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Abstract. We consider the g-component quantum Potts model on a d-
dimensional cubic lattice with symmetry breaking and transverse fields. The
model is solved exactly in two special limiting cases: 1) the infinite lattice-
dimensionality (d— c0) limit and 2) the limit of infinitely-weak, long-range
interactions of Kac type. In each case the resulting free energy and its first
partial derivatives (order parameters) are shown to be identical to the
corresponding mean-field expressions.

1. Introduction

The Potts model is a model of central interest in statistical mechanics as is
evidenced by the recent and extensive review article by Wu [1]. Although this
model is a simple generalization of the 2-component Ising model to a
g-component model, it exhibits much richer critical behaviour. Of particular
interest is the order of the phase transition as one varies the lattice dimension d
and the number of components ¢, regarded as continuous parameters. Mean-field
theory [2] predicts a continuous transition for ¢ <2 and a first-order transition for
all ¢>2, independent of the lattice dimension d. However, Baxter’s exact result [ 3]
in two dimensions shows a continuous transition for g<4 and a first-order
transition for ¢>4. In general, it is now believed that there exists a critical value
q.(d), with a non-trivial dependence on the dimension d (see Fig. 2 in [1]), such that
the mean-field prediction is correct for ¢>g(d). In addition, renormalization-
group arguments [4] indicate that the mean-field predictions are correct for d>4.
It is thus known that g (2)=4 and ¢ (d) =2 for d >4. An obvious question is what is
the value of g (d) for d=3, in particular, is ¢ (3) greater than or less than 3? For
some time the usual series expansions [5] and renormalization-group analyses [6]
gave conflicting answers, but the weight of opinion now seems to be that g,(3)<3,
that is, in three dimensions the 3-component Potts model undergoes a first-order
transition.

Recently, a new attack has been made on these problems by looking at the
quantum Hamiltonian (field theory) version [7] of the Potts model. Mean-field
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theory of the quantum Potts model [8] again predicts a continuous phase
transition for =<2 and a first-order transition for g> 2, independent of the lattice
dimension d. Indeed, the initial motivation for studying the quantum model was
the underlying belief that d-dimensional classical models and their (d—1)-
dimensional quantum Hamiltonian counterparts have the same phase diagrams
and lie in the same universality class [9]. This is certainly true for the d=2 Potts
case, where Baxter’s results [3] can be carried over [10] to the one-dimensional
quantum Potts model, and is borne out in higher dimensions by approximate
calculations. In particular, by using 1/g-expansions for the (d— 1)-dimensional
quantum Potts model, Kogut and co-workers [11] have obtained the remarkable
results ¢,(3)=2.6+0.1 and q(d)=2.00£0.05 for all d=4. The quantum Potts
model has thus clearly emerged as a model worthy of study in its own right.

For many lattice spin systems, it is known [12-15] that mean-field theory
becomes exact in certain special limiting cases. Here we shall prove analogous
results for a general g-component quantum Potts model. This model includes both
the classical and the usual (transverse) quantum Potts models as special cases.
More specifically, we shall show that the mean-field theory of the general quantum
Potts model becomes exact in the following limits: 1) the infinite lattice-
dimensionality (d—o0) limit and 2) the limit of infinitely weak, long-range
interactions of Kac type.

We also expect that the mean-field theory becomes exact in the many-
component (¢— co) limit. This was proved by graphical methods in [15] for the
classical Potts model. However, we are not able to prove it for the general
quantum model by the methods used here. Although we shall not be concerned
with the lattice gauge Potts model here, it is interesting to note that recently this
model has been solved exactly [16] in the g— oo limit, yielding mean-field results
for the thermodynamic functions.

The rest of this section is devoted to giving a precise statement of our results.
For convenience, we describe the classical Potts model before introducing the full
quantum model.

The Hamiltonian of the classical Potts model is

H:_%Z‘Ijké(aj’ak)_‘fzé(aﬁ1), (L.1)
Jk j

where d(-, -) is the Kronecker delta, £ =0 is an external symmetry-breaking field
and the parameters J;, =J,;20 are pair interaction strengths (with J;;=0). For
simplicity, we shall always take sums on j and k to be over the N =1? lattice vectors
in Z* of a d-dimensional cube of side v. At each lattice site j, the spin o is restricted
to one of g distinct values: in order to make contact with the quantum model, we
shall assume that o,=1, »,®?,...,0* ', with w =exp(27i/q) a g™ root of unity.
The partition function for the classical model can then be written as

a1

Zy= Z=1 Y. exp(—BH), (1.2)

on=1

where f=1/k,T is the inverse temperature and the sums extend over all values of
the spins.
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The quantum Potts model is a generalization of the classical Potts model. The
Hamiltonian we shall consider is

q q q
H=—3q7") Y Ju@Q)y—¢7' Y ¥ &-ng™ 'Y, ¥ M3, (13
Jk a=1 j a=1 Jj a=1
where the lattice structure and interactions are as described previously, with #=0
an additional (transverse) field. The spin operators (matrices) Q; and M; commute
at different sites. At the same site, however, they do not commute but obey the Z,
algebra:

