> = (£, n)for E€ H
and n € $,. Again this does not depend on the choice of ¢ € £* due to $, = Hi. Due
to the non-degeneracy of the hermitian form on , $7 separates §,,1.e. (¢%,7>=0
for all ¢* € $7 implies #=0. On the other hand, (¢#,4)> =0 for all € §, implies
(e HT=9,, and hence ¢# =0. Namely, H, separates H7. By G-invariance of the
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hermitian form, we have

(g™ Ne* >y =(my (g™ e, mi(g™ Dmy(@m) =&, mi(ghm)=<&*, mi(g)n> -

Therefore, 7§ on 7 is conjugate to #, on 9,.

If §,=97 coincides with §,, we have the form (1.1) with n=2. If $,+9,,
restrict n(g) to £,, and then consider it modulo §,. Denote the representation so
obtained on $,/$, by n,. We then have the form with n= 3. Ineither case n, =} is
conjugate to m, and (2) is proved.

For é€$,, denote [¢{]= é+$§ €9,/9,, and define ([£], [#])=(& n). Due to
9, =91, this does not depend on representative vectors £e[&] and ne[y].

Furthermore, ([£],[1])=0 for all [#]1€$,/$, implies ¢ € H3=(H1)* =9, and
hence [¢]=0. Since the hermitian form is 7,(G)-invariant, we have (3).

Remark 2.4. If the representation 7 is topologically indecomposable and has a
proper irreducible subrepresentation 7;, then the assumption of Theorem 1 is
satisfied.

3. Cohomology
In order to discuss c;;(g), we introduce a standard notation for a cohomology.

Definition 3.1. The set C*(n,, m,) of n-cochains for representations nf on $f(i=1, 2)
is the set of all functions c¢(gy, ..., g,) of g, € G (k=1, ..., n), taking values in the set
(9., 9,) of all everywhere-defined linear maps from £, into £,.

In our application, there are representations #; on $; (j= 1, 2) conjugate to 7;
on $;, and we need the following restriction:

Definition 3.2. The set Cy(n,, n,) of bounded n-cochains is the set of c € C*(rn,, ;)
such that there exists c* e C"(n}, nt) satisfying

<£’ c(gla AR gn)'1> = <C*(gn_ 1’ AR gn_ 1)6’ 1’[> (31)

for all ne $, and Ee H¥. The set C'(n,n}) of self-adjoint cochains is the set of
ce C'ny,w}) such that (3.1) is satisfied for c*=c and &,n€ 9.
The coboundary operation ¢ is defined by the following and satisfies §%=0.

Definition 3.3.
(5cn)(gl’ ceosGn+ 1) = ”2(91)0:;(92, LA gn)

+ .=21 (= 1Yc(@1s s Gifit 15 -+r Gns 1)
+(_1)n+1cn(gl’ ""gn)nl(gn+1)' (32)

Cocycles, coboundaries, and cohomologies are defined as usual.

Definition 3.4.
ZM(ny,my)={c,eC"; 6c,=0},

BY(n,,m,)=06C" (n;,m,) (=0 for n=0),
H'(ny, my)=Z"(ny, 7,)/B"(11,75) .
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Similarly, Z", B", H" with suffices b and s are defined. Note that (dc,)*
=(=1)""16(c¥), as is seen by a straightforward calculation. Thus B! =i"6C"" !
=BinC;.

Definition  3.5. For c¢3,€C™(mny,n;) and ¢y €C(my,m,),  define
C32 X €y € C" Y (my, my) bY
(c32%¢30)(G1s s Im+n) =C32(015 s Im)C21(Gm+ 15 o> Gm+) - (3.3)

Lemma 3.6.
Z"(My, M3) X ZM(y, My) CZ™ (1, 5),

B"(my, m3) X Z"(my, my) CB™ N(my, m)
Z™(my, m3) X BY 1y, m,) CB™ M (my, W),
H™(m, m3) x H'(my, 1) CH™ ™1y, 73).
Proof. Straightforward consequences of the following formula:
0(c32 X €21) =(832) X €31 +(—1)"c35 X (6¢,y) .- (34

4. Cohomological Conditions on c; ;(g)

In the rest of the paper, we assume that each $; has a complement so that n(g) can
be written in the form of (1.3) and discuss the off-diagonal elements c;(g).

