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Abstract. The general form of nonlinear evolution equations connected with the
matrix two-dimensional Gelfand-Dickey—Zakharov—Shabat spectral problem
is found. The infinite-dimensional abelian group of general Backlund transfor-
mations and infinite-dimensional abelian symmetry group for these equations
are constructed.

I. Introduction

One of the main problems of the inverse scattering transform (IST) method is the
description of equations integrable by this method (see e.g. [1, 2]). All the equations
to which the IST method is applicable form the classes of the equations integrable by
the same spectral problem. A very convenient and simple description of the partial
differential equations integrable by the spectral problem

a—lP=AA‘I’+P(x,t)‘P (1.0)
Ox

of the second matrix order has been given by Ablowitz, Kaup, Newell and Segur in
[3]. Then this approach (AKNS approach) has been generalised to the problem (1.0)
of an arbitrary order [4-10], to some other spectral problems [11,12] and, in
particular, to the one-dimensional Gelfand—Dickey spectral problem [13].

Recently the two-dimensional generalisation of the AKNS technique has been
developed [14]. Namely, the two-dimensional arbitrary order spectral problem
0¥ /ox + A0V /0y) + P(x,y,t)¥ =0, where 4 is any diagonalisable constant matrix
was considered: the general form of the nonlinear equations integrable by this
problem and their Backlund transformations were found [14].

In the present paper we consider the two-dimensional matrix Gelfand-Dickey—
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Zakharov—Shabat problem

aNX aN_ZX 5% ax

ax—N+ VN~2(x’yat)W+ et Vl(x,y,t)aJr Vo(x, v, ) +@=0, (1.1)
where N is -any integer, the coefficients Vy(x,y,t), Vi(x,y,0), ",
Vy-,(x,y,t) are matrices of an arbitrary order M which depend on the
two coordinates x,y and time t, and V,(x, y, 1) 0(k=0,1,...,N —=2).

x2 + y2—> 0
The applicability of the IST method to the problemJ(l—J—);was discussed in[15,16].In
the case N = 2 the problem (1.1) was used for the integration of the Kadomtsev—
Petviashvili equation [15,17,18].

We find the general form of nonlinear evolution equations in 1 + 2 dimensions
(t,x,y) integrable by the problem (1.1). We construct the infinite-dimensional
abelian group of general Backlund transformations and the infinite-dimensional
abelian symmetry group for these equations. As an example we consider the case
N =2. In this case we also obtain the nonlinear superposition formulas for the
simplest Backlund transformation.

The paper is organised as follows. In the second section we rewrite the problem
(1.1) in a matrix form, then we consider the direct scattering problem and obtain
some important relations. In Sect. 3 we calculate the recursion operators which play
a main role in our constructions. The general form of the integrable equations and
Bécklund transformations are found in Sect. 4. Group-theoretical properties of the
integrable equations are discussed briefly in Sect. 5. In Sect. 6 the case N =2 is
considered: the infinite family of the equations, the simplest of which is the
Kadomtsev—Petviashvili equation, their Backlund transformations and nonlinear
superposition formulas are described.

II. Direct Scattering Problem and Some Important Relations

Let us note first of all that the problem (1.1) is equivalent to a matrix problem of
order NM

~ -~

44 N
6‘:+A§E+P(><,y,t)‘l’=0, 2.1
ox dy
where .
0 0 0 (" 0 0
0 0 — 1y 0
A=l 0 0 0, P= ..
I, O 0 0 0 0 -1, (2.2)
Vo Vi V-2 0

and I,, is an M x M unity matrix. The adjoint spectral problem is

W oy -
—+QP—A— ¥ P(x, y,t)=0. (2.3)
0x  dy
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The matrix problems (2.1) and (2.3) are more convenient for our purpose than
problem (1.1) and the problem adjoint to (1.1).
Let us consider first the direct scattering problem for (2.1) and (2.3). We follow

[16,14]. We assume that V,(x, y,t) — 0 at ./ x? + y* — co sufficiently rapidly that all

+ o
quantities and integrals exist and that | dy—(---)=0.
o 0y

We introduce the matrices-solutions F} (x,y,t)and F; (x,,t) of the problem (2.1)
given by their asymptotic behaviour
Fi(x,y,1) — (2mi) Y2 D(A)exp { — ANy + Ax},
(2.9
F;(x,y, 1) — (2mi) " 2D(2)exp { — ANy + Ax},

X — 00

where A is a complex number, A is a diagonal matrix:

_ . 2mi 1, i=k
Ay =2q" 15ik <q=eXpW’>6ik={O, i#k)

and

1
——=Ag* )i T, Gk =1,...,N).

