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Abstract. The behavior of fluctuations in a class of surface models with
exponentially decaying nonlocal potentials in studied. Combining a Mayer
expansion with a duality transformation, we demonstrate the equivalence of
these models to a class of two dimensional spin systems with nonlocal
interactions. The expansions give sufficient control over the potentials to allow
the fluctuations to be bounded from above by the means of complex
translations in the spin representation of the model.

1. Introduction

In this paper a class of models obtained by introducing nonlocal potentials into
the solid-on-solid (SOS) model is studied. We show that for a certain class of
potentials there exists a finite positive constant ¢(f, J) such that fluctuations in the
interface described by the model may be bounded by

{hg=h)*> =c(B, ) In(1+Ix]), (1.1)

for all non-zero inverse temperatures f.
The models considered have finite volume partition functions

Z,=Yexp( =B L lh=hj+ T V). (1.2)

{n <> xca
Let A be a square region in IR?, centered at the origin, of side length 2m+ 1), me Z.
The sum over {h} runs over all configurations of integer valued fields on Z2, which
obey the boundary conditions h,=0, for all sites i€ Z*nA°". For technical reasons
we require that [4] > A,, where |A] is the number of sites in Z*n A, and A, is some
constant defined in the appendix. Throughout this paper, {i, j> will denote a pair
of nearest neighbor sites in Z2. Because of our boundary conditions, the sum over
nearest neighbor pairs may be thought of as running over all pairs in Z?, or only
over those pairs which intersect A. The sum over X C A runs over all connected sets
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a b

Fig. 1a and b. Sections of interfaces: a an interface for the SOS model, b because of the overhangs this
interface could not appear in the SOS model

of plaquettes in the dual lattice Z*"=(Z+ 1/2)?, which are contained in A. The
nonlocal potentials V3(-) obey:

(a) Inversion Symmetry. We assume that V;(+) is invariant under the change in
the field configuration, {h}— — {h}.

(b) Translation invariance. We assume that V;(-) depends not on the absolute
values of the field {h}|y, but only on the differences in {h} at adjacent sites in
Z*nX. We denote this fact by writing (in a slight abuse of notation)

Vih}lx) = Vy({h—h} ) = Vi({ORh}]y). (1.3)
(© {Shl)llpIV;?({h}lx)léeXp(—JP(l).

In (c), |X| =number of plaquettes in X, more generally given a set s, |s| will denote
the cardinality of s.

These models arise as follows. Previous studies of surface models, except at
very low temperatures, have been limited to either the SOS or discrete Gaussian
models [8]. These models attempt to describe the behavior of surfaces at the
interface between the two phases of some system. In each case the shape of the
interface is specified by associating with each site in Z? an integer and assuming
that the integer h; specifies the height of the interface at the point i. These models
possess two crucial restrictions. First, they prohibit interactions between lattice
sites more than one lattice spacing distant from one another. Second, they don’t
allow for any overhanging parts of the interface.

The models in (1.2) overcome the first of these restrictions and represent a first
step toward removing the second as well.

One more realistic model for interfaces is provided by the three dimensional
cubic Ising model. Choose coordinate axes so that the z=0 plane lies between the
two center planes of spins. Choose boundary conditions so that the boundary
spins are forced to be + 1 if the site under consideration lies above the z=0 plane
and —1 if it lies below. In this case the interface is the Peierl’s contour separating
the upper and lower halves of the system. (See [4, 7] for studies of the low
temperature behavior of such interfaces.) Such interfaces do have overhangs and
one might expect on heuristic grounds that the effect of overhanging con-
figurations would be similar to non-local potentials, just from the observation that
the sort of overhangs allowed certainly depends on the shape of the remainder of
the interface, because of the requirement that the interface be non-self-intersecting.

The relationship between the non-local potentials and overhanging con-
figurations emerges more clearly in the following example. Consider the class of
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interfaces, I, obtained by “decorating” a SOS interface with overhangs, in such a
way that the resulting configuration would be an allowable interface in the Ising
model described above. (The SOS interface with no decorations is also an allowed
configuration.) Assign to each such interface the Boltzman factor it would have if
it had arisen in an anisotropic Ising model with coupling J=1 in the x and y
directions and J, in the z direction and with boundary conditions as described
above, namely,

e—[i%(l‘) — e—[ilnumber of vertical plaquettes|

e — pJ . Inumber of horizontal plaquettes| (14)

In the partition function for this model we break the sum over all such I' into
two parts, summing first over all overhangs compatible with a given SOS
configuration and secondly over all SOS configurations. The sum over overhangs
may be rewritten as an exponential using techniques like those of Sect. 3 of the
present paper, or [2, 3,9, 12], and the resulting exponential is interpreted as a sum
over non-local potentials. Up to a multiplicative constant, our partition function
then has precisely the form of (1.2). One can ask to what extent the conditions (1.3)
are verified for the non-local potentials we generate in this procedure. Conditions
(1.3) (a) and (1.3) (b) are satisfied. Condition (a) reflects the fact that the number,
shape, and size of the overhangs which can be inserted into a given interface are
unchanged if one inverts the whole interface. Similarly, condition (b) is just a
reflection of the fact that one can translate the whole SOS interface (or some
section of it) vertically, without changing the kind of overhangs which one can
attach to it. Condition (c) is the one where our estimates break down at present.
The assumed exponential decay is valid. It arises from the fact that any overhang
must contain at least as many horizontal plaquettes as there are plaquettes in its
projection into the z=0 plane.

Since V() is associated with sets of plaquettes whose projection into the z=0
plane is the region X, and since each horizontal plaquette carries with it a factor
of e™#=, we obtain decay of the sort claimed in (2.2) (c), with J proportional to fJ,.
The problem which arises is that this decay is not uniform in {h}. The reason for
this can be seen in Fig. 1. As the vertical “wall” into which we insert the overhang
becomes higher and higher, the number of places available to insert the overhang
grows, and thus V() should also grow. This is found to be the case. This is the
principle restriction which prevents us from applying these results to the aniso-
tropic Ising model.

We note that opposing this growth in the non-local potentials is the fact that
the SOS part of the partition function becomes exponentially small as the height of
the walls becomes large and it may be possible to use this fact to relax condition
(1.3) (c).