MQ,=wQM,, M}Qj:w—lng}, QI=Mi=], (1.4)
where I is the identity and the dagger denotes the Hermitian conjugate. In

particular, these operators can be represented as direct products of N gxg
matrices

Q,=1®..RI0 2QI®...®I,

(1.5)
M=1®..QIMRIR...®I,
where the matrices Q and M, occuring in the j™ positions, are given by
10 .. O 010
0 w ... O 001
Q= , M=\ (1.6)
0 0 ... ! 100

We shall work only in this representation, in which the Q; are simultaneously
diagonal. The partition function is now

Zy=Trexp(—pH), (1.7)

where H is the quantum Hamiltonian and Tr denotes the matrix trace. The free
energy per spin y in the thermodynamic limit is given by

Py(B)=— lim N"'InZy. (1.8)

The quantum Potts model reduces to the classical model when the transverse
field # is set to zero: in this case the Hamiltonian (1.3) is diagonal and the partition
function (1.7) reduces to (1.2) after repeated use of the identity

q
8o,6)=q"" ). (Go'), (1.9)
a=1
where ¢ and ¢’ are g™ roots of unity and the bar denotes complex conjugate. The
transverse Ising model is also obtained as a special case by setting g=2. In this
case Q and M are familiar Pauli matrices.
In the sequel we shall always assume that the interactions are ferromagnetic
and translationally invariant, i.e.

Ju=Jy=J(— k)20, (1.10a)
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and impose periodic boundary conditions so that

Tv=X (1.10b)
J

does not depend on k. In addition, we shall also assume
Jw=f$i_{11 Jy<oo, (1.10c)
so that the limiting free energy (1.8) exists [17].

Under these assumptions the result we prove can be stated in two parts as
follows:

Theorem. 1) Let y,f) be the free energy (1.8) for the quantum Potts model (1.3)
with nearest-neighbor interactions given by

. J2d |j—kl=1
Ti= {0 otherwise . (1.11)

Then
lim v (B)= (B, ). (1.12)

where Yy is the mean- field free energy given by
wye(B, )= min{3 4" (q— 1)Jx*— 547 (qg—=2)Ix—3(q T +E+n)

=B~ In[2cosh[L B(Ix+&E)* =29 Hg—2)(Ix+En+n*)2]

+(g—2)exp[—3BUx+E+n)]1} (1.13)
2) Let . (f) be the free energy (1.8) for Kac type interactions
Ju=JG—k)=y%0li—kl), j*k, (1.14a)
where it is assumed that o(r) is everywhere bounded and that
J= lim lim Jy= { o(lr)dr (1.14b)
720+ N—oo RrRY
exists as a Riemann integral. Then
lim ,(8)=vyge(B. ). (1.15)

An immediate corollary to this theorem is that, in the two limits considered,
the order parameters for the quantum Potts model (1.3) are also given by their
corresponding mean-field expressions. To see this, we observe that the free
energies ,(f) and y,(B) are concave functions [17] of the fields ¢ and 7; it
therefore follows, by a result of Griffiths [18], that taking the limit commutes with
the operation of taking the first partial derivative with respect to £ or #, so that, for
example

.0 J . 0
Jlim a_gw"(ﬁ)= % lim v, (f)= a—épr(ﬂ, J). (1.16)
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We shall not enter here into the details of the order parameters or phase
transitions of the general mean-field model given by (1.13). Instead, we refer the
reader to the discussions given in [2] for the classical Potts model (#=0) and [8]
for the transverse Potts model ({ =0, Jy=1). It is worth pointing out, however,
that for the classical Potts model (1 =0), the mean-field free energy (1.13) becomes

wup(B, ))=min{z g g— 1)JIx>+q~ Jx—3q T B In[fFTO+g—1]},
(1.17)

which differs from the expression given by Mittag and Stephen [2] but can easily
be shown to be equivalent using the common stationary condition

eB(Jx +&) _ 1

x= g (1.18)

To prove the theorem we shall use the methods of [12] and [14] to obtain
upper and lower bounds on the free energy y(f) which coalesce in the stated limits.
In Sect. 2, we use the Bogoliubov variational principle to show that the mean-field
free energy always gives an upper bound. In Sect. 3, the lower bound is obtained
via a functional integral representation of the Trotter approximation to the
partition function.

