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Abstract. We define a frustrated spin-glass model for which the Migdal-
Kadanoff renormalization group is exact. Our model has random couplings,
and the renormalization group acts on these. We study the high and low
temperature phases of the model, exhibit a critical fixed point (in high
dimension), and show that the Edwards-Anderson parameter takes a non-zero
value in the low-temperature phase.

Introduction

In this paper, we analyze a model of spin-glasses which is similar to one studied
before in a joint paper with Glaser and Martin [CEGM]. While that paper was
concerned with what might be called the low-dimensional case, the present paper
deals with the high-dimensional limit. In order to make this paper readable
independently of [CEGM], we have chosen to repeat more or less verbally some of
the introductory parts of that paper. We want to view the spin-glass problem as a
problem of random variables describing random couplings. In particular, we are
interested in the behavior of the effective random coupling under a change of scale.
This will lead us naturally to a renormalization group (RG) approach.

This description will become exact in the hierarchical approximation described
below, see also [GK], and we shall describe and study some aspects of the
corresponding models which are random versions of a Migdal-Kadanoff type
recursion relation [K, M]. Alternately, our approach leads to a study of non-
independent (but not strongly coupled (mean-field) [SK]) random variables, and
our results can be viewed as an example of non-trivial behavior in this field of
mathematics.

The purpose of our paper is to describe and analyze a class of such models, and,
in particular, to study the “evolution” of the effective random coupling as a
function of the size of the lattice (Sects. 2-5).

*  On leave from the University of Geneva
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Fig. 1. a Lattice for d=2, N =3, e horizontal. b Lattice for d=3, N =3, e horizontal

In Sect. 7, we shall then arrive at the proof of existence of a spin-glass transition
in the following sense. For a class of random interactions, we show that at high
temperature, the expected value of the spin is E({s»)=0 and E({s)?)=0, where
{ » denotes the partition sum and E(-) denotes averaging the sample space of
random couplings. At low temperature, we have E({s>)=0, but E({s>?)+0, and
E({s)*)—1 as f+0, indicating a transition of the Edwards-Anderson parameter.
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In Sect. 6, we prove the existence of a critical fixed point for the renormalization
group transformation. There is one relevant direction with eigenvalue ~ 2, and no
marginal directions. Using general results [CEL] it would also be possible to show
the existence of a critical surface.

II. The Models

The models we are considering have two equivalent formulations: One is based on
a construction of Migdal and Kadanoff [M, K], while the other is based on the
recursive diamond shaped lattices (see [GK]).

In the first case, we consider a Z%-lattice with an Ising spin at each site. In this
lattice, we single out a direction, for example the first coordinate e=(1,0,...,0)
and we assume that the system has side 2V in the e-direction and 2V —1 in the
others. The following description should be easier to understand by referring to
Fig. 1.

To each (horizontal) link of the form i,i+ e, i € Z* there is a random coupling &,.
Below, we shall specify the nature, independence, ... of the random variables ¢&,.
There are now two types of interaction between the Ising spins.

i) The interaction energy between s; and s; ., is &,

ii) Every hyper“plane” with fixed first coordinate i, >0 is partioned into

2WH1=nW@=1 hypercubes of dimension d — 1 and of side 2" — 1, where r is given by

=224 2, < <ry<... <Fy;

i; =0 is handled as i, =2". There is an infinite ferromagnetic coupling in each
hypercube, i.e. all spins in one such hypercube are equal.

For a fixed choice of the random variables & ={¢;}, we denote by H (s, &) the
energy of the spin configuration s. The Gibbs density at inverse temperature f5 is

given by o Fxe.9

Gn(s, & B)= Z—em'
"
We are interested in the properties of Gy as a function of f in the thermodynamic
limit, N —oco.

We now give a second description of the model, using a recursive buildup of a
(hierarchical) lattice. This formulation has a natural extension to non-integer
dimensions, as we shall see. One first chooses an integer n= 1 (one should think of
n=2%"1 1in the first formulation of the model). The lattice is then formed
recursively as follows. The first lattice is formed by two sites and one link.

1 4
I

Fig. 2. One bond . s

We call this L. If L,, p=0 has been constructed, then L, , is obtained by
replacing each link by n sites and 2n links connecting each new site to the two
ends of original link (see Fig. 3).

We now consider Ly. To each site i (numbered in some suitable fashion) we
associate an Ising spin, and to each link (i,j) a random coupling constant &; ;.
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Again, for each fixed choice of the random variables, we can define

Hy(s,8)= Z &i, jSiS; -
(nearest:iighbors)
The Gibbs measure is defined as before.

So far, we have said nothing about the nature of the random variables, and the
model still leaves us some freedom of choice. In this paper, we choose each {; ;asan
independent copy of a fixed random variable 5, We assume that #, has finite
variance, and, without loss of generality, that #, has variance 1 (this can be
obtained by a change of the temperature scale). We shall also assume that the
random variables have even distributions, and (for most of the results) that
they have bounded densities. (This excludes Ising-like interactions.)

The above models are parametrized by n and 7. They possess frustration, and,
by construction, the Migdal renormalization transformation [ M] is exact. We also
would like to refer to [BB] for numerical studies for such models.

ITI. Renormalization Transformation

In this section, we establish Migdal’s recursion relations, which are exact for the
models we have described. Consider L. The renormalization consists in
integrating over all spins introduced in the step leading from Ly_, to Ly. The

Fig. 4. Labelling one diamond
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resulting lattice Ly _ , will have new effective (random) coupling constants. We now
derive the formula for getting the new couplings £ as a function of the old ones. It is
clearly sufficient to consider the following situation.

We reemphasize that we want to sum over sy, ...,s, and replace ¢4, ..., &,
&, ..., & by a new random variable € giving an effective coupling between s and s”.

It is useful to introduce the random variables x;=tanh(&), x;=tanh(&).
Moreover, we shall assume that the inverse temperature f has been absorbed in the
definition of the &, We then have to compute

n
I= X H(eéassleéfsl's')

SiyeenSni=1
=+1

= TT coshé;-cosh&]- (14 x;85,)(1 4 xis;5") .
=1

S1seeesSn i
=*1

The factors cosh¢;- cosh ] will eventually disappear in the normalization of the
partition function. We shall omit them, henceforth. The quantity to study is thus

]nj > (14 x88) (1 + xis;8")

i=1s;==%1
— 2” ﬁ 1
7 2 cosh(tanh ™ !(x,x))
- TT (cosh(tanh ™ *(x;x])) + sinh(tanh ~ ! (x;x}))ss")
i=1
—T ™ tanh~ (xpx)ss’
L coshitanh = (xpxp) <Z an ("‘x‘)”>

1 +tanh < tanh 1 (xix,f)> 58’
=1

13

=2"cosh ( > tanh ! (xixf)> n
i=1 [T cosh(tanh ~*(x;x}))
i=1

We again omit the factors which do not depend on s, s"(and which disappear in the
normalization), and we get the transformation for the &:

é= i tanh ™ !(tanh(¢;) tanh(&)). 3.1

Note that n should be thought of as 27!, where d is the dimension of the lattice.
For completeness, we also give the renormalization of a correlation function,
for one spin. The quantity is given by

J(s)= ; > sy I:Il cosh(&;) cosh(&)(1 + x;55,) (1 + x}s;5")

S1s+0098n

X (1=xP)s+x,(1—x2)s’
_ 1( ©) ; 1/§ 1) ~<1+tanh<
1 —x1x]

" tanh~! (xixg)) ss’) .
(3.2)

13
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The identities (3.1) and (3.2) will allow us to compute explicitly the models Ly by
N-fold iteration, and we shall be able to take the thermodynamic limit, N— oo.

