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Abstract. The general structure and properties of recursion operators for
Hamiltonian systems with a finite number and with a continuum of degrees of
freedom are considered. Weak and strong recursion operators are introduced.
The conditions which determine weak and strong recursion operators are
found.

In the theory of nonlinear waves a method for the calculation of the
recursion operator, which is based on the use of expansion into a power series
over the fields and the momentum representation, is proposed. Within the
framework of this method a recursion operator is easily calculated via the
Hamiltonian of a given equation. It is shown that only the one-dimensional
nonlinear evolution equations can possess a regular recursion operator. In
particular, the Kadomtsev—Petviashvili equation has no regular recursion
operator.

I. Introduction

The inverse scattering transform method gives a possibility of investigating in
detail a wide class of both the ordinary and partial differential equations (see e.g.
[1-3]). The equations, integrable by the inverse scattering transform method,
possess a number of remarkable properties: solitons, infinite sets of conservation
laws, infinite symmetry groups, complete integrability, etc. In turns out also that
the equations, to which the inverse scattering transform method is applicable, have
the pronounced recursion structure. The so-called recursion operator plays a
central role in the formulation of these recursion properties. The role of the
recursion operator is two-fold. Firstly, it allows one to write out the families of
equations integrable by a given spectral problem in a compact form. For example,
the family of equations connected with the famous Korteweg—de Vries (KdV)
equation can be represented as follows:

ou(x, t)

20T L o= .
= T olu=0, (1.1)
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where 0= #66 ,n=0,1,2,..., and the recursion operator L is
X
L=0%*+2u+20"'uo. (1.2)

The KdV equation corresponds to n=1. The recursion operator (1.2) for the KdV
family of equations was first introduced by Lenart (see [4]).

It follows from (1.1) that the recursion operator allows us to obtain the whole
family, starting from one equation (e.g. with n=0). Recursion operators with such
a property exist for the other families of equations too: see [5] and subsequent
papers on this subject.

The second important role of recursion operators is associated with the
Hamiltonian treatment of integrable equations. The Hamiltonian structure of Egs.
(1.1) and of the other equations, integrable by the inverse scattering transform
method has been investigated, starting from [6, 7] in a variety of papers (see
[1-3]). It was demonstrated in [8, 9] that the integrable equations have a very
special structure from the point view of Hamiltonian formalism, namely the whole
infinite sets of Hamiltonian structures correspond to these equations. For
example, each of Egs. (1.1) is a Hamiltonian one with respect to the infinite family
of Poisson brackets of the form

* o OF OH

[F,H}, = _jw dx 500 or 5

where the operator L is given by (1.2). In a similar manner, recursion operators

determine the families of Hamiltonian structures for the other integrable
equations.

So, a recursion operator is the generating operator for the family of equations
connected with a given equation and simultancously the generating operator for
the family of Hamiltonian structures. Combination of these two properties in the
same operator indicates the importance of recursion operators in the theory of
integrable equations.

An important step in the formulation of the theory of the recursion operator
was paper [10]. In this paper it was demonstrated how to calculate the recursion
operator for the equations integrable by the second-order matrix spectral
problem. The Hamiltonian structure of these equations has been considered in
paper [11] in which the remarkable properties of the recursion operator were
employed to a considerable extent. The method of calculation of recursion
operators, based on the use of the spectral problem, has been further developed in
[12-16]. By this method the recursion operator has been calculated for a wide class
of spectral problems [12-23] (see also the paper [24, 25]).

The other methods which do not use the spectral problems were suggested in
[26-29]. In papers [26] the recursion operator appears in the Hamiltonian
systems which possess the Hamiltonian pairs of operators. In papers [27-29] some
analogs of the recursion operator (hereditary, strong symmetry operators) were
considered. By virtue of some postulates, these operators satisfy certain equations.
Some solutions of these equations and thereby some examples of the recursion
operators have been found. The geometrical structures, connected with the
integrable equations and recursion operators, and their properties have been
discussed in [30].

n=0,+1,+2, ..., (1.3)
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In the present paper we consider the different aspects of the theory of recursion
operators for Hamiltonian equations. Firstly, we introduce the notions of weak
and strong recursion operators. A recursion operator in a “weak” sense (briefly, a
weak recursion operator) is the operator which allows us to construct recursively
the infinite family of Hamiltonian equations, starting from a given Hamiltonian
equation. There exist two types of weak recursion operators. A recursion operator
of the first type (H-weak recursion operator) is the operator which converts the
gradients of functionals into gradients. A recursion operator of the second type
(Q-weak recursion operator) is the operator which transforms symplectic forms
into symplectic forms. We find the sufficient conditions which determine the weak
recursion operator (for both types).

A recursion operator in a strong sense is the operator which transforms both
gradients into gradients and symplectic forms into symplectic forms. The strong
recursion operator generates simultaneously the infinite family of equations,
starting from a given equation, and the infinite family of Hamiltonian structures
for each equation from this family. The sufficient conditions for the operator L to
be a strong recursion operator are given. The so-called Nijenhuis equation for L
plays an important role in the theory of weak and strong recursion operators. The
Hamiltonian systems both with a finite number and with a continuum of degrees of
freedom are considered. The operator (1.2) is an example of the strong recursion
operator.

In our paper a method is also proposed for the calculation of recursion
operators in the theory of nonlinear waves in space of arbitrary dimension. This
method is based on the subsequent use of the expansion of all quantities into a
power series over the fields and of the momentum representation instead of a
coordinate one. As a result, the equations in variational derivatives, which
determine the recursion operator, convert into the system of algebraic functional
equations for the coefficients of the expansions of the recursion operator and
Hamiltonian. Some equations from this system offer the possibility of calculating
the recursion operator via the Hamiltonian of a nonlinear equation.

In the paper we show that any Hamiltonian system of nonlinear waves
possesses a formal recursion operator. In the general case, such a recursion
operator is the singular operator. In the one-dimensional space there exist
Hamiltonian systems which possess the regular recursion operator, ie. the
operator which generates the family of regular Hamiltonians. For some nonlinear
equations the recursion operator can be a finite-order polynomial on the fields.
The Hamiltonian of such an equation should satisfy a certain system of equations.
In particular, it is shown that the only one-dimensional equation with three-linear
Hamiltonian, which possesses a recursion operator, linear on field, is the KdV
equation.

It is shown that the nonlinear evolution equations in two- and higher
dimensional spaces have no regular recursion operators. In particular, the
Kadomtsev—Petviashvili equation has no regular recursion operator. Thus, the
regular recursion operator is a purely one-dimensional phenomenon.

All these properties of recursion operators are closely connected with the
formal canonical equivalence of nonlinear equations with the Hamiltonians,
which are the “entire” functionals on fields, to linear equations. Performing the
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inverse canonical transformation from the linear equation to the initial nonlinear
equation, we simultaneously obtain the Hamiltonian of the equation and the
expression for the recursion operator. The regularity problem of the recursion
operator is associated now with the regularity problem of the linearizing canonical
transformation.

The paper is written with the use of elementary methods only. The presented
results can be, however, formulated in the invariant form as well.

The paper is organized as follows. The notions of H-weak and Q-weak
recursion operators are introduced in the second section. In the third section the
sufficient conditions for the operator Ly to be a H-weak recursion operator are
found. In Sect. 4 the necessary and sufficient conditions for that the operator L, be
a Q-weak recursion operator are formulated. The strong recursion operator and
the conditions which determine this operator are considered in Sect. 5. Recursion
operators in the theory of nonlinear waves (i.c. for systems with a continuum
number of degrees of freedom) and the conditions which define these operators are
discussed in Sect. 6. Section 7 is devoted to the use of the expansion into a power
series over the fields and of the momentum representation for the calculation of
recursion operators. The problem of existence of regular recursion operators in
one- and multi-dimensional spaces is discussed in Sect. 8.