2. Upper Bound on the Free Energy
In this section we shall use Bogoliubov’s variational principle [19] to show that

Y(B) = wpe(B. J ). (1)

Before proceeding, however, it is convenient to introduce a vector notation. We
define the following (¢ — 1)-dimensional vectors:

Q,=(Q,27,...,Q17 1),
M;=(M,M?:,...,M4"1), (2.2)
1=(1,1,...,1).
Given two (g— 1)-dimensional vectors A and B, whose elements are either scalars
or g x g matrices, we define their dot product to be the Hermitian operator

q—1
A-B=1Y (4!B,+B!4,). (2.3)
a=1

Note that, when A, Be€?™ %, the dot product is just the usual real inner product in
27! regarded as the vector space R*@™ Y,
Using this compact notation, we can decompose the Hamiltonian (1.3) as

H=H,+H,, (2.4)
where
Hy=4¢" g~ DNJyx* = Ng "G Iy + i+ =g Uyx+ O N 1-Q—g ' Y 1M,
J J
(2.5)
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H1=—%q“jZijk(xl—Qj)~(x1—Qk), (2.6)
and xeR is arbitrary. Bogoliubov’s variational principle [19] now states that
Trexp[—p(Ho+H,)]2exp(—B<H,>,) Trexp(—BH,), 2.7
where
(oopo=Tr[...exp(—BHy)]/Trexp(—pH,). (2.8)

In this case we find

CH = ‘%q_l Z}(ij(XI_<Qj>o)'(xl—<Qk>o)

=-3q 'q- l)jZkJ,-k(x— (Q;0) (x—< Q). 2.9)
Since J;;=0, this follows because the expectation <...), factors over the sites and
Q=7 =...=(Q1" > eR. (2.10)

To obtain the desired bound we now choose x to be a solution of
x={2>. (2.11)

Since {€2;), is independent of j, x will also be independent of j. With this choice of
x, we see that (H,»,=0 and hence, from (2.7),

ZyzTrexp(—fH,). (2.12)
From (1.8), (2.5), and (2.11) we therefore conclude that
W(B) =3 0q Ng—Dx*—q 'GJ, +E+n)
— B 'InTrexp[fg ((J,x+E1-Q+n1-M)], (2.13)
where J, is given by (1.10c) and x is any solution of the equation

Tr(1-Q)exp[fg~ ((J ,x+E)1-Q+nl-M)]
Trexp[Bq~ ((J x+&)1-Q+n1-M)]

But this equation is precisely the condition for the right side of (2.13) to be
stationary with respect to variations in x. Thus it follows that (2.1) holds with

(B, J)=min {3Jq Hq—Dx*—q 'GT+<+n)
—B 'InTrexp[Bg~ H(Ix+E1-Q+nl-M)]}. (2.15)

In Appendix A we evaluate the matrix trace which appears in (2.15). Using this
result then gives the explicit expression (1.13) for the mean-field free energy

Yuel(B, J)-

(2.14)

(g—Dx=

3. Lower Bound on the Free Energy

In this section we derive a lower bound on the free energy (1.8). We begin by
writing the Hamiltonian (1.3) in vector notation as
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H=—-Nq 'GJy+&é+n)—3q7" ZijQj-Qk—q‘1€ZI Q.—q 7Y 1-M;.
Jk J j
3.1)

Let us now regard the interactions J, as the entries of a matrix J. Since J 1s a cyclic
matrix it is readily diagonalized [20]. Defining

d
Sy =N"12T] exp(Qnij k,/v), (3.2)
p=1
where N =v* and j, denotes the components of the lattice vector j, we have
S™1JS=diag(4), (3.3)
where
o i
11.:/1(2_”1—1, TP, (3.4)
v v v
and
MO =X0,,0,,....,0,)=> J(k)e**. (3.5)

k

To proceed with the derivation of the lower bound we wish to replace the
matrix J with a suitable positive definite matrix K. This matrix has to be defined
differently for the two limits considered in the theorem. For the y—0+ limit
[Part 2) of the theorem], it is sufficient to set