\/—]V
The quantities Ag'~' are eigenvalues of the matrix A=A+ P, where
def

==— lim P(x,y,t)and A=DAD™ ',

Dy =

ool

\/';qu_, © s )
The scattering matrix S(4, 4,¢) for problem (2.1) is defined as follows
+io0
Ff(p,0)= | diF;5(x,y,08(,21). (2.5)

3 Correspondingly for the adjoint problem (2.3) we introduce matrices-solutions
Fi(x,y,t) and F; (x,y,t) for which:

Ff(x,y,0) — (2mi)~ Y2 exp {ANy — Ax}D(4), (2.6)
and the scattering matrix S(Z, 4, 1):
+ioo
Fiuy,n= [ dIS(,Z0F7 (x,y,0). 2.7)

It is not difficult to show using (2.1) — (2.7) that the following relations hold:

+

j dy F;i (X, Y t)F).i (X, Y, t) = 5(2— i),

I Here and below latin indices take the values 1,2,..., N (or N — 1) and numerate the block elements of
matrices of the order NM which are themselves the matrices M x M. Greek indices mark the usual matrix
elements of NM x NM matrices and take the values 1,2,...,NM
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+ioo
f dAF; (%, 0,0 F(x,y',0) = 6(y" — y), (2.8)
+io0 . R -
| duS(, 08w, 2, 1) = 8(4.— A),
where (1) is the Dirac delta-function. Hence the scattering matrices can be
represented as follows

+ 0

S, 2,0 = j dy F5 (x,y, 0 F (x, p,1),
2.9)

+ o0

S(i/lt—fdyFa(x)’») (Xy,)

Now let P and P’ be two different matrices and F*, F*,F* 5, S be
corresponding solutions and scattering matrices for the problems (2.1) and (2.3). One
can prove (analogously to Ref. [14]) the following important relation

S (A, A1) = S(A, A, 0)

+ioo +
=— | duSZ 1) | dx dyF;(x,3,0(P(x,y,t) = Px,p,0)F] (x,y,0).  (2.10)
The mapping P(x, y, t) = S(J, A, t) given by the spectral problem (2.1) establishes a
correspondence between the transformations B,: P— P’ of the manifold of the
potentials {P(x,y,t)} and the transformations Bg. §— S’ of the manifold of the
scattering matrices {S(1, 4,¢)}.
We consider only such transformations B that

~ B ~

S(Z, A, t) = S'(Z, 4,8) = B~ (7, )S(Z, 4, ) C(2, 1), .11

where B(1,t) and C(A,t) are arbitrary block diagonal matries, ie. B, =
B4, )01y, Cie = Ci4, )01, This “restricted” class of the transformations, as we
shall see, is wide enough.

Further, it is not difficult to show that the following identity holds

+100

- duS(% p 1)(1 = B(,1))S (11, 4,1) + (1 = B(2,1))8(7 — 1)

= | v Fi (.00 = B(—8,,0)F} (x,y,0)}

x=+ o

X=— 00

(2.12)

=~ _j dxdyF} (x, y, 0){ P(x, y,0)(1 — B(— 8,,0)F; (x, y,1)

—(1=B(=0,,0)P'(x,y,0)F { (x,y,1)},
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where P P+P_ and B(ut)=DwB( D (). Here and below
0 0
Oy =— =
X axv y ay
Combining the relations (2.10) and (2.11) and taking into account the identity
(2.12) we find?

+
[ dxdy[F3 (x,y,0)(B(~ 0,0P(x, 5, 0)F  (x, y,1)

o ) (2.13)
= Plx, 3, 0)B(—8,,)F [ (x,3,1) }r =0,

where (@), & @5 — 0,5P,(2. f =1,..., NM)for an arbitrary NM x NM matrix ®.
Let us represent the block diagonal matrix B in the form

N-1
B(Aa t)= z Bk(/lN> t)‘zlka
k=0

where B,(A", t) are scalar functions and 4° ¢ I,,. Correspondingly for B(— 0,,1),
we have
N-1

B(—0,,0= Y B(—0,1)(—A40,+P,) (2.14)
k=0
It is easy to see that
(—Ad,+ P, )= —(P,)" %3, + P, (2.15)

where the symbol 7 denotes a transposition of M x M blocks in NM x NM
matrices.
We consider only functions B,( — d,, t) which are entire on the first argument, i.c.

