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Abstract. For a large class of generalized N-body-Schrdodinger operators, H,
we show that if E<X=info, (H) and y is an eigenfunction of H with
eigenvalue E, then

ess(

lim R™'In <S j_; W’(RCO)IZda))l/Z =—ua,,

R—-

with oc(2,+E a threshold. Similar results are given for E=X.

I. Introduction

In this paper we will be concerned with operators of the form

H=—-A44+V(x) (.
in L*(R"), where
Vix)= Y v(mx). 1.2)

i=1

In (1.2) =, is the orthogonal projection onto a subspace X; of R” and v, is a real
valued function on X satisfying

v{—4,+1)"' is compact, (1.3)
(=4,+1)7'y-Vo(y)(—4,+1)"* extends to a compact operator. (1.4)

Here 4, is the Laplacian in L*(X,). By (1.4) we mean the following: Let £(X ) be the
Schwartz space of test functions on X, and T, the tempered distribution given by
y-Vv(y). Define the sesquilinear form

adf,9)=T(~4;+ 1) (= 4,+1)"'g)
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on L(X;) x #(X;). Then by definition (1.4) is satisfied if g(f, g) extends to the form
of a compact operator on L*(X,).

The set 7 (H) of thresholds of the self-adjoint operator H is defined as follows:
AeJ (H) if and only if either A=0 or A is an eigenvalue of some subsystem
operator, Hy, where

Hy=—4y+ Y v{nx).
{i:X:CX}
Here X is a proper subspace of R" and 4, is the usual Laplace operator in L*(X).

In [6] the following result was proved:

Theorem 1.1. Suppose H is given by (1.1) with v, satisfying (1.3) and (1.4). Suppose
Hy = Evy. Define

o, =sup{a :exp(alx))pe L*(R")}.
Then either ay=+ oo or 05+ E€ 7 (H).

Under certain regularity assumptions on the potential, the possibility that
o, =+ 00 can be eliminated. This was shown in [6, 8]:

Theorem 1.2. Suppose H is as in Theorem.1. Let v,=dimX; and
p;=Max(v;—1,2). Suppose either

(a) for some b, and b, with b, <2

x-VVZ—b,A+b,,
or

(b) each v;e LX)+ L™(X,) and v;=v{" +v{®, with (1 + |yvi" € LX)+ L*(X )
and for each ¢>0,

yVolP < —ed,+b, for someb,.

Suppose Hy=Eyp with v=*0, and let a, be as in Theorem 1.1. Then ay<co. In
addition 7 (H)vo, , (H)C(— o, 0].

These theorems contain upper L? exponential bounds of the form
lexp(alxlypll <oo; a<a,. As is well known [1,2], in the presence of some
additional regularity of V this information can be converted into a pointwise
bound for the eigenfunction:

)l =c explalxl);  a<ay.

For more information about upper bounds we refer the reader to [1]. Our main
concern in this paper is the conversion of the crude L? exponential lower bound
given by Theorem 1.1, [exp(a|x|)y|| =00; a>a,, into something closer to a
pointwise lower bound.

For the ground state of —A+V, which can be taken everywhere positive,
pointwise lower bounds of the form y(x)=c, exp(—ygg(x)); y>1 are known [4].
Here ¢, >0 and g,(x) is the distance to the origin given by the “Agmon metric” [1]
(which depends on the eigenvalue E). For other eigenfunctions, the nodal surface,
{x :yp(x)=0}, is in general unbounded and quite complicated so that a pointwise
lower bound for |yp(x)| of any consequence could not be simple.
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Let B(x;r) be the ball of radius r>0, centered at x, and || 3= [ |y|*d"x. One
B

might expect lower bounds of the form [[y| ., 2c,exp(—70g(x)); y>1, where
again g(x) is the distance to the origin given by the Agmon metric appropriate to
the eigenvalue E. However, this is not the case in general [8]. In particular it is well
known that even if each v, is in CJ(X,), eigenvalues of H can be embedded in the
continuous spectrum of H with corresponding eigenfunctions decaying exponen-
tially in all directions. In this case gz(x) is not even defined. The general situation is
complicated as can be seen by an analysis of examples similar to Example 4.3 in
[8]. One approach to the problem is to solve the Schrodinger equation explicitly
for large |x|. This line of attack was used by Mercuriev [11] in the three-body
problem. To illustrate the nature of the problem as we see it, we introduce some
notation and formulate a conjecture:

Let £ be the family of subspaces of R" which contains {0} and all subspaces of
the form X, +...+X,; 1<i,SM. For each weS"" ' let X(w) be the largest
subspace in % which is perpendicular to w. For each X in £ define

HX)=—4+ Z v(m,x),

(i1 X:C X}

and
SX)={weS" ! : X(w)=X}.