Note. We will, henceforth, write th instead of tanh.

Having described the general features of the model, we now describe in more
detail its temperature dependence and the renormalization transformation, that is,
the effect of summing over the spins at a given level. We also introduce at this stage
some notation.

We assume that the random coupling has a probability law of a random
variable 7, with variance 1. The coefficient in front of the spins at inverse
temperature f is then &, = fn,. Given a random coupling &, the renormalization
group induces a new random coupling — at the next level — which we call &, in two
steps, as can be easily derived from (3.1). Namely, we construct
E=th ™ 1(th(¥) th(¢)), where & is an independent copy of é=¢&, and

E= 3 &v,
i=1
where the &P, i=1, ..., nare independent copies of & The number n is a constant of
each individual model (~ 24imension = 1) We regard it as fixed, and sufficiently large
throughout, without stating this condition every time. Note that the conditions on
the largeness of n will depend on #,. We also denote A ¢ = ¢, i.e../" is a map from
random variables to random variables (depending on n).

We shall adopt the following conventions: f, 1, f denote, respectively the
densities of & &, & and similarly, for the variances o, 6, 7.

We next describe heuristically the behavior of the random variables under
renormalization. Assume £ has small variance, o, and assume # is large. Since the
variance is small, ¢ is small and hence, &=th~!(th(&)th(&))~ E¢. Therefore,

=E(&)~ E(£*&?)=0*. Since £ is the sum of n independent copies of &, we have

the renormalization group relation for the variance:
é¢~n'g?.

The fixed point of this relation is ¢ =n~ */2 (thus, ¢ is small consistently if nis large),

and the unstable eigenvalue at the fixed point is
dé
— ~20nt?=2.
do s=n-1/2

This paper makes these heuristic observations precise.

IV. Low-Temperature Behavior

We want to show that given 5,, the random coupling, of variance 1, there is a f3,
such that for every > f3,, one has

th(JA?(Bno))—1, almost surely as p—ooo.

Define Q = E(inf(y3,1n¢))/8, where E means expectation and 7 is an independ-
ent copy of n,. Note that Q 0, since #, has non-zero variance.
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Theorem 4.1. There is a constant Ny = N (Q) > 3207 such that for sufficiently large
p and for n> N, the sequences £, (B): =N "T(Bn,) satisfy

1) a,:=var(&,(p)>(n'?/320)"$Q"'? (i.e. o, diverges),

2) if the density of n, isin L,, and n is even, then the density f, of £,(f) satisfies
for some universal constant K,
Ko?

2%
n'?(o, +Ix))°

Remarks. 1) With a little bit more work the condition “n even” can be dropped.

2) The divergence of the variance as shown in Theorem 4.1.1 does not imply
that the random variable is large (almost surely), since it could take with small
probability a very large value, while with large probability it could take the value
zero. The purpose of Theorem 4.1.2 is to exclude this possibility.

Proof. Denote by &(B) the random variable, &) = th ™! (th(f#,) th(B#,)), where #;,
is an independent copy of . We claim: For sufficiently large f, the variance () of
£(P) satisfies

IIA

J00) = e
K0 oty

é(p*=p%Q, 4.1)
and

a(B):=E(EPIP)/F(B)* <1/Q*>. (4.2)
Indeed, by Lemma A1.2), we have

5(/3)2 = E((min(|Bn,l, |Bnol) —log 2)2X|5n0| >2log2, |Bnb|> 21og 2)
2

= 4 E(X[ﬁnol>210g2 Iﬁr[o]>210g2m1n(r]07 2))

=p%Q,
for sufficiently large . Hence, (4.1) holds. To show (4.2), we apply Lemma A3,
yielding
a(B) < B2E(m3)**/6()°, (4.3)

by Holder’s inequality, and hence, (4.2) follows from (4.1). Thus, we conclude that
for large f, the variance 6(f) is large while the “skewness” &(f) is bounded.
We shall now use in alternation the following two lemmas.

Lemma 4.2. Given a random variable &, and forming &= Z &0 the distribution
function F of & satisfies i=1

|F(xn'/?6)— d(x)| S a/n'1?,
where @ is the normal distribution.

This is a reformulation of the Berry-Esseen inequality (see e.g. [P, pp. 111,
128, No. 8]).
Note that

n'2g=var(é). (4.4)
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In the next lemma, we control the variance of € relative to that of £, measuring
the “skewness” caused by th ™! (th(&) th(&)).

Lemma 4.3. Assume that the distribution F of ¢ satisfies |F(xo)— @(x)| < 1/40 and
06>9. Then 6=0/320 and §<3203.

Proof. We use the normalized variables = ¢/o, 5’ =¢/6. We bound 62 by
G ZE(fo 251X 2 si<18) -
We recall the inequality Lemma A1.2). It implies

¢lagl = I (inf(oy, 6y)—log2)*dF(yo)dF(y'o)

o2y, 51

z | (inf(oy,0y)~log2)*dF(yo)dF(y'o)

1/3=<y,y'=<
>62(1/3 — (log2)/0)? [F(a)—F (gﬂz .

By assumption,

F(o)—F (%) > (1) — @(%) —1/20

>0.2—1/20
>1/4.

The first assertion follows. By the proof of (4.3), E(|€]*) < ¢°. Since d=E(|£%)/6°,
the second assertion follows from the first.

Proof of Theorem 4.1.1. Choose N,=max(1600/Q3, (40-320%)?). By (4.1), (4.2)
we find for n> N: 6° 2 f2Q, 4<1/Q*”. By Lemma 4.2 and Eq. (4.4), we have for
& =E(B) =N (Bro): o, =var({;)=n"?G>9 for large f, and for its distribution
function Fy, |[Fy(xa,) — P(x)| < 1/40. We apply Lemma 4.3 to ¢, and obtain for ¢ :
G, =var(¢,)>0,/320 and &, <320° We reapply Lemma 4.2 and we find for
&= N (&) =NP(Pro):
o,=n'%G,=n'%q /320

and

|Fy(x0,)— @(x)| £3203/n*/* < 1/40 .
We have completed an induction step and 1) follows.