Our principle result is

Theorem 1.1 For every >0 there exists a constant J,(f)>0 such that for all
J>J(B) there exists a positive constant k(B, J) such that for all x=(n,0)eZ?, with
0<n<|A|*® one has

(et <exp{e2k(B, J)In(1 + |x])} . (1.5)
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Furthermore, k(B, J) may be uniformly bounded by some constant k(f) for all
J>T(p).

Note that the bound of (1.2) follows easily from that of (1.5) by subtracting one
from both sides of (1.5) and expanding to third order in ¢. The term proportional
to ¢ on the left hand side of (1.5) disappears because of the symmetry under
{h}— — {h}. Dividing by ¢* and taking the limit ¢—0 yields (1.2). Also, the
restriction that the point x lie along the x-axis is not necessary and could be
removed at the expense of complicating the proof.

In the limit J— o0, one recovers the SOS model from our models. Thus
Theorem 1.1 guarantees that <(h,—h,)*> <k(B)In(1+|x|) for the SOS model.
Some easy manipulation of the results of Sects. 2 and 5 show that one can pick k(f)
<C,B™* (see [16]) for some constant C,. However, by [8] we know that for B
sufficiently small one has {(h,—h,)*> = C(B)In(1 +|x|) (the results of [16] show
that one can take C(f)>C,|Inf| for some C,>0). Thus one has very precise
control of the fluctuations in the “rough” phase of the SOS model, namely the two
sided logarithmic bound

C(B)In(1+1x) £ <(ho— h,)*> <k(B) In(1+1x]). (1.6)

The results presented here also hold if we replace the models (1.2) by
perturbations of the discrete Gaussian model, with partition functions

Zy=Tewp(=B T =)+ T VIBL). (1.7)

{n i3> Xca
In particular by taking the J— oo limit and using the results of [8] one obtains
logarithmic growth of fluctuations in the roughened phase of the discrete Gaussian
model just as in (1.6).

The chief technical tool used to prove our bounds is a duality transformation
which allows us to rewrite these models as two dimensional spin systems. Until
now duality transformations have depended on some special feature of the
interactions in the system which allowed the sums that arise in the transformation
to be explicitly calculated. Using a Mayer expansion we are able to relax this
requirement and greatly increase the class of models to which the duality
transformation may be applied.

One might expect, in light of the behavior of the SOS model, that the models
studied here would undergo a roughening transition at sufficiently high tempera-
tures, resulting in logarithmic lower bounds on the fluctuations. By combining a
Mayer expansion with the multipole expansion of Frohlich and Spencer [8], one
can present a formal expansion for these lower bounds. However, I do not know
how to prove convergence of this expansion, (there is an error in one of the
convergence estimates for this expansion presented in [16]), and thus the existence
of a roughening transition in these models remains conjectural.

2. The Duality Transformation

Adopting the convention that the bonds (nearest neighbor pairs) (m, k) are
directed, with the positive direction either up or to the right, and denoting by y the
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1 J n

Fig. 2. Representative sites in the original and dual lattice

set of lattice bonds in the path from O to x, we may rewrite our unnormalized
expectation as:

Z, (et my=% ] em=m [T e Fhi-hlexp { Y V,{({hi—hj}lx)}. 2.1

{n} <m,k>ey G, J> XcA

Now exchange the “site” variables {h}, for “bond” variables n;;=h,—h; The
variables n;; are not independent. Their sum around any plaquette must be zero.
The coboundary operator, V, defines a function (on sites of the dual lattice)

)= Y, 16*,<,>)n;, 2.2
<i, iy

where the incidence function, I(i*, {i,j>), is (+ 1) when the bond {i,j) is contained
in the boundary of the plaquette associated with the site i* in the dual lattice and is
oriented in the positive direction, (— 1) if it is oriented in the negative direction,
and 0 if (i, j> does not lie in the boundary of i*. (We choose the counterclockwise
orientation to be positive for the boundary of a plaquette. See [1, 11] for a concise
explication of these lattice operations.) The constraint on the variables {n} now
becomes (Vn)(i*)=0. Enforcing these constraints with Kronecker d-functions, (2.1)
becomes

Z ety =5 T] e [T e #ml [ (50,(Vn>(i*))eXp{ 2 VJ{({”}IX)}

{n} <k,f>ey [ i*e A* XcA

2n
— Z[ dei* H &Mt n e“ﬁ|"i1| l—[ eiﬂl*(Vn)(i*)
{n} Lixed* O 2” (kytHey {4, Jy i*eA*
-exp| ) Vy({n}] )},
{X;A X X (2.3)

where A* is the set of all sites in the dual lattice (Z?)*=(Z+1/2)? such that the
plaquette (in the original lattice) centered at this site touches A. Our boundary
conditions then translate into the restriction that n;; vanish for all bonds <i, j» C A"
Throughout this section and the next, “starred” quantities (e.g. i*, {i*, j*)) refer to
the dual lattice and unstarred quantities refer to the original lattice.

From Fig. 2 we see that each n;; appears twice in ] " once with a

i*e A*

positive sign when i* is the site of the dual lattice immediately above or to the left
of (i, j>, and once with a negative sign when i* is the site in the dual lattice

immediately below or to the right of i, j).
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. 2T d0,.
Denoting .J—L ! o = [DO and defining the function d ;. j, , by
oo = 1 if <i*,ji"> intersects some bond in y (2.4)
572710 otherwise,
we obtain
ZA<ee(h04hx)>A:jDQZ H e—lflnijleinij(ﬂim‘-isé(i*J*),Y)exp{ Z V}({n}lx)}- (2.5)
{n} <i,J> Xca

3. The Mayer Expansion

Were it not for the non-local potentials, the sums over {n} in (2.5) could be exactly
performed, yielding a two dimensional nearest neighbor spin system [8, 17]. We
show below that after a Mayer expansion one obtains again a two dimensional
spin system, but this time it contains complicated non-local potentials. The form of
the Mayer expansion presented here is very similar to that of [13]. Let I',, ..., I, be
connected collections of lattice bonds such that for all i€ {2,...,n} there exists
Je{l,...,i—1} with I;nI;%@. Then, define the interpolated potentials

Vit ({ndlys Tyyeen Iy)

s Vit ({ndlys Ty oo T y) if there exists

{i,j>CcX suchthat <i,j>elu...ul, and there exists
{i,j’>cX such that <i,jy¢l,u...0l,

Vet (bl s Ty s D2 y) otherwise . 3.1

We begin the induction by setting V3t %~ ({n}ly; I'y,.... T ) =Vy({n})lx), on
the right hand side of (3.1) in the case when k= 1. Also, we henceforth suppress the
dependence of the potentials on J.