It is not difficult to see that S(X) is a non-empty relatively open subset of S~ nX*.
It is thus a union of connected components, S(X, f), =1, 2, ...,n(X) where as is
easily seen n(X) is finite. Clearly if X + Y, S(X)nS(Y)=0, and in addition () S(X)

Xe¥
=S""!, Given EelR, a function t:5" -7 (H) is said to be E-admissable if

(1) t(w) is a threshold of H(X) for each we S(X),
(2) t is constant on S(X, ), and,
(3) H{w)2E.

Conjecture. Suppose H is as in Theorem 1.2 and Hyp=Eyp with w+0. Then there
exists an E-admissable function, t,, with the following property. Let g (x) be the
distance from x to the origin computed in the metric (ds)? =(tw(x/lx|)—E)|dx|2. Then
for each r>0

Jim R™ (1wl giges ) +0,(R) =0,

uniformly for weS"™ 1.

Unfortunately we are far from proving such a result. We will instead forget
about trying to prove direction dependent estimates and concentrate on obtaining
lower bounds for the average of |p|? on a sphere. As was remarked in [8], if
E¢o, (H), the average of |p|* over a sphere of large enough radius cannot vanish
and thus the quantity is a reasonable one to investigate in proving lower bounds. If
Eeo,(H), we cannot eliminate the possibility that ¢ can vanish on a sphere of
arbitrarily large radius. Thus in Sect. IT we prove lower bounds on the integral of
lw|? over a spherical shell, which hold for arbitrary eigenvalues E. The lower



74 R. Froese and I. Herbst

bounds for the integral of |w|?> over a sphere are then a corollary of the latter
estimates in conjunction with estimates proved in Sect. III concerning the
Dirichlet problem for — A+ V in the region Q(R)={x:|x|>R}.

Lower bounds for the average of [ip|? over a sphere of radius R were proved by
Bardos and Merigot [3] for Ve C*((R,)) with ll}r_{1 (V(x)|+|x-VV(x)])=0. Their

work motivated ours. In addition our method of analyzing the Dirichlet problem
in Q(R) (see Sect. I1I) borrows heavily from their work. However the techniques of
Sect. IT come directly from [6].

The problems analyzed here are treated in greater depth in the dissertation of
Froese. In particular, it turns out that the potential v; associated with the
projection m; =1 deserves special treatment. Some of the results given in Sect. II
are also true under the assumption that (1+|x[)"/?v, (—4+1)""! is compact [5]
(see also [8, 97]).

II. Lower Bounds

Our first main result involves lower bounds for the L? norm of y over a spherical
shell Q(R,,R,)={x:R,<|x|<R,}. We use the notation

”d’”g(}zl,Rz): ( j |¢(x)|2dnx)1/z

2(Ry, R2)

for this norm.
Theorem 2.1. Suppose H= — A+ V in L*(R") with V(x)= AZ{: v{m;x), and that the v,
satisfy (1.3) and (1.4). Suppose Hp =Evy. Let a

oo =sup {o :exp(«x|ype L*(R")} . 2.1

(Note that a, may be +c0.) Suppose that the positive function d(R) does not
decrease too rapidly in the sense that

lim inf R~ ! In6(R) =0. 2.2)
R— o0
Then
lim R™ ' Inllwllgg g+ sry= — %o- (2.3)

R-w

Let dw be Lebesgue measure on S"~*. Suppose y and H are as in Theorem 2.1.
It then follows (see Sect. I1I) that

Wyl = (S.L Iw(Rcu)[Zdw)l/Z

is equal almost everywhere to a continuous function. It is this continuous function
to which we refer in our second main result:

Theorem 2.2. Suppose that in addition to the hypotheses of Theorem 2.1 we also
have E <info, (H). Then