Proof of Theorem 4.1.2. If the density g, of o is in L, then the density go(f) of fn,
is B~ 'go(x/B), and hence, llgo(B)ll =B "llgoll.- We apply Lemma A2 with
f=g=g,, noting that | f||,, <2 if f is large. Hence, the density f of &(B) satisfies

“f“1=17 “f“zécﬂgo”iolz/ﬁl/z-

From this, we conclude that

171 <1 and |17 il S C?ligoll /-
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Note that f'=(f* f)*"/2, since f** fis nothing else than the density of €+ &, with &
anindependent copy of €. Itis easy to see that E(JE+ &)°) <8E(|&*) and E((E+ &)?)
=26%(pB). Therefore,
E(E+&P)
E(&+&))y> =

Thus, by our previous results, £+ & is a random variable with variance 26%(f) and
skewness less than 1/0%2. We apply to this random variable Sahaidarova’s result
[P, p. 214, No. 5], which states that for some universal 4,

&° max(1, || f+1)%)6*
(n/2)'2(6 +1x])°

Given our previous bounds, this implies the assertion of the theorem for p=1.
Clearly, Eq. (4.5) implies, for large 6, that | ||, <2, and hence, we can start a new
induction step, applying Lemma A2 to f=g=f=:f, and repeating the arguments
given above. The proof is complete.

=44(p).-

00— @na?) 2w < “.5)

V. High-Temperature Behavior

We now want to show that given 5, of variance 1, at sufficiently high temperature
the variance of AP(fy,) tends to zero as p tends to infinity.

Theorem 5.1. Given 1, of variance 1 and n, then for every f<1/(50n)/2, we have
var(A7(Bno))* <27 7/(50m).

Proof. We have var(Bn,)=p. Set B, =1/(50n)/%. If B<B,, then E((Bn,)?) =p>
<1/(50n). Hence, Corollary A4 applies, and the assertion follows.

V1. Existence of a Critical Fixed Point

In all of the following discussion, n is supposed to be a fixed, large integer, and A~
will denote the operator 4" for that value of n.

If £ is a Gaussian random variable with (small) variance g, then we expect
E= /¢ to be an “almost” Gaussian random variable with variance ~n'/?¢2.
Namely, in Proposition 6.6, we shall see that the variance ¢ of &is ~ 2, and the
variance of £ equals n'/26. Thus, the fixed point of .4/, if it exists, is an almost
Gaussian random variable, with variance ~n~'/2. Furthermore, as we shall see
below, the only unstable eigendirection of D" is, essentially, the variance, and it
will be seen to have eigenvalue close to 2. We choose our function space in a way to
account for these facts.

Our basic space, #, is decomposed as the square of the variance, and a
component (infinite dimensional) describing the deviation from being Gaussian.
Definition.

—1/4

n
{(S PIsER, @& Lo, (R), - ———IsI + ol +lx*oll, <00,

fo(x)x*dx= 0,} .
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Here, and in the sequel, | ||, denotes the L, norm, and |[x*¢||, is a shorthand
notation for ([ |x*(x)[Pdx)'?. We denote by | |» the norm on % and we write

ol =llollo+Ix*0l,
To every pair (s, ) € # with s>0 we associate a function f by the identity

JG)=(n/9)"*(h(x(n/5)'"*) + @(n'x)), (6.1)

where we adopt the convention h(z):=(2r) " */2e "2, throughout. Thus, if s=1
and ¢ =0, then f is a Gaussian with variance n~ /2,

We define A, ={f |l f | on~ "> +n"*|x*f |, < o0}, and we denote by | |, the
corresponding norm. The operator & :# —i#, is defined by the relation
J1(s, p)=f, as defined in (6.1). Note that f is not necessarily the density of a
probability law, but, for every (s,p)e#, s>0, one has |f(x)dx=1 and
{x%f(x)dx = 5. Thus, we have obtained our parametrization of “almost” Gaussian
functions.

We next define the map & by

- d 1 1
@ =f)=(1—th’x) [ =2

mxipizt V1 thix 1—y?

J(th? (y))f(th (”;x»

y
We shall see that it is useful to consider & as a map #, — A", where

A ={J U Tl +n" 2 ogn) ™ | Flly+n"2 (x4 113

This operator & does not commute with the change of scale depending on n, but
we shall show that [ still “scales” reasonably when # is changed.

We next consider the operation 7 : .4 —#,, where f(x)=7 f(x)=/*"(x)
(here, f*? is the p-fold convolution product).

Finally, we define 77 : s, > # by

s=nxf(x)dx,

o= () ) +()
) S

Thus, #=7,7 &%, is (supposedly) a map from part of # to #. We shall show
that .# has a fixed point (s, ¢,.). Note also that 7, =%, !, and in particular, that
N =T F and f, =S (54, ¢,)is afixed point for .4#". Furthermore, the spectrum of
DV equals the spectrum of D./Z.

Thus, it is sufficient to study .#, and we intend to show it has a fixed point near
(1,0). More specifically, we consider the ball ZC#:

B={(5,9)|s— 1, @)l p = (logn)'/n} .

Then we have

Theorem 6.1. The map .4 maps % to # and has a unique fixed point in . The map
D/ has a simple eigenvalue at 2+0(n"''?) and the remainder of the spectrum
strictly inside the unit disk.
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From the definition of 4 it is clear that the fixed point is close to Gaussian,
when n is large.

We shall prove Theorem 6.1 by using a variant of Newton’s method. The input
to this method is given by

Theorem 6.2. 1) |.#(1,0)—(1,0)|,,=O(ogn/n).
2) M is defined as a map from B to H and DM  , is a 2 X2 “matrix” whose

|: ]
C D

A=240(n"1?),
IBO, p)lx=n"(logn) ™' n'*(0, )],
IC(t, 0)] - < (ogn)*/n'/? - n'* - logni(t, 0)] -,
ID(O0, )| = (logn)*/n/*1(0, 1) -

These bounds hold uniformly for (s, @) in 8.

Proof of Theorem 6.1. Theorem 6.2 implies that for all (s, p) € %,
1 0

0 —1,

where ./ has norm less than (logn)~ % Therefore, if we define ®=1,,—.#* 1
- (M —1 ), we find that D®; ,, has norm less than 1/2 for (s, ¢) € . Combining
Theorem 6.2.1 and 2, we see that @ is a contraction from & into itself, and hence, it
has a fixed point. Thus, .# and in turn .4 have a fixed point as asserted. It also
follows from Theorem 6.2 that .4" has a simple eigenvalue 2+ O(n~ '/?), and the
remainder of the spectrum strictly inside the unit disk.

satisfy:

Dﬂ(w)‘]l%:[ ]+//(/s,¢>=:%*+ﬂ(s,w

Remark. The bounds on C,D in Theorem 6.2 are immediate consequences of
Propositions 6.6 and 6.10.2). We bound 4 in Lemma 6.11 and B in Lemma 6.12.