Defining an arbitrary order for the bonds which intersect 4, and choosing
Iy ={<,.j;>}, where {(i;,j,> is the first bond with respect to this order, the
fundamental theorem of calculus yields

eXp{z VX({n}IX)}:eXP { z VX<{n}|X}+j dsl[ Yt @: 100V, ({ri}r,“)

XcAa X1cAa
Qiy, j1pcX

‘CXP{ > V§’({n}lx;{<ipjl>})}, (3.2)

XcA
where

20 URUNY ST SIS SR o8|
1 if there exists (i, j>CX such that {i,jyCrl,,
{I,j>CX suchthat <7, j>¢l u...ul, and no
", j">CX such that (", j">el | u...ul, _,,
0 otherwise. (3.3)

To proceed further we use.
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Lemma 3.1. For any k=1

d
i |2 Rl D 1)
k

= Z V;x.m,sk—1({n}lx;r1"”’I"k-l)
X: X and {0, j)CX
with <, j>¢L, ... T,
and (i’ jver,J...Ur,

—Z Z(sj,.. s Sem x (Lo e os Ty 5 35 Ty gy oo TIVi({m} ) - (3.4

We have adopted the convention that

4% ¢ VU MEEUED MED NIRRT I L3 S § AU MDY R ) B

Proof. The first equahty follows immediately from (3.1). The second equality is
also obvious in the case k=1, from (3.3). Assume that it holds for k<m. In the case
k=m, we rewrite the right hand side of the first equality in (3.4), using (3.3), as

Vet {ndlys Ty oo Dym )
X: {,jpcX and I, jYcX
with <&, />¢r, ... UL,
and <, el ).l

+ZXX(F1" oL 3 Ly OV (s T s )

=sm,1z Z (Sjpor S Ly o Ty 5 T3 T g oo L) Vil{n3 )
+ZXX(F13' * m 17 maﬂ)VSI sm_l({n}lx;rla"'arm—l)! (35)

where the first term on the right hand side of (3.5) results from applying (3.1) and
then the induction hypothesis, coupled with the observation that there must
always be a bond in X exterior to I'; U...UTI,. The second term is handled by the
observation that if

IrX)n{lyv...ul,,_}=0, then Vyv-=*'({n}ly;T,,....0,_)=Vyl{n}lx),
where I'(X)={set of lattice bonds contained in X}. (This follows from the
definition of the interpolated potentials.) With this comment the second term in
(3.5) becomes ZXX(F e D13 Ty O)Vi({n}ly), which when combined with the

first term ylelds (3.4) and completes the proof.
We now complete the expansion. The second term in (3.2) is reexpanded by
introducing a decoupling parameter s,, and choosing I', =1'(X ;). This yields

jdsl Y xx, (05 T 0)Vy ({n}lx)eXp{XZA V;‘({n}lxi{<i1,j1>})}

XiCcd

= £d51 Z Xxl(ﬂ;rl ;ﬂ)Vx;({"}lxl)

XiCcAa

exp{ > VT {ndlys {<i1,h>})}
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; d slsz
[, gexp 3 Vinll G D))

XcAa

= gdsl ZA 1x, 05 T )V, (n}ly,)

'exp{ XZA Vil{n}ly) + X% V;‘({n}lel)}
) aTaoT) =0 o

+§ds jdsz Yoy Z(sj,..., Wor,(Lps s Dy 3 T3 Ty gy o 1)

X1CA XocA j=1

1x, 05135 ¢)'Vx,({n}lxl)VXZ({n}lxz)eXp{ > V;‘”({n}lx;Fl,Fz)}, (3.6)

Xca

where in the second step we have used the facts that Vy'*2=°({n}|; I, I’,)=0 for
any X with I'X)NI'X,)=0, and I'X)N(N\(X)=0 (I',={set of bonds
intersecting A}), Ve ({n}ly; T =Ve({n}ly) for IrX)nl', =9, and
Vs =O{n}ly; Iy, L) =V3({n}ly; I,) if XCX,, all of which follow from the
definition of the interpolated potentials. The general induction step sets
I,=TI'(X,_,) and introduces the interpolated potentials V" =%({n}|,; I, ..., [}).
Continuing the decoupling process until I', is exhausted one obtains

Lemma 3.2.

> Va({n}ly)

Xca

exp =y Y.
k=1 Xy

1
Y [dsy, ... ds,_,
n O

2
Xi-1

k
‘lljlz [Sn(i)9 ""Sf~2XX;_1(F1’ ""Fn(t’)~ 1 ; Fr](t’) ; Fn(d’)+ 1° ""Ft’— I)VX[—I({n}lxl—l)]

'exp{x ) Z ) V;; ..... sk-l({n}]x;ﬂu...ulﬂk#l)%- X;A VX({”HX)}
CX1vU...UXk-1 I(X)n(l'yv...uTK)=0

(3.7

Here the sum over # runs over all tree functions (see [5]), i.e. functions on the
integers mapping {1, ..., k} into itself satisfying #(j) <j, and is determined by which
term in the sum over j we pick in (3.4). We adopt the convention that empty
products are set equal to one and empty sums are set equal to zero. (For a more
detailed exposition of the general induction step see [13].) Note that there are no
convergence problems with (3.7) since on a finite lattice only a finite number of the
terms are non-zero.

Definition. A cluster Y consists of
(a) An integer k=1.
(b) A collection of connected subsets of A, {X,....X,_,}.
(¢) A collection of sets of lattice bonds

{pjohITX,), . . TX )= T,, ... 0}, with {iLj)

k ~
the minimal bond in | ) I;=I(Y). (3.8)
1
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(d) A tree function # on k vertices.
(e) An interpolation parameter s, for m=1,...,k—1.