By(—0,,t)= Y. B ()(— d,)", where B, (t) are arbitrary functions. By virtue of (2.14)
n=0

and (2.15), for such functions B,(—d,,t) the equality (2.13) is equivalent to the

equality

N—-1 - .
Z Bkn(t)tr{(PE;o)N_kP’(xaya t)qjt:li—)l)(xay, t)

k=0 n=0

+ o
[ dxdy
+ PE P'(x,y, )@ (x, 3, 1) 016
- P(x, Y, t)(PZo)N_k( - 1)n+ 155&’2 1,(x, Y, 1)
— Plx, p, )P (— 1y'BeP (x, p,0)} =0, (o # ),
where tr denotes a usual matrix trace and

an(Fg— (x7 Ys t))aé

(@gf)(x’ Vs t))yé déf (F{ (X’ Vs t))yﬂ ay,,

2 We omit some intermediate calculations which are typical for the generalised AKNS-technique (see
e.g. [8,13,14])
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o O (6,9 0), 2
gg_é}_n_vg(F;(x,y,t))aa

(a,ﬂ,y,5:1,~~,NM; n:Oalszr"»)'

(‘ﬁfﬁ)ﬂ)(x, Vs t))yé

II1. Recursion Operators

For the further transformation of the equality (2.16) one must establish the relations
between the expressions &, and @(,,) for different n, i.e. one must calculate the
recursion operators.

Let us consider first the expression @}f{{“. From Egs. (2.1) and (2.3) we obtain

o0+ 0,804~ —| 4002, |

(n—m) = (m)

+BEDP(x, )~ Y VP, B (n=0,1,2,...), (3.1
m=0

., n! . a O P(x, y, 1)
where C;, = - and P, = o

The relations (3.1) allow us to express all matrix elements of the quantity @5%’)
through N — 1 independent ones.

Let us introduce the projection operation 4,: (¢ Ak)ifzdo"fktpik. Applying the
operations 4, to Eqgs. (3.1) and taking into account the properties of the matrices
AP, P, one obtains

B D (@h) — — ADeb)
5;(‘15:%21 + ay(la(ro:)zlz\r"‘l - Aé(n +1)4,

n
2 3 5 / % (aB)
+ @R A+ (P Py, — Y Co Pl P, (3.2)
m=0
3 3 H@p) P
axqpff.‘fjk = - A‘PEZ"? 1) 4y + (‘I’(:fm P)Ak

-, P, — ZOC'""P(" @, (k=23,...,N). (33

The relations (3.2) and (3.3) can be rewritten in a more compact form. Let us
introduce the matrix infinite order triangular operators 7 and T with matrix
elements

g.(n,m) == 5nm ax - CnmP(/n —my N 2m,
y(n,m) =0, mzn+l (n,m=0,1,2,...), (3.4)
and
Tom= 5m,n + 1 nne (n,m=0,1,2,...). (3.5)

Matrix operators < and T act on the infinite-component column
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P (D), Dy, P (2)>---»)" by the usual rules. For example,

a2
(‘/ ‘P(n) Z '/(n my) Z (my,mz) (le)

my=0
n my

—_ a7 . —_
- Z Z ‘/(n,ml)g.(m;,mz)¢(m2)> (T'}I)(n)_¢(n+l)‘

mi=0my=0

With the use of the operators 4 and T, the relations (3.2) and (3.3) can be
represented in the form

(T —ATIPGP =0, WD A+ TYD 4 — (PDP),, (3.6)
Wb — (T — AT)PGP) (A" + PY,)

+ (PP, (A + P,  (k=12..,N-1). (37
From the recurrence relations (3.7), we find

P — (T — AT RO + P~ +
N-k—-1

+ Y (T AT P, AT+ P (k=12 N = 1),
=0
(3.8)

By virtue of (3.8) one can express the quantity ¥ through Y. Substituting this
expression for ¥§” into (3.6) and taking into account the identity

(D Py, (A+PY =—Dy oV, |,
where (@, ° V,(),fdé (@)1 Vs> We obtain
N
Y (T —ATYYD oy, =TV — 0,950, (3.9)
Let us note that by virtue of the properties of the matrices 4, P, and P (for

example, 4> = AP = PA = AP_P = PP_ A =0) the operators 7 AT)’ are linear
functions on the operator T, ie.

(7 —ATY = — Y ThATT > =r, T+ 7, (‘=123,...)
ky+ky=¢-1
(3.10)
where
e FhaTh,
‘ ki thka=¢-1
and &7, =—08,—P.
Substitution of (3.10) into (3.9) gives
N N
S rT¥GV,) = T¥G == L 7 TV —0, P50, (3.11)
£=0 =

The equality (3.11) gives N relations between N  expressions
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Yy peh PR, The first nontrivial equation from (3.11) allows us to express

@) through Y&9,...,P&0 | -
N—-1
PRy = Y LY+ PR x=+ 0,0, (3.12)
k=1
where
1 J =1/ qgl 1 -1
ly. =Nz;1 0, (T )W) +N6" 0,015 (3.13)

and (07 1) (x, )= — [ dx'f(x',y).

Formula (3.12) contains the inhomogeneous term ¥ {(x = + o0, y, #). Similar
inhomogeneous terms (namely (P2, ),,) will appear after integration in
further calculations too. Taking into account (2.5) and (2.6), one can show that
(A>0)

(@ti:))(x =+ 0, t))k!:

— "D, Dt lim exp{A(g" ' —q' " )x}.
xX— + o
Let us denote by Y™ the subspace of quantities ¥ for which Re(¢" ! —¢' ') =
cos((2n/N)(n — 1)) —cos((2n/N)(i — 1)) < 0. For the indices n and i which satisfy
this inequality one has lim exp{A(q" ' —¢'~!)x} =0. Therefore in the relations

x—+

which contain the expression Y™, the inhomogeneous terms will be absent. In
particular, instead of (3.12) we have

N-1
P =Y P, (3.14)
k=1
By virtue of (3.14) one finds
Yo = MY, (3.15)
where
I, 0 0\ 0 0 Y.
0 Iy ... 0 0 ... 0 ¥,y
M=)... ... ... .. LY=o .. (3.16)
0 0 ... I, O© 0 ... 0 Py
ety o Uy, O 0 ... 0 0

Substituting (3.15) into the relation (3.11) we obtain
N N
Y r,TMYPFeV,)— TMP = — S THUMYV,)~0,MPE. (3.17)
¢£=0 £=0

Let us now rewrite the equality (3.17) directly in components @{¥), of the infinite-
component column ¥4, Taking into account the explicit forms of the operators



General Structure of Integrable Equations 539

J and T (see (3.4) and (3.5)), one finds

n—1
GO, |, =F D), Z Fam®B,,  (1=0,1,2,...,), (3.18)
where
N
G- LN y(M-oV,)~ M,
£=0
def N ~ ~ ~
F-=2Y TUM-V,)—0,M-,
£=0
p N n
Z ) = —/ZO ZO(ff)(n,m')(M(m’,m)'oV()' (3.19)

Operator M is of the form (3.16) where instead of /, one must put the operators 7, ,
which are

1y 1 _
/k'=ﬁzgl ax l(g'f)lk('oV/)"']'V’élkax 1ay‘ (3.20)

The relations (3.18) contain only independent expressions @, Let us introduce
the N — I-component column J,) = (@, v, @y, ..., 8N 1 v In the terms
of these quantities, the relation (3.18) is

n—1

?)E(:mn ==9%)A((n) + Z j(n,m);((m), (3-21)
m=0

where operators 7, 7, # .m are block matrices of the order N — 1. Their matrix
elements are

N

12 o1 (oV,)— O i+ 11y

Fur=— Z {(g:f)l-!-1,k(.°V()+(‘9:K)iN(Zk')°Vt’}
£=0
“5k,i+1IMay_5Nkayik> (3'22)
N
(gz(n,m))ik' = _12 {(7(/; m))z+1,k(' °V,)
=0

[\/Jz

z": nm)zN( /k)(m m)) V} (l,kzl,,N—])

ll

0

Itis not difficult to show that the operator % is alower-triangular one (%, = — No,,
i =1,...,N—1) and it has no nontrivial kernel. As a result, from (3.21) we have

n—1

Y1y =F 1T+ ZO?- Y Ay 1=0,1,2,...). (3.23)
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From the relations (3.23) it follows that the recursion operators A, exist such that

Xy = AnX(O)’

n=123,...,,. (3.24)
The operators A, are calculated by the recurrence relations
A=A, 4 Y 5 F A
A,=%"'7F, m—O/IO =1y, (3.25)
where the operators %4, 7 and /‘n m are given by the formulas (3.22).

