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Abstract. We construct quantum stochastic processes whose multi-time
correlation functions, with suitable time ordering, can be obtained from a
quantum dynamical semigroup. We prove that such a process defines a
stationary Markov dilation of the associated semigroup if and only if (up to
technicalities) the semigroup satisfies the quantum detailed balance condition
with respect to its stationary state.

1. Introduction

Quantum dynamical semigroups have been widely used in the last ten years to
describe irreversible time evolutions of open systems. The connection with the
underlying Hamiltonian dynamics of isolated systems has been investigated in
both directions. For a class of models of open systems, it has been proved that the
reduced evolution converges to a dynamical semigroup in the weak or the singular
coupling limit [ 1, 2]. Conversely, it has been shown that any dynamical semigroup
&, on a C*-algebra 4 admits a unitary dilation, consisting of an embedding j, of #
into another C*-algebra <7, a group «, of *-automorphisms of .« and a norm one
projection E, of o/ onto j, (%) such that ®,=j, 'Eyaj, for all ¢t in R* [3-5];
however, the unitary dilation is far from unique.

More recently, it was recognized that a tighter connection between irreversible
evolution and underlying Hamiltonian dynamics could be obtained by the
consideration of multi-time correlation functions [6]. This leads to the idea of a
quantum stochastic process [ 7-9], which should be determined up to equivalence
by its multi-time correlations, much in the same way as a stochastic process in the
sense of Doob is determined by its finite-dimensional joint distributions. Then it
becomes possible to require that the unitary dilation defines a Markov process.
The convergence of multi-time correlations in the weak or the singular coupling
limit was proved by Diimcke [10, 11] for a class of models; the converse problem
of Markov dilations has been investigated by Kiimmerer and Schroder [12-14,
11]. Related works include the generalized K-flows of Emch et al. [15, 16] and the
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construction of quantum stochastic processes via the solution of noncommutative
stochastic differential equations, given by Hudson and Parthasarathy [17, 11], see
also von Waldenfels [18, 11].

In the present paper, we associate a quantum stochastic process (in the sense of
Accardi et al. [8]) with a quantum dynamical semigroup of Lindblad type [19].
The construction is made via Diimcke’s results on the convergence of multi-time
correlations in the singular coupling limit [10] and the reconstruction theorem of
[8]. Next, we prove that the process is stationary and Markov if and only if (up to
minor technicalities) the dynamical semigroup satisfies the quantum detailed
balance condition [20, 21] with respect to its stationary state.

Section 2 of the paper contains a collection of the definitions we need. We give
the construction of the process in Sect. 3, and we prove the connection with
quantum detailed balance in Sect. 4.

Before entering the technical details, we wish to give a rough idea of what is
going on. A quantum stochastic process (in the sense of [8]) over a C*- or W*-
algebra 4 consists of a family {j,:t€ R} of identity preserving embeddings of %4
into another C*- or W*-algebra o7, together with a state u on /. It defines a
unitary dilation of a dynamical semigroup @, on 4 if, in addition, there exists a
group {a,:teR} of *-automorphisms of .o/ such that j,=a,j,, and the state y is
obtained as u=g o j, 'E,, ¢ being a state on %, and E, being a norm one projection
onto jo (%) such that ®, =j, ' Eqo,j,. Conversely, a unitary dilation of @, and a state
0 on # define a quantum stochastic process.

A process can be reconstructed uniquely up to equivalence from its correlation
kernels [8], defined as

We, e Ars oo Ays By ooy B) = (e (AD). i (AD)J,(By)- i (B1)) . (1.1)

Aoy Ay, By ..., B,eB ty, ..., t,€ R, ne N. However, a dynamical semigroup @,
and a state ¢ on # can only determine the time-ordered correlation kernels

0= gt,=...5t,) via
Wer, oA - Ay By, o, B) =0(P,, (A Dy, - (A P (A¥B,)...B;)By)).

(1.2)

th—th-1

The time-ordered kernels (1.2) do not suffice to determine all the correlation
kernels (1.1), unless the commutation relations of .7 are known in advance, as is the
case for classical systems, or for quasi-free Bose or Fermi systems [ 16, 22,23, 8]. In
the general situation, a dynamical semigroup may have inequivalent unitary
dilations satisfying (1.2), corresponding, for instance, to an interaction of the
system of interest with a reservoir of boson or of fermion type.