Remark. The fixed point found above is a positive function. We only sketch the
argument. There is a neighborhood U of the fixed point of radius ¢O(n~'/?), where
the tangent map is uniformly hyperbolic (easy from Theorem 6.2). Moreover, in U,
the unstable direction stays inside a cone of aperture O(n ™~ '/#) with axis the second
Hermite function. Moreover, since the stable part of the spectrum is inside a ball of
radius O(n~'/*), we deduce that the stable manifold extends to a distance O(n~ /%)
of the fixed point, and the tangent directions stay outside a cone of axis as above
and aperture n/4. This implies that the one parameter family s—s'/2h(s/?) crosses

1 10
(logn) ) by Theorem 6.1] .Let

transversally the stable manifold [at adistance ¢ <

s be the square of the variance of the intersection. Since .4/ transforms positive
functions into positive functions and A ?(s§/*h(sd/?)) converges to the fixed point,
we deduce that it is a positive function.
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The proof of Theorems 6.2.1) and 6.2.2) is based on a careful study of the
operators ¥ and J . (The considerations concerning %, and J are of a simpler
nature and will be done in a more ad hoc fashion.) Furthermore, we shall need
some control over the variance.

The Operator & . This is the net effect of summing over one spin, and it induces a
highly non-linear (and non-Gaussian) effect on the density. The object of interest is

d 1 1 h
SLOE=(=th2) [ f(th! (y))g<th“ <t—’i)> |
fmxi=pyi<t [V 1=y - th?x v

y2

Note that /(f,g9)=./(g,f) and that f=%(f)=(f,f), and hence, DF;g
=244(f, 9).

Lemma 6.3. Assume that the functions f,g are even, that f,geL,nL,, and
I/ 1i=11lfllo22. Then

/(f Dl =gl s
and

I (f; D2 = O gl 1S 1o + 9110 1o 1S 1) -

This is part of Lemma A2.
We need some information about the variance of ¥(f) when f=%(s, @),
(s, ) e B. If (s, p) € B, we can form

n\1/2 \12
f(x)zyl(s,(p)(x):<;> {h<<;> X>+(p(n”2x)}.

The variance of £(f) is then

o paamer ()" sowol () o).

with T(x,y)=|th™*(th(x) th(y))|. We change variables and get

o1 ’
o= sastn (i) (1(5) 09) 7)o

By Lemma A3, 6% <25(f x2|f(x)|dx)?. But
s n\/?
IX2|f(x)ldx < . +x? (;) lp(n'2x)ldx
s 2
=-+ m[ﬂfpﬂm +lx*ol,]

by Lemma AS. Hence, we have shown

Lemma 6.4. If (s, p) € B, then the variance G of ¥ F,(s, @) is bounded as follows:
(S (s, 9)) = O(1/n).

We will also need a lower bound on 6, see Lemma AG6.
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Lemma 6.5. There is a constant K>0 such that for every (s,p)€# one has
(L L (s, p))>K/n.

Proposition 6.6. The operator ¥, is defined and analytic on %, and & is defined on
S, B. For every (s, p)e B the tangent map (DSY)) .4 s a bounded linear operator
from A to A, with norm uniformly bounded in n. Furthermore, the variance & of
LY (s, @) satisfies 2/n=6=1/(2n).

Proof. The last statement is an easy consequence of going through the proofs of the
two preceding lemmas. From the definition of &, &, and ##, it is obvious that

11 3-, = 0O1).

)12 )12
/() )E)
F69)x) s 5

2s 2s

Notice that

(DS 5ot ()=t —

n 1/2
+ (—) p(n'/?x), (6.2)
s
and hence,
DA .ol 5, = O1),

asis easily checked.
We next analyze &. If fe #,, then

I/l =n'fly, and [x*floa=n 7% f],,.

It is easy to see from the definition of % that for (s,¢)e %, ||L(s, )|
=(0O(n*'*)=2. We conclude from Lemma 6.3 that

1fILZ1fI13£00) for feS,# by Lemma AS
and

1L 122 OO STl Mo+ 1S oo log 1111} -

By Lemma A7, |x*f |, £O(|x*f|13). Hence, for (s, p) € B, ¥ FL,(s, ¢) is defined
and |S(s, 9)ly=0(1). Note that DF;g=2.4(f,g). Therefore, for fe S %
and g e #,, we find from Lemma 6.3 and Lemma A5

IDSgl = 0(lgl )= O 2ligll, +n"*[x*gl) < Ogls,) »

IDLgll, <Ol f Il o llgll s + Qogll f 1) - 191 00)
SO0(n'?)|lg|, + O(ogn'?)|g|yn'"?
SO(n'*logn'?)lgl., -

Finally, by Lemma A7 (using polarization), we have

[x*DF1glly < OIx*f lIx*gl) S O™ "Iglse) -

If we consider the definition of | |,,, we see that the above estimates imply the
assertion. Proposition 6.6 is proved.
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The Operator 7. The operator 7 corresponds to taking the sum of n independent
copies of the random variable & whose density is f. Basically, our approach
consists in controlling the error terms in the central limit theorem. There is, of
course, a vast literature associated with this problem, and our methods below are
heavily inspired by it. But we are forced to redo the estimates again, for two
reasons. First, our “density” f need not be positive, when s, ¢ vary in 4%, and
second, as a function of n our bounds on various moments of f are not totally
uniform. Also, we need L, estimates which are not very common in the literature.

In the sequel, we find it more convenient to study directly the operator 7,7 .
(The operator  is anyway only needed in the definition of .4".) Note that 7, is
linear, and thus, it is easy to verify the asserted properties of 7 from those of 7,7 .
We leave these details to the reader.

Our boundson 7,7 are strongly influenced by those of Petrov [P]. The idea is
to give bounds on the Fourier transform of f'e #". These bounds are given for a
“central” region (Lemma 6.7 below, cf. [P, p. 140]) and for an “external” region, cf.
[S] (Lemma 6.8, below).

We introduce some notation. Given fe £, BC A", we define v=F [ as its
Fourier transform and f,(t)=u(t/(c,n"/?))", where 6,=1/n. We also define

sog=[x*f(x)dx=v"(0),
ﬁ4 = jx4|f(x)|dx »
04=P4/(505)%.

Finally, in order to study DZ,7, we consider for fixed fe# a je# with
Jg(x)dx=0. We set

) t n—1 . t
gn<z)=v<—00n1,2> @g)(—aonl/z).

Note that s, as defined above, is, for fe #.%, 4, a number in [1/2,2] and that, by
Proposition 6.6,

04=n” P 0" =0(m'?). (6.3)

Lemma 6.7. For sufficiently large n one has uniformly in n and in |t| <(n/g4s)'/* the
following inequalities

1) I (6)— eI < O(gafn) (1 +110)e 20,
2) )@i (én(t)—e““z/zigﬂq@g)”(o»

SO (A 40, /n ™ 31+ 114G e 720,
for j=0,1,2,3,4.