II. Weak Recursion Operators

In this and next sections we will consider Hamiltonian systems for finite degrees of
freedom. We would like to recall that a system of differential equations, which are
defined on the 2N-dimensional phase space, is called the Hamiltonian system if it
may be represented in certain local coordinates as follows: (see e.g. [31])

Qi=VH, @.1)

0 5, dx
— (! oy o Y N v : . .
where x=(x",...,x*"), V pme ""8x2N>’ X i H is a function and Q is a

nondegenerate skewsymmetric (Q;,,= —Q,;) matrix which obeys the closeness
condition

Lo = =0. 2.2

oxk  ox/ + ox' 0 @2)

By virtue of the nondegenerateness of 2, Eq. (2.1) can be also represented as

x=Q WH={x,H}, (2.3)
where {,} denotes a Poisson bracket
oF | .x0H
=27 e 4
(F.H}= S (@7 )55 24)

Here and below the summation is performed over repeated indices. It is well
known also that locally by appropriate change of coordinates one can convert the

1), where 1 is an identical N x N

form Q into the canonical one Q= L o

matrix (Darboux theorem).
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So let us have a certain Eq. (2.1) with concrete Hamiltonian H and symplectic
form Q. What is the way in which one can recurrently multiply this equation
without leaving the class of Hamiltonian equations? It is easy to see that one can
do this in two ways. The first way is to multiply the right-hand side of (2.1), i.e. the
gradient VH. The second way is to multiply the left-hand side, i.c. the symplectic
form Q.

Definition. We will refer to the operator Ly as the H-weak recursion operator if any
of its power converts the gradient of H (for H < const) into the gradients: I,V H
=VH,, n=1,2,3,.... The operator L, is referred to as the Q-weak recursion
operator if any of its power converts some symplectic form Q into the symplectic

forms:
00Q=Q,, n=1273,....

Making use of the weak recursion operators, one can construct the following
infinite families of equations, starting from Eq. (2.1):

Qi=VH,=I,VH, n=0,1,2,..., 2.5)

and
WX=Q x=VH, n=0,1,2,.... (2.6)
Equations (2.5) are Hamiltonian ones with respect to the same symplectic form
Q and different Hamiltonian H,. Equations (2.6) are Hamiltonian ones with
respect to the same Hamiltonian H and different symplectic forms Q,. It is clear
that any entire function of the recursion operator is the recursion operator of the
same type, too.
Combining these two ways, one can obtain the most general family of the
equations
P(Lo)Qx=Q x=VH,= f(Ly)VH, 2.7

which are associated with Eq. (2.1). Here ¢(Ly) and f(Ly) are arbitrary entire
functions. For detL, =0, Egs. (2.7) can be also represented in the form

X=0Q,'WH,=Q "¢ \(Lo)f(Ly)VH. (2.8)

III. H-Weak Recursion Operator

Here we find the conditions which determine weak recursion operators. Firstly, we
consider the H-weak recursion operator. Let us note, first of all, that in order that
the operator Ly transform a given gradient into gradients (IyVH=VH,) it is
necessary and sufficient that it satisfy the equation

0 ( . woH\ 0o ([ 0H
axj<(LH)i 6xk> = o ((LH)j 6xk>' (3.1
The necessity of condition (3.1) is obvious: it is the equality of cross derivatives
0H 0H
k _ n

which follows from (I . Sufficiency follows from the well known

ok ™ oxt




488 V. E. Zakharov and B. G. Konopelchenko

. . . 0a; Qa
statement that for any simply connected manifold the equation ——; k=0

oxk  ox!
implies a;= ——~ (see e.g. [31]).

a i
Proposition 3.1. The operator Ly is a H-weak recursion operator if it satisfies the
system of equations

oLy, 0H 0*H oLy, 0H 0*H

Tl e | e | 3.2

oxk oxm T THmoxkoxm  ox" ax™  TMRox"oxm (3-2)
OLy; L\ . ow O . LW (3.3)
<ax axl LHn+LHl 8 n LHk 8x" —0

Proof. Condition (3.2) means L,V H =V H,. Let us prove that by virtue of (3.2) and
(3.3) we also have IZ,VH=VH,. Let us multiply Eq. (3.2) by I%;; and sum over n.
We obtain

, oLy, 0H . . O°H
i gxk oxm T T xckoxm
0*H
— i O, CTL (34)

Hi a n a m Hi Hkaxnaxm

Then multiplying (3.3) by %{ﬁ and summing over m, we find

oLy, ~ 0H oI, oH
oxk LH"& w L ox" ox™
o'y, . OH orn, 0H
= — b e . 5
oxt T oxm + B ox" ox™ 3.3)

Further let us sum Eq. (3.5) with Eq. (3.4) and substract Eq. (3.4) with the
substituion i<k from the derived equation. As a result, we have

or 0H or. oH 0’H
ax T L"Il{na o+ L ke

_ Ly, 0H oI, oH 02H

Tt Hna o T Lk P m""EHkL"Il{nma (3.6)

0 ((pw@HY_ 2 oH
ﬁ<<LH>i W) = (( B s s ) (3.7)

From (3.7) it follows that

oxt o bl e

ie.

0H _0H,
tox™ T oxi

(L)t

ie IZ,VH=VH,, where H, is a certain function.
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o0H
Further let us show thgt I3,VH =VH, too. Multiplying (3.3) by I~ pa and
summing over m, we obtain

Oy o OH Ly, o OH
a k Hn Hma /¢ axl Hn Hmax{

or 0H , oLy, , OH
+ By L s 7 = Ly Limy 7 =0 (38)

Then we multiply equation (3.6) (with the substitution i—g) by I%; and sum
over g. Summing the obtained equation with equation (3.8) and using (3.2), we find

e H>,a”§§’,. —aal; R aOLx LH‘;f
| (L O DH o,
1.€.
(@)= 2wl (3.9)

Thus I},VH=VHj,, where H; is a certain function.

In a similar manner, one can prove by induction that the equality (3.1) is valid
forn=4,5,6, ... too,i.e. LyVH=VH,, n=1,2,3,4, .... The proposition is proved.

We emphasize the important role of the quadratic equation (3.3). This equation
together with the condition LyVH =V H, is equivalent to the equalities L VH
=VH,foranyn=1,2,3,.... Note, however, that Eq. (3.3) does not follow from any
finite subsystem of equations Ly VH=VH, (n=1, ..., M).

Let us now discuss some properties of Egs. (2.5). In the general case the flows
which are generated by Hamiltonians H, do not commute with the initial flow (2.1)
since (Hy=H)

(1) = g1yl

6H (L (2 1)”‘a © F0. (3.10)

Let the operator Ly satisfy the additional constraint (L;2)T = — L, Q, where
AT denotes a transposed matrix 4. Using this constraint, we have

2 0
@y 08 = Ty

0

- @y

ox™’
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ie. gg; (L) (1) 2—5{ =0. Therefore {H,, H,} =0,n=1,2,3, .... Analogously,
one can show that {H,,H,}=0 (n, m=0,1,2,...), iec. in the case (LyQ);.=
— (Ly82),; all the flows from the family (2.5) commute to each other.

Thus, in the case (Ly2)" = — Ly the family of Hamiltonians H, is the infinite
family of the integrals of motion for any equation of the form (2.5). Each integral of
motion H, is connected with the one-parameter symmetry group of Eq. (2.5) and,
in particular, of the initial equation (2.1). In the infinitesimal form these symmetry
transformations are (x"=x+ 0x)

Sx=6,Q WH,=e,Q 'I')VH, n=0,1,2,3,..., (3.11)

where ¢, is the transformation parameter. If (L;Q)" = — L,Q, Egs. (2.5) and the
symmetry transformations (3.11) can be also represented in the form
x=(C)"Q™'WH, and §,x=¢,(L’))"2 'H, n=0, 1,2, 3, ....

IV. 2-Weak Recursion Operator
According to the definition, the operator L, is a Q-weak recursion operator if
ULoQ)y; , 0L | 0L _

ox* ox/ ox'

0, @.1)

and
(L)'= —LoQ, (4.2)
foralln=0,1,2,....
One can show by straightforward calculations that if Egs. (4.1) and (4.2) are
satisfied for n=0, 1, 2 then they hold for n=3, too. As a result, they are satisfied for
any n. So we have

Proposition 4.1. If together with the form Q the forms LoQ and L2, are closed and
skewsymmetric, then the operator L, is a Q-weak recursion operator.

Note that all the conditions (4.2) are satisfied if Q7 = — Q and (L,Q)" = — L,Q.

If additionally det L, = 0, then the closeness and skewsymmetry of the forms €,
LoQ, I2,Q lead also to the closeness and skewsymmetry of the forms Lg"Q,
n=1,2,3,.... Indeed, choosing the form Q, = I2,Q as an initial one and using the
closeness and skewsymmetry of the forms L,'Q,, and L,,>Q,, one can prove that
the form L,3Q, = L,'Q is closed and skewsymmetric too. Further one can easily
show that all the forms L,"Q, =%, "Q(n=3,4, ...) are closed ans skewsymmetric.

In the case det L, 0 the closeness and skewsymmetry of one of the following
two sets of the forms: L' Q, Q, L,Q or Ly2Q, L' Q, Q are the sufficient conditions
in order that the operator L, be a Q-weak recursion operator too.

In Proposition 4.1 and subsequent results, one can start from any given
symplectic form Q. To simplify the calculations it is convenient, however, to choose

1
the local coordinates in such a way that Q=Q,, = 0 > This does not reduce

-1 0
the generality of the results obtained since Egs. (4.1) and (4.2) are of invariant
character.
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In the case Q= ( 0 1), Egs. (4.1) and (4.2) for n=0, 1,2 are

-1 0
aEg' aE‘QZ aEQ
1 . .rn Q = .
axf Qnm+ ET in+ o nt 0, (4 3)
12" o(L%): (L),
W gt W 0,4 Wohg g, “-4)
Ox 0x 6x
and
Qulio,=L0, 2, . @)

Multiplying (4.3) by L%, summing over m, and taking into account (4.5), one
obtains

oLy; ., L 0L, . 0L

5;; Qank‘l’LQka—;sz’ =-— LQkaT?f

‘Qmi . (46)

Using (4.6), it is easy to see that Eq. (4.4) is equivalent to the following one:

. OL% . OLg; . 0L
Lma—;E Qe+ Lma—xgj Qi+ Lgka—;,{

Let us transform the second and third terms in (4.7), using the equality (4.5) and
Q.(Q71Y2=52 As a result, we have

Q,.=0. @.7)

n 0Ly aB i — 1\nt ym n aEﬂi
LQiTxan mé —6;"2 ng(Q 1) tLQszf" 0k ﬁxf Qm&,:(), (4-8)
Hence
n aL"}.)k 6[?91' . nt ym n 6L";21
QiW - ox" QkQ(Q 1) tLQt’LQk—axn =0. (4~9)

We note now that by virtue of (4.5) Eq. (4.3) is equivalent to
0Ly 0Ly, 0Ly,
ox’ ox™ ox'

If one multiplies (4.10) by (Q~*)™* and sums over m, one obtains

ox!  ox ox™
o™

Substitution of (4.11) into (4.9), eventually, gives

Qo+ Q,i— Q.m=0. (4.10)

Qni(Q - l)mk

Qu(Q7 1) 4.11)

n 6L’?2k aBQi aBQk m
Lo ox" <6x" o ox! =
_p, PR 4.12)

ox"
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So the equation, which contains only the recursion operator L, follows from
Egs. (4.3)-(4.5).

Proposition 4.2. If operator L, satisfies the system of equations

oLy, O0L%, . N a[fgk " 5Em B
< o o omt Lo o 0k 7 n =0, (4.13)
ALoQ)y | ALoQ),;  0(LoQ)y,
ox’ + ox* + oxt 0, @.19)
(LQQ)M’ = (LQ-Q)fk s (4~ 1 5)

then it is a Q-weak recursion operator.

Proof. Let Q= Q. The conditions (4.13)-(4.15) are equivalent to the conditions
(4.3)+(4.6). Indeed, from (4.12) and (4.11), one gets (4.9). Multiplying (4.9) by Q,,,, we
obtain (4.8). Equation (4.7) follows from (4.8) and is equivalent to (4.4) due to (4.6).
The conditions (4.13)-(4.15) are, therefore, equivalent to the conditions of
Proposition 4.1.

Let us consider the conditions (4.13) and (4.14) in more detail for the case det L,
=+0. At first sight, these conditions are not necessary. Indeed, if one takes instead of
Q, LoQ, I2,Q, the other sets of three closed forms: Ly?Q, L' Q, Q or L' Q, Q, LoQ,
then instead of (4.13) and (4.14) we will have the analogous conditions with the
substituion Lo— L'

However, it is worth noting the following. Firstly, multiplying Eq. (4.13) for Ly}
by L"Qall‘gﬁ]]%summing over i, k, /, and taking into account (4.13), one gets Eq.
(4.13) for L. So Eq. (4.13) for Ly' is equivalent to the same equation for Ly, In
other words, if Ly, is the solution of (4.13), then L' is the solution, too.

Secondly, the conditions of closeness and skewsymmetry of the form L,'Q
together with Eq. (4.13) are equivalent to the conditions of closeness and
skewsymmetry of the form I5,Q. Indeed, putting Q=Q,,), multiplying (4.14) for
Ly'Q by Lo, Lp,I%,,, summing over i, k, / and using (4.15), we obtain Eq. (4.7).
Equation (4.9) follows from (4.7). Using (4.12) one gets (4.11). This equation is
equivalent to (4.10) and, hence, to Eq. (4.3).

Thus, at detL,+0 the conditions (4.13)-(4.15) for L' are equivalent to the
conditions (4.13)+(4.15) for L,

So in the case detL,+0 we have

Theorem 4.1. The conditions (4.13)~4.15) are necessary and sufficient conditions in
order that the operator Ly be a Q-weak recursion operator.

The invariant form of Eq. (3.9) (or (4.13)) is the following:

[L'¢ L] = CIL°E, n]— L&, L]+ L[ n] =0, (4.16)
where I is the transposed matrix L, ¢ and # are arbitrary vector fields, and [£, 7]
0¢;

denotes the standard commutator of vector fields (see e.g. [31]): [&,1],= > ok n*
k

on; . .
- é"). Following paper [26], where Eq. (4.16) was considered for the first time,

oxk
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we will refer to Eq. (4.16) as the Nijenhuis equation. Note that for the Q-weak
recursion operator one has I5,=Q 'L,Q due to (4.2).
An equation of the form (4.16) has been also considered in [27-30].

V. Strong Recursion Operator

Let us consider now the situation when the operator L is a recursion one both in H
and Q senses.

Definition. Operator L is the strong recursion operator if any of its power
transforms the gradient into the gradients (I'VH =V H,) and the symplectic form
into the symplectic forms (L'Q=Q,).

Possessing simultaneously the properties of both weak recursion operators,
the strong recursion operator generates both the infinite family of Hamiltonians
H, and the infinite family of symplectic forms Q,=I'Q. Equations (2.5), (2.6) or
(2.8) which are generated by a strong recursion operator have all the previous
properties and some new ones.

Let we have an equation x=Q 'WH from the family of Egs. (2.8), and let
detL=+0. By virtue of the properties of the strong recursion operator, we have

¥=Q WH=(I'Q) 'I'VH=Q 'VH,, (5.1)

where n is any integer and Q, are the closed symplectic forms.
So any equation generated by the strong recursion operator is a Hamiltonian
one with respect to the infinite set of Hamiltonian structures (pairs Q,, H,).
We denote the Poisson brackets which corresponds to the form Q, as

(3F
{, o {F, H}, =
that (LQ)T = —LQ, we have

H
L A Let us calculate {H, , H,,},,. Taking into account

{HWHM}"3 e = m(Q 1):4’(an ns)k 5H
aH mi n ny—n3 H
(Q (L) R
Then
JH 6H 0H H
a — (Q l)mz (El k a - n)m(Q 1)1k
AR :"jff,.

H,}, =0 for

nys

H H
Therefore, gx—m(Q_l)'"l 05 fﬁ =0, and, as a consequence, {H

any ny, n,, ns.

Thus, all Hamiltonians H, which are generated by the strong recursion
operator are in involution with respect to any Poisson bracket {, },, generated by
this operator.



494 V. E. Zakharov and B. G. Konopelchenko

It is clear also that if the initial equation (2.1) admits the strong recursion
operator L, then any equation of the form (2.8) possesses the same strong recursion
operator.

So the Hamiltonian equations, which admit a strong recursion operator, have
a very special structure. Firstly, they possess the infinite set of the integrals of
motion in involution and they are Hamiltonian ones with respect to the infinite
family of Hamiltonian structures. Secondly, the infinite families of equations are
associated with such equations: any equation of these families has the same
properties as the initial one.

In other words, the strong recursion operator generates the infinite family of
Hamiltonian structures (2,, H,; n, m=0, +1, +2,...) from the initial
Hamiltonian system. Each of these Hamiltonian structures determines the
dynamical system (flow). The Hamiltonian structures (£, H,,) with the same value
of n—m correspond to the same dynamical system. The family of Hamiltonians H,,
forms the infinite set of common integrals of motion which are in involution with
respect to any symplectic structure Q,.

The examples of strong recursion operators are well known. In the case of a
continual number of the degrees of freedom they are, for example, the operator
(1.2) and Egs. (1.1), and the recursion operators which were calculated in [10-22].
Some properties of the equations which admit the strong recursion operator have
been discussed as well.

The operator L=0Q 'LQ is closely connected with the recursion operator L.
The operator L transforms vector fields into vector fields: ["Q 'VH=Q 'VH,.
Equations (2.5)<(2.6) can be also represented in the form x=1"Q 'V H. Both
operators L and L naturally appear in the approach which is based on the spectral
problems (see e.g. [20, 21]).

Let us consider now the conditions which define a strong recursion operator.
These conditions are obviously the join of the conditions which determine the H-
and Q-weak recursion operators. Propositions (3.2) and (4.2) give rise to

Theorem 5.1. If operator L satisfies the system of equations

L AV )
<6x" ax‘)L Tl ~lige =0 (>-2)
oL 0H  0*H oIy 0H . 0*H
o aw T Eadae o o eawon G
ALQ), | LD, | ALQ)
w Tk e =0, 4
(L) =~ (L. 55)

then it is the strong recursion operator for the Hamiltonian system Qx=VH.
Inthe case det L= 0, the conditions (5.2), (5.4) and (5.5) are also necessary ones.

So the H-weak recursion operator becomes the strong recursion operator if it
also transforms the symplectic form Q into a symplectic form. The Q-weak
recursion operator becomes a strong one if it additionally converts the gradient
VZ into the gradient (LVH=VH,).
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We see that in the description of both the weak and strong recursion operators
the quadratic equation (5.2) plays an important role. This equation is a very special
one. It is a system of 2N?(2N—1) equations for (2N)? quantities I%
(i,k=1,...,2N). Nevertheless, this highly overdetermined (for N > 1) system has a
large class of solutions. As we have seen, if L is a solution of (5.2), then L™ ! is a
solution too. It is not difficult also to show, that together with L the quantity 1 — AL
is also the solution for any number 4. Hence, (1 —AL) ! =1+ AL+ A?I*+...1s the
solution of (5.2) too. The simplest solution of Eq. (5.2) is I¥ = 6¥z(x"), where «,(x;)
are abitrary functions. By virtue of the invariance of Eq. (5.2) under the general
coordinate transformations x'— x' = fi(x), Eq. (5.2) has also the solutions of the
form [ — 2N A0 (x) ox’

orm L; = {;1 be(x ) axz’ afi(x)’

In the conclusion of this section we compare the results of the present paper
with those of papers [26-28]. The key notion in papers [26] was the notion of a
Hamiltonian pair, ie. two Hamiltonian operators such that any linear
superposition of them is a Hamiltonian operator too. In this approach the
recursion operator appears as the “ratio” of two Hamiltonian operators from the
Hamiltonian pair.

In our approach we deal with the recursion operator from the very beginning.
If a system admits the Q-weak recursion operator L, then all the form
IQn=0,1,2,..) are closed. The form LoQ+ALQ+20,Q+...
=(1—1Lg) 'LyQ, where A is any number, is closed too. Therefore the operator
((1=ALg) 'LpQ) '=(LoQ) ' —iQ~ ! is a Hamiltonian one for any 4, ie. the
operators (L)~ ! and Q7' form the Hamiltonian pair.

where f*(x) and «,(x’) are arbitrary functions.

Proposition 5.1 (Gelfand and Dorphman). In order that the Hamiltonian operators
QY and (LQ)™* form the Hamiltonian pair it is necessary and sufficient that the
forms Q, LQ, I?Q be the closed ones.

Sufficiency immediately follows from Proposition (4.1). Let us prove the
necessity. The Jacobi identity for the Hamiltonian operator Q'+ A(LQ) ! leads
to the closeness of the forms Q, LQ, and also to the equation

i O(LQ) ™ e QL)Y oy L) DM
1\im 1\km 1\jm —
(@) T QTS (@Y T T =0, (56)
0 1
where we choose Q=0Q, = <_ ; O)' Multiplying (5.6) by (L&),(L2);(LRQ),.,

and summing over i, j, k, we obtain (4.7). By virtue of (4.3), the equality (4.7) is
equivalent to (4.9), i.e. to the closeness condition for the form IZQ. The left-hand
side of (5.6) is nothing but the Schouten bracket (see e.g. [26]) for the operators
Q™ 'and (LQ) . So the equality to zero of the Schouten bracket [Q !, (LQ) '] is
equivalent to the closeness of the forms LQ and I?Q.

If the operator L is a Q-weak recursion operator, then any two operators
(L'Q)~! and (I22Q)~ ! form the Hamiltonian pair. Indeed, by virtue of the
closeness of the form

Q4 AP Q4 2P 2 = (1AL ) T Q)
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the operator
(1=~ )~y P =(mQ) ™ — (2 Q) !

is a Hamiltonian one for any A and 4, n,.