The operators A, are just the recursion operators which we are interested in.
In an analogous manner one can show that

i(n) = jlnX(O)a (n = 1: 2; 39 . )

(3.26)
where recursion operators A, are calculated by the recurrence relations analogous
to (3.25). It is easy also to show that

h

A= Y (= DCoy A,
k=0

(3.27)

In the further constructions we will also need the operators A" and A, adjoint
to the operators A, and A, with respect to the bilinear form

<> = [ dxdytr(y™(x, px(x, y)

where y and ' are columns with N — 1 components. The recurrence relations for
calculation of the operators A, are of the form

n—1
Ay =AT AT+ ¥ AT E)
AF=F*@H™ Y, (=1, 23...) (3.28)
where matrix elements of the operators ¥, % * and #, , are
- N
G = Z Vo ke = Ouk+ 1 Lnrs
£=0
~ N ~ ~
9;;1: = - Z {(‘g/—+)it:k+1+5kN/I:—a
=0
N ~ S~
- Z /i+ Vf(g-+)5vk+5i,k+llMay> (3.29)
£=0
- N N n
(g(:,m))ik.z - Z V(((g.+){n,m))i,k+1 - Z Z (/i+)(m',m)((y+)a m’))Nk’
=0 £=0m =0
and
")

1 -
(n m = V/((J +)(n m))kl ot +N6k15 0,0 1

Z (n,m)“y~x >
N S~
’r =N Z (T N0t +— 5k16y6;1. (3.30)
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In the formulas (3.30) and in all adjoint operators (marked by +)(d;'f)
(x, )= | ax'f(x',y).

~— o0

The operators r,” are calculated by the formulas

rp= Y (T AT, (3.31)
ki +ky=¢—1
where 7+ S 7 +and
0 0 0 Vs
~I, 0 0 vy
0 —1 0 v
T+ n M 2
J (nym)” = 6(n m) Cm . . . (332)
0o 0 0 —1, Vys
0 0 0 0 0 (n—m)

Formulas (3.28)—(3.32) give a somewhat cumbersome but direct method for
calculation of the recursion operators A,F.

The operators A" can be found by the recurrence relations analogous to (3.28) or
by the formula

=(=1y Z (& i (3.33)

IV. General Form of the Integrable Equations

In the previous section it was shown that matrix elements of the matrices @{;“)}, oY
can be expressed through j,, and %,,,. So let us transform the equality (2.16) into a
form which contains only independent quantities y and .

Taking into account the properties of the matrices P, and P, one can show that
the equality (2.16) is equivalent to the following one

+ N-1 o
I dxdy ¥ by, Otr{ P% P/(x,y, ) B8 (x,y,0)—
k=0n=0
— P, y, (= 1T UPI TR 4 (.3, 8) = Plx, y, (= 1) P B (x, 1,1} = 0.
@.1
From the relation analogous to (3.8) we find
OX, =0, + A0, + P — AT~ "@(‘;"L,N(AT + PNk
N-k-1 -
- IZO (0, + A0, + P — ATY Z Cr( B4 Py aynp i (AT + PLY T
q—“ Z Gﬁ)m)dj(:’r:)AN (4-2)
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Passing on in Eq. (4.1) from the matrices @), to the columns y,; and
introducing the N — l-component column V(x,y,t)=(Vy(x,y,8), Vi(x,»,0),...,
Vy—,(x, y, 1)), we obtain

N—-1 o

Z Z bkn t) < Ve Z G(n mxlm}

k=0n=0

— (=" VRO, — (= 1) V’ZN(nm)x(m)>:O, (4.3)

where
Ak 7k AL y
(ng?m))id” = ({q{nfm))i{ + Z (ggnzm’))iN(/t’)(m’,m),
m

(~(k))it’ = 5i,{+N—kIM’
(N(n m))m = 5i,t’—kIM + 5i~—k(/z)(n,m)’ (@7=1,...,N—=1).
4.4)

Operators 7, « are calculated analogously to the operators /.
Lastly, by virtue of(3.24) and (3.26), the equality (4.3) is equivalent to the equality

N-1 o
<oy 2o 2 bl t>{ZA Gl V'
k=0n=0
—<(—1)"+1/i;+112<k>’ 1)"2/1 N}’;’;)> }>=o, 4.5)

where operators A5 and A are calculated by the formulas (3.28)—(3.33), and
(Gzr,:?:n))m (g((: m) lf + Z(Z‘*‘ (m’, m)(G(ﬂ m’ ))Nf’
R =6, pyonloe, 4.6)

(N(n m))w’ i, t’+kIM + 5I,N—k(/i+)(n,m)7 (l>k7{= ]’ . -,N - 1)
The equality (4.5) is fulfilled if

N-1 o
kzo Zobk,,(t {}:A Gl v
— (( _ 1)n+1;1n++112(k)» (- 1)"2/1;(N(k)+)(,.,m>>l/} =0. 4.7

Thus, we have found the transformations of the potential V' — V" which
correspond to the transformations of the scattering matrix S — S’ of the form (2.11).
These transformations V— V' are given by the relation (4.7), where b,,(t) are
arbitrary functions.