What is worse, Eq. (1.2) does not provide sufficient information for the
construction of a quantum stochastic process associated with a dynamical
semigroup. Hence we must resort to a different method of construction; here we
employ the results of Diimcke [10] to define the correlation kernels of the process
as

Wi oo (A, Ay By, BY)
=lingQ®QR(OCZ(A’1"®11)---Otfn(A;k®11)afn(Bn®1l)'--afl(31®11)), (1.3)
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where {of: t €R} is the time evolution of a composite system, becoming more and
more singular as ¢—»0. The process constructed in this way satisfies (1.2). We do not
know, in general, whether the limiting process (<, {j,: t € R}, u) is equipped with a
group «, of *-automorphisms of .o/ such that j, = o,j,. However, this is certainly the
case if the process is stationary: then also oo, =u and g - @, = . Moreover, if we
let &, =j, 'Eqoi_jo,te R™, we have

o(?; (A)B)=0(A®(B)) for all A, Bin %, tin R", (1.4)

and it follows from the construction (cf. [24]) that the infinitesimal generators L
and L* of @, and &, respectively satisfy

L(B)—L*(B)=2i[H,B] (H=H*) forall Bin 4. (1.5)

Equations (1.4) and (1.5) together define the quantum detailed balance condition
[20, 21]. Conversely, for a quantum dynamical semigroup of Lindblad type
satisfying the detailed balance condition, we prove that the associated process is
stationary. The Markov property, defined in terms of conditional expectations,
follows with the aid of Takesaki’s theorem [25].

As pointed out by Kiimmerer [12], Eq. (1.4) is a necessary condition for the
existence of a stationary Markov dilation. The additional condition (1.5) seems to
be related to the method of construction; however, we are not aware of any
example of a stationary Markov dilation for a quantum dynamical semigroup
which does not satisfy detailed balance.

2. Definitions

Throughout the following, % will denote a W*-algebra.

A dynamical semigroup {®,:teIR*} on % is a weakly * continuous semigroup
of completely positive identity preserving normal linear maps of 4 into itself, @,
being the identity map.

A dynamical semigroup @, on 4 will be said to be of finite Lindblad type if it is
norm continuous, with infinitesimal generator L given by

N
L(B)=i[H,B]+ ¥ Vy*BV,—4[V}V,B], @.1)
j=1
for all B in %, where H=H*e %, Ve #,j=1,...,N (cf. [19]).

A norm continuous dynamical semigroup @, =exp Lt on 4 is said to satisfy the
detailed balance condition[20, 21 with respect to a faithful normal state ¢ on 4 if
there exists another norm continuous dynamical semigroup @, =exp L't on %
such that

o(L*(4)B)=g(AL(B)) forall A, Bin %4, (2.2)
and
L(B)—L*(B)=2i[H,B],H=H*e%, forallBin %. (2.3)

A stochastic process [8, 9] over # is a triple (<, {j, : t IR}, u), where o7 is a C*-
algebra, j, is a *-representation of 4 into .7, with j(1,)=1_, for each t in R, & is
generated by j(#):teR, and p is a state on /.
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Two stochastic processes over 4 are said to be equivalent if they have the same
correlation kernels, defined by

wtl,...,t"(Ab LEXEY An’ Bls sy Bn) =:u'(]t1(A>1k)]t"(A;k)]tn(Bn)]gl(Bl)) s (24)

forall Ay, ..., 4,, By,....,B,in %, t,,...,t,in R, and n in N. By going to the GNS
representation and taking the double commutant, it is always possible (up to
equivalence) to assume that .o/ is a W*-algebra and p is a normal state; we shall do
so in the following. In the special case when j, is faithful and normal for all ¢, we
shall say that (<7, {j,:t e R}, u) is a W*-stochastic process.

A stochastic process is said to be stationary if, for all 4,,...,A4,, B,,...,B, in
B,ty,...,t, tin R and nin N one has

Wn,...,tn(Al’ “'aAn;Bla "'9Bn):Wt1+t,...,tn+t(Alﬂ "'7An;B1’ -"’Bn)s (25)

or, equivalently, if there exists a group {«,:t€ R} of *-automorphisms of .« such
that j,=o,jy, u=poa, for all t in R.

Given a stochastic process (<, {j,:t € R}, u), for any subset I of R, let <7,
denote the W*-subalgebra of .o/ generated by j,(#): t € I. Then the process is said
to be Markov if, for each ¢ in IR, there exists a conditional expectation E_ , ,; of o/
onto &/ _, ,» which is compatible with y in the sense that

p=l - w,0)°E- .0 (2.6)
and satisfies
E(_wyt](d[t,‘*'oo)):%{t}' 2.7

A stochastic dilation of a dynamical semigroup @, on 4 is a stochastic process
(o, {j,: te R}, p) over & such that j, is invertible, and there exists a conditional
expectation Ey,, of o/ onto «/(,,, compatible with y, satisfying

Jo 'E0(e(A9). (A0, (By)--ji,(B1))
=9, (419, (43...9,,,,_(47B,)...B2)B}), 23

forall4,,...,4,,B;,...,B,in%3,0=t,<t,=<...Zt,in R, and nin IN. A stationary
Markov dilation [ 12-14] of a dynamical semigroup &, on 4 is a stationary Markov
W*-stochastic process (<, {j,: t € IR}, u) over & such that there exists a normal
conditional expectation E, of o/ onto /|, compatible with y, satisfying

®,=jo "Ej=jo "E(~w,0y;) foralltin R*. (2.9)

A stationary Markov dilation is both a stochastic dilation [12, 9] and a unitary
dilation in the sense of the Introduction.

3. Stochastic Dilations

Let @, =exp Lt be a dynamical semigroup of finite Lindblad type on a W*-algebra
A, describing the irreversible time evolution of a quantum system. We have

N
L(B)=i[H,B]+ 3 V;*BV,~4[V}*V,.B], (3.1)
j=1
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for all B in #, where H=H*e %, V;e %, j=1,...,N. We construct a stochastic
dilation of @, by coupling the system to a suitable reservoir and taking the singular
coupling limit, as in [2, 10].

Let # be the antisymmetric Fock space over the direct sum of N copies of
I*(R). Denote by Q the vacuum vector, and by a;(f), a,(f)* the annihilation and
creation operators for a fermion with wave-function f in the j* copy of I*(IR). Let
{a?:teR} be the weakly * continuous group of normal *-automorphisms of
A =BRQA(F), determined by

o (B®ayf))=e""Be ™'®ayf) (3-2)

forall Bin 4, fin I>(R),jin {1,...,N} and t in R, where H = H* is the same as in
(3.1), and where f,(s)=f(s—t) for all f in I*(R) and all s,¢ in R.
Let {f*:¢>0} be a family of real-valued test functions in I*(IR), such that

(t—s)=(f 1D, s,telR,  £>0, (3.3)

defines a positive symmetric function h° in L' (R), with ||#*|, independent of ¢, and
such that

lim | g(s)h*(t —s)ds = g(t) 3.4
e~0R

for all continuous and bounded functions g on R and all 7 in R (for example, let
SHw)=@2n) " exp[ —&?w?/8], leading to h*(t)=¢~'n~ ' exp[—1*/e*]).
Let V* be the self-adjoint element of .o/ defined by

Vs T Va9 +K@als . (9

The integral equation
oA =0 A+ 2 (VS (A, (3.6)
Aes/, may be solved by iteration (Dyson series), and defines a weakly*

continuous group {o¢:t € R} of normal *-automorphisms of «7. For each ¢ in R,
define a faithful normal *-representation j¢ of % into ./ by

JiB)=w(B®1)=Ui(BQ1) U* 3.7

for all Bin 4 and ¢ in R, where U? €./ is the solution of the differential equation

d , N
@ Ui=iU: [H—I— j; VF®ai f)+ Vj®aj(ff)*J , Uy=1. (3.8)
Finally, denote by F, the map of ./ onto 4 defined by

Fo(BRA)=(Q,AQB, BeB, AcBF). 3.9)

Theorem 3.1 (Diimcke [ 10, 117). Forall B, ..., B,in %,t,, ..., t,in R and nin N, the
expressions

Fo(i,(B1).-.J:,(By) (3.10)
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converge in norm in the limit as ¢—0, uniformly for B, ..., B, in a compact ball,
t1s .. t, in a compact interval, and n in a finite set. The limit may be computed by
means of a term-by-term evaluation of a uniformly convergent Dyson series.
Moreover, for “pyramidal” time ordering, 0=t <...<t,, we have

lifg Fo(ji,(AD). - i, (AN, (By)...Ji,(B1))
=9, (AP, (A5...®, _, (AFB,)...B,)B,) (3.11)
forall A, ..., A, By,...,B, in %.

Proof. See [10] for the case of pyramidal time ordering and the Appendix for the
general case. [

Let «7° be the W*-subalgebra of .o/ generated by j4(%): t € R. Let ¢ be a normal
state on # such that the GNS representation =, is faithful, and let u* be the
restriction of go F,, to «/°. Then we have

Theorem 3.2. The correlation kernels w;,  , of the quantum stochastic process
(%, {ji : t e R}, p®) converge in the limit as e—0 to the correlation kernelsw,, ., of
a quantum stochastic process (</,{j,:t e R}, u), which is a stochastic dilation of
&, =explLt.

Proof. Forall A,, ..., A,, By, ...,B,in 4, t,,...,t,in R and nin N, the expression
Wi, oi(A s oo Ays By, oo B) = 0(Fo[Ji (AT i (AN)]:.(B)- - Ji, (B

converges in the limit as ¢—0, by Theorem 3.1; denote its limit by
W, oAt .., Ay By, ..., B,). This defines a family {w, _, :ty,....t,e R,ne N}
of functions

Wi (BX . XBYX(Bx...xB)->C,

n times n times

which inherit from {wj ., :t;,....t,e R,neN} the following properties:
CK 1 (projectivity): If A,=B,=1, k=1,...,n, then

WA Ay By, G B)=w, (Ag, s Ayy oy Ay; By, .o, By, .., By,

..... Tiyoonstn

where the marking "~ above a symbol indicates that it must be omitted;

CK2 (positivity): w,, ., 1is a positive definite kernel [4] on (% x... x %)
X(BX...xXRB),

CK3 (normalization): w(1, 1)=1;

CK4 (sesquilinearity): w,, ., is linear in the last n arguments and conjugate-
linear in the first n arguments;

CKS5 (*-condition): the map 4,, B,—w,, . .(A;,...,4,;B;,...,B,) of #x % into
C factors through the map 4,, B,—>A¥B, of # x % into %;

CK6 (multiplicativity): if t,=t,_, k=2,...,n, we have

wt1,...,tn(A1> '-'9An;Bl’ ""Bn)
=th ..... [ tn(Al’""AkAk“l""ﬂAn;Bl’“'?BkBk—lﬁ"‘ﬂBn)'
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These are the hypotheses of the reconstruction theorem of [8], hence there exists a
stochastic process (<7, {j,:t€ R}, n), unique up to equivalence, such that (2.4)
holds.

We regard o/ as a von Neumann algebra of operators on a Hilbert space J#,
with a cyclic vector & such that (&, A&)=u(A) for all 4 in /. Denote by P, the
orthogonal projection of # onto #,=j,(#)¢&, and let ny(B): Be % denote the
restriction of j(B) to . Since u(jo(B)) = o(B) for all Bin 4, the triple (# o, o, ) is
arealization of the GNS representation associated with the normal state g; then 7,
is normal, and faithful by assumption. Hence also j, is invertible.

Now we prove that Py.o/ P, Cny(%). Since Py(-) P, is a normal linear map and
no(#) is a von Neumann algebra, it suffices to prove that PyAP, € ny(#) for A of
the form

A=j, (A%)..J, (A5)), (B,)..J.,(By) 1 4y, ..., A By, ... B,e B, ty, ..., t,e R,neN,

since the linear span of such A4’s is weakly* dense in /. For all ¢ =j,(4,)¢,
p=Jjo(By)&: Ay, By€ B, we have

((»0’ POAPOU)) = 1111’10 W%,tl,...,tn(on Alv ey An; BO: Bla s Bn)
= oA im Fo[ji,(AD)...Jt (A}, (B,)-..j1(B1)] Bo)
= (7m0 (lim Folit,(AD)-. 5 (ADJE(B)- 2 (B)T) w) . (3.12)

where we have used j§(B) = B®1 for all ¢. Since (3.12) holds for ¢, y in a dense set in
H o, this proves P,/ Py Cno(B).
Then we define a map E,, on o/ by

E{O}(A) =j07'561(P0AP0)Z A E&{ . (3.13)

E,is a norm one projection of .o/ onto .o/ ), hence a conditional expectation, by
Tomiyama’s theorem (see e.g. Theorem 5.3 of [4]). It follows from (3.12), in the
particular case ¢ =y =¢, that

p(A)=g0jg 'E(A) forall Ain o,

so that Ey,, is compatible with u. For all 4,, ..., 4,, By, ...,B,in %,0=¢, ... <t,
in R and n in N, we have, from (3.12) and (3.11),

E 0y, (AT)- - Ji, (ANt (By)- - 1,(B1))
=j0(djt1(AT¢tz—tl(A>2k . ‘d’stn*tn_ I(ArTBn)‘ . -B2)Bl) .

This concludes the proof that (<7, {j,: t e R}, u) is a stochastic dilation of @,.

Theorem 3.3. The process (/,{j,:te R}, u) satisfies the following “Markov
property at t=07: for all A_in o _ , oyand A, in oy, . ), one has

MA-A)=wE(A-)A)=uA_ E0)(A:))=mE o (A-)En (A1), (3.14)

where E,, is the conditional expectation of </ onto o/ o, defined by (3.13).
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Proof. It suffices to show that, for all s,, ...,s,,in R™, ¢, ...,t,in R*, 4,,...,4,,
B, ...,B,in %, and m, n in N, one has

lim Fo[J2,(41). 5, (An)Jf (Bo)-..Jf (B))]
= (lim Fo[iil(Al)...fﬁm(Am)]) (hm FOU;<BI)..J;(B,,>J) :
=0 £—>0

By Theorem 3.1, we may evaluate the limit on the Dyson expansion (see
Appendix). Taking into account Eq. (A.10), it suffices to prove that

0 ¢
lim | | (f& f)dudv=0 forall s<0<t. (3.15)
e=0y=5v=0

Indeed, let v—u=|v|+ Ju|=x, v+u=y: then |y| < x and the double integral in (3.15)

becomes

1 Is|+t  x Is|+¢ 1 |s|+¢
— [ | Edydx= | k(x)xdx== | h¥(x)x|dx
2,20 ym—x 0 2 gt

by the assumed symmetry of A% this vanishes in the limit as e—0, by (3.4), thus
proving (3.15). O

Remarks. (i) The construction works exactly in the same way also if the
antisymmetric Fock space is replaced by the symmetric Fock space (boson
reservoir); this leads to an inequivalent stochastic dilation of @,.

(i) The boson construction should give the same process as the one obtained
by Hudson and Parthasarathy [17, 11] by solving a noncommutative stochastic
differential equation. It seems conceivable that our fermion construction could
also be obtained with the use of the fermion stochastic integral of Streater et al.
[26, 11].

(iii) An alternative approximation method (“multiplicative It0 integral”) has
been used by von Waldenfels [18, 11] in the construction of a quantum stochastic
process modelling atomic radiation. When specialized to that model, our
“Stratonovich-type” approximation method yields the same result as his “Ito-
type” method, by the assumed symmetry of the function h*(t).

(iv) To our knowledge, the first results of this kind were obtained by Davies in
[277; there, however, only the “outgoing states” of the “system plus reservoir” were
constructed.

4. Stationarity, Detailed Balance, and Markov Property

In the present section we assume that the dynamical semigroup @, has a faithful
normal stationary state, and investigate necessary and sufficient conditions for the
stationarity of its stochastic dilation, as constructed in the previous section.

Theorem 4.1. Let @, =exp Lt be a dynamical semigroup of finite Lindblad type on 8,
with a faithful normal stationary state ¢. If the stochastic dilation (<, {j,:t€ R},
f=ge°jo o Ey,) is a stationary process, then ®, satisfies the detailed balance
condition with respect to ¢.



Quantum Detailed Balance 525

Proof. We have @,=j; ' o E(g, 0 j,, te R*. Let also @, be the map on % defined by
¢t+ zjo_loE{O}ojﬁt, [6R+. (4.1)
By the assumed stationarity of the process, we have

A(AP(B)) = u(jo(4)j(B)) = u(jo(A) o (jo(B)))
= u(o—jo(A))jo(B)) = u - (A)jo(B)) =0(®, (4)B)  (4.2)

for all 4, B in #. The same construction as in Theorem 3.1 proves that
&,  =expL't, where

N 1
L*(B)=—i[H,B]+ X V,-*BV,-—E[V,-*V,-,BL, (4.3)
j=1
for all B in £ (cf. [24, Sect. 8]). Then L and L' satisfy (2.2) and (2.3), and detailed
balance holds. [

Theorem 4.1 has a partial converse. Let ¢ be a faithful normal state on a W*-
algebra 4, and denote by {g, : t € R} the associated modular automorphism group.
If 4 is the algebra of all nxn complex matrices for some integer n, then any
dynamical semigroup on 4 is of finite Lindblad type, and it satisfies the detailed
balance condition if and only if [20, 21] its infinitesimal generator L may be
expressed as

L(B)=i[H, B]+ k; VBV, —3[Vi*Vi, B],)

+e PV BV — 5[ ViVi¥, B]+) (4.4)

for all Bin %, where H=H*ec %, V,e %4, k=1, ...,N, and where
o(H)y=H foralltinR, 4.5)
o(Vo)=e*V,, w,eR, foralltin R, k=1,...N. (4.6)

For an arbitrary W*-algebra %, we assume (4.4)-(4.6) as the form of L. Then we
have:

Theorem 4.2. Let ®,=exp Lt be a dynamical semigroup on %, with L of the form
(4.4), satisfying conditions (4.5) and (4.6). Then
() D, satisfies the detailed balance condition with respect to o;
(ii) the stochastic dilation (o, {j,:te R}, u=gojg! oE,) is a stationary
process;
(iil) w is a faithful state on <.