Lemma 4.1. In order that (1.2) be a representation of a group G, it is necessary and
sufficient that (1) each m; is a representation and (2) c¢;;, 1 Si<j<n, satisfy
-1
5ckl=_ z ijXCﬂ (1§k<l§n), (4.1)
j=k*1

where the right-hand side is understood to be 0 if |=k+1.
Proof. Follows from a straightforward computation of (n(g,)7(g,))=7(9192)x-

Remark 4.2. The right-hand side of (4.1) belongs to Z%(r,, 7,) already due to other
constraints involving only ¢;; with i+j<k+1. [By (3.4), we have

5(chj X Cﬂ)=2(5ckj) X Cﬂ—zckj X 5Cﬂ.

By substituting (4.1) into dc,; and dcj, we see that this vanishes by cancellation. ]
Equation (4.1) requires it to belong to B?(m;, m;).

For given 7 and an increasing sequence of G-invariant subspaces 1, 95, ..., O
¢;j(9) depends on the choice of a complement K . ; of H,in H, ., ;. Change of K’s can
be described in terms of a triangular matrix S (S, =0 for k> I) which leaves every
$; invariant. A general triangular matrix S is generated by the following specific
ones

S;=1+u(Ri—1g), S;=1+u;R;;, 4.2)

where u;; is a matrix unit [i.e. (4;)=040;], R; is an operator on $; and R;; is a

linear map from §; into ;. Changes by transformation n(s)—S, '7(9)S, are as
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follows, where n’s and ¢’s not mentioned are not changed at all:
S;:m(9)—>R; lni(g)Ri > Cij(g)“’Ri_ lcij(g) , a9 —c9R;,
Sijieif(@)—eif(@)+(OR)(@G),  cul@)—culg)—Ricu(9)
af(9)—>ci(9) +cul@Ry; -

We now consider a specific case of n=2 and assume that the G-invariant
subspace $; (=8,) has a complement !, so that 7 is of the form (1.3) with
n=2. By Lemma 4.1, c,, belongs to Z!(r,, ;).

Proposition 4.3. $, does not have a G-invariant complement if and only if

¢12¢ B (ny,my).

Proof. First assume that there exists a G-invariant complement K. Then

H=9H:+ K,=9H, + K. Hence any £ e H has two decompositions
¢=81+8=01+8, (61,1691, 8,68, SHeR)). (4.3)

Define W_/= Widij=1, Wilj= éé, w- l)i,f}: ¢ Then W, = (_W_ D21=0,
Wii=(W™ D =1, (W) ' =(W™),p,and (W), = — Wy, Wy, Since ni(g) has
a diagonal form 7,(g)@n5(g) for the decomposition H =, + K%, we have

0
(g) =W~ (”1(9) , > w 4.4
) 0 ) (4.4)
for the decomposition =9, + K],. Hence n,(g) = W,,'n5(g)W,, and
Cra=0W,,. 4.5)

Conversely, assume that ¢,,=0W,, for some W,, e C%n,,n,). Then define
2=(1=Wi )R, If (1-W,)¢€9H;, for £,eR, then &=(1-W;,)¢,
+W,6,€9H, (due to W,6,€9H,) and &,€H,NK,=0. Hence H,NnK;=0.

Furthermore,
. 1 Wi,
W= <0 1 le> (4.6)

obviously intertwines =9, + K&, into H, + K, so that K, is a complement of §.
Furthermore, since W,,&, €9, for &, e Kk,
(@) (1= Wi5)E =m(9)E, — (9 W1282 +¢12(9)E,
=(1=W)n2(9)¢, € R,
due to ¢, ,=0W,,. Therefore, K is a n(G)-invariant complement of ,. Q.E.D.

For our application, we would be interested in closed subspaces. Let $* be a
subspace of the algebraic dual of § and assume that $* separates $. We consider
the weak topology a($, $*) on $ given by seminorms & e H—[((&)|=p,(&), { € H*.

