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Abstract. We study a singular boundary value problem introduced by Glimm
and Jaffe for the purpose of obtaining solutions of the Euclidean Yang-Mills
equations with isolated singularities along an axis. Using comparison tech-
niques, we prove existence, asymptotic behavior and also uniqueness in some
special cases.

1. Introduction

In this note we study solutions of the singular boundary value problem
1 .
Lu=Au+ ;C—z(u-u3)=0 in R%, (1.1)
1

w0,x,)=(—1), a;<x,<a;,,, j=0 to 2n, 1.2
where R} ={x=(x,x,)eR?:x, >0} and
—0=0,<a;<... <0y, <0y, 1=+ 0. (1.3)

The boundary value problem (1.1), (1.2) was introduced by Glimm and Jaffe
[4] for the purpose of obtaining solutions of the Euclidean Yang-Mills equations
in R* with isolated singularities along an axis. The existence of a solution was
obtained heuristically in [4] and established in a rigorous way using variational
methods in [6]. The solutions of the Yang-Mills equations that arise from (1.1),
(1.2) are known as multimeron solutions and may be thought of as describing
“pseudoparticles” located at the singular points (see [5]).

The two-meron solution (n=1) of (1.1), (1.2) is given explicitly by the formula

(x)= (x—aye;y) (x—aye,)
Ix—ase,| |x—ae,]’

(1.4)

(where ey, e, is the standard basis of R?). Here we exploit this fact and the
invariance of Eq. (1.1) under change of scale u(x)—u(4x) and inversions about a
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. . —b
point in the x,-axis: u(x)—v(y), y—ae,= X 622
|x—be,|
(1.1), (1.2) can be controlled by two-meron solutions. More precisely, we let ¢, be
the explicit two meron solution with

to show that any solution of

+1 on (apa4,,)
= . L5
P {— 1 otherwise (L.5)
and define
d=maxe,, ¥Y=min—g,. (1.6)

keven kodd

Then (see Sect. 3) @ and ¥ are weak sub- and supersolutions of (1.1) respectively
with @< ¥ and @, ¥ satisfy (1.2)

Theorem 1.1. There exist solutions u™ of (1.1), (1.2) satisfying
i) eZu” Zut LW
ii) u* are maximal and minimal solutions respectively, i.e. for any solution u of
(1.1), (1.2), u” Su=zu®.
iti) If either u® or u™ depends continuously on the parameters a;, thenu® =u" so
there is uniqueness.

Corollary 1.2. 1) The two-meron solution is unique. ii) If u is any solution of (1.1),
(1.2) then near x=a,e,

X, —a;
u(x)— 2 T

— =0(x?). (1.7)
|x—ase,|

Part i) of Corollary 1.2 follows from the fact that for n=1, u=u" is the two-meron
solution which depends continuously on its endpoints while part ii) follows from
the explicit form of @ and V. In Sect. 4 we show that the asymptotic formula (1.7)
remains true if u is only a local solution of (1.1), (1.2) with a “+, — singularity” at
X=ae,.

Using our methods it is very easy to obtain solutions to Eq. (1.1) with more
general boundary conditions. As an example, we state

Theorem 1.3. Let O be an arbitrary open set on the line x, =0. Then there exists a
solutionu of (1.1) withu= —1 on O and u= + 1 on the interior of O°, the complement
of O.

We next state a result on the removability of certain isolated singularities.

Theorem 1.4. Let Q; ,={xeR%:0<x, <p, —A<x,<1}.
Suppose that u(x) is a C*(R, )NC*(LQ, ,\{0}) solution of (1.1) such that

ux)=+1 (or—1) on x,;=0, 0<|x,/<4. (1.8)
Then the singularity at x=0 is removable.

A consequence of Theorem 1.4 is that there is no solution of (1.1) with an odd
number of singularities, i.e. merons always come in pairs. This justifies the form of
the boundary condition (1.2) (see also Lemma 2.2).
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The plan of the paper is as follows: In Sect. 2 we establish some technical
lemmas which are needed in proving the main results. Section 3 contains the
construction of the maximal and minimal solutions of (1.1), (1.2) given in Theorem
1.1 as well as some more general solutions of (1.1). Section 4 contains the proof of
parts ii) and iii) of Theorem 1.1 as well as our local results on the nature of isolated
singularities.

2. Technical Lemmas

In this section we derive some technical estimates which are needed in the
following sections. Our first lemma is a special case of a result of Cheng and Yau
[2]. But we provide here a self-contained proof.

Lemma 2.1. Let u be a C*(R2) solution of (1.1). Then
—1=Zu(x)<1  for all xeR2. (2.1)

Proof. Assume that u(x,)> 1 for some point x,e R%. By a translation and scaling
we may assume x,=1/2e,. We map R onto the unit ball B, ={yeR?:|y|<1) by
the conformal inversion

1
Y+€f=§§%§%7, 2.2)
and set v(y)=u(x). Then v satisfies
Av+ ————>(—0%)=0 in B, (2.3)
( l 1)
and
v(0)=ul(xq)>1.
2n

Let r=|y| and set 5(r)=1/2n | v, (r,0)d0, v, =max(v,0). Then (see Lemma 3.2)
0]

(r"/)—l—( 4 )2 5 (0—-7%)20. (2.4

Integrating (2.4) we find

2

mmggaé%pw—mmm. (2.5)

Since 5(0)> 1, (7> —6(0))=¢>0 and (2.5) implies 7'(r)>0 and so r7'(r)>

. _ 1 . - .
which says v>cIn =2 as r—1. To derive a contradiction we change variables by
—r

1 —
o=In =7 w(@)=10(r). Then

' +(l—e ) 'y zl-e ) (P —y) on (0,00). (2.6)
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For g =R large enough, v is a subsolution of the equation
@"+ap'=3¢%, a>0,
P(R)=w(R), @' R)=v'(R),
and so p=¢. As before ¢'>0. Multiplying (2.7) by 2¢’ and integrating gives

2.7)

4 4
0+ oa="2 vc,. 8
R
12 ¢4(Q) . . . . .
so0 ¢'*(0)= + C,. