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Abstract. We study for which left invariant diagonal metrics A on SO(N), the
Euler-Arnold equations

X=[X, (X)), X =(x;j) €50(N), MX);;= A5 Aij=Aji

can be linearized on an abelian variety, i.e. are solvable by quadratures. We
show that, merely by requiring that the solutions of the differential equations
be single-valued functions of complex time ¢ € €, suffices to prove that (under a
non-degeneracy assumption on the metric 1) the only such metrics are those
which satisfy Manakov’s conditions 4;=(b;—b;) (a;—a;)"'. The case of
degenerate metrics is also analyzed. For N =4, this provides a new and simpler
proof of a result of Adler and van Moerbeke [3].

Introduction

Recently the question of understanding the complete integrability (or the non-
integrability) of a Hamiltonian system has regained considerable interest. For
example, Adler and van Moerbeke [2, 3] have discussed and used a criterion to
decide what they propose to call the algebraic complete integrability of a
Hamiltonian system and, in a completely different vein, Ziglin [16, 17] has proved
the (global) non-analytic integrability of the motion of a rigid body around a fixed
point in the presence of gravity except in the three famous well known cases of
Euler, Lagrange and Kowalewski (see also Holmes and Marsden [11]). One of the
most fascinating common features of all these investigations is the connection
between the question of the complete integrability of a Hamiltonian system and
the behaviour of its solutions as functions of complex time. Up to now, this
connection is not understood in general. In this note, we provide an interesting
new example of this connection by showing that, merely by requiring that the
solutions of the differential equations be single-valued functions of t € €, suffices to
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single out the left invariant diagonal metrics on SO(N) for which the Fuler-Arnold
equations, associated to geodesic motion on SO(N), form an algebraically
completely integrable system (in the sense of [3]).

The concept of algebraic complete integrability is a geometric requirement
which explains why, in many examples, most solutions of a Hamiltonian
completely integrable system have to be meromorphic in t € € and in fact, must
blow up after a finite complex time. Namely, given a completely integrable system
with polynomial invariants, it happens quite often that the real invariant tori
obtained from Liouville’s theorem are part of abelian varieties (=complex
algebraic tori) and the flows (run with complex time) generated by the constants of
the motion are straight lines on these abelian varieties. When this does happen, the
phase variables, restricted to a generic complex level manifold defined by the
intersection of the constants of the motion, are meromorphic (abelian) functions
on a compact complex torus, which forces them to blow up along a codimension
one divisor. Hence, the solutions of the differential equations admit Laurent series
expansions in t € € near this divisor and the system possesses “large” families of
complex pole solutions (depending on “dim phase space —1” free parameters). As
was shown by Adler and van Moerbeke [2, 3], the existence of such pole solutions
can be exploited as a criterion to decide the algebraic complete integrability of a
Hamiltonian system. In [3], the criterion is used to detect the algebraically
completely integrable geodesic flows on SO(4) for a left invariant diagonal metric.

Now, trying to apply this method to the geodesic flow on SO(N) leads to
formidable computations which are in fact impossible to carry out even with the
help of a computer! To understand this, it is important to realize that the algebraic
complete integrability hypothesis is an assumption on the “general” solution of the
differential equations; namely, any solution with initial condition on a generic
complex level manifold defined by the intersection of the constants of the motion,
must blow up in a meromorphic fashion. In Sect. 1, we prove that such a generic
assumption certainly implies that all solutions of the differential equations have to
be single-valued functions of teC. Now, it turns out that the Euler-Arnold
equations associated to the geodesic flow on SO(N) possess a lot of linear invariant
manifolds on which they reduce to geodesic flow on SO(3). So, the solutions of the
differential equations with initial conditions on these invariant manifolds are
elliptic functions and this, without any condition on the metric. Surprisingly,
looking at solutions near these special a priori known solutions and imposing
these solutions to be single-valued functions of ¢ € €, will suffice to single out the
algebraically completely integrable geodesic flows on SO(N) for a left invariant
diagonal metric. For the sake of clarity we shall argue in two steps: Sect. 3 deals
with the case N =4 while the general case will be treated in Sect. 4 by restricting the
flow to various linear invariant manifolds on which it reduces to geodesic flow on
SO(4). As a by-product, this will provide a very simple new proof of Adler-van
Moerbeke’s result [3]. In Sect. 2, we recall some more or less well known results
concerning a class of algebraically completely integrable geadesic flows on SO(N)
first discovered by Manakov [12] and in Sect. 4, it is proved that for N=5,
Manakov’s metrics are the only left invariant diagonal metrics on SO(N) for which
the Euler-Arnold equations are algebraically completely integrable.
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1. Algebraic Complete Integrability and Single-Valuedness of Solutions

In this section we prove that all solutions of an algebraically completely integrable
system (in the sense of Adler and van Moerbeke [3]) have to be single-valued
functions of ¢t € C. By this we mean that, if it is possible to perform the analytic
continuation of a solution along some closed path in the complex t-plane, the
result must be a single-valued function of t € C. As emphasized in the introduction,
merely this property will suffice to single out the algebraically completely
integrable geodesic flows on SO(N) for a left invariant diagonal metric. But, first of
all, we need to explain the concept of algebraic complete integrability.
Consider

0 L
x=J£;xe]R"‘, m=2n+k, J(x)polynomial in x, (1.1

a Hamiltonian completely integrable system with n+ k functionally independent
0H, . ;
invariants Hy,...,H,,, of which k lead to zero vector fields J (ﬁ) =0
(j=1,...,k)", the n remaining ones being in involution ({H;, H;}=0). By the
n+k

Arnold-Liouville theorem, if the invariant manifolds () {H;=c;}CR™ are
i=1
compact then, for most values of c;eIR, their connected components are
diffeomorphic to real tori IR"/Lattice and the flows @}(x) defined by the vector fields
Xy, (i=1,...,n) are straight lines on these tori.
Let now x € C", t € C. By the functional independence of the integrals, the map -

I:(Hy,...,H,,,): C">C"** (1.2)

is submersive [i.e. dH(x), ..., dH, , (x) are linearly independent] on a non-empty
Zariski open set SCC™. Let 4=I(C™\S) be the set of critical values of I, i.e.

A={c=(c)eC"™*3xel " Y(c) with dH(x),...,dH, (x)} (1.3)
linearly dependent

and denote by A the Zariski closure of 4 in €"** Following Adler and van
Moerbeke [3], we define

Definition 1.1. The system (1.1) will be called algebraically completely integrable
with abelian functions x; (in short a.ci) when, for every ce C"*¥\4, the fibre
A,=1"Y(c) is the affine part of an abelian variety 4, ~C"/L, and moreover, the
flows @i(x), x € 4., t € C, defined by the vector fields X (i=1,...,n) are straight
lines on C"/L,, i.c.

[pi()];=fi{p+ (K, ... k) (1.4)

with f(ty, ..., t,) abelian (meromorphic) functions on C'/L,, fp)=x;(=1,...,m).
From (1.4), it is clear that the algebraic complete integrability assumption
implies that any solution of (1.1) (or of any other commuting vector field X ; ) with

initial condition on a non-critical level manifold A,=1"'(c) is a meromorphic
function of t € € and thus, a fortiori, it is a single-valued function of t € C. That this

1 Usually, Hamiltonian completely integrable systems possess trivial invariants
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forces in fact all solutions of (1.1) to be single-valued functions of t € € will now be
established but, before this, we need some Lemmas.

Lemma 1.2, The set _

¢ se A={xeCMI(x)eC+H\J) (1.5)
is a non-empty Zariski open set in C". Hence A is everywhere dense in C" for the
usual topology.

Proof. Since a polynomial map is continuous for the Zariski topology,
A=1"1(C"*"\4) is certainly a Zariski open set in C™. Suppose it is empty, i.e.
I(C™) C 4. By the functional independence of the integrals, the map I is submersive
on a non-empty Zariski open set SCC™ and thus I(S) is open in C***. Now, by
Sard’s lemma for varieties [13, p. 42], €"**\4 is a non-empty Zariski open set
(hence everywhere dense for the usual topology) in €"**. So, I(S)N(C" " "\4)+ ¢, a
contradiction. This proves Lemma 1.2.

Lemma 1.3. Suppose you have a system
x=f(x); xeC", f holomorphic on C", (1.6)

such that all solutions of (1.6) with initial conditions in a dense set ACC™ are
(analytic) single-valued functions of t€C. Then

(i) all solutions of (1.6) are single-valued functions of teC,

(i1) if (1) is a particular solution of (1.6) holomorphic along some closed pathlin
the complex t-plane, the analytic continuation along | of any solution of the
variational (linearized) equations:

5= (oo (L.7)

has to be single-valued.

Proof. (i) Let x°e €™, x° ¢ 4 and ¢(t, x°) be the solution of (1.6) with ¢(0, x°) = x°
holomorphic in ¢ for |¢| small enough. Let [,, [, be two paths from 0 to we C, w0,
along which this solution can be analytically continued and denote by ¢(z, x%)
(i=1,2) these analytic continuations. Let also V; (i=1,2) be simply connected
neighborhoods of I; (i=1, 2) in which ¢'(t, x°) are holomorphic as in Fig. 1. By the
theorem of analytic dependence of initial conditions [5, Theorem 8.2, p. 35], there
exists then a ball B(x% r)CC™ of center x° and radius r such that for every
x € B(x°,7) the system (1.6) has solutions ¢(t, x) with ¢’(0, x) =x holomorphic in
teV;(i=1,2) and x e B(x°r). Since A is dense, we can find a sequence of points

Fig. 1
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x*=x%+ gk, [u¥] =1, x* € A4 which converges to x° and so, for k big enough, the
system (1.6) has solutions @(t,x°+¢gu*) with ¢'(0,x° + gu*) = x4+ g u* = x*,
holomorphic in V; (i=1, 2), which can be expanded in convergent series:

. : m Jpt
@'t x° +euf) = @'(t, x°) + ¢, 3 L (&, x°)ul+0(eP).

s=1 0xs

By hypothesis, since x*=x°+ ¢gu* € A, one has
0= (pl(t7 xk) - <p2(t’ xk) = gol(ta xO) - ¢2(t’ xO) + O(Sk)

in some neighborhood of w.
Letting k— 00, ¢,—0 and since |uf|< 1, this obviously implies:

@'(t, x°)— @*(t,x°)=0 in some neighborhood of w
which proves (i).

(ii) Consider now a [necessarily single-valued by (i)] solution ¢(t, x°) of (1.6)
with ¢(0, x°) = x°, which can be analytically continued along two paths [, and [, as
in Fig. 1. Given 6°eC™, §° arbitrary, the system (1.6) has, for ¢ small enough,
solutions @(t, x? +&6%) with ¢%(0,x° +£6%) = x°+&6° holomorphic in V; (i=1,2)
which can be expanded in convergent series:

@'(t, x°+e6%) = @'(t, x°) + £5'(t, 6°) + O(e?),
where 6%(t, °) are the solutions of the variational equations (1.7) in V; such that
50, %) =6°. By (i), for & small enough, one has
0=0'(t, x°+£0%) — @*(t, x° +£6°) =£(8' (¢, 6°) — 8%(t, 6°)) + O(¢*)

in some neighborhood of w which implies (¢, 6% —0%(t,6°)=0 in some
neighborhood of w.
This finishes the proof of Lemma 1.3.

Corollary 1.4. If (1.1) is algebraically completely integrable with abelian functions
X;, then the conclusions (i) and (ii) of Lemma 1.3 hold.

Proof. By the algebraic complete integrability assumption, every solution of (1.1)
with initial condition in the set 4 (1.5) is a meromorphic function of t € € and thus,
afortiori, a single-valued function of t € C. By Lemma 1.2, A is everywhere dense in
C™. This proves Corollary 1.4.

Conjecture. If (1.1) is a.c.i. with abelian functions x;, then all its solutions are
meromorphic functions of ¢t € €, i.e. the analytic continuation of any solution of
(1.1) can lead to at worst pole singularities.

2. Manakov’s Geodesic Flows on SO(N)

From now on until the end of this note, we shall be concerned with the following
system of differential equations:

X=[X,AX)],
X=(x)= Y x;e;€50(N), @2.1)

A‘(X)ij-: A'ijxij: lij:j'ji .
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Defining
A’i‘}ziij—lkz ) 2.2)
(2.1) takes the explicit form

N
Xij= 2. Allz;xikxkj' (2.3)
k=1

Equations (2.1) are the well known Euler-Arnold equations associated to geodesic
motion on SO(N) for a left invariant metric A diagonal in the usual basis
(eij)1 <i<j<nOf the Lie algebra so(N). They form a Hamiltonian system with regard
to the usual Kostant-Kirillov symplectic structure on each orbit in so(N)* = so(N)

defined by setting the [—12\—]] polynomial invariants Tr X (1 <i< [g]) equal to

generic constants. Functions H defined on the orbit lead to Hamiltonian vector
fields

X=[X,VH(X)]. (2.4)

1
2
identically zero vector fields (see [4, Appendix 2]). Since the dimension of the phase
space is M_—Q — N ne need l M — N non-trivial invariant

p 5 7|0 S5 3 7 - ariants
to make the system completely integrable. One such instance is known and was
first discovered by Manakov [12], namely if the metric 4 satisfies:

b.—b.

= l—aJ < [X,b]+[a, (X)]=0, VX

j

In particular H =~ 3 4;;x7 leads to (2.1) while the orbit invariants Tr X* lead to
i<

ij
with (2.5
a=diag(ay, ...,ay), b=diag(by, ...,by), I'1(a;—a;)*0.
i<j

Then Egs. (2.1) become equivalent to
(X 4 ah) =[X +ah, A(X)+bh] (2.6)

with a formal indeterminate 4. Equation (2.6) is an example of what is now usually
called a “Lax equation with a parameter.” It means that, for each heC, the
spectrum of the matrix X + ah is time independent or, what amounts to the same
information, if we form the characteristic polynomial

det(X +ah—zI)=Q3,(X)+ Niz Y Qi(X)zh + II_VI (ath—2z), (2.7
i+ k=1

r=1i+j=r

the Q;;(X) are constants of the motion where, because of the antisymmetry of X,

Qoo(X)=|/detX =\pfafﬁan of X,

i+j even when N is odd
AX)=0 f
0:(X) or {i-{—j odd when N is even.

(2.8)
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An elementary count shows one produces in this way the right number (=4 dim
phase space) of non-trivial invariants. A nice proof of their independence and their
involutivity can be found in [15].

Also, the flows X, (j+0) can be linearized on an abelian variety as a
consequence of a recent general theory [ 1, 9. Namely, consider the spectral curve:

R:{(z,h) e C?|det(X +ah—zI)=0 with Q;(X)=c;}. (2.9
For generic c=(c;;), R is a non-singular algebraic plane curve of degree N, so its
(N-1)(N-2)

genus is g= . Because of the antisymmetry of X, the map :: R

2
—R:(z,h)(—z,— h)is an involution on R with fixed points the N distinct points
over h= 00, together with the origin (0, 0) in the case N is odd. By the Riemann-
Hurwitz formula, the quotient curve R,=R/1 has genus:

-2 N even
4
go=genus(Ry=R/1)= _ _
WD)y g

and so, the Prym variety Prym,R in the Jacobi variety of R has dimension

— 1
g—go= % (W - [g]) = Edim (phase space). Let now A, be the complex
affine variety defined by the intersection of the c}cv)(gs_t';l)nts of the motion:

A= N{QyX)=cpcC 2 . (2.10)

Clearly, by (2.7), the finite group action

G:X\DXD!
@.11)

N—-1
with D=diag(1,d,,...,dy_),d;=+1, [] d;=1 when N is even?
i=1

leaves A, invariant. Let also ¢(1=<j<g,), w,(1=k=<g—g,) be a basis of
holomorphic differentials on R (2.9) satisfying 1*(¢;) = ¢; and 1*(y,) = — ;. One
has then the following

Theorem 1 [1, 6, 10]. The system (2.1) with A satisfying (2.5) is algebraically
completely integrable with abelian functions x;.

More precisely, there is a one-to-one algebraic map from the affine variety A,/G
onto a Zariski open set U C Prym,(R):

g
AJ)G—>UCPrym(R): X e A /G D= Y we¥,
i=1
such that any smooth Hamiltonian H(Q,(X)) leads to a linear flow on Prym,(R)i.e.
mift)

d 4
Eigl (j)‘ ((019"'9(Pg051‘p1ﬁ"'ﬁlPQ—go)=(03"'aoakls"'ﬂkg—go)'

2  When N is even, the restriction IId;=1 must be made so as to leave the pfaffian

Qoo(X) = 1/@)2 invariant
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Moreover,
Prym,(R)\% =6 Prym (R)
with 0 some translate of the 6-divisor in Jac(R).

Finally, the variety A, (2.10) itself is the affine part of an abelian variety A, which
is an unramified cover of degree 2V~ (when N is odd) or 2¥ 2 (when N is even) of
Prym, (R), obtained by multiplying some periods of Prym,(R) by two.

Remarks. 1. Theorem 1 is part of the following wider statement, a proof of which
can be found in [1, 6]. Namely, consider

diag(X)=0 and spectrum of X + ah is fixed

Me={Xegltn.©)| cach he € with a=diag(a,. ...ay)} .

On M, the group IT of invertible diagonal matrices acts by conjugation and it can
be shown that M /II=JacR\{a translate of the #-divisor} with R the algebraic
curve defined by R : det(X + ah—zI) =0. Functions defined on M, invariant under
the action of IT (like x;;x;;) are thus abelian functions on Jac(R). Explicit formulae
can be found in [7, p. 82]. In particular, the divisor structure of x;x;; is given by:

with 0, 0;; suitable translates of the 0-divisor of Jac(R).

2. In the skew-symmetric case, as explained above, the curve R has an
involution 1: (z, h)~(—z, — h),the action of IT on the variety 4, (2.10) reduces to
the action G defined in (2.11) and 4,/G =Prym (R)\(6,nPrym,(R)). The fact that
A, itselfis the affine part of an abelian variety A, covering Prym,(R) was first stated
and proved by the author in [10] for N =4. In that case, the curve R (2.9) has genus
3, the variety A4, (2.10) is an intersection of 4 quadrics in €° and the abelian variety
A, can be identified as a Prym variety Prym,(C) of another genus 3 curve C nicely
connected with the geometry of the situation and which is only isogenous to
Prym,(R) (see [ 10, Theorem 4, p. 4577). As such this result does not extend to N = 5.
However it is easy to prove that A, (2.10) is still the affine part of an abelian variety
A, by using (2.12) and observing that

0;;nPrym(R) =60;nPrym(R),

which shows that the functions x7, restricted to A,/G are perfect squares of abelian
functions defined on an abelian variety covering Prym,(R).3

The two next sections of this note will be devoted to the proof that (2.5) are the
only left invariant diagonal non-degenerate (i.e. all 4;; distinct) metrics on SO(N)
for which (2.1) is algebraically completely integrable with abelian functions x;;.

3. Geodesic Flow on SO(4)

In this section we provide a very simple new proof that Manakov’s metrics (2.5) are
the only left invariant non-degenerate diagonal metrics on SO(4) for which (2.1) is
algebraically completely integrable with abelian functions x;; which was first

3 A similar éituation arises in the Neumann problem, where A, is a covering of the Jacobi
variety of a hyperelliptic curve and is discussed in full detail in [14, pp. 87-88]
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proved in [3]. As explained in Sect. 1 (Corollary 1.4) it will be sufficient to prove
that they are the only metrics for which the solutions of (2.1) are single-valued
functions of te C.

Theorem 2. For N =4, if the solutions of (2.1) are single-valued (analytic) functions
of teC, then either

K=241,A34(Ass+ Aa—A13—A0) + 434 14(A3s + A — A1 — A34)
+ 41342412+ Az —Aa3—214) =0, 3.1
or
Aia=Azs and Ayz=2Ai, and Aiz=2A,, (3.2)
and this without any (non-degeneracy) assumption on the metric A.

Remarks. 1. Conditions (3.1) and (3.2) were discovered by Adler and van Moerbeke
in [3] using their a.c.i. criterion. In that paper, it is assumed that all ;; are distinct.
Looking at the proof, it is sufficient to assume IT(4;;— A;) =0, which explains the
occurrence of (3.2).

2. Condition (3.1) defines an algebraic variety in €°, a Zariski open set of
which can be rationally parametrized by (2.5) and corresponds thus to Manakov’s
flows (see [3, p. 310, Lemma 3] or Lemma 4.1 in the next section). Under condition
(3.2), Egs. (2.1) (N=4) decouple into two copies of geodesic flow on SO(3) in
the variables X1, 4X4;, X 33 X412, X, + X435 corresponding to the well known
decomposition so(4)=s0(3)@so(3). So, in this case, the system linearizes on a
product of two elliptic curves.

Proof of Theorem 2. From the explicit form of the differential Egs. (2.3), it is easy to
see that the system (2.1) (N =4) possesses the following five linear invariant
manifolds:

I,cC1gigh):
[i={x;=0,1<j<4} (ISi<4), (33)
and
Fo={X3,=X40,X13=X42,X21 =X43}» 34

corresponding to five copies of so(3) sitting in so(4) on which (2.1) (N =4) reduces
to geodesic flow on SO(3). Hence, the solutions of (2.1) (N =4) restricted to I';
(1<i<5) are elliptic functions. By Lemma 1.3 (ii), if the solutions of (2.1) (N =4)
have to be single-valued, the same must then hold for the solutions of the
variational Egs. (1.7) along the special a priori known so(3) solutions. This will
now be analyzed. For the sake of clarity, we shall first assume all A% =+0.

Case 1. I1A%=0. Egs. (2.1) (N =4) restricted to I'; reduce to:
Xo3=A3X04X305  Xoa=A35X23X345 X3a=A33X23%24 (3.5)

X1,=0; X13=0; X14=0.
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Asis well known, (3.5) is solved in terms of elliptic functions (depending on two free
parameters) with four distinct simple poles in their smallest common period
parallelogram. Around each of these poles, one has the following Laurent series
expansions:

Xp3(t, 0 )=t (x5 + (o + F)xgat? +..).,
x24(t7 a, ﬂ)Zl’_l(X(z)4——OCX(Z)4t2+ ), (36)
X34(t, 0 f) =17 (X34 —BxSut® +..),

with
1 1 1
(x23)2 A24A32 > (x24)2 = A43 > (36(3)4)2 A A43 ;
3.7
A%Aﬁﬁ%%hﬂw=—L G

The variational Eqs. (1.7) along the solutions (3.6) decouple into:
O12=A31%25(6, 0, B0 5+ AT x24(t, 4, B)01 4,
O13=A33x,5(t,0, B85+ AL3Ix34(t, o, f) 014, (3.8)
O1a=A35X24(t, %, )0 12+ A34x34(t, 4, f)0 15,

and three other equations.

Now (for each a, §) Egs. (3.8) form a linear system of differential equations with
regular singular points. According to the classical Fuchsian theory of such systems
[5, Chap. 4], to have single-valuedness of the solutions, all the roots of the indicial
equation have to be integers*. Using (3.7), a simple computation shows that the
indicial equation is given by:

K
“‘”<ﬂ+”‘2§Aﬁzﬁ>:“

with K defined by (3.1). So we must have

K=A23A3%A%5r (ri+1); rel. (3.9.1)
Repeating the same argument with I',, ['5, and I, gives:

K=A13A3A%r,(r, +1);  r,el, (3.9.2)

K=A1Z2A314%3r,(rs+1);  r3€eZ, (3.9.3)

K=A13A423433%r,(r,+1); r,el. (3.9.4)

To handle I's, we first change coordinates to

V1i=Xaa+X41, Y2 =X13F X420, Y3 =X31 +Xy3,

Ya=X32=X41,Y5=X13 7 X42, Y6 =X21—X43

(3.10)

4 Ofcourse this does not guarantee the absence of logarithmic terms in the solutions of (3.8), but
we shall not need to worry about this point
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corresponding to the decomposition so(4)=s0(3)@so(3). In these new
coordinates, Egs. (2.1) (N =4) restricted to I;={y,=ys=y¢=0} become:
V1=B3:y2y3;  Y2=Byay1Vsi  V3=B21Y1)2;
V4=0;  ys=0; yg=0,

and the variational Egs. (1.7) along the solutions of (3.11) decouple into:

(.11)

O4=36Y3(£)05— 25y (1) 0,
Os=—t36Y3(1) 04+ 14y 1(0) 0, (3.12)
O6=t5Y2(0)04— 114y1 (D)5,
plus three other equations, with B;;= p;—u; and
2uy =723+ A1 214 =233 — A14,
2uy =13+ 424, 2tps =A13— s (3.13)
2us =121+ 342036 =A12— L34
Assume first B,,; B3B3, +0. Then, as above, Egs. (3.11) are solved in terms of

elliptic functions and Egs. (3.12) form a linear system of differential equations with
regular singular points. The indicial equation reads:

2 2 2

Hig Uzs H3e

rl r+ + + >=0. (3.14)
< B, By3  B3,B,;  By3Bj,

Imposing the roots of (3.14) to be integers, by using (3.13), we find
K=2(1—r3)B,B,3B3,; tseZ. (3.15)
If K=0, from the identity
8B,1B13B3,=2K + ASAS AL + ATSALAL + ATAST AL + AT A3 A5E,
(3.16)

and from the conditions (3.9.i) (1<i<4) and (3.15) one deduces immediately:

1 1 1 1
4=(1-rd)| 2+ + + )
( “)< A D D Tt D TG D

Since K +0, r(r;+1)>0(1 £i<4) and the above equality implies rs =0. But then
the indicial Eq. (3.14) has zero as a triple root. This always leads to logarithmic
terms in the solutions of (3.12) except if 14 =ty 5 =36 =0,1.€. A1, =434, A3 =134,
and A,3=4,,.

In the case where B, B;3B;,=0, (3.9.i) (1 <i<4) and (3.16) immediately imply
K=0.

Case 2. TTAf=0. If some Af=0, we just replace condition (3.9.1) ({i,j, k, I}
={1,2,3,4}) by A%A% A¥=0, and the previous argument goes through leading
always to K=0. This finishes the proof of Theorem 2.
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Remark.In [16], Ziglin has applied Melnikov’s method to prove that the motion of
a non-symmetric (i.¢. all moments of inertia distinct) rigid body in the presence of
gravity does not have any additional real analytic first integral besides the known
ones, by rescaling the variables so that the system can be viewed as a small
perturbation of Euler’s rigid body motion. In principle, such a rescaling can also be
made in the case of geodesic flow on SO(4). For example, corresponding to I', (3.3)
the variables can be rescaled as follows:

X237 223,X24 72245 X34 =234, X127 8213, X13 8213, X147 EZ14,

so that (2.1) (N =4) becomes equivalent to Z = f(z, ¢). However, the reason why the
method does not apply here is that, to prove a global result by Melnikov’s method,
one must express (by some rescaling) the originally given Hamiltonian system as a
perturbation of a completely integrable situation, i.e. the simplified system e=0
must possess besides the two orbit invariants and the Hamiltonian a 4"
independent invariant, which does not seem possible in this case.

4. Geodesic Flow on SO(N)
In this section we prove

Theorem 3. Under the non-degeneracy assumption on the diagonal metric A that all
/A;j be distinct, the system (2.1) is algebraically completely integrable with abelian
Sunctions x;; if and only if the metric A satisfies (2.5).

As announced in the introduction, this theorem will be a straightforward
consequence of the fact that all solutions of an algebraically completely integrable
system have to be single-valued functions of t € C (Corollary 1.4) combined with
the characterization of the left invariant diagonal metrics on SO(4) for which the
solutions of (2.1) are single-valued (Theorem 2). But first, we need to introduce
some notations.

Let X =(x;;) € so(N). To each choice of four distinct indices 1 <m,n,r,s<N,
there corresponds a copy I, of so(4) in so(N):

s ={x;;=0 if i or jé¢{mn,r,s}}. 4.1
Relative to each such copy we define
Koinrs = AmnAs(Ar F Aems — Aoy — Zs)
+ A sy Ao — Do — Ars)

+ )“mr’{ns()'mn + irs - j'nr - }'ms) . (42)
The following expression for K,,,,, will be useful
Kues = At A7 AG + A A A - (43)
N(N—-1)

Note K,ps= — Kppsm = — Kpmrs- L€t K be the algebraic variety in C 2 defined
by
N(N—-1)

K={l=;)eC ? |K,,,=0V1<m,n,r,s<N}. 4.4
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Lemma 4.1. The Zariski open set Kn{IIA}+0, 1<i,j,k<N} of the algebraic
variety K (4.4) can be rationally parametrized by

Aij= bl_bj
a;—a;
a;, b;eC, I (a;—a)+0. In particular dimK =2N —3.

i<j

The proof of Lemma 4.1 is delayed to the end of this section.

Proof of Theorem 3. Suppose (2.1) is algebraically completely integrable with
abelian functions x;;, all 4;; distinct. Then, by Corollary 1.4, the solutions of (2.1)
must be single-valued functions of t € €. From the explicit form of the differential
Eqs. (2.3), one sees easily that each I',,,,., (1 <m,n,r,s<N) (4.1) is a linear invariant
manifold of (2.1) on which (2.1) reduces to geodesic flow on SO(4), i.e.

> Afixux,; if iandje{m,n,rs},

‘ ke{m,n,r,s} ) . ] (4.5)
%;=0 if iorjé¢{mn,r,s}.

X

ij =

So, in particular, the solutions of (4.5) have to be single-valued. By Theorem 2, this
implies K,,,,,=0 and by Lemma 4.1, it follows then that A must satisfy (2.5). This
establishes Theorem 3.

Now, from Theorem 2 and the proof of Theorem 3, the question arises
naturally whether allowing some /;; to become equal could lead to new
algebraically completely integrable flows. That this is not the case is insured by the
following

Proposition 4.2. Let N = 5 and A be an arbitrary diagonal metric on SO(N). Then, if
the solutions of (2.1) are (analytic) single-valued functions of teC, Le K (4.4).

In proving this proposition, the two following lemmas will be useful:

Lemma 4.3. Let 1<m,n,r,s<N and assume some Al%=0 with i,j,ke{m,n,r,s}.

Then K, =0if and only if (A;;= Ay, Ay=Ay) or (Aij=7Au=2y) or (A= Ay=2A3)
with [ defined by {i,j, k, I} ={m,n,r,s}.

Proof. Obvious from the formula (4.3) for K;.

Lemma 4.4. Let N=5. If the metric 4 satisfies

() Ay =Ass=A35,A13=Aas =125, Ap3 =414 =45 and
A13A2343240 or

(i) A1o=7A34, A13=1oas A3 =4A1ss As1 =Asy=As3 =1sy and 413433431 +0, all
solutions of (2.1) (N=5) cannot be single-valued functions of te C.

The proof of Lemma 4.4 is delayed to the end of this section.

Proof of Proposition 4.2. Assume first N =35 and suppose the solutions of (2.1)
(N=5) are- single-valued. Then, as in (4.5), for each choice of indices
1<m,n,r,s<5, the solutions of (2.1) (N =5) restricted to I',,,,, must be single-
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valued and so, by Theorem 2, one of the two following conditions has to be
satisfied:

(Imm‘s : 2’Wln = }’YS’ /lmr = X’ns’ A’ms = lnr) Or (Ilmm‘s : Kmnrs = O) *

We now distinguish several cases.

Case 1. At least three “I conditions” are satisfied. For example I;,3,, I,,35, and
I,,,5 are satisfied, i.e. ,,=A3,=435=445 and A ;3=~A,3=A 1, =4, =24 5=4,s.
By Lemma 43, this immediately implies K ,3,=K;,35=K;s4s
=K345=K3345=0.

Case 2. Two “I conditions” are satisfied. For example 1,5, and I,,5 are satisfied,
ie Aip=A34=A43s5, A13=Aps=4,5 and A,35=24;,=4,5. By Lemma 4.3, these
conditions imply K, ,,5 =K, 3,5=K,345=0. If 41342143240, by Lemma 4.4 (i),
all solutions of (2.1) (N = 5) cannot be single-valued. Thus 4}3 421 43% =0 implying
Ki334=Ki235 =0.

Case 3. One “I condition” is satisfied. For example 11,34, 111335, 111345, 1113455
and I1,,,s are satisfied. If [TA% =40, I1,,,5, 11,345, and I1,5, 5 imply K,,5, =0 (see

the proof of Lemma 4.1). Suppz)se now some A% =0.1f1<i,j,k<4,fromI,,5, and

Lemma 4.3 it follows that K, ,3, =0. So the only cases still to be considered are:
(@) Af=0 or (b) A3=0 (1=i,j=4).

We do this schematically. Define k, [ by {i,j, k, [} ={1,2,3,4}
(@) Ais=Aip Aij= Ay A= Aj A= A,

o

s
Aij=his=Au  Aij=his Aij=Ais=4js
A=ty ;s
K1234=0 Hijls szks
l L apanag=o
e B ks a0
hy=tis
Ki334=0 s

Ki234=0 Ki334=0 or As;=A4s;=4s3=1s4
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(b) /15i = /15j7 /11'1: /lkla iik Z/Iﬂ: j’ilzj'jk

I,
!
Asi=As; /15i=/15j=/15k Asi=Asj=1Ay;
A=y IL;s }
K1234=0 go to (a)
l .
Asi=As; Asi=4As;=As Asi=Asj=4;;
Ju= l
go to (a)
K1234=0 /151 =/1522/153:154

The upshot is that Case 3 always leads to K,,5,=0 or (K;,3,+0 and A5, =15,
=As3=4s4). By Lemma 4.4(ii) the last case does not correspond to a situation
where all solutions of (2.1) (N =5) are single-valued and must be rejected. This
proves Proposition 4.2 for N=5.

If N>5, one considers the invariant manifolds I',,,q={x;=0 if i or j
¢ {m,n,r,s,1}} on which (2.1) reduces to geodesic flow on SO(5). From the previous
discussion, it follows then immediately that, if the solutions of (2.1) are single-
valued, all K,,,,,=0, i.e. A€ K. This establishes Proposition 4.2.

We end this section with the proofs of Lemmas 4.1 and 4.4.

Proof of Lemma 4.1. Assume first N=4. From
_bi—b;

i

A

a1:b1=0’ (4.6)

a;—a;’
it follows that
Ag?a3+Ai§a4=0; A%T“2+Aiéa4:0§ A§§a2+A§§a3=0. .7

Since a,a3a, =+ 0, by (4.3), (4.7) implies K, ,3,=0. Conversely, if A€ Kn{ITA%=+0,
1=1,j,k=4}, (4.6) can be solved for g; and b; by

21 431
433452
41 >
A42

by=11505,b3= 11303, b,=1A140a,,

31 21
a,=cA33,a3=cA33,a,=cC

4.8)

with ¢ an arbitrary non-zero constant, [ (a;—a;)=0.
i<j
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If N>5 and Ae Kn{IIA¥%+0}, from K,5;=0 and (4.8) it follows that

b b b,—b
/112=—2,/113=—3a123= z 2
a,—da;
b,—b; bs—b “9)
A b I S Nt N Pt M
a; a,—a; a3 —a;
with
A21A31
ay=cA3z,a3=cA33, q; 2/111132 >
Jj2
by=A1205,b3=1213a3,b4=114a,.
Equations K ,;;=0 imply
b/ ’ /_ ’
b= i I g
a; a,—a;
b/ b/ / b/ b/ (4'10)
A= A ———,/1 X
1 a;’ Y ay—a; ag—a}
with
A3

Qi s 7421 ad.=
a2—CAi23ai_CA2u Jj Ajl »
Jj2

by =241,a5, b5 ="2,3a3, by =14,404 .
Choosing ¢’=cA33(A4i}) ™! shows one may take a;=aq;, b;=b, in (4.9) and (4.10).
This establishes Lemma 4.1.

Proof of Lemma 4.4. Consider the following linear invariant manifold I" of (2.1)
(N=5):

I'={x3;=X41,X13=X42, X33 =X43 aNd  X5; =Xs5;=Xs53=X5,=0}.
Changing coordinates to y; (1 £i<6), xs; (1 <i<5) with y; defined by (3.10) and
since, by hypothesis, in both cases (i) and (ii) A, = A34, 413 =424, and 1,3 = 4,4, Eqs.
(2.1) (N=5) restricted to I'={y,=ys=y¢=2Xs5; =Xs5, =Xs53=X54 =0} reduce to:

V1=A1392Y3, 2 = A4359193, Y3 =A31y192»
Y4=0,y5=0,y=0, (4.11)
Xs51=0,X5,=0,%X53=0,%54,=0.
As in the proof of Theorem 2, (4.11) is solved in terms of elliptic functions and the
variational Egs. (1.7) along these solutions decouple into

2651 =A53y3(8)85;+ A35y2(D) 053+ A5391()) 954 »
26 s2=A153(0) 051 + 435y 1() 053+ A13y,(D) 054,
2053=A13Y2()851 + A33y1(8)85,+ A13y3(0) 654 »
2054 =A73y, (1) 051 + A33y,(1) 355+ A33y3() 053,

4.12)
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and six other equations. Equations (4.12) form a linear system with regular
singular points. In case (i) the roots of the indicial equation are —1, 0, 3,3 while, in
case (ii), putting A5;=0 (which can always be done), one sees easily that —1 is
always a root of the indicial equation. So, in both cases, all solutions of (2.1) (N =5)
cannot be single-valued. This achieves the proof of Lemma 4.4.

Acknowledgements. 1 wish to thank Mark Adler and Pierre van Moerbeke for several useful
discussions concerning this work.
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