Taking into account all these results, it is not difficult to see that from the point
of view of the construction of Hamiltonian systems Theorem 5.1 and Theorem 3.4
from [26] are essentially equivalent.

The recursion operator which is considered in [26] (regular operator), is the
Q-weak recursion operator in our terminology.

The fact that the operator QLQ !, where LQ 'WH=Q 'WH,, transforms
gradients into gradients, i.c. it is the H-weak recursion operator, and also the fact
that the eigenfunctions of this operator are gradients of its eigenvalues have been
noted in [30].

VI. Recursion Operators in the Theory of Nonlinear Waves

Generalization of the results of the previous sections to the theory of nonlinear
waves, i.e. to the case of a continual number of the degrees of freedom, is obvious
enough. We have the system of nfields u'(x, 1), ..., u"(x, t) in d-dimensional space (x
=(xy,...,Xy)). Let us recall (see e.g. [32, 33]) that the system of n equations is a
Hamiltonian one if it can be represented in the form

oul(x',t)  OH

Jdx' Qg0 )=, = out(x, 1)

(x=1,...,n), 6.1)

a0 . . . 0
where the Hamiltonian H is a certain functional on u?, ..., u", S denotes a
u

variational derivative and €,,(x,x") is a kernel of the nondegenerate linear
operator (which depends, in general, on u', ..., u"), which satisfies the closeness

00, (6. x) Q%) | 89, (x.x)
ou’(x”) Suf(x") out(x)

and skewsymmetry conditions
Q,p(x,X)= —Q,(x, x). (6.3)

Similar to the case of a finite number of degrees of freedom, we define the weak
and strong recursion operators:

(6.2)

oH O0H
§dx' (I8 (x, x') o) ELT)"C) , (6.4)
§dx ()8 (x, X)X, X") = (%, X7) . (6.5)

The propositions and theorems of the previous sections hold for nonlinear
waves, too. The only modification is concerned with the form of the corresponding
equations. In particular, the analogs of Egs. (5.2)—(5.5) are
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[ds {(M@(x, x) SL(x", X)

() | ou(x) )U"(’E’ x)

. OL(x’, X") ;o OL 6, X") |

+E<x(x’ X)W _Eﬂ(x ’ X)W} =0 ) (66)
(ol8(x,%) OH . . 8H
! dx{ b oue) T D) S

S, %) OH . 8H |
T R T R 5u“(x)5u9(>€)} =0, (6.7)
O(L&),p(x, x) | 6(L2),u(x",x) | (L), (x",X") _0 6.8)

ou'(x”) SuP(x’) ou*(x) ’ ’

(L‘Q)ﬂa(x/> X) = (LQ)aﬁ(xa X/) 5 (69)

where (LQ),4(x, x") E ax I (x, x")Q, (X", X).

Theorem 6.1. If operator L satisfies Egs. (6.6), (6.7), then it is a H-weak recursion
operator. If operator L satisfies Eq. (6.6), (6.8), (6.9), it is a Q-weak recursion
operator. In the case when operator L satisfies the whole system of Egs. (6.6)—(6.9), it
is the strong recursion operator. '

The strong recursion operator L generates, starting from (6.1), the infinite
family of nonlinear evolution equations

ou*(x, t) o0H
ot oub(x', 1)’
where ¢(L) is any entire (meromorphic for det L & 0) scalar function. Each of Egs.
(6.10) possesses the infinite set of the integrals of motion H, and is a Hamiltonian
one with respect to the infinite family of Poisson brackets of the form

§F ... SH
i (@ T ) g

where f(L) is an arbitrary entire (meromorphic for detL 4 0) function.
Taking into account our further constructions, we rewirte the formulae given
here in the momentum representation. Performing the Fourier transform

= Jdx'(Q T p(L)* (x,x))

(6.10)

(F,H}, = | dxdx’ (6.11)

d
w(x,0)=(2m) 2 [dpaj(t)exp(ipx),
Q,5(x,x)=Q2m)"*[ dpdp'Q,; ,, exp(ipx+ip'x’),

6.12
L(x,x)=Q2n) [ dpdp'LL, ,, exp(ipx+ip'x’), @12
def
=1, 5Pa)s  PX=PiXy . FPaXy)
we get the closeness condition

0Q B.rq 5Qv kp 5Qﬂv qk
e z 2 =0, 6.13
bal, | 8ab, | ba, (6.13)

and the skewsymmetry condition

Quppa=—Lpaap- (6.14)
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Equations (6.6)—(6.9) in the momentum representation are of the form
oL, oL,
diiIe . Bq.k —Ie . ‘G«Pk
j p{ @, pp 5@,% B.ap dal

S, s 0I5
+< 07 ﬂ,4p>UQ,_ﬁk}:0, 6.15)

i3 a
5d, 84",

[ dk {wm oH *H

— 4 -
da’ q Oaf “Pk 50l qéaxi

oL 4 0H 8°H
TS 4 5.0 s o = 6.16
0a’ » 0} Beak 542 p5a§ 0, ( )
5(LQ)aﬁ,pq 5(LQ)w,kp 5(Lg)ﬂy,qk _
oa’ + dal. a + oa* p =0, (6.17)
(LD, ap=— (LD, g » (6.18)

Whel‘e (L‘Q)aﬁ.pq = j dea,kaYﬂ’ —kq*
In what follows we will consider nonlinear systems which are described by one
real field. In this case a local and u-independent symplectic form is of the form

Qoypg= S0P +4), (6.19)

where f, is an antisymmetric function (f_,= —f,) and d(p) is a Dirac-delta
function. For the one-dimensional space (d = 1) without loss of generality one can

choose i
Qoypg=— ;5(P+CI)- . (6.20)

VII. Expansion over Nonlinearity and Recursion Operator

The problem of calculation of the recursion operator, i.c. the problem of solution of
Egs. (6.6)(6.9) or (6.15)—6.19) in functional derivatives, is difficult enough even in
the simplest case of one field. One can simplify this problem if one restricts oneself
to a certain special class of dynamical systems (€2, H) and solutions.

For this purpose we consider the translation-invariant systems which have a
smooth behaviour at #,—0, i.e. smoothly reduce to the linear system in this limit.
So we assume that the Hamiltonian and the symplectic form of the translation-
invariant system (6.1) are of the form

H= ngdql...dqné(ql+...+qn)V(,,,q,mqnaql...aqn, (7.1)
Q,,= gojdql...clq,,(5(p—i~q—q1 = =40 patar. gy Par T s (7.2)
where V), .. are some functions which are completely symmetric on their

variables and Q4.4 are functions which are symmetric on the variables
q1, ---» 4, For simplicity, we consider the case of one real field and successively use
the momentum representation.
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We will search for the recursion operator L, in the form of an “entire” function
on «, too:

Ly= goj dq, .. 'dqnf‘(n)pq(ql---qn)“ql c gy (7.3)

where E(,,,pq(ql .4,y are functions which are completely symmetric over the variables
41, ---» 4, The translation invariance gives a certain restriction on the form of the
functlons L(,,)pq(q1 .- Namely, taking into account that (P, a,} =iGa, where Pisa
total momentum, we have

E(n)pq(ql...qn) =0(p+q—q,—...— qn)L(n)pq(ql..-qn) > (7.4)

where L, py,...q, ar€ some functions.

Further, let us consider the case of a constant symplectic form €, and choose it
as (6.19).