It is not difficult to show that the transformations (2.11), (4.7) form an infinite-
dimensional abelian group. The transformations from this group are characterised
by N functions B,(A",t) which are entire on A",

The infinite-dimensional abelian group of the transformations (2.11), (4.7) which
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act on the manifold of the potentials {V(x y,1)} by the formula (4.7) and on the
manifold of the scattering matrices {S(1,4,¢)} by the formula (2.11) plays a
fundamental role in the analysis of the nonlinear systems connected with problem
(1.1) and their group-theoretical properties.

The group of the transformations (2.11), (4.7) contains various types of
transformations. Let us consider the infinitesimal displacement in time t:t »>t' =
t +¢,6 0. In this case

Vix,y,t) =V(x,y,t")=V(x,y,t) + & M>

ot
B2, 1) =3, — QAN 1) =00 — & Y (A
n=0

Substituting these expressions into (4.7) and keeping the terms of the first order on
&, we obtain
aV(x,y,t)

o + Zo(LT, )V =0, 4.8)

where

N—-1 o
Zoll* =Y ¥ w,ma){z Gom

k=1n=0 m V=V

— (=LY RY (< 1P T L >l} 4o

and L A*|, _,. The operators L' and L] are calculated by formulas

(3.28)-(3.33)at V' = V.
For the scattering matrix S under infinitesimal time displacement S'(%, 4,t) =
S, A, 1) + ¢d/S(,A,1)/0t, and correspondingly from (2.11), one has
oS(T, 2,1
a

N—-1
where Y(,0)= Y 4", 4"
k=1

YA, 08, 4,0) — S, A, )Y (4, 1), (4.10)

Therefore we obtain nonlinear evolution equations in 1 + 2 dimensions(t, x, y) as
the infinitesimal form of the transformations (4.7) generated by the time
displacement.

The class of nonlinear equations (4.8) is characterised by arbitrary integers N and
M, by recursion operators L, and by arbitrary functions w,,(t) (k=1,...,N —1). A
choice of the concrete N, M and functions w,,(t) leads to the concrete equation of the
form (4.8). The case N =2 will be considered in Sect. 6.

Nonlinear evolution equations (4.8) in 1 + 2 dimensions are just the equations
integrable by the IST method with the help of the two-dimensional problem (1.1).
Using the two-dimensional version of the IST method (see [15,16]) one can find a
broad class of the exact solutions of Egs. (4.8).

In concluding this section let us attract attention to the fact that by virtue of
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(4.10) the diagonal elements S, (4, 1) of the scattering matrix are time-independent:
dS,(4, A)/dt = 0 for any functions Q,(A", t). Therefore the quaAntities S,a(2, 4) for any 4
are integrals of motion of Eqs. (4.8). If one expands tr(A” In S,(4, 1))((Sp),s def OupS )

in the asymptotic series on A~ ':tr (47 InSy(2, 7)) = Y A7"CY, then one obtains a
n=0
counting set of the integrals of motion C¥(p=1,...,N—1; n=0,1,2,...,). By
standard procedure (see e.g. [1,14]), one can find the explicit dependence of the
integrals of motion C¥’ on Vy(x,y, ), V (X, ¥,1),..., Vy_5(x, ¥, ?). Let us emphasize
that these integrals of motion are universal one, i.e. they are integrals of motion for
any equations of the form (4.8).
In conclusion let us consider the one-dimensional limit when all the potentials
Vos Vis..os Vy_, in (1.1) are independent of the variable y(0V,/0y =0). If one
performs the Fourier transform over the variable y, ie. x(x,y,t)=[di
exp(— Ay)x(x, A,1), then problem (1.1) is reduced to the one dimensional
Gelfand—Dickey spectral problem for y(x, 4, t);
aN‘~ N~ 27
'a_xiS‘ + VN— Z(X, t)éxN—ji

In this one dimensional _case Fj(x,y,1)=(2mi) "/ exp(—l”y)]f“r(x,i, 1),
Fi(x, 1) =(2mi)” 1/2exp(A"’y)Fi(x,/I,t), and from the relations (2.5)—(2.9) it

follows that F = (F)"! and
S, 2t =07—NS(A1), S, A10=6T—HS (A1),

+ 4 Vylx, 1)y = AVX. @.11)

where S(/, t) is the one dimensional scattering matrix.
Then for the quantities 45(,,) and &,, we have &, =(— /IN)"q?(x A, 0),
D, = (AN ®(x, A, t). Furthermore in the case 0V, /dy =0, the operators /(n m 1D
(3.25) at n + m are equal to zero, and therefore the relations (3.24) —(3.26), (3.28) are
reduced to the following ones: — AVy(x, 4, t) = A, %(x, 4, t), and

) A 1,=(A,), A7 =A7)
A, =(=A)", AF=(=A4}y (n=123...).