Proof. We first prove 1) for j =4 and leave the cases 1) j=0, 1, 2, 3 to the reader. A
little algebra shows that

oy =v(zy ;L [(n—1)(n—2)(n=3)v'(1)* +6(n—1) (n—2)u(t)v(x)*v"(7)

s
+3(n—1)o(1)*0"(1)? + 4(n— D(r)*v' (2" () +v(r) v ()],
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where t=t/g,n'?. From

2 HI)

e =1 +ix— 7 _ % +x4r(x) S where IV(X)l §(9(1) 5

< t ) : st? N t* 0(es)
V|—s)=1——+— ,
oon'? PR

we have

ot st t°
(6on*®) =1 <m> = + F@(sz),

(o.onl/Z)—ZU”< 1/2) + (9(04)

(o, n1/2) 0" <6 n1/2> =—0(04),
0

—4_ t 1
(UOnl/z) 4U < 1/2> = ?0(94) .

aoh

Using ¢, =1 and t9}/?n~ 12 <2, it is easy to deduce

() =v(r)* [t“s“ —61%s* +3+ 1+t (9(94)]
Next, we want to pass to logv. We have
v(r)=1- S—i + Sz—t4g4r(t)= 1— iti(l +a),
2n  n? 2n
with |r(t)| £ 1/24 and hence, |o| <1/12. Since
i < -St—zga,s 1/2, wefind [Zv(t)= E
2n 2n 24

X tdt
Using now log(l —x)=—x— | 1o, get
ol—

2t4

st? st?
loguv(t)=log| 1— E(l +o) | =— % + 7@4(](0 5
2
5

with |g(t)] <7z +(GD* 31
This implies

sr==owp( " Vst O ).

We now use the bound |e*—1|<|x|e™™, so that

~ 2st*  (n—4)s*tt
[v(z)" 4CXP(%St2)‘1I§! P, 044(0)

VxeR,

<2<2 2
-expltos| -+ -
n 5

))

393



394 P. Collet and J.-P. Eckmann

This implies

d\* t g 4.4 242 —st2)2
I v i —(s*t*—65°t* + 3)e
0

The assertion 1) follows now from d¥e /2 = (s*t* — 652t + 3)e /2,
We now prove 2). A calculation similar to the preceding one shows that for
|t] £ (n/o4s)'"? one has

t n—1
oon gontl?

for j=0,1,2,3,4. We now observe [using #§(0)=0] that with w=%§ and

S O(4/n) (1 4-110)e 51120

SO(Dgan™ H(1+110)e ™20,

t=t/a,n'/?, one has
t2 t4 2 t4
w(t)=— W”(O)‘i' sup IWW(u)l) W”(O)'l' 77 0(glx) -
203n 20%n

Similarly, for the derivatives:

ay t 1
<E> w <W> 6’t 2020 " (0) + (91t) O(Igl/n*"?)
forj=1,2,3, 4. The assertion follows now from the chain rule and the bound (cf.
Lemma AS):

1 — 34
WO =n" gl .

In the following lemma, we assume that f has a decomposition f'=f; + &, with f;
positive and & small. More precisely, we assume

f:)go’ j.fo(x)dle’ ON'(Z)Z=j.x2f(x)dx= _SZ—’
n
with s€[1/2,2], || o)< 0(n'"*logn), and g,:= |x*]||,/6* S O(n'?). Finally, we
assume [, < O(n %),

Remark 6.8. Let fesSRB. Then [ has a decomposition as above, with
fo=LF(50,0), (54,0) € B.

Proof . If (sy, @) € &, then ¥, (s, @) is a Gaussian plus a remainder, whose integral is
zero. Applying the operator & (which we view as the bilinear expression &/ of
Lemma 6.3), we see that f, = %,(s,,0) is a function of integral 1, satisfying all of
the above assumptions (use Lemma 6.3, Proposition 6.6, Lemma A7, and the
definition of | |,,). Also, Lemma 6.3 implies the bound on [|@|,.

Lemma 6.9. Under the above assumptions on f, and &, one has

t
F <e
f<0_0n1/2> =

T for JtZ(nfess)'?
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Proof. We shall first give a bound on (Z ?=Z(f*f). We decompose f*f
=fo * fo+2fo * G+ @ * . The second and third term are, respectively, bounded as

17 (fox D)=l fox M folly- B4,
and
|7 (@ * D), < BT

Consider now fy*fy. This function is nonnegative and has integral 1. By
assumption

C:=1fo* ol < I /oll3 < O(n(logn)?).
We apply to A= (f, * f,) the corollary of Lemma 1 of Statulyavichus [S], which
states that
{-secamror]
A= — ,
AOISXP = 562 26,0+
where 62 = [ dxx?(f, * f,)(x). By Lemma A6 and its proof we find 62 =2 dxx?f,(x)
<362. Therefore,
t2
AL — .
A0 —e"p{ O(n(logn)*) @311 + n)z}

Assuming |t| > (n/g,s)'/?, we obtain

24007 " }
O(n*(logn)*)(des ' +m)*)
Recall that g, =1 and note, for later use, that by the assumption on s, we have

{1=00).

We now show that for ¢ in the required domain,

t
4 <aon“2>

We use the inequality, valid for o, >0, e *+f=e %1 +e*f)<e *"¢*. We take

1/2
a={} and F=O(al,(fol+Ial,), we find O1)={}z0 IZg4n> and

|A(t/oon'?)| s exp— {

+2F (Jox D)o+ | F (@ * D), C'<1.

B=<O(n™3*) from which the assertion follows.
In our next proposition, we still make the assumptions on f;, given above, and
we formulate the bounds on 9,9 and D7, .

Proposition 6.10. Define f(x)=n'?a,f*"(n'?c,x), where 6,=1/n. Then, for n
sufficiently large, one has

1
1) fo)= W
2) If ge A and [§(x)dx =0, then g(x)=n"2co(f*" 1 * §)(n'?c,x) satisfies

e 12 4 p(x), with s=620, 2 and ||, < O(n~ ).

1
9= 5 XGRS0 )Gl
nogs #

and | g(x)dx=0.
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Proof. From Lemma 6.7, we have, for |t| < (n/0,s)"/?,
\Zf(0)—e |+ 10 (F ) (1) —e T S O(ga/m) (1 +1*0)e ™.
For |t|=(n/o,s)'/?, we have
|0le 2| < e e FO(1) (1 +tH)e 1% if j<4.

Using Lemma 6.9 and Eq. (6.3) we also have

2

F SO +10:7 O Sexp(—(n—6)n22)- 0(1) 'ff <ﬁ>
0

n*\ .
'<1+W>|f|x-

This implies, since g, < O(n'/?),
@l SO flyn™ 2+ 0(1)e ™.