Let us substitute the expressions (7.1), (7.3), (7.4), and (6.19) into Egs. (6.15)-
(6.18). The left-hand side of these equations should be equal to zero in any order on
@, Therefore, Eqgs. (6.15)-(6.18) are equivalent to the following functional
equations for L(n)pq(ql--.qn) and V(n)qlmqn:

olp+q+k—k —.. —k) Sym Z {n—m+1)

skn) m=0

Lonp. § o-stts. kg Fn—me nqk< P R k,,)
=1 =1

+(nﬂm+ 1)L(m) i k,—k, k(klu.k,,,)L(nfanl)p,kA ;T"_ kA—aq,k, ., .k,)
—(pegi=0  (n=0,1,2,...), (7.5)
op+a—q,— —qn) Sym Z {im+1)(n—m+1)

ki, kn) m=0

rrrrr

Lt 0, S o= k) V= 1) S ks ke ko)
=1 =

+(mn—m+2)(n—m+1)L Vin—m+2)—q, —p+ z Koo Koo 13 oo K

(m)p, —p+ X kky, ... k)
=1

—(pg)}=0  (n=0,1,2,...), (7.6)
op+q+k—k,—...—k,) {qu pa(—I,kzs oo T pr(n)kphq.kz, ceerkn)

+ fiLwak(-pokas ook K =0 (n=1,2,3,..), (7.7)

op+q—k,—...—k,) (f;;L(n)pq(kp..k,,)+pr(n)qp(k1.‘.kn)):0 (n=0,1,2,...), (7.8)

where Sym denotes the complete symmetrization over the variables &y, ..., k,,.
(e, oo ko)

The system of algebraic functional equations (7.5)(7.8) is the complete system

of equations for the calculations of all functions L which determine the

recursion operator L.

(m)pa(q1...qn)
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Here we present the simplest examples of equations (7.5), (7.6). Equations (7.5)
with n=0 and n=1 are of the form

(L(0>p+q, —p—q"_L(O)q, -q)L(l)p, -p-q(-q)'_(L(O)pﬂLq‘ *p—q—L(O)p, vp)L(l)q‘ *p~q(—p):O’
(7.9)
2(L(0)1), - L(O) - k,k)L(Z)q‘ k(=p,p+q+k) 2(L(0)q‘ -q L(O) - k,k)L(Z)p’k( ~q,p+q+k)

+L(l)p,q‘rk(p+q+k)L(1)qyk(q+k)+L(I)P+q>k([1+q+k)L(1)ps —r—a(—q)

— L1y, p+ ko +a+ oLt k0= Lyp+ g, ko + a+ i laya, - p—a(- =0 (7.10)
Equation (7.6) for n=0 gives
Lioyp, - Y2y 0,0~ Loy p.pVi2pp, -»=0-

Since Vipy—p p=Via)p, —p» then Ly, —,=@(p), where ¢(p) is an arbitrary even

function on p (¢(—p)=(p)).
Further, Eq. (7.6) for n=1 is

L(l)p, *q*p(«p)l/('z)w*p,q*rp"'3§0(p)V{3)~q, ~p,ptyq
+Lpaw+aVi2)-a.q— P9 =0, (7.11)

and for n=2 it is of the form

3L, -p-a-0Vmr-a-prp+a+ i T 1200Viay g, - k. p+a—k
+2L0)p, - p-g+k-a0 V2 -a-p+ka+p-k T 2L, k(=g p+a- ) V2) ko

+3L(1)p, —p+k(k)V(3)*q, ‘p+k,p+q—k+ 3L(1)p,q*k(p+q~k)V(3)-q»q‘k,k
+2L2)p, 4, p+a-0Vi2)- 0,0~ (P@) =0. (7.12)

Equations (7.6) allow us to calculate all L, ), L), ..., for given V,), V3, .... Let
us start with Eq. (7.11). Taking into account the closeness and skewsymmetry
conditions (7.7) and (7.8), it is not difficult to show that the relation (7.11) is

equivalent to the following
@(p)—9(q) (7.13)

L(l)pq(p+q) f,l(co(p—l—q) a)(p) w(q)) @B)-p,—q,p+q>

where co(p) V(Z)p /1, The function w(p) determines the dispersion law for the

da
corresponding equation, i.. a L =w(p)a,+

Analogously, using (7.13), we have from (7.12)

L ¢(p)— @(q) Vv
(@)patk,p+a =8~ fq(w(p+q—k)+w(k) w(p)—a(g) @ errak
9 1
2 f(o(p+q—k)+ak)—op)—o(g))
. @(p)—(q)
(fp+q(w(p+q)—w(p)—w(q» Vo —arsaVora-phpas

(@)= (= k)W)~ p, o1,k V30, ~pkipra—k
Jie— (k) —o(p) —o(k—p))
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(@@ — @ —k)Viz3)—g,a- k. V3)-p, —atkpta—k
Jie—plo(k) = w(q) — o(k—q))
. (q)(p)_q)(q_k))l/(?’)—p, —q+k,p+q—kV23)—qdl—k’k
Jo-@(p+q—k)—a(p)—olg—k)
((P(Q)_(P(P_k))V(s)—q, ~p+k,p+q-kl/23)*p,p~k,k> (7.14)
Jo-i@(p+g—k)—aw(g)—wlp—k)) ' '

+

+

In a similar manner one can derive, from (7.6), the formulae which express L3,
via Vi3, V4, V(s), the function L, via Viz), Vi4), Vs), Vi) and so on.

Thus, for a given Hamiltonian, i.e. for given functions V},), V5), ..., and a certain
fixed even function ¢(p), we easily calculate all functions L ),qp+ g Le2)pa(..ys -+
which determine the operator L,,. In order that this operator L, be the recursion
operator it should satisfy equations (7.5), (7.7) and (7.8). The fulfillment of (7.8) is
obvious. By simple but tedious calculations, one can show that the expressions for
Li1ypgep+q) @04 L2y pq..» glven by the formulae (7.13), (7.14), indeed satisfy Egs. (7.9),
(7.10) and the closeness conditions (7.7) for n=1, 2.

Thus the formulae of the type (7.13), (7.14) allow one to calculate the recursion
operator L,, for given Vj,), V5, .... Emphasize that all functions Vj,), V), ... (i.e.
the Hamiltonian of the equation) are arbitrary ones. So, any dynamical system
(6.1) with any Hamiltonian of the form (7.1) possesses, at least, the formal strong
recursion operator L,,.

The existence of a formal strong recursion operator for any Hamiltonian
system of the form (6.1), (7.1) becomes obvious if one takes into account the
following three circumstances. The first one is: any system of equations (7.5)~(7.8)
is invariant under the general transformations of “coordinates” «,and, therefore,
the existence of the recursion operator for this system is independent of the choice
of variables «,. Secondly, any nonlinear system with a Hamiltonian of the form
(7.1) can be linearized by a suitable canonical transformation [32, 33]. The third
Oayp -

o
recursion operator of the form L,, = ¢(p)d(p +q), where ¢(p) is an arbitrary even
function.