Definition. Given a cluster Y we define the cluster function;

Q(Y, 9’ 8) — Z 1‘[ e-—BIn,JIein,-J(G,-*—9,-*+eé<i*,J*>,y)

Mireyy G0

. <, 33Ty
'KH [Suey - Se-amxe L ts s Dyr— 15 Doy s Ty w5 -0 Lo Vi, ({ndly, )]
=2
-exp{ y V;l""’s""({n}lx;Flu...ul“k_l)}. (3.9)
XCXiv...uXk-1

With these two definitions we may write

Z[ l—[ e—ﬂlnuleinij(di*~ﬂj*+is(5<i*,J*>,y) exp{ Z VX({n}lX)H
{n} XcA

0

= Z Q(Y; Ga 8) [ Z 1_[ einij(gi*_ej*-'—i'w(‘*»J*),v)

Y:I'y={<iy, j1)} M ra\ Fovy <, j>:
Ir(y)cra i, jyelaA\T'(Y)

‘CXp Z Vi({n}ly)], (3.10)

XcA
r(X)nfy)=0

where we have compressed our notation so that

o8}

Yoo =X e ) Zfdsp---,dsk-l-

Yil'y =iy, j1)} k=1 X1 Xe-1 7
ry)ycry
Repeat the expansion process, this time applying it to the bracketed quantity
on the right hand side of (3.10). We choose i}, j; > so that I', is the smallest bond
(with respect to the previously defined ordering) in I" \I'(Y). The clusters generated
in this expansion must satisfy a compatibility condition with respect to those
generated in the first expansion. Specifically, we require that I'(Y,)nI'(Y,)=0.
Continuing this process until I, is exhausted we arrive finally at the expression,

Lemma 3.3

Z( H e ﬂ]nulemu(ol* 0 %+ €0 Gx, 3%, ) XZAVX({nHX))
{n}

4,5y .
= > [T oY,.6.¢). (3.11)
{Y,... h}: m=1
F(Y)mI’(Y) @;jFm
r(Y,)<...<I(Y)
Uirx,)=r,

By I',(Y)) we mean I', for the cluster Y. Now remove the varlous restrictions on the
allowed sets of clusters. First remove the requirement that U r (Y,)=T,. Define

1—e 2F

. 1
l+e 2$—2¢7Fcosh (312

1,(0)= _Z e Plnlgind —
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Then for ¢ sufficiently small we have
(0= 0 +186 o oy N Z AP, €)>0.

Also, note that for any cluster Y, with k=1, f(Y)={<i,j>} for some (i, >, and
Q(Y,0,e)=140,.—0,+ied ;s », ). (Recall that {i*, j*) is just the bond in the dual
lattice which bisects {i, j».) Defining

0(Y,0, g)=[ I zp(eirej*+iaa<i*,ﬁ>y)}'1Q(Y, 0,¢), (3.13)

<i, jyel(Y)

yJ*D, Y

we may rewrite the right hand side of (3.11) as

k -
/ [ [1 Iﬁ(ei*_ej*"'i3‘5<i*,j*>,y)] [To(,.6, 8)}, (3.14)
{Y,... %J: (i, jyela 1
FOA(Y)=0: me j
r(Y)<...<I'(Y)
Ur,)=r,
where ) indicates that the sum runs only over clusters with k> 1. Expression

ko
(3.14) is equivalent to (3.11) since we may regard any bond in I’ A\{ Ur (Ym)} in
1

(3.14) as belonging to some cluster with k=1, for which O(Y,0,¢)=1.

One eliminates the requirement that I',(Y,)<... <I'\(Y;) by summing over all
ordered sets of clusters (Y, ..., ¥;) and d1v1dmg by 1/k! to cancel the overcounting.
Finally, remove the restrlctlon that I' (Y, )AI(Y, )=0, by introducing functions
U(Y, Y) with

U(Y, Y)=

J

{1 if [(Y)nI(Y)* (3.15)

0 otherwise.
With these modifications (3.14) becomes,

[T 1,0.—0,+i8d s sy ) Z Z HQ(Y 0.e) [] U,Y).

<, 3y m=0 M SYm) 1 1Si<jsm
(3.16)

Standard manipulations (see [2, 3, 9, 12]) combined with convergence
estimates presented in Sect. 5 yield:

Lemma 3.4. There exists e,(f) and J(f)>0 such that for all 0<e<e(B) and all
J>J,(P) one has

ZA<ee(ho—hx)>A_—__jD6( l—[ Iﬁ(ei*_Hj*+i85<i*,j*>,)')>

i, *

¥ o(x l_[A(f)>HQ( e,e)].

9€Ge(Y1,....,Ym) Ceg

1
. exp —
rm!

(3.17)

Here, G (Y, ..., Y,) is the set of connected graphs on (Y}, ..., ¥,), A(£)=A(Y, Y)
=U(Y, Y)— 1, where 7 is the leg in the graph g with endpoints at Y; and Y, Note
also that one obtains a representation for the partition function in terms of the
variables, {6}, if one sets ¢=0, everywhere on the right hand side of (3.17).
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4. Complex Translations and an Upper Bound

The analyticity and periodicity of the integrand on the right hand side of (3.17)
permit us to make the change of variables (see [14, 15]),

0,—0,+ia,.. (4.1)

Let y; be the set of sites in the dual lattice closest to and above y. Let y,(-) be the
characteristic function of y§. We pick

ai*=sz*: Coi*, ) (0,0 (). 4.2)

Here, 0, is the y-component of the lattice gradient, and C(i*, j*) is the covariance
of the negative of the two dimensional lattice laplacian with Dirichlet boundary
conditions imposed outside of A*. Under the change of variables (4.1)

Z (o — jD0< [T 1,00, +ia.—ia,+ied,;, j*m))
<P, 5%

© 1 m

exp Z Sy ( HA(/)H ,0+ia,5)}
m=1m! Y) \geGe(Y1,....Ym) Ceg =

]_[ 1;(0,* 0, +lai*——zaj*+i£5<i*’j*> )‘

* %

[T 1,0.—6,) |

<%, %

X (Z HA(/){ﬁ Q(YP9+ia,s>—Q(Y,-,a,e=0>}N
Ym) \geGe =
(3 [ae) [T 0(7,.6=0).

1
vm!y, 7 9eG. ¢ j=1

Ssup '
(9} )
0

-l exp Z

-jDB[ [T 1,0.-6. ]exp

(G

1
m!

4.3)

This inequality results from multiplying and dividing the integrand on the right
hand side of the first equality by the untranslated I, and Q functions, and then
extracting a supremum of the quantity in curly brackets. This last step uses
implicitly the fact that Q(Y, 0,e=0) is real to show that the integrand in the last
inequality is positive. The reality of Q(Y, 0,¢=0) follows by noting that the I(-)
functions are all real, and Q(Y,0,e=0)=0Q*(Y,0,¢=0) just by changing variables
from {n}— — {n} in the Definition (3.9).

The integral on the right hand side of (4.3) is the partition function which
allows us to bound {e“" ") by the quantity in curly brackets. To estimate that
quantity we need the following two lemmas, the first of which is proved in the
appendix, and the second of which we prove in the next section.

Lemma 4.1. There exists a constant ¢, such that for any nearest neighbor pair
¥, J*), law—ag| <c-e. Furthermore, there exists a constant ¢’ such that

(A= A+ 180 o oy ,)?| SCe? In(1+X]). (4.4)
(%, %)
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Lemma 4.2. For every >0, there exists Jy(f)>0 and &,(f)>0 such that for
J>J(f) and 0<e<ey(P), there exists a constant C"(B, J) such that

eXPii, Z’m(Z HAZ)MH (Y, 0+ia,e)— fj (Y,,0,6=0) ”

Y geG. feg

§exp[C"(ﬂ, ) Y (ap—auted ,.*M)Z}. (4.5)

<% %

sup

Furthermore, C"(f, J) can be made arbitrarily small by choosing J sufficiently large,
and is uniformly bounded for J>J(f).

Note that Lemma 4.1, the explicit form of I,(6) and a simple application of
Taylor’s theorem imply the existence of a constant C”(f5) >0 such that
sup (0 — 0 +ia, +ied s
o | 14(0,:—0;)
for ¢ sufficiently small. Combining this with (4.5) and (4.3) we obtain the bound

(et _hX)>A sexp{(c"(B)+c"(B, ) Z (ap— au+ 85(;’*,]‘*), y)z}
<i*, %

<exp{k(B, J)e* In(1 +|x|)}, 4.7

where in the last inequality we have used Lemma 4.1, and defined k(f,J)
=c'["(B, J)+ " (B)]. This completes the proof of Theorem 1.1.

o < e Ban—ajetied n o ) (4.6)

5. Convergence Estimates

In this chapter we prove Lemma 4.2 which yields convergence of the expansion for
the upper bound. As a first step, consider differences of products of cluster
functions.

Lemma 5.1. There exists &,(f)>0 such that for all 0<e<ey(f)

,131 Q(};,9+ia,a)_j[=]1Q(g,0,g=0) =iQ, (Y, Y, 0,a,6) +Q,(Y,, ..., Y,,0,a,¢),
(5.1)

where Q,(Y,,...,Y,.0,a,¢) is a real function for all values of its arguments. There
exists Jo(B)>0 such that for all J>Jy(f),

10,(Y,, ... Y, 0,0, sup  (qp—au+edg ) [T S(Y),  (5.2)
< el Ii¥i k=1

with

k
S(Y)= (Hz LSy oo Sj 2000, T s s Dy 13 Ly s Dy 15+ 1))3_(3/4)”)(’_ 4,
i
(5.3)

where we again recall that {i*, j*) is the bond dual to {i,j).
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Proof. For clusters with k=1, the result is immediate. Otherwise, define
G,(0,a,8)= [] O(Y,0+iia, 2e)— [] O(Y, 0,e=0).
j=1 j=1

By Taylor’s theorem

G A2 d*G
_.0,a,6)=G, _ A =2 2 .
G,_,0,a,6)=G,_,(0,a,¢)+ 0 A=O+ > 2 . (5.4)
for some 1,€[0,1].
. .dG, N0 .
Define Q,(Y,,..., Y, 0, a,8)=(—1)7/1~ . We prove that (—i)— is real.
A=0 A=0
Since we have already shown that Q(Y;,0,0) is real, that suffices to prove that
(—i)i@;i and hence Q,(Y},..., Y,,0,a,¢) is real.
d2 |30
%
—Q(Kﬁ-i-i/la,/la)]i:(): [T 1,0.-0]"
da <iv iy !
<i, jyel(Y)
d 0 i iA iAe0
E( p— Optilap—idau+ided g M-

HO(Y.0,00x )
b 15(0..—0)
(i, jel(Y)
+{ Z e_ﬂlnljl(_nij)(ai*_aj*+85<1‘*’j*>"y)einij(ei*_ej*)

{(nrey) Li,nefm

. H e Blniry| ginery (s =05%)
<i', j'yel(Y)
LT F GG

k
‘Kljz Suiey -+ 32=2Xx o Lo oo Dy 13 Dy Dy oo T Vi, (0, )

-exp[ Yy sk“({n}lx;Tl,...,Fk_l)] } (5.5)

XCX1u...UXk-1

The first term is pure imaginary since Q(Y,,0,¢=0) and I,(0,.—0,.) are real, while
o
dA
putation. In the second term we may ignore the factors of 5(6,.—6,) since they are
real. Changing variables in the sum over {n}|sy, to {m}={—n} and using the
invariance of e~#I" and Vy({n}|y) under this change of variables, one finds that this
dQ
dA
imaginary. Thus Q,(Y}, ..., Y,,0, a, ¢) is a real function as claimed in the first half of
Lemma 5.1.

(0= 0+ ikau —ika+120  juy )= 15 pure imaginary, by explicit com-

term is pure imaginary too. This proves that (Y,0+ila,e)|, -, is pure
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Now define
A5 d*G,
0,(Y,...Y,,0,a¢= 5 dxlz (5.6)
We first prove some bounds on Q(Y,, 0+ il,a, /108) and its derivatives.
[Vt ({ndlys Ty oo Dol S €77 (57)

This is true by assumption for k=0, and since the interpolation procedure either
leaves Vgt~%(-;-) unchanged, or multiplies it by some constant of magnitude
less than one, it holds for all larger k as well. By the standard Peierl’s argument,
there exists J,(f)>0 such that for all J>J(ff) one has

HZ e'JIXI.CIXlée*B/‘t)J. (5.8)
X|=3

Y wres(mlyi D )| S

X:xpeX

Thus,
Y vy M G )

XCX1u...UXk—1

<

Z V;l,...,sk—l({n}lx;rl, -‘-»Fk~1)

xeX1u...UXk- ’X:xeX

<e 347 (5.9)

By Lemma 4.1, |a.—au/<c-¢e Pick ¢y(B) so that g(c+1)=(1/2)f for all
0<e<ey(p). Then for A,e[0,1],

<2 i T MBn= (B). (5.10)

n=0

nleme = Aon(ayx — ayx+ €0 (ix, x>, )