From the choice of s, we have immediately 7 f(0)=(Z% f)"(0)=0 and hence, 1) is
proven.
We now prove 2). If |t| £ (n/o,s)'/?, then we deduce from Lemma 6.7,

(&) (70~ sgroron)
(%) (Fa0- S Foroe

2
0

t? .,
X()=|Fg(t)— 270;(97 9)"(0)e /2
0

<OM™3R)(1+ 1)l .

If |t|=(n/0,5)*?, then by Lemma 6.9 we conclude that
. t
o)

1
Lemma 6.11. The matrix element A of the “matrix” DM is equal to 2+ O (W) .
n

2

X0 ") |15 -

This implies the assertion.

Proof. A straightforward calculation shows that the matrix element 4 equals

A=n*[X°[DL Y, (5,1, 0)1(x)dx =20 T(x, y)*f (x)g(y)dxdy,

- () ) ) o]

g(x)=n"2h(xn'?).

with

logn

Note also that s=1 —i—@( > We consider first the case s=1, ¢ =0. Then

n

A=2n>[ T(x, y)*h(xn?)h(yn'?)dxdy

2
X y
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We split the above integral as | and its complement. The first term is
Jx|, Iyl <nt/4

expanded, using the Taylor expansion of T? as

2 | xXy()h(y)dxdy=2+0(n"%).

[, Iyl < nt/4

The remainder is O(n~ °), and the terms coming from ¢ or from changing s are at
once bounded by Lemma A2.
Lemma 6.12. Given § € A, the first component of DT, 7 7 is bounded by O(n"'*)|gl,
uniformly in fe S, 8.
Proof. We have, by definition

(DT1T 19)kirst comp. = n* [ x*g(x)dx .
By the Schwarz inequality, this is bounded by

n* | x*gli 2G> = 0m*n™T)gly
from which the assertion follows.

Proof of Theorem 6.2.1. This is really a variant of earlier estimates. Consider (s, 0).
The function f=.%,(s,0) is Gaussian, and hence, by a variant of Lemma A6,

Ix*F, <Cn~ 2 for k=0,1,2,..., ie.

e.g. 0, <0(1) and not only O(n'/?) as in the case of a general function in %. Hence,
by combining [P, Lemma 4, p. 140 of Petrov, for s=10], and Lemma 6.9, we sce

R 1 1
that f(x) is a Gaussian [of variance 1 + @ (Aﬂ plus a function ¢ which is @ <—> in
n n

A’ [and not only O(n~'/?) as in Proposition 6.10].

VII. Spin Observables

In this section, we investigate the behavior of the expectation of the spin when the
“volume” of the lattice tends to infinity. We fix the values of the spin at the two
extreme points of the lattice, thereby choosing the boundary conditions. If s is a
spin which is not one of the above two, we shall denote by {s) its expectation for
fixed boundary condition and fixed values of the random couplings. We show that
the expectation E({s)?) (i.e. average over couplings) of {s)? satisfies

0 at high temperature
E(sy?)= {

+0 at low temperature
and
E({s»)=0 at all temperatures.

Note that the above argument shows a transition for the Edwards-Anderson
[T,EG] parameter. We shall also see that the value of the Edwards-Anderson
parameter is independent of the boundary conditions.
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So
S

S

s
2 .

S3
S3

Fig. 5. Labelling of the spins

Consider the lattice Ly and a fixed spin variable s, which has been “created” at
level N. The variable s, has two neighboring sites, exactly one of which has been
created at level N — 1. We call it s; and we call the other neighbor s;. Considering
now s, as a fixed spinin Ly _ ;, we find its neighbors s, and s/ in the same fashion as
before, and continuing inductively, we find two chains s,,s;,...,sy and
S0» 51,55, -+, Sy Of spins. Note that all s; are distinct, but some of the s; may coincide.
See Fig. 5.

Note also that either s, ; =5, O Sj, 11 =S,

To these chains of spins, we associate functions of the form F(s;, s7) = a;s;+ b;s},
where the g;, b; are real functions depending on the couplings x,. We are interested
in {F(s;, s})> [i.e. the canonical expectation of the observable F(s;, s;)]. We have
the following important identity: {A4s,,+ Bs,,» =<A’Sp+ 1+ B’s,, . 1>, where

A/_B_‘_Axm(l—x;r%)
) = ' (7.1)
if Sy 1=5n, )
) "
T 1—x2x2
and
Xu(1—=%7)
A=A )
B .
if S, =50 )
B pa g (=) i
B 1—x2x?

Here, x,, and x;, are two identical, independent random couplings obtained from
X, through m-fold application of the RG transformation, x,, = th(A4™&). The above
identities are immediately obtained by induction when summing over all spins at
level N —m.

Namely,

7 &
XmSm+1 + XmSm + 1
Sm

(1+xmsmsm+1)(1+x;nsms;n)=(l+xmx;nsm+ls;n+1)<1+ , ’
1 +XmeSm+ 15m+1
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and, summing over s,, (and taking the mean), we get

XSt 1 XSy XS+ 1+ XS
Z(l‘l‘ mPm+1 mom+1 Sm>(ASm+BS;n)=A< mPm+1 m m+1>+BS;n.

/ 7/ / /
1 +memSm+ 1Sm+1 1 +mem5m+ 15m+1

Sm

The equations follow from s,,=s,, ., (respectively =s;, ).
Given s, and 4,+0, we therefore find, when B,=0,

(Apso)=<As,+Bs1>= ... =CAxSy+Bysy) (7.3)

where the A4,, B; are recursively obtained by the above relations and are random
variables in all x;, x;=th(¢;), th(£)) created above level i. We are interested in
E({s4>%), and this is equal to E(A% + B3)+2E(AyBy)sysy. We shall show below
that at large f8, E(A% + B%)>1/2 for all N and that 2E(AyBy)=0. We further will
show E(Ay)=E(By)=0. This clearly implies

Theorem 7.1. For large B, we have E({s>)=0, E({s>*)>1/2, and E({s)*)—1 as
f— o0, for any site inside the lattice and any lattice size.

Remark 7.2. It is easy to see that for small 8, E({s»?)—0 as the lattice size goes to
infinity.

Remark 7.3. Morally, Theorem 7.1 should hold for any temperature > f5,.,. We
have, however, not worked out the crossover behavior, connecting Theorems 6.1
and 7.1. We believe this could be done in the style of [CE].