Ky=Jj+ de(O)éjk =y%(yli— k), (3.6)

where ¢(0) is chosen sufficiently large to make K positive definite. The additional
diagonal term of course will not contribute in the limit y—0+. For the d— co limit
[Part 1) of the theorem], we define the cyclic matrix K by

Kjk=|J|jk+85jk’ (e>0), 3.7

where the non-negative definite matrix |J| is given by
|J|=S diag(|4,)S™*. (3.8)
Since ) (K —J;)€;-Q, is a positive definite matrix, it follows immediately

J.k
from the Peierls theorem [17] that

Jk

ZySexp[pNq 'GJIy+E+n)] Trexp[%ﬂq’1 > K,Q.-Q

+Bq'1621‘ﬂj+ﬁq_1ﬂZI-MjJ. (3.9

For Hermitian matrices 4 and B, a straightforward generalization of the
Golden-Thompson inequality [21] states that Tre?*Z<Tr(e?"e®")" for all
positive integers n. By Trotter’s formula [22], equality is actually achieved in the
limit n— o0. Applying this inequality to the right side of (3.9) we obtain

Zysexp[BNq 'GJIy+E+mlZy ,, (3.10)
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where
ZN,,,=Tr[exp(%ﬁq‘1n 1ZK,kQ Qk+ﬁq“1n’1621 Q)CXP(ﬁq“ ‘anl'Mﬂ]"
j
(3.11)

We are now in a position to use the identity
exp(%BZKij}Q) = (B/2n)" (DetK)~ ; [1d;
ik !
.exp[ 2/?ZKJ,C Zz,+% ﬁZ(z Q47 Q*)J (3.12)

where d?z means d(Rez)d(Imz). This identity is valid for an arbitrary set of
diagonal operators ©; and any real symmetric positive definite matrix K. Applying
it to each such term in the product of 2n ordered exponentials in (3.11) gives

Zy, o =(B/2mgn)"" @~ D (Det Ky =9 | Hﬂdz

R2Nn@-1) =

11y szz zk,]

Jk t=

“exp| —
Tr {exp[ﬁq Iyt Z(th—i-fl)-ﬂj]exp{ﬂq_ln_lnz1-Mj]}_(3.13)

Next we need to estimate the trace in (3.13). This we do in three stages. Firstly,
in Appendix B, we show that, for even n and arbitrary z,,z,, ...,2,eC?~ ' and 20,

Tr [] [exp(q™'n"'z,-Q)exp(q~'n™ 'n1-M)]

t=1

< f[ {[1+4n"texpB|zll+n)] Trexplq™ '(z,- Q+n1-M)]}*/". (3.14)

Secondly, in Appendix C, we show that, for ze€?~ ! and 5 =0,
Trexp(z-Q+nl1-M)<Trexp[(g—1)"Y?||z|1-Q+»n1-M]. (3.15)
Lastly, in Appendix D, we prove the monotonicity property
0
a—Trexp(xl ‘Q+yn1-M)=0 (3.16)
X

for x=0 and #=0. Combining these inequalities with the triangle inequality
lz+ &1 < ljzll +(g— 1)'"?¢ S |jz|| +g¢, we obtain

n

Tr [] {exp[Bq~'n"'(z,+¢1)- Q] exp[Bg~'n~'n1-M]}

<[] {[1+4n~ " exp(3Bz,] +3Bas + Bn)]
t=1
Trexp[Bq (g—1)" "2z +O1-Q+f ¢ - MJ' ™. (3.17)
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If we now factor out the direct product over j appearing in (3.13) and apply the
inequality (3.17) at each site we find

n

ZN,n < (ﬂ/znqn)N"(q— 1) (DC[K)— n(g—1) j H dzzjt
1

R2Nn(a-1) jot=

+€Xp *%Bq_ln—l Z Z (Kj—kl—c—l‘sjk)zjz‘zkz
Jkt=1
[T ITexp{—=3Bg™'n 1L Mz, )2
i =1
+n"'InTrexp[fg~'(g— 1) "?l|z, |+ &)1-Q+ g~ 'n1-M]
+n"'In[1+4n" " exp(3Blz;l +3pqé + )1}, (3.18)

where, in anticipation of the next step, we have added and subtracted a term in the
exponent with (>0 arbitrary.