Combining (5.7), (5.9), (5.10), and the definition of Q(Y, 6, ¢) yields
[Q(Y, 0+ ilqt, Age)l

k
. . . —J|X¢ -1l
< (H Sy Se—2Xx, Lo Dy 15 Tyys Ty 1 -0 L= 1)e 1)
(=2

Ux

-exp <e’(3/4)

) X k(BT (5.11)

Now bound derivatives of Q(Y,0+ila,c) with respect to 4. The derivative
produces [I'(Y)| terms [see the second term in curly brackets in (5.5)], each of
which may be controlled with the bounds we used for Q(Y, 0 +ila, ¢), supplemented
by

)einBe*nla(al**aj*+sé GF, 7%, y) é kz(ﬂ) . (512)




Surface Models 307

This yields

dQ .
m (Y, 0+ika, le)

S sup  |ap—axted i
(<i,j>erm A G,y

k
. . —(3/A)JIXp -1l
1_[ Suiey --‘a5/~2Xx,,1(F1’ ""F'l(/)—l 5 Fﬂ(f’)’ Fn(t’)+1’ ""Ft’—l)e ¢-ty, (513)
£=2

1
U X,
1

.lf(Y)] k() kl(ﬁ)m”' exp (e—(3/4)1

Second derivatives are bounded in analogous fashion, using in addition

=ky(h), (5.14)

Z e ﬁlnl(nZ)einGe —nAo(aix — ajx+1ied G+, j* )
n

and results in

a0
. - o e
7 BO+itadl, s = ( sup la a,*+86<l*,,*>,.,l>
ALY k3 (B)k, (B) + [T(Y)| ko (B)*k (B)T V=2
m k
.exp{ea/u Uxm} X\ TT Sy 2802
1 ¢=2

.XXH(FI, ...,FM,I ;F"(f);Fn(t,)H, ...,Ft,l)e—(s/wlx“l]' (5.15)

In this formula, the factor of If (Y)| comes from estimating the number of terms in

which both derivatives act on a single exponential, and the factor [I'(Y)|? coies
from estimating the number of terms in which the derivatives act on different
exponential factors in Q(Y, 0+ ila, Ae).

Now consider derivatives of Q(Y,0+ila, le). Combining our bounds on
derivatives of Q(Y, 0+ ila, A¢) with the bounds

(10— 0+ ido(au—au+ed g o N1 Sky(B), (5.16)

dl .
P00, =t )] SEBla =yt

A=1o
and
dZIﬁ : < S 2
d/l (0,-* - 9]-* + li(ai* - aj* + 85<i*,j*>, y)) i = k3(ﬁ)|ai* - aj* + & i, j*y, ?l B
which are easily obtained from the definition of I(-), we find
(0170

0
g(x 0-+ida, 22)l,_,

% (Y,0+iha, o),
QK0+ idga ool ] Iﬁ(...)‘}_l{

y o Uy

G, j5erqy) dA

}

da
<i, jyel(Y)
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S sup au—au+ed u p
GiyeFy T TRy

k
. . . —J1X; -
[HZ(SM,...,st,_z)xxﬂ(rl,...,r,,(t,)_l,FW),FMH,...,F,_I)e IXe l'}

k—1
U
1

X,,.)k4(ﬂ)'f"”'[If(Y)!kz(ﬁ)kl(ﬁ)'f‘Y"+If(Y)Ik1(ﬁ)'m)'“]},
(5.17)

where we have omitted the arguments of the Iy(-) functions to save space.
Similarly one has

sz

—Z(Y0+ida,Ae),_,| S SUD  (Gp—ap+edg )’

<l,j>EF(Y)

. . —J|X¢s-
[]j ey - sSe- 2 xs Lo oos Ty 13y Dy 1 oo Lo e~ 71X 1'}

{eXp (e (3/4)J U X D )IF(Y)I X [IF(Y)lk Bk, (ﬁ)|f(y)|—1
+IF()P KB, (B) + 1T (V)2 ko (DK (B) T 1k y(B)
+ky (B)TONT(Y)|(ky(B)k o (B) + KX (BIK(B) + K (B) T |f(Y)|2k§(ﬁ)k§(ﬁ)]}. (5.18)

The first two terms in square brackets come from estimating the case when both
derivatives act on the function Q(Y, 0 +ila, A¢), the third term from the case where
one derivative acts on Q and one on I,(-), and the last two come from the case
where both derivatives act on the product of I4(-) functions.

The important point is that there exist constants K,(f) and K,(f) such that
the bracketed qunatities in (5.17) and (5.18) may be bounded from above by

k—1 k—1
exp(K,(A)+e )| ) Xx,| and exp{(Kz(ﬁ)+e_(3/4”) UXx,
1 1

- k-1
(Recall that for k=1, (V)< | Xm‘.) Using (5.11) and (5.16) we also have
1

k-1
=)
1
k

T Cspey oS- oty STisos Ty — 15 Ty s Ty 150 Ty e ™70 (5.19)

}, respectively.

10(Y, 0 +iga, Aoe)| <exp {(K3(ﬁ) 4o

Pick J,(8)>8 -max{K,(B)+e ¥ K,(B)+e ¥ K (B)+e” *¥7}, then

22 &G,
2 P

< sup (@u—autEd g ) (m+2m?)
<z* J*>er(Y ) ’

.....

A=2o
H(l_llz [Sn(J)’ Sj~ 2:|XXJ 1( )(F (Yz’) ” n(J) I(YA’);

n(J)(Y/) n(j)+ 1(Y/) s Fj— 1(Y¢')) e—(7/8)JlX,-— 1ol . (5~20)
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By k, we mean the integer k associated with the cluster Y,. Similarly I'(Y),) and
X (Y,) are the sets I'; and X ; associated with Y,. Since [possibly by enlarging J,(f)]
one has

m k
(m+2m?) [] (ﬁ e—“/W'Xf-l(Yﬂ') <1, (5.21)

=1 \j=1

for all J>J,(p), Eq. (5.20) leads immediately to (5.2).
We now estimate sums of the new cluster functions S(Y), defined in (5.3). The
principle result is

Lemma 5.2. For every >0 there exists J,(f)>0 such that for all J>J(f),
Y |20 L H

(Yi,....Ym): geGe |feg
m .
<i,j>e\r/r(yk)

O Smle” B (5.22)