€ss

lim R ' Infy|p = —oy. (2.4)

R—
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Theorem 2.2 is an easy corollary of Theorem 2.1 and the following result
proved in Sect. III.
M
Theorem 2.3. Suppose H= — A+ V, where V(x)= ). v{n;x) and the v; satisfy (1.3).

i=1
Suppose Hy = Ey. Then for some constant ¢, and R>1,

|1P1R§61R_("_”/ZNwllg(R_l)- (2:5)
If in addition E <info,(H) then for some constants c, and R,>0 and all RZ R,
“’P”Q(R) P can/z [Wlg - (2.6)

We do not give the proof of Theorem 2.2 nor do we prove the simple upper
bound inherent in (2.3). Rather, the rest of this section is devoted to showing that if
o, < 00, then

liminfR™*In Il o, &+ sy = — %o - 2.7)

R- w0
We begin with a computation analogous to Lemma 2.2 of [6].

Lemma 2.4. Let H and vy be as in Theorem 2.1 and suppose y is a real function in
Cy(RM{0}). Let A=x-V +n/2 and yp,=exp(or)y, r=|x|. Then yw,e D(H) and

(H—E—o?)yp, = —2ar™ " Ay, + f(x), (2.8)
(. (H—E—o2)yp,)=0,(x), 2.9)
(xw, [H, Algw,) = —4a|r™ 2 Axy,I* +0,(0), (2.10)
where
FG =, 4200~ e Vahw, — (40w, = 2V -V, (2.11)
0,0 =, {or™'x V() +(V0)*}w,), (2.12)
Q,(0) =2Re{(Axp,, V- V) +(Axp,, (Ax—20r™ ' x- Vy)p, )} +ofr ™Y 2chall(zz. )

Note that we do not assume p,e L*(IR"). However, since ye CZ(IR"\{0}), all
terms above make sense when properly interpreted. We leave the computation to
the reader (see also [5,6,8]).

Now suppose (2.7) is false. Clearly we can assume S(R)<1. There is thus a
p>oa,and a sequence R;T oo with R, , > 1+ R, such that with Q,=Q(R,, R; +6(R))),

lwllgse 8.

Now choose o such that o, <a<f and a*+ E¢Z (H). [This is possible because
J (H) is countable.] Then

Ip,ll, < ce™ 7ok, (2.14)

Let ye C*(IR) be such that 0=<n =<1 and #(t)=0if t<0, and n(t)=1 if t = 1. Define
n(x)=n((Ix|— R))/3(R)),
ﬂij(x) =n(x)(1— Wj(x)) .
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Note that since by definition of a,, [y, || = o0, we have for each i

lim [ 7ip, [l = 0.

J7©
Thus we can find j(i)>i so that with x,=7;;,,

lim [,/ =o0. (2.15)

1=
We now prove some simple estimates:

Lemma 2.5. Let )(f =0%y,, where 1. is a multi-index with |A|= 1. Then for any y=0,

lim |7} p,ll =0, (2.16)
}im [#%} Vi, =0. (2.17)

In addition we have
[(—=4+1) ()l < const [ x;p,ll . (2.18)

Proof. We have

It w, ) S R+ 1)L R )] 1, g,

+ (Rj(i) + 1)y[5(Rj(i))]_ I llwaHQ }s

J@)

so that (2.16) follows from (2.2) and (2.14). Let us now use (2.9) with y=r"y}.
Clearly from (2.16), Q,(r"x})—0 as i—o0. Since —A4 =c,H +c,, we thus have

lim [[V(rx}p,)|l < (const) lim x| =0.
Thus another application of (2.16) gives (2.17).
From (2.12) and (2.16) we have Q,(x,)/llxw,Il =0, so that from (2.9)

IVOw )l S const [ xw, |l . (2.19)
Finally note that || f(x)ll/llx.w.l—0, so that from (2.8)
lim (|(H~ E~ o)l = 2allr ™t Aga, 1)/ I xaw, | =0. (2.20)

Since |r~ *Ayxp, |l Sconst||xp,| by (2.19), (2.18) follows from (2.20).
Now let ¥, =yw,/lxp,ll. From (2.20) we have

lim (|(H— E—o?)¥,|| —2a|r~ ' 4¥,])=0. (2.21)

Now consider (2.10). Using Lemma 2.5 and the Schwarz inequality in (2.13), we
find

hm Q) x| ?=0,

so that from (2.10)
lim {(¥,,[H, A]¥)+4a|r 24P *}=0. (2.22)

i—>o
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Since (2.18) implies sup [(—4+1)¥;[|<oo, and since (—4+1)"'[H, 4]
«(—A+1)"" is bounded by hypothesis, it follows from (2.22) that

sup || r~ V24P, < oo.