Asaresult,at 0V, /0y =0,(k=0,1,..., N — 2), the transformations (4.7) and Egs.
(4.8) are reduced to the corresponding transformations and equations connected
with the one dimensional Gelfand—Dickey problem (4.11) (see Ref. [13]).

V. Transformation Properties of the Integrable Equations

General transformation properties of Egs. (4.8) are mainly analogous to those for the
equations integrable by the problem 0¥/dx + A0¥/dy + P(x, y,t)¥ =0 [14]. So we
consider them briefly.

The group of transformations (2.11), (4.7) plays a main role in the analysis of the
general group-theoretical properties of Egs. (4.8).

Let us first consider the transformations (2.11), (4.7) with time-independent
matrices B # C. These transformations form an infinite-dimensional abelian group
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and, as it is easy to see, does not change the evolution law (4.10) of the scattering
matrix. Therefore they convert the solutions of the concrete equation of the form
(4.8) into the solutions of the same equation, i.e. these transformations are auto-
Biacklund transformations for Egs. (4.8).

The group of transformations(2.11), (4.7) also contains as a subgroup the infinite
dimensional abelian symmetry group of Egs. (4.8). In the infinitesimal form these
symmetry transformations are (V— V' =V + V)

N-1 o

V=Y ¥ dSLich,

k=1n=0

Vi=v

—(= 1y Ly RO — (=1 Y LN

m

}V, 6.1)
V=V

where f,,, are arbitrary constants. The transformations (5.1) are symmetry transfor-
mations for any equation of the form (4.8).

And finally, the transformations (2.11), (4.7) with time-dependent matrices B and
C are generalised Backlund transformations: they convert the solutions of certain
equations (4.8) into the solutions of the other equation (with other functions w,,(t))
of the form (4.8).

VI. An Example /N =2: Nonstationary Schrodinger
Spectral Problem

Here we illustrate the general results of the previous sections. Problem (1.1) for
N =2 is the nonstationary Schrodinger spectral problem dy/dy + 6%y/0x?
+ Vy(x,y, t)y = 0. In the scalar case M =1 this problem was used for the integration

of the Kadomtsev—Petviashvili equation [15,17,18].
For N =2 the general equations (4.8) are of the form (V, = U)

(’;ty’y)_l i o, z){y(a 071U +0,U + U] 1U)
+(— 1LY (= 0,07 U +0,U + (271 U)U) ©.1)
- Z Cn(L+(a 1Uv)U(n m)+( ) U(n m) lU)}

m=

Recursion operators L," and L are calculated by formulas (3.28)-(3.33) at N =2
(U'="U). For example

=—i{0,0," +0.)* +2[U(x, .1,
+[0,U(x, )0, 1.7 = [Ux, ),0,0,2.]- (6.2)
+0,0,'[U,0. 1] + [Ux,p), 07 'V, 0,11},

and L} = — L} — d,, where [A,B]. “' AB + BA.
The simplest equation (6.1) corresponds to w,, =w,3 ="+ =0 and it has the
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form
oU(x, 1) U(x,y,2) a)“(t)/é’3U(x,y, 0) LPU, y, 1)
% @10(2) ox d \ ox +3_jood o

a ,t
+3a(U2(x,y,t))+3|:U(x,y, j dx , ny )]_>=0'
(6.3)

In the scalar case (M =1) and w,, =0, w,; = —4, Eq. (6.3) is the well-known
Kadomtsev—Petviashvili (KP) equation. For M >1 Eq. (6.3) is the matrix KP
equation (see e.g. [19]). The KP equation (6.3) is the lowest one (KP,) from the
infinite family (KP family) of the 1+ 2 dimensional equations (6.1): the KP,
equation corresponds to W, ==, =0, =""=0, ©,=—2%,
(n=1,2,3,...).