To obtain the required upper bound on Zy ,, our strategy now is to replace
each term in the product over j, ¢t in (3.18) by the common maximum. This
maximum occurs for ||z [| =]z satisfying the stationary condition

Mzl =F(lzl), (3.19)

where

po— T Qexplhg~ ! (g=1) " x+ 912+ fig~'n1-M]
(g=1)"?Trexp[fg~'((g— 1) *x+&)1-Q+pg™ 'n1-M]
12qn™ ' exp(3fx +3fq¢ + pn)
1+4n~Yexp(3fx+3pqs+pn)’

(3.20)

After the maximization of the product over j,t in (3.18), we perform the
remaining Gaussian integrals. Setting

x=(qg—1)""2" Yz, (3.21)
we obtain
Zy, ,<Det(I-{"'K)™"a™ P
-max {exp[— 3 Bq (¢— 1){x*]-Trexp[fg~ '((x+E)1-Q+ g~ 'n1-M]
[1+4n" " exp(3B(g— 1)'*{x+3pg& + pn)]}". (3.22)

The manipulation leading to (3.22) clearly requires the matrix I—{™ 'K to be
positive definite. This will certainly be true if we choose { to be greater than the
maximum eigenvalue of K, ie., either

{(>Jy+e or (>J_+7%(0) (3.23)

as appropriate. We now take the thermodynamic limit N—oco. From (3.9), (3.10),
and (3.22), it then follows that
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y(p)=— lim (AN) "' InZ,
=2 min{3q" (g—1)ix*—q "G, +E+n)
— B 'InTrexp[Bq '({x+&)1-Q+pg~t n1-M]
=B~ In[1+4n" " exp(3B(g— 1)"*{x+3Bgé + fn)1} +nlg— 1 R(B. O,

(3.24)
where, by Szegt’s theorem [23], the remainder term R(f, () is

R(B,()=p"1 131_1}11 N7 'ln Det(I—C—1|J|)=ﬂ*1(2n)_df.2ff d01n(1— (™ A0))).
© 0

(3.25)
Here A(0) is given by (3.5) with either J(0)=0 or J(0)=7%!(0) as appropriate.

In each of the two limits d— oo, y—>0+ the remainder term (3.25) vanishes. For
the d— oo limit, this was proved in [12]. For the long-range y—0+ limit it has
been proved in [13]. Evaluating the trace in (3.24) (Appendix A) and taking the
limits n— o0, {—=J+ [see (3.23)] after all other limits, we conclude that

Jim p,(B) Z pye(B, ). (3.26)
and
Jim . (B) 2 pue(B, ). (3.27)

where yy(f,J) is the mean-field free energy given by (1.13). These inequalities,
along with the reverse inequality (2.1), prove the theorem stated in Sect. 1.

Appendix A

In this appendix we prove the following:

Lemma. For arbitrary x and #,
Trexp(x1-Q+n1-M)=exp[5(g—2)(x+1)]

- {2 cosh[L(g>x? — 2q(qg — 2)xn + ¢*n*)?]
+(q—2)exp[—%q(x+n)]}. (A.1)

Proof. We wish to find the eigenvalues of the g x ¢ matrix

[(g—Dx n ... 7 1
n -X ... 7 n
x1-Q+pt-M=| S (A2)
n n o .. —x 7.
n noo..on x|

Such a matrix has been studied in [8]: it has two eigenvectors of the form
(a,1,1,...,1) with eigenvalues

Ay =5@=2)(x+n)+ 3[4°x* = 2q(q—2)xn+¢*n*1"?, (A3)
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and (q—2) eigenvectors of the form (0, 1, w, w?, ..., w?™?), where w1 is a (g— 1)
root of unity, with degenerate eigenvalues
hy=Ay=... =4, = —(x+n). (A4)
Hence
Trexp(x1-Q+nl-M)=e" +e*2+(q—2)e? (A.5)
from which (A.1) follows.

Appendix B

Our aim here is to prove the inequality (3.14). To do this we first prove the
following:

Lemma. If A and B are q % q matrices and n a positive integer, then

[Trlexp(n™'A)exp(n™ 'B)]"|< {1 +2n" " exp[3(| 4] +IBIN]} |Trexp(4 + B),

(B.1)
where the norm || A| is given by
[All= ”sll[lgl [ Av] (B.2)
with |v|?=v-v for ve C4.
Proof. Let us set
T=exp(n~'A4)exp(n™'B), (B.3)
S=exp[n ' (4+B)]; (B.4)
then
Tr(T) Tr(T"S™"S") < _ _
— <o(T'S™M< nQ—n B.

where g(A4) denotes the spectral radius of 4. Using the elementary properties of the
norm (B.2), i.e.