Hence because suppy; C {x :|x|=R;}, we have

lim [|r~ ' A%,| < lim R, V2 |r~124%,] =0.

Thus the important relation
lim |(H—E—a*)¥,|=0 (2.23)

i— o0

follows from (2.21).
If J is any open interval containing E +o?, it easily follows from (2.23) that with
E4(-) the spectral projection for H,

lim || (1— E(J) ;] =O0. (224)

It thus follows from (2.22) that
lim sup (¥, E4(J)[H, AJE4(J)¥,)<0. (2.25)

i—>o0

We now make use of the Mourre estimate [7,12,13] which states that given
A€R\J (H) there is a ¢,>0, an open interval J containing 4, and a compact
operator K such that

Eyq(J)[H, AlEg(J) 2 cyEx())+ K, . (2.26)
Taking A=0a?+E and noting that ¥, — 0, (2.26) gives
lim inf (¥}, Ey(J) [H, A]1E4(J)¥)) 2 lim ¢, || Ey(J V¥l =co. (2.27)

We obtain a contradiction by comparing (2.25) and (2.27). This completes the
proof of (2.7).

III. The Dirichlet Problem for —4+V in 2(R)

For fe CJ(IR") and R >0, consider the trace, T, f(w)= f(Rw), of f on the sphere of
radius R.

Lemma 3.1. T, extends from C3(R") to a bounded operator from D(4)=H*(R") to
L*(S" Y dw). If feH*R"), Tyf (considered as an element of L*(S"" ' dw)) is
continuously differentiable in the variable R. The following estimate holds

I TRl 21,00 =1BlR SR ™™ V2V Giry + 101 5r) 2 (3.1

We remark that the conclusions of Lemma 3.1 are far from optimal but we will
not need optimal results. We prove only (3.1), and refer the reader to [15] from
which a proof of the rest is easily constructed.
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Suppose ¢pe Cy(R"). Then for r=R,

— £ 19t =~ 2RefT0) - pira)

<Iptr)? + V(o)
SR (g +Tprw) ).

Integrating from R to infinity and then over "~ !, (3.1) follows.

Corollary 3.2. Suppose H is as in Theorem 2.3 and Hyp=Eyp. Then for some
constant ¢, and R>1,

Wl <c, R~ 2|9l k-1 (3.2)

Proof. Choose e C*(R"), 0=# =1, with (t)=01if t = 1/2, and #(t) =1 if t = 3/4. Let
nr(x)=7(]x| = (R—1)). Then since Ty = Tz, from (3.1) and the fact that — 441
=S¢ H+c),, we have

[PIR=R™ Vg, (= A+ Dngw) SR Vg, (¢} H+ Hngw).
We now use the identity nzHn,=(1/2) (Hnz +nzH)+(Vng)* to conclude that

[lz=R™"" P, [(c} E+ cng+(Vng)w)

which leads to (3.2).

The remainder of this section is devoted to proving (2.6) under the hypotheses
given in Theorem 2.3. Again, these hypotheses are far from optimal (some
improvements are given in [5]). In order to avoid complications in intermediate
stages of the proof we prove (2.6) under the additional hypothesis that v,e C7(X ).
Inequality (2.6) follows for general v; by an approximation argument: First
approximate [7,10,16] v; by /e C3(X ) so that the corresponding V'™ satisfies
(V™ —V)(—A4+1)" 1| —0. It is easy to prove that there is an eigenfunction p™ of
H™ = — A+ V"™ with eigenvalue E™—E such that

Tim (= 4+ 1) (™ — )| =0, (33)

From the result for v;e C7(X)), it follows that
1™ gy < ¢, R ™ (34
for RzR,,. From (3.1)
W =yl SR VR(= 44 )" )]

so that from (3.3), ™|z —=|plg. Thus (2.6) follows from (3.4) as long as ¢, and R,
can be taken independent of m. This will be evident in what follows.