Proof. (i) Using the KMS condition in the form g(AB)=g(c(B)A) for analytic
elements B of 4, A in 4, we find that

o(4[iH, B])= —e([iH, A]1B),
[by (4.5)1;
AA[V#Ve, Bl) =o([Vi* Vi, A1+ B) ,
o(A[VV¥, Bl ) =o([ViVi*, A1, B),
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and
o(AV*BY) =e " Poxo(V,AV* B),

[by (4.6)];
for all A, B in 4. Then (2.2) holds, with L* =L—2i[H, -].

(i) It suffices to prove that the approximating processes (<7, {j*: t € IR}, uf) are
stationary for all &. We need the antisymmetric Fock space over the direct sum of
2N copies of I*(IR), which we label by indices k= + 1, ..., + N. From (3.5), we have

N
Ve= kgl VE®Lay(f)+e P a_,(f*)*]
+V®La(f)* +e P 2a_(f9)]
N
= k; (1+e P9 2[VF@b(f) + @b D],  (&.7)

where we have defined the Bogoliubov transformation

b= +e P 12 a(f)+e " a_(f)] (4.8)

fork=1,...,N, fin I*(IR) (recall that f*is real-valued). It is well known [28] that
the vacuum vector Q is both cyclic and separating for the W*-algebra £ defined by

R={b(f).b(/)*:k=1,...N, fe P(R)}", (4.9)
and that the associated modular automorphism group of # satisfies [29]
albi () =e?*b(f), k=1,.,N, fel*(R). (4.10)

Note that Z® is globally invariant under {a: t € R}, and that V*is in ZQ %, so
that {of:te R} maps Z®Z into itself, and .o/° is a W*-subalgebra of Z#® %. The
state fi=go°Fy#®% is a faithful normal state, and it is invariant under {a:
teR}, by (4.5). The associated modular automorphism group {4,:t€IR} of R
satisfies

G(V?)=V* foralltin R, (4.11)
by (4.6) and (4.10). Then we have, for all 4 in «/® and ¢t in R,
(of(A)) — fi(A) = o (A) — o (A))
=i BV A ds =0,

by (3.6) and (4.11). Then (&%, {ji=aj,:t € R}, u’) is stationary.

(iii) By (ii) above, 6, commutes with of for all s,t in IR [30], hence
6,ji(B)=jio(B) for all s,t in R and B in #. Taking the limit of multi-time
correlations as ¢—0, we obtain

][j; :u(]tl(A 1)' . 'jtm(Am)jm (O-S(Bl))‘ . 'jun(as(Bn)))f(S) dS
= n{ 1Giuy(05(B1))- - (0(Bu))jie, (A1) - o, (An)) f (s — D) ds

forall A,, ..., 4,, By, ...,B,in B, $,t{, ...t Uy, ..., 4, in R, m, nin N, and for all
functions f with Fourier transform in CJ(IR). It follows, as in [31], that the pair
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(o, p) is equipped with a modular automorphism group {o,:se R}, satisfying
O-s [iul(Bl)‘ . 'jun(Bn)] :‘jul(as(Bl))‘ . ‘jun(o.s(Bn)) (4 12)

forall By,...,B,in 4%, s, uy, ...,u,in R, and nin IN; in particular, u is a faithful state
on.o/. [J

We may conclude that the following statements are “essentially equivalent” (up
to technicalities):

(I) &, satisfies detailed balance with respect to g;

(IT) the stochastic dilation («, {j,: t € IR}, u) as constructed from @, and ¢ as in
Sect. 3 is a stationary process, and u is a faithful state on .</.

By using the modular automorphism group of o/ associated with u, the
stationarity of the process, and Takesaki’s theorem on conditional expectations
[25], we can extend the “Markov property at t=0" of Theorem 3.3 to the full
Markov property.

Theorem 4.3. Let (o, {j,:te R}, u) be the stochastic dilation, as in Sect. 3, of a
dynamical semigroup @, on A. If it is a stationary process and u is a faithful state,
then it is a stationary Markov dilation of ®,.