Recall that ) just means that we sum only over clusters with k>2.
This lemma implies Lemma 4.2. By Lemma 5.1

{Z S

geGe

mig 2 (X

geGe

Z/

].—.[A(/)J)QZ(YD *9 maea,‘g)
¢
: )
m! v, Ty Z

< peQrang

geGel| ¢
(A= A+ 80 i o, y)z} . (5.23)

[140) (n O(Y, 0+ ia.e)— [1 O(Y0, 0>)}|

j=1

L
{Z,(é

m

HA(/)] [T s(vy

k=1

In the last inequality we have applied (5.3) and insured that the sup(a.—a;.
+&8 sy ,)? IS attained by summing over all (i*,j*) with <i,j> in (JI(¥,).
1

Lemma 5.2 bounds this expression by

exp( Y e“(”s””')( > (ai*—aj*-i-s&ﬁ*’j*m)z). (5.24)

m=1 <8, 5%
This is the bound of Lemma 4.2 if we make the identification
C”(ﬂ, J)= Z e—(l/8)]m.
m=1

Note that Lemma 5.2 combined with (5.19) also insures that the sums over
(Y,,...,Y,) in (3.17) are absolutely convergent and hence that the manipulations
leading to the exponentiated form of the expansion were justified.
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Lemma 5.3. There exists J,(B)>0 such that for J>J (f)

1

@ 1‘[5 L(Y)|m- = @1ouM, (5.25)
F(Zb)nF(YIH:@ s=

s=1,..., m

ZIF(Zs)I M

for any cluster Y.
Proof. We first show that for J sufficiently large
Y S(Y)Se WAV, (5.26)

Y: (z j>€r(Y)
[F(Y)| =
Assume that the cluster Y has |I')|=n,,....|[,|=n. (One has |I'||=1 always.)
There are at most 2V ways of partitioning the bonds in I'(Y) among the I’s.
Expression (5.26) is then bounded by

© 1
2V ) (k)" GI1OINgup Yo Y [dsy, ... ds
k=2 {n1,...omc} X1, X1 n 0O
i, jyel'(Xy)
2| =n2,.. ITk] = 1

k
'{1—[2(5»1(1)’ oS- e, (Lo D= 15 Dy Dy o0 Ty—p)
=

expl~ (I, . (527

The last step assumed that (i, j>eI'(X,) and compensated by multiplying by k. We
now claim that

k
Z > (HZ LSucps -0 85— 2 12, (Lo oos Dy =15 Dy s Dy 1000 L= )
=

o X -
<t J>EI"(X1)
T2l =na,..., | Tk| =np

-exp[—(1/8)J1X;_ 1|])

k
< ]_[ {Lsypr - 85— 2 Imy gy e ™32, (5.28)

For k=2 this follows from the standard Peierls argument. Assume that (5.28)
holds for kEm—1

. . —(J/8) | Xm -
> Sy oS 2t T i ooos Dy — 15 Ly s Dy 15 -2 L)@ i

Xm—l
—(J/8)|X
< > Y Sy oo Smo)e X1
i, Y€l n(m) X:
Gy jYerX)
<y oS ) X Lyl 732. (5.29)

The first inequality follows because all terms in the first sum with

I'X,,_)nI,,,=0 vanish. In the second inequality, the Peierls argument is used to
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bound the sum over X with (i, j>eI'(X). Inequality (5.29) implies (5.28) holds for
k=m since we use (5.29) to control the sum over X,,, and the induction hypothesis
bounds the rest. By standard estimates (see [6])

1 k
ngsl,.. Jds,_ H(Sno)"' i 2nnm)}_exp<2n) eN. (5.30)
n

Combining (5.26), (5.27), (5.28), and (5.30) yields

0
Z/ S(Y)§2N Z (k)e*(5/16)JN,eNe—kJ/32§e~1/4JN’ (531)
Y: i, _1>eF(Y) k=2
|F(Y)| =

for J sufficiently large. Note that

||/\
=

m
> ]_[ sup S(z). (5.32)
Z,..., Zm) s=1 {1, .. tm} Z1,..., Zm) s=1
F(Zs)nF(YI):#o Yme=M I"(Zs)nI"(Yl)#:@
s=1,...,m s=1,
zmzs)l M IF(Z)=n1, !r(zm)f~nm

The factor of 2™ bounds the number of possibilities for splitting the total number
of bonds in ZlF | into subsets n,, ..., n,. Since each I'(Z,) intersects I'(Y,), the
right hand side of (5 32) is bounded by

m

2" sup ] NVA)
3, omm) s=1\ GG JER(Y 1) Zs: iy Del(Zs)
Ymc=M , Zs)| =ng

m

§2M'{ sup [T (F(Y)le™1/47ms
Ri,ooosBm) s=1

Enk=M
< 2M|fv(Yl)|m Lo~ U4IM < lf(Yl)lme—(3/16)JM , (5'33)

for J sufficiently large. In the first inequality, we have used (5.26) to bound the sum
over Z,, and then bounded the number of terms in the sum over <i, j> by |[I'(Y,)|.
This completes the proof of Lemma 5.3.
In analogy with [2, 3, 9, 12] define cluster functions
(Y,

e Y3 Zys s Z)= ]_[A(/)]_[ Sz (5.34)

geGe(Y1,... Y Z1,..., Z1) <f€9

Recall that G(Y,,...,Y,; Z,,..., Z,) refers to the set of graphs in which each Z;
vertex is connected (directly or indirectly) to a Y, vertex by a leg in g. One then has

Lemma 5.4. There exists J(f)>0 such that for all J>J,(B) one has

N (Y Y Zys e ZY S ke VBN exp(ZIf(Yj)l). (5.35)
1

?lf(Z.oI:N

Pr oof First note that ¥(0; Z,,...,Z,)=0and ¥Y(Y,, ..., Y,; 0)=1. We then rewrite
Y(Y,,...Y:;Z,,...,Z,)in terms of ¥ functions with less than r+ k vertices, via the
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manipulations detailed in [2, 3, 9, 12]. This leads to

Y Yy Y Zy L Z)E Y n [A(Y,, Z)IS(Z)]
(Z1,....2x) (Zy,..,21) s=1
'z::'f‘(zs)l =N ZIF(ZS)I =N

k—1 1 N—-1
+k! Y — ) >
221 191! mSe) @, Tzi0n
TIFZn| =M
1 ’ ! " "
T o ZZ s Yo 7o Zig o i)
1, k |82