We will follow a strategy similar to that of Bardos and Merigot [3].
Presumably a Brownian-motion argument like that of [2] would also work.

Given a C* function ¢ on §"~!, ¢ has an expansion ¢(w)= Y Y(w), where Y,
k=0

is a spherical harmonic satisfying AgY, = —k(k+n—2)Y,, and where 4y is the

spherical Laplacian [17]. [For n=1 take " '={1, — 1}, do=0(w+ 1)+ (e —1),
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Yo(@)=(p(1)+ p(—1))/2, Yi(w)=(¢(1)— (- 1)w/2, and Y, =0 if k>1.] The oper-
ator & given by

EPpro)= ) Y(o)(/R*™"7*; rzR (3.5)
k=0
defines a function on 2(R) where it is harmonic. Clearly &¢(Rw)= ¢(w).
Lemma 3.3.
”g.qb”g(](’3R)§CRn/2|l¢”L2(S"",dw) . (36)
Proof.

® 3R p\4=2n-2
f (g doydr= 3 | ( ﬂmzdw)(ﬁ) " dr
=R i (5|12I2dw)(}t3‘"”2"dz)

<c*R" Z [1Y,)2dw=c*R" Dl Zaisn-1 . aery -
k=0

We are now ready to deal with H=—4+V, Ve C*(R"). Suppose Hy = Eyp with
E <X =info,(H). It follows from [1] and [14] for example, that there exists an
R, >0 so that if R=R,, (¢,(H— E)p)=3(X—E)($, ) for all ¢peCF(Q(R)). The
closure of this quadratic form is associated with a positive self-adjoint operator
Hy—E with form domain H{(Q(R)). (Hy is just — 4, + V with 4, the Laplacian
with Dirichlet boundary conditions on 0Q(R). H}(R) is the closure of CZ () in the
norm (V| +¢lI*)"*) We have

I(Hg—E) ' sc=[(Z-E)]". (3.7)

Furthermore the operator (Hgr—E)™ 'V extends from C7(2gz) to a bounded
operator on L*(Q(R)) and

I(Hg—E) 'V|=K,, (3.8)

I(H—E)"'VII=K,, (39

where K is independent of R 2 R,. (K can also be chosen independent of m in H®™

=—A+V™)
Now suppose R> R, and let u=&8TRry. From Lemma 3.3

lull ok, 37y = CR" [l - (3.10)

Note that since Ve C*(R"), the elliptic regularity theorem tells us that we C*(R").
This means that Tywe C*(S"~ '), and thus looking at (3.5), 10%ull g, 37) < 00 for
any o.

Define &g(x)=&(|x|/R), where e C*(IR) satisfies 0= E <1, &(r)=0 for r=3, and
E(r)=1 for r=2. Define

p=(Hp—E)" (= (V= E)qu+2VEq-Vu+(AEu). (3.11)

From (3.7) through (3.9) and the uniform boundedness of || [V¢g|+[A4E k| [l Lo fOT
R>R,, we see that

”UHQ(R) Sc HuHQ(R’ 3R) = C/Rn/zlwlR .
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Thus

1€ xtt+ 0l oy S ¢, R 1l

We now show that w=<&¢zu+v on Q(R). This will complete the proof. Let
f=w—{ru—v, and note that as a distribution (—4+V—E)f=0 in Q(R). (This
computation is straightforward.) From (3.11), ve D(Hg) C H{((R)). Since u(Rw)
=y(Rw), we have that the function yp—¢&zu vanishes on 0Q(R). In addition
0*(p— Equ)e LA(Q(R)) for all . It easily follows that g — &zue Hy(Q(R)), and thus
that fe Hy(Q(R))=D((Hg— E)"/?). This fact and the fact that (— 4+ V—E)f=01in
€(R) as a distribution imply fe D(Hg) and (Hg—E)f =0. Since Hy—E >0, f=0.
This completes the proof of (2.6).

Acknowledgement. One of us (I. H.) would like to acknowledge a useful conversation with Richard
Lavine.
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