Proof. It remains to prove that j, is a faithful normal map for all in R, E, is a
normal conditional expectation, and the Markov property (2.7) holds. We give the
proofs separately:

(i) Since j,=a,j, and «, is an automorphism leaving the normal state u
invariant, it suffices to prove that j, is normal (j, is faithful by Theorem 3.2). Since u
is faithful, the set of the positive linear functionals on o/ that are dominated by a
scalar multiple of u generates a dense subset of .«7,. Let v be such a positive
functional. Then v+, is dominated by a scalar multiple of u-j, =0, hence it is a
normal functional on 4. By taking linear combinations and norm limits, it follows
that j§ maps .7, into 4,, so that j, is normal.

(ii) E,, satisfies po Egy=0°jo ' o Eqo; = u; and since Ey, is completely positive
and p is a faithful normal state, it follows that Eq, is normal.

(iii) The modular automorphism group {o,:s€ R} of o/ associated with u
commutes with {o,:te€IR} [30], hence all the W*-subalgebras .o/, = V{x,j,(%):
tel}, are globally invariant under o,. By [25], there exist conditional expectations
E; of o/ onto .o/, which are compatible with yu; they are uniquely defined, faithful
and normal. In particular, E _, o, exists. In order to prove that (2.7) holds for t =0,
it suffices to show that, for each A in 7}y . ), there exists A, in .o/, such that

WA_A)=w(A_Ay) forall A_in .o . (4.13)

By Theorem 3.3, (4.13) holds, with Ag=E,(A,). Then E_, (L0, + w) =L o)
By the stationarity of the process, we have o,E_, 0y=E ., 4 %, and (2.7)
follows. [

Remarks: (i) The connection between stationarity of the dilation and the detailed
balance condition for the semigroup should be compared with the “derivation of
detailed balance from microscopic reversibility.” As remarked in [24, 32], such a
derivation is reliable only when the stationary state of the semigroup is the
restriction of a stationary (or, at least, approximately stationary) state for the
global evolution of the larger system.
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(i) The processes we have described are called “quantum diffusions” by
Hudson and Parthasarathy [17], in that they can be constructed with the aid of a
“quantum Wiener process.” It is worth mentioning, in this regard, that a classical
diffusion with a stationary state does indeed satisfy the detailed balance condition
in the sense of [21], as remarked in [32].

Appendix

A published proof of Theorem 3.1 exists only for the case of pyramidal time
ordering [10]. Though the convergence of all multi-time correlations is an
explicitly stated result in Diimcke’s paperin [ 117, we think it convenient to provide
an explicit proof here.

We introduce some notation. For m in N and ¢ in R, let

4.0.5)= {{(51, cnS)eR™:0<s,<...<5, <t} for t=0, A)
{(sgy s S eR™: 1<, ... 55,20} for t=0.
We shall also understand that
Z j fm(t;sb""Sm)dsl“'dsm:fo(t)+ Z j fm(tgsla"wsm)dsl"‘ds
m=0 4,,(0,1) m=1 4,,(0,t)
(A.2)
For A in o/ and t in R, let A()=02(A). It is convenient to rewrite V* as
= Z Fi®e(f*), (A3)
j=1
where
Fi=3(VF¥+V),p;=af+a; for j=1,...,N, (Ad)
i .
FJ 2(V j—N)a(0j=i(a;'k—N_aj—N) for j=N+1,...,2N.
We define also
F+j(A)=FjA7(p+j(A)=(ij,} (A.5)
F~j(A)=AFj: (o—j(A):A(oj,

forall Ain o7, j=1,...,2N. Forall B, ...,B,in 4, t, ..., t, in R and n in N, the
iterative solution of (3.6) yields

Folji,(B1).-Ji,(By)]

-y 3 [ﬁ(isgntk)'"k] f..f >

r=0my+...+my,=rLk=1 Am, (0,81) X o0 X A (0, 80) j1s.. s jr=E1,..., £ 2N

: |:H Sgnjk:l

k=1
'[Fj1(51)~~'ij,(5m1)B1(t1)] [ij,+1(sm1+1)"'ij, +mz(5m1 +my) Ba(12)]
: "’[ijl R +1(Sm1+...+mn_1+1)"‘Fjr(sr)Bn(tn)]