Assumption. The n(G)-invariant subspace $, of 9 has a closed complement
R,=9, such that H3 +H71 =97, where HT and H3 are the polar of H, and H,
in %,
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Since § separates its dual and hence H* by definition, H7"H3 =0. Then
a($, $”) topology on $; is the a($;, H7) topology, where H7 = H3, H7 = H1. Let
7(g) be of the form (1.3) with n=2 for the decomposition H=H, +9,.

Proposition 4.3". Under the assumption above, $, does not have a G-invariant closed
complement K satisfying D1 +(K5)*=9" if and only if ¢, ¢ Bp(%,, ).

Proof. First assume that there exists a G-invariant closed complement K of §,
satisfying H1 + (R5)" = 55# By the same procedure as before we have (4.5), and we
have only to show that W exists so that W,, € Co(n,, 7). Let £,€$ be a net
tending to 0 in a($, H¥) topology. Let &, =&, + &Ly, &4 €94, Ep € K5, For any
{e9H”, we have (=(1+(; with (1e(R)", (2e9Ht, and (& 1) (€1, &)
=({},E)—0. Hence W, is a(9,H*) continuous. For any (e $H*, we have
(=040, with (8, (€9, and ((=((,,&) for €8, Thus o($,$")
topology on &, is the same as 6(&,, H7) topology. Similarly, 6(H, H*) topology on
9, is the same as o(H,, H7) topology with either H7 =K3 or H7 =(K],)*. For
Ce DY, (,W,8) is 6(K,, H7) continuous (due to the continuity of W;, shown
above), and hence there exists a unique W{eH7=R7 satisfying (W5(, )
=(¢, W, ,&). Here the uniqueness follows from the separating property of &, on 8
(97nK3=0) and implies the linearity of W. Therefore, W,, e Cl(rn,,n,).
Conversely, assume that c,,=0W,, for some W,, e C)(rn,,n;). We then prove
that ], =(1—W,,)K, is closed and $*=H7 +(K3)" Let (1 —W,,)¢, ((,€K],) be a
net in K tending to e 9. Let E=&, +&,, £, €9, &, €R,. For any (e H =K%,
we have ({,&,— &)= (¢, (1—W,,)¢,—&—0, and hence £,—&, in o(K,, KY) to-
pology, which is the same as a(9, H*) topology on K,. For any { € %, we have
(€ W12(&a— ) = (W, £~ §5)—0. Hence W, ,(¢,—&;)—0 in a(H,, H7) topology
which is the same as o(9,H") topology on ©,;. Hence (1—W,,)¢,
—=(1—W;,)& e K, and K; is o(H, H*) closed.

Let (1 — W;,)&, (&, € ],) be anetin &) tending to 0 in 6(K5, HT) topology. Then,
for any { € 91, ({, &) =({ (1 —W;,)E)—0. Since a(H, H¥) topology on K, is the
same as 6(K,, H1) topology due to the assumption, we have &,—0. Hence ({, W;,¢&,)
=(We, £,)—0 for all { € K3, which implies W, ,¢,—0 in a($,, R3) topology or,
equivalently, in o($, $7) topology. Therefore, we have (1 — W, ,)¢,~0in o($H, H¥)
topology. This means that o(K3, $7) and (9, H7) topologies are the same on K.
Hence, for any { € $7, there exists {, € H7 such that ({, &)= ({3, &) for all e K, i.e.
=L~ e(Ry)* . Therefore, H* =H1 +(K],). Q.E.D.

Proposition 4.3 is generalized to the case of H=8, + ... + &, with };nK;=0
forifjand $;=R,+ ... +8K;

Corollary 4.4. For a representation n of the form (1.3), ; does not have any
G-invariant complement in §;,., for j=1,...,n—1if and only if

Corr1EB (s y,m),  k=1,..,n—1, 4.7)
1-1
0, =— 2 ogXcy, 15k<l+1Zn+1. 4.8)
j=k+1

Proof. Equation (4.8) is necessary and sufficient for = of the form (1.3) to be a
representation by Lemma 4.1. Then (4.7) is necessary and sufficient by
Proposition 4.3.