[A+Bl=|All+Bl, AB|=IAlIBll, =1, (B.6)
we further estimate that
(TS~ =I+(T"=S")S™ " =1+ T"=S8"[ |S™"]. (B.7)

The required result (B.1) thus follows from the estimates (see, for example, Reed
and Simon [22, p. 295]):

[S™" sexp(lAl+ 1B, (B.3)
IS"—T"| <2n" texp[2(] All + | BI)]. (B.9)
To obtain the inequality (3.14), we can now use the Holder inequality [24]

< [T CTe(m ey, (B.10)
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with
T,=exp(n 'A,)exp(n~'B,), (B.11)
A,=q 'z,-Q, B,=q 'n1-M. (B.12)
Since 4, and B, are Hermitian we find
Tr(T T,)"* =Tr[exp(n~'B)exp(2n~'A4,)exp(n™ 'B,)]"?
=Tr[exp(2n~'4,)exp(2n~*B)]">. (B.13)

In this last step we have assumed that n is even and used the cyclic property of the
trace. Applying the preceding lemma to (B.10) now gives

Tr [] exp(n™*4,)exp(n~'B,)

t=1

=
t

{[1+4n""exp(3(ll4,] +IB,]))] Trexp(4,+ B,)}*". (B.14)

s

1l

1

Recalling the definitions (B.12) of 4, and B,, we see that (B.14) gives the desired
inequality (3.14), once || 4,] and ||B,|| have been replaced by the simple estimates:

q—1 q—1
141=q™" Y Iz 1Q1* =q"" ¥ Iz, =z, (B.15)
a=1 a=1
q—1
IBll=q~'n ) IM|*=q *(g—1n=n. (B.16)

a=1

Appendix C

In this appendix we prove the inequality (3.15). This inequality follows immediate-
ly from the following stronger result:

Lemma. Let A, B, C be the q X q Hermitian matrices given by

A=2-Q+(q—1)"Y?|z| I, (C1)
B=(q—1)""?|lz| 1-Q+1), (C2)
C=n(1-M+1). (C3)
Then, for any positive integer n,
Tr(A+C)'<Tr(B+C)". (C4)
Proof. We first show that
TrA"<TrB". (C.5)

For n=1, equality holds, i.e. Tr4=TrB, because
TrQ=0. (C.6)



Mean-Field Limits of the Quantum Potts Model 385

For n=2, a straightforward calculation gives

q—1

Trd?=(g/4) ). Iz, 42" +4(g—1)"" ]I

a=1

<q¢*(q—1)""|z|*=TrB?, (C7)
where the last equality is easily obtained by noting that
1-Q+1=diag(q,0,0,...,0). (C.8)
For n=3, we have
TrA"<(TrA%)"?<[q(q—1)""?||z[]"=TrB". (C.9)

Here the first inequality is a generalization of a standard inequality for [’ norms
and the second inequality follows from (C.7).

To prove (C.4) we now observe that the entries of the matrix C are all equal to
1. Because it is of this special form, the matrix C can be eliminated from the trace
of any product, formed with a diagonal g x ¢ matrix D, by using the cyclic property
of the trace and the following identities:

C*=gnC, CDC=y(TrD)C, TrCD=nTrD. (C.10)
Using (C.7) it follows, for example, that
TrACA*C?*=qn*TrA-Tr4?<qn*TrB-TrB*=TrBCB?*C*.  (C.11)

Since this argument holds for any such product, (C.4) can be obtained by using the
binomial expansion for non-commuting operators and comparing the traces term-
by-term. Likewise, by expanding the exponentials, we can prove

Tred €< TreB*C. (C.12)

This inequality is equivalent to (3.15).

Appendix D
In this appendix we prove the following:

Lemma. Suppose x=0 and n=0. Then

0
5—Trexp(x1-9+111 ‘M)=Tr(1-Q)exp(x1-Q+n1-M)=0, (D.1)
X
Proof. Let C and D be the g x ¢ Hermitian matrices given by
C=y1-M+1), (D.2)
D=1-Q=diag(g—1,—-1,—-1,...,—1). (D.3)

Then to prove (D.1), ie.
TrDexp(C+xD)=0, (D.4)
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we expand the exponential, take the trace term-by-term using (C.10), and use the
inequalities
TrD"=(g—1)"+(g—1)=0. (D.5)
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Note added in proof. One of the authors (P.A.P.) has now shown that the mean-field theory for the
for the quantum Potts model becomes exact in the g—co limit. The details will appear elsewhere.