Indeed, we have the dynamical system with Hamiltonian (7.1). Let us linearize
this system (ie. reduce the Hamiltonian H to the form H= {dp,dp,5(p,
—+ pz)ff(z)pll,/plﬂpz) by the canonical transformation «,—4,:

point is: any linear equation (p)a, with an odd function w(p) possesses the

a,=4,+ ;Z fdp,...dp,o(p—p;—... — PR ypa.. s L - (7.19)
Using the condition of the canonical character of the transformation (7.15), i.e.
ba, 1 da, 1
— - & [ — = .1
{a’paaq}ﬁ jdk 5£k ﬁ(ag_k pé(p-i_q) {wpadq}a,’ (7 6)

we, in particular, have [32]
3

R - Vg -
P 2 s 0(p+ 9)— a(p) —o(g)) T

(7.17)
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. . 04 . . .
The linear equation —* =w(p)/,, which appears after this canonical

ot
Fransformz}tion, possesses the? recursion operator ¢ = go(p)é(p +q), where gq(p)
is an arbitrary even function. Let us now perform the inverse canonical
transformation £,— «, into the initial nonlinear system. The recursion operator is
transformed under this transformation as follows:

L5530 — Lyy= [ dkydky S, - 157578,
= [dkS_, ,0(K)S;.4 (7.18)

a0ty & _Omy
5, M 54,

Lypao+9=—2(0(@) — @R 214~ p.p+a) - (7.19)

Substitution of (7.17) into (7.19) gives exactly the expression (7.13). In a similar
manner one can obtain the expression for L) ¢ p+4-1 Of the form (7.14) and
analogous formulae for L3, L4, ... . So, formulae (7.18) yields the strong recursion
operator for an arbitrary initial nonlinear system with Hamiltonian (7.1).

where S, , . In particular, formula (7.18) gives

VIII. Regular Recursion Operator

In the previous section it has been shown that any Hamiltonian equation possesses
the formal strong recursion operator. However, in the general case such a
recursion operator is a singular one due to the denominators of the forms

o(p+g—a@)=n(@). olp+q—k)+alk)—aop)—og),

etc., in the expressions of the type (7.13) and (7.14). Similar denominators are
contained in the expressions for higher symplectic forms and Hamiltonians which
are generated by the recursion operator. For example, for the symplectic form Q, ,,
=(LQ))pg=L,sf-, We have

3p(q)—¢(p)
Q a(p+a) = 3)-p.—arte
Wrae*a ™ )(p+ q) — w(p) — w(q) Yo (8.1)
5 6¢p(q)—@(p) |

= Vigy_ ., _ et
1@paer =0 = 0 T (k) —o(p)—o(g) P ekt kT

Using formulae (7.13) and (7.14), one can easily obtain the relations between
the coefficient functions 17(3), V4, and Via) Viay of the pair of Hamiltonians related
by the recursion operator L (LVH =V H). Equalizing the right-hand side of the
equalities (7.13) and (7.14), taken correspondingly for Vi3, V4, and V{3, V4, and,
taking into account an obvious equality &(p) = @(p)w(p), we obtain

7, _ o(p+q)o(p+q)— p(p)o(p) — p(q)w(q)

- = Visy—p. - ,
P, —4,ptq w(p-l—q)—w(p)—a)(q) (3)—p,—a,p+q (82)

7 _ 9(p+g—k)op+q—k)+ ek)olk) — e(p)olp) — p(@)o(q)
@ etk o(p+q—k) +ok) —op)— o)




Theory of Recursion Operator 503

3
4fp+q(p+q)—o(p) — w(q))
' <<p(q+p)w(q +p)— g+ p—kw(g+p—k) — pk)w(k)
o(q+p)—o(q+p—k)—aw(k)
_ 9(p+q—kalp+q—k)+elk)wk) — e(p)olp) — qo(q)w(q)>
a(p+q—k)+ k) —o(p) — w(q)
@(p)—@(p—k)
A _k_§ »(p)—o(q)
poapr R 4 i (k) — w(p) — w(k—p))
. <<p(p+ q—k)o(p+q—k)—p(g)(g) — ¢(p—k)o(p—k)
(p+q—k)—wlg)—o(p—k)
_ 9(p+qg—ka(p+q—k) +ek)wk) —e(p)op) — <p(q)w(q)>
o(p+q—k)+ k) —o(p) — o(q)
@(@)—p(g—k)
3 @(p)—(q)
A I A o e e
, <<p(p+ q—k)a(p+q—k)—o(p)alg) — p(qg—k)wg—k)
w(p+q—k)—aw(p)—wlg—k)

'V(4)-p,~q.k,p+q‘k+

_ @(p+g—ka(p+q—k) +ek)wk) —e(p)op) — @(q)w(q)>
o(p+q—k)+ (k) —w(p) — o(q)
@(p)—plg—k)
y v 3 o(p)—9(q)
@raamk ki@ markeratl 4 f - (o(p+q—k)—w(p)—wlg—k))
, <<p(k)w(k) —p(@a(q) — @(k—q)a(k—q)
(k) —a(g) — w(k—q)
0P +g—kop+q—k)+e(kwk) — e(p)o(p) - co(q)w(q)>
(p+q—k)+ wk) —o(p)—w(q)
o(q)—o(p—k)
3 o(p)—o(q)
B B 1 s e e ey 5y
‘ <<p(k)w(k) —@(p)w(p) — @(k—p)a(k—p)
w(k)—w(p) — o(k—p)
_ @p+g—Ra(p+q—k)+ ek)w(k) — e(p)o(p) — </>(q)w(q)>
o(p+q—k)+ (k) —o(p) — w(q)

'VZS)ﬂL—p+k,p+q*kV(3)-p-p-k,k' (8.3)

Recall that all functionals H, (I'VH =V H,) are the integrals of motion for the
initial Hamiltonian system (7.1). However, the presence of singularities (see e.g.



504 V. E. Zakharov and B. G. Konopelchenko

formulae of the type (8.2), (8.3)) in the coefficient functions V3, V), ... of the hlgher
integrals of motion H,, H,,... makes all these integrals poorly deflned in the
general case. In order that all these H, be well defined functionals on «, it is
necessary that the multiple of the form

P+ o(p+4q) — @(P)w(p) — p(g)o(q)
o(p+q)—a(p)—w(q)
@(p+q—K)o(p+q—k)+ e(k)ak) — o(p)o(p) — p(g)w(q)
o(p+q—k)+ (k) — o(p) — o(q)
would not contain the nonintegrable singularities.

We will refer to the recursion operator, which generates the family of well
defined Hamiltonians H, from the well defined initial Hamiltonian H, as the
nonsingular recursion operator. It is clear that the demand of nonsingularity of the
recursion operator leads to certain restrictions on the form of the functions w(p),
V(s Vay, ... and allows only some subclass of equations from all equations of the
form (7.1).

The stronger restriction on the Hamiltonian (i.e. on the functions V,), Vi),
Via) ---) appears if one demands that all functions V3, V4), V(s), ..., would not have
singularities at all. We will refer to the recursion operator which produces such a
family of Hamiltonians as a regular recursion operator.

As we shall see, the properties of recursion operators crucially depends on the
dimensionality d of the space. Let us consider subsequently the cases d=1,d=2,
d=3.

In the one- dimensional space the multiple (8.4)is the simplest one. For d =1 we

have w(p) = Z a,p™ ! and @(p)= Z B,.p*". It is not difficult to show that for

any o(p) and qo(p) the expressmns (8 4) are polynomials on p, ¢ and p, g, k. For
example, for w=p>, ¢ =p?* one has

o(p+q)a(p+q) — p(p)a(p) — p(q)w(q)
o(p+q)—ao(p)—wl(q)
_5pap+9) (P’ +pa+4q°) _5
3pg(p+4q)
o(p+q—k)o(p+q—k)+ p(k)w(k) — p(p)o(p) — p(q)o(q)
o(p+q—k)+ w(k) —w(p) —w(q)
_5(p+9)(g—k) (p—k) (p* +4* +k* —pk+pg—gk)
3(p+q)(q—k)(p—k)

5
:g(p2+q2+k2—pk+pq—qk)-

, (8.4a)

(8.4b)

(p2+pq+q2)

(8.5)

Thus for any w(p) and ¢(p) the function 17(3)A ». —a, p+q Nas N0 singularities.