Remark 7.4. We comment on the meaning of Ay and By. By the Eq. (7.3), {s¢»>
= Aysy+ Bysy, with Aqg=1. Here, s, is a spin “inside” the lattice, and sy and sy, are
the two extremal “outside” points of the lattice. Given a sample point in the
probability space of couplings, 4y and By become numbers which tell us how the
thermodynamic expectation of {s,» is corrclated to that of the “boundary
conditions” sy and sy. Note that by the definition of the model, every coupling is
with equal probability positive or negative. Thus the averages over the sample
space of these couplings, i.e. E(4y) and E(By), are zero. But the fluctuations stay
large for large B, i.e. E(A3 + B3)> 1/2, and they are small at high temperature. So a
typical spin at low temperature “sees” long chains of strongly correlated neighbors,
while at high temperature it does not. In this sense, our model represents a spin
glass.

As a preparation for the study of E(A4%+ B%) we need a few preliminary
estimates. We shall use the following notation. We fix an m =0 and denote A = 4,,,
B=B,, A =A,,.1, B=B,,,, x=X,, y=x,, {=th™*(x), 0=0,. Note that by
Theorem 4.1.1), 0— oo exponentially fast with m. For definiteness, we assume that
A’, B” have been obtained from A4, B through relation (7.1). The other case is
handled in total analogy.

Lemma 7.5. For N >0, E(Ay)=E(By)=E(AyBy)=0.

Proof. This proof is inspired by [ARS] and [SYG], who show the use of gauge
symmetry. Denote by {(s,),, (&) the expectation of s, with boundary conditions
Sy, Sy and couplings &. Since for N >0 none of the couplings connects sy to sy, we
have

(5004, +(B)=Cs0) 4 (T4 -8)={=50) 4 +(T8), (7.4)
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where T, _ changes the sign of those interactions “connected” to sj and T those

connected to s,. Since the &’s have distributions, (7.4) implies

E(<SO>SN,S§V)=0> sz; SI/\J:

and hence, E(Ay) = E(By)=0. But (7.4) also implies E((sq»3 1) =E({soy}, ) from
which E(AyBy)=0 follows.

Lemma 7.6. |A’|+|B’|<|A4| +|B.
Proof. Note that |x|,|x’| < 1. Hence,
xl(1 = %) +{yl(1 —x?)

|4'|+ B = |B|+ 4]

(1-x%y?)
<|B|+|A4] 'f:x'i 'l <|B|+4].

Lemma 7.7. If Ay=1, By=0, then |A,|+|B,|=1 for all m.

Proof. Obvious from Lemma 7.6.

Lemma 7.8. For sufficiently large , we have
E(A?+B*=(1—0" Y?)E(A*+B?*) —0 /2.

Proof. We have

E(A”+B?)=E(B*)+E <A2 i WA —x2)2> :

(1—-x2y?)?
since the crossed terms drop by Lemma 7.5. We define a set Q (depending on m) as
the subset in our sample space for which

l{lsloga or ['|=loge or [E+{=logo or [E—{|<logo.

We shall show
(i) Pr(Q):=E(g)<c 2
(ii) On the complement Q° of Q,
X2(1 _y2)2 +y2(1 —X2)2
(1 _x2y2)2

This implies the assertion of the lemma as follows:

T:= >1—g 12, (1.5)

E(A*+ B*) =E(B*) + E(A*Tyo.) + E(A*Tyy)
> E(B*+ A*Tyq.)
ZEB*+(1 -0 %) A%q)
ZE(B*+(1 -0 %) A%) — E(A%10)
2(1—06"Y*)E(A*+B*)—c 12
by Lemma 7.7 and (i).
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We next prove (i). By Theorem 4.1.2),
1 Ko?
Pr(j¢)<logo) <2 j dx( e X2 4 —i—>

(2 2)1/2 n1/2(0.+|x|)3
<1/4c~ 2.

Similarly, with f denoting the density of £, we have
Pr(ii+¢<loga)= | f()f(y)dxdy

|x+y|<loge
—x+logo

=] f(x)dx . _Jl Sy =4(logo)| f 1l
<(9<lof >, again by Theorem 4.1.

The case of [£ — &’ is analogous, and thus, (i) follows. To prove (ii), we first note that
on Q° one has |¢|=loga, and since x =th(¢&), this implies

1-x*<1/o. (7.6)
Of course, we also have on £,
1—y*<1/o. (7.7
We further observe that on Q,
1—x2 1 1—
* =~ or - 5 20. (7.8)
1-y*~ o 1—y?

This is seen as follows: |& + &|=1ogo and |€ — &'| = logo imply that ||&] —|£'|| = 1ogo.
This in turn implies

1—|x]|
log——| >log2¢. (7.9)
1—1yl

Combining now (7.6) with (7.7) and (7.9) implies the inequality (7.8).
Recall now the definition (7.5) of T. Since x?, y><1, we have

(1=y»)*+(1—x?)? 2(1—><2)(1—y2) 22
x“y®)

T= — p
(- (—xiye ¢
(1-y*)*+(1-x%?
= —2(1—x*4+1—y?
Ay 0T
=:U-2V.
On ¢, we have, by (7.6) and (7.7), 0V £2/0, and
1_y2>2
1
N (1—=x»*+(1—y»? B +<l—x2
(=X +(1—y)—(=x)(1—y?)* 1—y? 1—y*\?
1+ —— —(1—x?) p——

(=) =)
(30— (=)
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Now (7.8) implies (1 — x?)/(1 — y*) < 1/o (or the opposite case, which is similar), and
hence, [U—1|<0(c™ ). Thus, (ii) follows.

Proof of Theorem 7.1. The first assertion is obvious from Lemma 7.5. Define
X, =E(A%+ B2). By assumption X, =1. Applying Lemma 7.8 repeatedly, we see
that

Z‘m+1 2(1 —0-7; I/Z)Zm_o-rzl/za

and hence,

m—1 m—1
ng I—[ (1_0-]'_1/2)— Z 6;1/2'
j=0 £=0

By Theorem 4.1.1), ;= Q"/*(n'/2/320)’ and hence, the assertion follows, and, in
fact, 2,,—1 as f—o0.

Appendix

In the following lemma, we summarize the estimates on the function
th~!(th(x) th(y)) which will be needed throughout.

Lemma Al. Denote T(x,y)=|th™(th(x) th(y))|. Then

|x| Iyl
1) T(x,y)<5 ,
) TCONE )T (T

2) T(x,y)=zmin(|x|, [y]) —log2.
3) If Ix|, Iyl < 1/2, then T(x,y)=0.8]x||y|.
4) T(x,y) <|xyl'>.

Proof. 1), 4) Note that |th(x)| min(|x|, 1), for all x € R, and that |th ™ !(z)| £ 2|z, for
all |z]<0.95. Thus, if |x|,|y|<0.95, we have T(x,y)<2|xyl. If |x|=0.95 and
ly]|<0.95, we use the general bound T(x,y)<th '(jth(y))=|y|. Finally, if
x|, [y]=0.95, then we use the bound T(x,y)<|th™ '(th(x))|, |th~!(th(y))|, ie.
T(x, y) <|xy|'/*. Combining these bounds implies 1) and 4).