The simplest Backlund transformation (BT) (4.7) corresponds to constant b,
and b, and b, =0,(k=0,1;n=1,2,...)), and it is B,(U—->U"):

bU — )+~(U’+U f dx—(U(x y,t)— U, p,t)

+ [ dx'(U'(x',y,0) = UK, y, )HU'(x, y, 1)

—

= Ulx, 1) J dx'(U'(x", y,1) = U(x', ,1)) =0, (6.4)

where b =2 by,/b,,. Introducing a quantity W(x, y, 1) = [ dx'U(x’,y, 1), we obtain

a local form of BT (6.4): N
o, __, o o , ow' ow
bé;(W - WH_W(W + W)—é;(W -Wy+ (W' - W);x——gx—(W —W)=0.
6.5)

Let us emphasize that the BT (6.4) is a universal one, i.e. it is a BT for any
equation of the form (6.1).
The BT (6.5) allows us to construct the infinite family of the solutions of Egs. (6.1)
by almost pure algebraic operations. Indeed, let us consider the following diagram
B W, B

T W, (6.6)

bs I/V2 Bbx
which expresses the commutativity of BTs (6.5): B, B,,=B,,B,,.
Here W, W,,W,, W, are four solutions of the concrete (but any) equation of the
form (6.1). With the use of relation (6.5) for all four solutions W,, W,, W,, W, from
(6.6), we obtain

W3 =(b1 _bz + W1 - Wz)_l{(b1 _bz)(W1 + W2 - Wo)

— Wo(W, + W,)+ W3 — W2+2 (W W)}
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Therefore given three solutions W,, W,, W,, one can easily calculate the fourth
solution W, by formula (6.7). Let us emphasize that relation (6.7) is a universal one,
i.e. it is valid for all equations of the form (6.1) and in particular for any equation
from the KP family.

Relation (6.7) is just the nonlinear superposition principle for Egs. (6.1). Some
concrete nonlinear superposition principles for some concrete 1+ 1 dimensional
equations (for example, for the Korteweg-de Vries equation) are well-known (see e.g.
Ref. [20]).

In the scalar case (M = 1), BT (6.5) and nonlinear superposition formula (6.7) are
reduced to the following

W — W) +§;(W’ W) AW — WY — dx'a%(W'u',y) — WX y) =0,
" ©.8)

and
Wy=W, +W ’
3 s 2‘%"'25;1“([71 bz ”1 ”2)’ (69)

which coincide at b =0 with those found earlier by another method in Ref. [21].

Let us consider for definiteness the scalar KP, equation (6.3). Let us start with
the trivial solution W, = 0. If one applies BT (6.8) to this solution, then one obtains
the solution W,, which can be found from the equation

ow, Pw, 0w, _ aw,
b Yo T T Wia 0 (6.10)

One of the solutions of Eq. (6.10) is the well-known soliton-type solution of the KP;

equation (see e.g. [1]):
b 2 b b. \2 3 -2

(j—a) (?—a)x +<<?1> —a2>y—4<<%> —a3>t+c
2 2

where a and ¢ are arbitrary real constants and b; <O0.

Let us now take the trivial solution as W,, and soliton-type solutions (6.11) with
constants b, and b, as W, and W,. Then using formula (6.9) we find the two-soliton
solution W,. An obvious proceeding of this procedure gives any N-soliton solution
of the KP, equation.

In the scalar case one can also obtain from (6.6) an other nonlinear superposition
formula for BT (6.8). It has the form

Ulx, y,t) =

(6.11)

= 0
by + b)) (W, — W) -2 f dx,a—y(Wz(x,a y) = Wi(x',»))

W. =W,
3=Wo b —b,+ W, — W,

For 0W/dy =0 this formula is reduced to the well-known superposition formula
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for the Korteweg-de Vries family of the equations (see e.g. Ref. [20]).

VII. Conclusion

1. In addition to problem (1.1), there exists an other generalisation of the Gelfand—
Dickey spectral problem to two dimensions, namely the problem

oN oN -2 N

5;)15'+ VN_Z(x,y,t)af)cry;+-~-+vo(x,y,t)x—z_yl=o. (7.1)
Spectral problem (7.1) can also be obtained as a result of the ZN reduction of the
general matrix problem 0¥/ox + AS¥W /0y + P(x,y,t)¥ =0 (see [14]).

For the two-dimensional problem (7.1), one can obtain all the relations

analogous to those given in the Sect.2. But the recursion operators of the type /Al,, and
A, (with the properties (3.24) and (3.26)) do not exist for problem (7.1). Therefore an
essential modification of our constructions is needed for the applicability of the
AKNS-technique to problem (7.1).
2. Let us note also that in the present paper we consider the direct scattering
problem for (1.1) by treating the variable x as a time type variable, i.e. the scattering
matrix S connects the asymptotics of the solutions y of problem (1.1) at x-infinites (at
x=+00 and x= —o0). In [18] in the case N =2(ie. for dy/dy + d*y/0x* +
V(x, y, t)y = 0) the standard version of the scattering problem for the nonstationary
Schrodinger equation was used in which a scattering matrix connects the solutions
at y-infinites, i.e. at y= + 00 and y= — oo. The interrelation between these two
approaches will be considered elsewhere.
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