The expressions in the round brackets in (8.4) have no singularities, too. Let us
choose f,=constp™>’~'(y>0). It is not difficult to see that by virtue of the
multiplers in front of the round brackets in (8.4) the expression for
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17(4)_p’-q,k,p+q_k has poles at p+g=0, p—q=0, p=0 and ¢=0. However, it is
easy to check that the residues of V(4) . —a.k,p+q—k 10 these poles are equal to zero
independently of the form of Vs,...

So the functions V(3), V(4) have no smgularltles for any w(p) and ¢(p). One can,
however, show that the function V(S) has no such property. Analogously V(6),
Vm, ... have singularities for general Viay Viays - - The requirement for the absence
of singularities in the expressions for all the functlons V( 5y V(6), ..., leads to a certain
system of equations for V3, V4), V5), ... . If these equations are satisfied, then the
considered system possesses the regular recursion operator. By virtue of the
cumbersome form of these equations, we omit them here.

In the general case all the functions L), L), L), ..., which determine the
recursion operator, are not equal to zero, i.e. the recursion operator is the entire
functional on 2. However, it may occur that this infinite series is interrupted on
some (N'") term. We will refer to such a recursion operator as the N-linear
recursion operator. It is clear that the requirement of the N-linearity of the

recursion operator, i.e. the requirement Ly, )= Ly 2)=...=0 leads to strong
restrictions on the form of the functions V), V3, V4, ... . For example, in order
that the recursion operator L be linear on « (i.e. L= L,=... =0) it is necessary

that the right-hand side of (7.14) should be equal to zero, i.e.
3
Z (q)(p) - (p(q))Vlét)—p, ~q,k,pt+q—k

o(p)—(q) v v
Fyed @t @) =) —afg) @7t @ etk
1 ( @(p)—p(p—k)
So—i \@(k)—a(p) —w(k—p)

+

o(q)— p(p—k) > v v
o(p+q—k)—w(g)—wp—k)) Ok
1 ( @(q)—pg—k)
Jo-1 \o(k) —o(g) —o(k—q)
@(p)—p(g—Fk)
o(p+q—k)—w(p)—alg—k)
In addition to (8.6), the conditions on V,), Vi3), V), ..., Which mean that L,
=L)=...=0 should satisfied.

In the case when Hamiltonian H is cubic on «, i.e. when Vi, =V(5,=... =0, the
whole system of equations is reduced to the only equation (8.6) with V,,=0. Let us

> I/(3)_q361'k,k17(3)~p, —q+k,p+q—k:0 . (86)

consider this equation in the simplest cas f,= — é, o(p)=a+ Bp*, w(p)=constp>.
After the trivial transformations Eq. (8.6) reduces to the following:
G=PVs)-p.-ap+aV®)-a-pp+a—i

+K=DVi3)-p.p—kkV3)-a. ~p+kp+a—k
+P = Va)-gq-ki V3 p, g+ kp g1 =0 &.7)
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It is not difficult to verify that Eq. (8.7) has the only solution V{3, =const within
the class of polynomials V(3,..., i.e. within the class of local Hamiltonians H.
Indeed, putting p=k=0 in (8.7), one gets q(Vay0. 4.4 V3)0.0.0)¥i3)-4.0.4=0-
Therefore V3)0, — 4.4 = V3)0,0,0 =CONSt.

Thus, among the nonlinear equations with three linear local Hamiltonians and

o(p)=p?, only the equation with V3, = %

the linear recursion operator. It is of the form

=const, i.c. the KdV equation, possesses

Ly =@+ 00+ 477 Ly (8.8)

where o, f, y are arbitrary constants. For «=0, f= —1 and y= —2, the operator
(8.8) is the recursion operator (1.2) in the momentum representation.
Another example is the bilinear recursion operator which corresponds to the

equation with w(p)=—ip>, V= % =const, and V5,=V5)=...=0. In this case,

Lioypg= @+ pp>o(p+49),
(r—a)q

L L= oot 8.9
()pate,p+a—1) ypk—k(p-l—q-k) ’ 8.9)
1e. L(1)=L(3)=L(4)=...=0,
+ oo q
Lyy=(+pp*)o(p+q)+y _dekpfkak%w—k,
where o, f, y are arbitrary constants. Fora =0, f= —1,y= — 1, the operator (8.9) is

the recursion operator for the modified KdV equation (see [11]) in momentum
representation. Note that the operators (8.8) and (8.9) in coordinate representation
have been calculated by another technique in [2.8].

Thus, in the one-dimensional space there exist Hamiltonian equations which
possess the regular recursion operator. For a certain subclass of these equations
the recursion operator is the polynomial of the finite order on the field «.

The situation changes dramatically when we transit to the two-dimensional
space. It is connected with the circumstance that the expressions of the form (8.4)
have no singularities except for certain special functions w(p) and ¢(p). Let us first
consider the expression (8.4a). For the absence of singularities in such expressions
it is necessary that the numerator be equal to zero on the same manifold I'" 2 as the
denominator. This means that the dispersion law w(p) should be a degenerative
one with respect to the decay process 1 -2 + 3 (for the degenerative dispersion laws
see [34, 35]), and the dispersion law ¢(p)w(p) should belong to the class of
degenerative dispersion laws associated with w(p). The second condition can be
easily fulfilled if for the degenerative dispersion law w(p) one chooses ¢(p) = Z—g;,
where @(p) is any dispersion law associated with given dispersion law w(p). A wide
class of degenerative dispersion laws has been described in [34, 35].

In the description of the dispersion laws the dimension of the manifold I'™™
which is defined by the equations p;+...4p,=Pps1+ -+ DPuim ©p1)



Theory of Recursion Operator 507

+..+op)=wp,. )+ ... +o(p,.n) plays an important role. If dimI™*? and
dimI"%? are less than a maximal one (i.e. dim "2 <2d — 1, dimI'**? <3d — 1), then
the expressions (w(p+q)—w(p)—w(q)~' and (w(p+q—k)+w(k)—w(p)
—w(g))”! may have integrable singularities. For such w(p) (with dimI™™
<max dimI"™™) the nonsingular recursion operator may exist.

If dim ™™ is a maximal one, then the corresponding nonlinear equation does
not possess the nonsingular recursion operator. Indeed in this case, by virtue of the
theorem proved in [35], the expressions of the form (8.4b) have nonintegrable
singularities. The multiplers of the form

o(p)—o(p—k)
o(p)—o(q)

in front of the round brackets in (8.4) have the nonintegrable singularities too.
Moreover, the nonintegrable singularity is contained in the symplectic form
Q| pyp+q (see Formula 8.1).

Thus, the nonlinear equations in two-dimensional space, which describe the
nontrivial scattering of n waves into m waves (n=m) with max dim ™™, does not
possess the nonsingular recursion operator. In particular, the well-known
Kadomtsev—Petviashvili equation [1] for which dimI"***=3 and V{3, =const has
no nonsingular recursion operator.

An analogous situation takes place for three and higher-dimensional spaces
(d=3). Since for d=3 there exist no degenerative dispersion laws with
max dimI™"” [35], the nonlinear equations with maxdim/™” do not possess
nonsingular recursion operators. Only the equations with dim ™™ <max dim ™™™
may have the nonsingular recursion operator.

So we see that the regular recursion operator is a pure one-dimensional
phenomenon. The proposed method of expansion over the fields (ie. the
perturbation theory method) seems to be adequate for an analysis of the problem
of existence or nonexistence of the nonsingular recursion operator in the
multidimensional spaces. All the results of Sects. 7 and 8 can be generalized to the
case of the systems of equations (6.1).

(fie- (k) — (p) — w(k—p)) ™!
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