2) We have [thx|=1—2exp(—2|x|), and hence,

[thx - thy|=>1—2(e 24 e 2P > 1 4~ 2min(xLID

x,yeR.

Finally,
th™ ()] = —3log(1—t]),

and combining these bounds yield 2).
3) For |x|< 1/2, |th(x)|=0.9|x|. Hence,

T(x,y)zth™ ' (0.8]xy) = 0.8]xy].

Define

dy 1 1
j 1ol 2 2.
fhxlpl<1 V] 1=y 1_th X

2
-f(th‘l,v)g<th”<%§>).

A(f,9)(x)=(1—th?x)

Yy
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Note that </(f,g)=<(g,f).

Lemma A2. Assume f,g are even, f,ge LiNnL,, and | fll;=1. Then |L(f, gl
<llgll, and

gl f lloo+ lglleo log |l f 1l o if 1fl.z22,
o H Zé(g 1 1/2 1 .
[/ Dl= ¢ ){algulnguw) Pl S+ gl i 1.2,
Proof. By the change of variables u=th™ !y, v=th ™! <EI;—X> , we see that

§1(f, PIC)dx < 1 f (w)lduflg(v)ldv,

which is the first inequality.
To prove the second inequality, we set a=thx and decompose

1—a? B 14+a { 1 N 1 }
A0 —a)  (inoia iy y—af
Set S(z)=|f(th ()], T()=lg(th~* ). Then
S()T(aly) {li ; —1—}
-y

y—a

_ oA
LIS =1+ 2] S

=(1+a)2(J,+J,).
By the change of variables z=a/y in J,, we obtain

1

. y
L=l 00

Thus, we are led to bound expressions of the form

T(y)S(a/y).

b
Tol0= j (1—y?)y

with either U=S, V=T or U=T, V=S. We set e=min(1/2, || | ). Assume for
the moment U=S, V=T. For a>¢, we have

UnVia/y).

1o d 1
TSVl L2 5U0 = lglel 1

Thus,

0 0 1
[ odxlJox)P<0o1)y [ 12, 9)l=lgllollf I dx
th=1(e) th~1(g) &
1
é(ﬂ(l); 113 Mgl ollgly -

1 -
In summary, if U=S, V=T, we get a-bound ¢ <—) 1/ 1219l o llglly, while if U=T,
€

1
V=S8, we get (9<g> HgWR ISl f s
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1 £ 1
Next consider a<e. We split the integral | as [ 4 |. The second integral is

a a &
bounded as before, and we consider the contribution of the first to the L, norm.
Consider first the case U=S, V=T. We have to bound

=" 1% axi %S@)T(")f du/S(u’)T(%) .

u), u

This is bounded by

e edycdy (a
1109l § dxf—F T<‘,>~
0 a U g u

u/

. 1 . .
Setting z= —thx, di=u/e, i’=¢z/u’, and integrating by parts, we get
&

Ié@(l)llfllillgllwﬁidZ(l —logz)T(2).

£ 1
We split this latter integral into | + [, and we get
0 £

IO 1% 19) welllgl; +eloge™ gl +loge ™ igll,]
Similarly, if U=T, V=S we obtain a bound with f,g interchanged. Having
g 1
bounded the L, norms of | and of |, the bound on the L, norm of J,, follows readily

€

from the Schwarz inequ;lity.
Assume first that || ||, =2. Then e=| f| ", and we get

e (f, DIZ = O gl oo lghall £ + Mg IRI1Z + g1l log L f 1
1S wllgllolighslogl Sl + g% +21ogll f 1,1}
<OMTlgl? - 1£1%+1glo gl 1S e logl £l + llgl1Z log ] £l ]
<OMNgll fllo+ gl logl f11,1%

If | fll, <2, then e=1/2, and we get

(£, D130 Lglollglt + gl f e+ 11209l llgl
s A A T RS T EA A P VA PR T A A S
SOM S olght+llgllo gl +lglZ} -
Lemma A3. One has the inequality
TT(x, )21 (o) f()ldxdy <25 x2| f(x)ldx)?,
and, when f(x)=0, | f(x)dx =1, then one has
[T(x, )1 G f()dxdy < ([x*f (x)dx)*?
where T(x, y)=|th™*(th(x) th(y))|.
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Proof. By Lemma Al.1) we find T(x,y)? <25x?y?, so that the first inequality
follows. But Lemma A1.4) tells us T(x, y)* < |x|*/?|y|*/?, so that the left-hand side of
the second inequality is bounded by ({|x|*/?f(x)dx)?, which is in turn bounded by
(f x*f(x)dx)* by the Holder inequality.

Corollary Ad4. Set y=1/(50n). Then E(E*) <y implies E(NE)*) L E(E2))2.
Proof. Since E((A&)?)1/2 =n'2E()'/2, the assertion is obvious from Lemma A3.

Lemma AS. For every a>0, one has the inequalities
1) llofy =2u]l @], +20 "2 x*o],,
2) Il 20% @]l + 20722 [ x| .

Proof. 1) We have
floldx=2allgl,+ | x*o()lx *dx =20 @, +2[x*¢) 0~ 2.

|x|>a
2) We have
[?poldx=o’|pll,+ | x*oGolx™?dx =20 @], + 207> x*o |, .

x| >a

Lemma A6. If (s, )€, then [x>FF((s, p))(x)dx=K/n?, for some universal
constant K>0.

Proof. For ¢ =0, the left-hand side above is equal to
xst/2

TdxdyT B heon=1
X y 1/2 > n1/2 (x) (y)_ .

We bound I from below by restricting the integration to |x|, |[y| <n'/°. For n large
we may apply Lemma A1.3 and get

1/2 1/2\ 2
T<& &> > 0.64{x|2|y[2s2/n?.

bl
nliz ’ iz

Thus,
Ig@(n'2)< ) x2h(x)dx>2 =0(mn=?).

|x| <ni/s

If 0 we bound the variance in the case s=1 by

I— fdxdyT< TRTE )[2h(X)|<P(y)I+I<P(X)<p(y)I] =I1=2I,—1,.

(The case s=+1 is left to the reader.) By Lemma Al.1),

T(L L>2<§ xy? 25 20
pliz> gz ) = n2 :

"))

Thus, the bounds on the integrals factorize. We have | x?h(x)dx= (1) and, by
Lemma AS5.2),

I lp()ldx = O(lpllon® 't + [x*olln 22 <0m 7).

H/\
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Hence, 21, + I, <0O(n" %" '/3), and the assertion follows.
Lemma A7. If, for some k=1, one has |x*f |, <7y, then |x*f]{ < 0(25%)y2.
Proof. We use Lemma Al1.1). This yields a bound

and the assertion follows.

X270y = T(x, )M f(x)f(»)ldxdy
. x2k 2
=5 [Im lf(x)ldx:|
1

§52k“X2kf”§ 'JWdX,
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