LINZHI=N-M

1°

N (Hg S(Z;))

seQ

+ Y (Y, YiZ, W Z)l
AT (5.36)

Given a graph ge G, Q={s:/(Y;, Z)eg}. The first term is handled by noting that
A(Y,, Z,) vanishes unless r VA )ml" (Y,)#0, and then applying Lemma 5.3. The third
term is handled by the induction hypothesis and the second combines the
induction hypothesis and Lemma 5.3. This bounds (5.36) by

kle™ N exp (Z If(Yj)I) {1+ (1/k)IF(Y, e~ DN

+ 2 IQI' M UBIMIF (Y, )|IRlg = (/HIM (5.37)

|Q]=1

If J is sufficiently large exp((1/8)J+1—(1/4)JM)=1, and the quantity in curly
brackets is bounded by exp(|I'(Y,)l), which completes the induction.
Finally, we use Lemma 5.4 to prove Lemma 5.2.

m
XX (ﬂ A(f)) [1s)sm ¥

(Yi,....Ym) lgeGe\ ¢ k=1 (erm’ym)
<i, J>EUT(Yk) i, j>el(Yy)

(5.38)

¥ ([140) [T 5%

9eGe

where we assumed (i, jyel” (Y,), and compensated by introducing a factor of m.
Using (5.34) this may be bounded by

m- ) (i > I‘I’(YI;YZ,...,Ym)I) 5(Y,)

Yi: N=m (Y3,...,Ym)
i, el(Yy) LI =N
feel
< Z ( Z m(m_1)!e—(.I/S)Ne!F(YOls(Yl))’ (5.39)
Yi: N=m

<i, jyel(Yy)
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by Lemma 5.4. This may be rewritten as

@
m!e—Jm/S(l —J/8 Z Z’ elr(Yl)]S(Yl)
n= Y;
<, jyelf(¥y)
|F(Yy)|=n

§m!e—Jm/8(1_e—J/8)—1 Z en,e—(1/4)1n
m=1

Smle™ ™8, (5.40)

provided J is sufficiently large. In the next to last inequality, we have applied (5.26).
This completes the proof of Lemma 5.2.

Appendix. The Dirichlet Covariance

Let = be a set of periodic lines, separated by a distance (2m+2) in the x and y
directions, which divides IR? into (2m + 2) x (2m+ 2) squares 4, »one of which, 4, is
centered at the origin of the dual lattice (and hence contains A*). For any point
x€ A, define a set of points, {x;}, invariant under reflection in any line belonging to
Z and with x=x,. One then has, following [10], a representation for the Dirichlet
covariance in terms of the free covariance,

oy

Cp(i,0)— Cpfi, x)= Z S?[Cp(i—=0,)— Cpli—x))], (A.1)

where ¢; is the number of reflections in lines in = necessary to obtain x; from x. We
now prove Lemma 4.1. From (4.2) one has

au—ap=t Y. [Cyi*,/*—e)— Chi*,£*)— Cp(j*, /¥ —e,) + Cp(j*, £¥)]

*eyt
=¢ ¥ (=1 ¥ {CHI*— ("= e))= Cyli* =)
— Co(j* — (¥ —e) )+ Co(j* =)}, (A.2)

where we used (A.1) in the second equality.
To bound the terms with k=0, we note that

F(i*)= Z( 1 Y A{CH* —(¢* ~e)))— Coli* = 7)) (A3)
*evi
is a solution of Laplace s equation throughout 4, Thus by the maximum-
minimum principle it must attain both its maximum and minimum values on 04,
the boundary of 4,. However we know that for any site i*€dd,, /*e 4,

Z C( (/*—e)) C,(i*,*)=0=F(i*)+ Z Cpi*—(*—e)— Cpi*— %),
t*ey}, t*eyi
so that (A4)
F)| < x| max — (AS)

Je@A | i* /*l
t*ey}
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for some constant K, and any i*e4, using standard estimates on the free
covariance. Thus if we choose A, larger than 9|x|* we find

[FG*) =K. (A.6)

Applying the same estimate to those terms in (A.3) containing j* rather than i*
allows us to bound all terms in (A.3) with k=0 by 2¢K.

Now concentrate on the case k=0. Since i* and j* are nearest neighbors, if
i*=(x,,x,), j* is either (x, £ 1,x,) or (x,,x, = 1). Assume that it is (x, +1,x,). All
other cases are estimated in analogous fashion. If /*ey¥ it has coordinates (m, 0),
0=m=|x|. (Assume that the origin of our coordinate system is at the leftmost
point in y¥.) Then, using standard estimates on the free covariance,

Y CRi*, 0¥ —e)— Chli*, £%)— Co(j*, £ — e,) + C4(j*, %)

treyh,

< x| [K-x2| )
= 1+x24+x5+m? K (A7)
m=0 1 2 .

lIA

for some constants K, K'. Combining this with estimates on the terms in (A.2) with
k=0, we see that

g~ ap| K¢ (A8)
as claimed.
From the definitions of a;. and 6 ;. ;», ,, one has
2
2 (@n—aptedi m,,)
<L, 7

= Z [(ai* — aj*)z + 28(Cli* - aj*)é(i*,j*>, y + 825%*’]'*% y]
<%, %

= (= Ap)ay — 26 Y a(0,1)(%) +&2ly]
= —¢e{Cpd,x, 00>+, (A.9)

where (-, ) is the usual inner product on ¢,(A4*), and 4, is the lattice Laplacian
with Dirichlet boundary conditions outside A*.
Now examine

(Cply1, 0220 =}, Cpli*, J*)@,0(*)(0,)(™)

= Y (21 Y G000 . (AL0)
k=0 i*, j*

The terms with k=40 are treated in a manner analagous to that used earlier.
The k=0 term may be rewritten as

CCR0y2, 0,0 = — <6§CFX’ 0
=03+ 0)Cpt, x> +<01Cpits 10
=L x> —<Cx0, 2,0, 2
=[] = 2(Cp(0%) — Cp(x*)), (A11)
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where we used summation by parts, the fact that — ACy= —(0? 4+ 03)Cpx =y, and
0* and x* are the points at which (0, ) is nonvanishing. Standard estimates on the
free covariance then imply

|=<Cp,%, 0,30 + Il = KIn(1 +|x]). (A.12)
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