(@, [(le(fsi)--ipjmx(fsf,.z) 1]
@ U D)0 (1] Q)dsyds, (A.6)
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To each ordered r-uple (a4, ...,0,)=(sgnj,, ...,sgnj,) in {—1, +1}", there corre-
sponds a permutation w=mn(xy,...,«,) of {1,...,#} such that (Q,...,Q) in (A.6)
becomes

(‘Q’ q’ljn(ul(f;im)' . (Plfn(r)l(fSi(r)) Q) :
This vanishes for r odd, and for r even, r=2I, it becomes
%(l)(sgnp) l—-[ (Q ¢|Jn p(2g~ 1)|(f;n °p(2g - 1)) (plhc p(Zq)|(~f~;'rc p(Zq)) ) (A7)
DE g=1

where Z(l) is the set of those permutations of {1, ..., 2{} such that p(2q— 1) < p(2q),
p(2g—1)<p(2q+1) for all g, and sgnp is the parity of the permutation p. Taking
into account (A.4), and defining

1 for j=k,
i for j=k—N,
i, k)= A.8
10> 1) —i for j=k+N, (A8)
0 otherwise,
we find that (A.7) becomes
%z) (sgnp) H X (e op(2q— 1)| Ve p(2q)|)h (S op(2q) " Smop(2q— 1))‘ (A.9)
pe?(
Combining (A.6) with (A‘9), we find
Folijt,(By)- -t (Bw)]
-5 x| 1 =
I=0my+...+my=21Lk=1 A (0,81) X oo X Ay (0, 1) oo jr=E1,..., £2N
21
: [H Sgnjk:]
k=1
[F;(s0)---Fj, (Sm)B1(t)) . [F, R G
) '”szz(SZI)Bn(tn)]
1
: %(l) (sgnp) H1 X(Ijﬂop(Zq— v Ijnep(2q)|)ha(snop(2q)_Snop(Zq— 1))d51---d521 ., (A.10)
pe q=

where n=mn(sgnj,,...,sgnj,;). The term-by-term limit as é—0 of the expansion
(A.10) is evaluated by recalling that h*(¢) is a symmetric approximation to d(¢). In
order to prove that the expansion converges uniformly in ¢, we perform some
majorizations. Since |x(j, k)| <1 and k° is a positive symmetric function, we have

1
Z 1_[ hg(snua(Zq) - Suca(2q - 1)) s

eIt
2 l' oeS(2l) g=1

X k)=

pe?(l)

where S(20) is the set of all permutations of {1, ..., 2[}. This is actually independent
of n, and it may be rewritten as

2 [
ol Ps[n F(52g— 520 1)]

21
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where Py denotes the projection onto the totally symmetric functions of sy, ..., 5,,.
Let also |F||=max | F;|, | Bl =max ||B||. Then we find

|r.hs. of (A.10)]| < io: > J...d

1=0 my+.otmpy=20 A, (0,11) X oo X A (0, 8)

@ty [H Ho(53q— 52q- 1)]ds1 dsa.

. 21 21 n
AN IFIZIBI" 0 1
(A11)

Since the integrand is totally symmetric in s, ..., $,,, it is also symmetric in all the
groups of variables (51, ...,5,,)s (Smyt15 o> Smy4mp)s - myt oo dmy_ 41505 S21)-
Hence we may replace

t

1 t

I [..]ds,...ds, by —lf . J[..]ds,...ds
Am(0,1) m: o 0

and obtain a further majorization by extending each integration from

t_ =min(t, 0) to t, =max(t, 0). Then we obtain

© 1
[rhs. of (A.10)[ =B H”lzZO (8N?|F Hz)'ﬁ

20)!
mi+ ... Amy=21 M. M,!

t+

ty 1
* j cen j P5|:H hE(SZq_SZq_l)]dsl...dSZI. (A.lz)
t- t- g=1
The integral is majorized by (|| °||, (¢, —t_))", independent of ¢, as in [ 1]. It remains
to control the behaviour of

r!

C(n,r)= > —

my+ . rmy=r My lm,!

Using C(1,7)=1 for all r, and the easily derived recursion formula

Cnn= 3 (r) Cln—1.5),
s=0 \S

we find that C(n,r)<(r+1)"" 12"~V which is eventually dominated by 2™ for

fixed n and r—oo0. We conclude that the expansion (A.10) is dominated by

(constant)+ || B[" ; l,[8N2|IF(IZ4”IIhlll(t+—t I (A.13)

which is a convergent series, independent of &. Then we are allowed to take the limit
term by term in (A.10). Note that (A.13) proves also the uniformness of the
convergence as stated in Theorem 3.1.
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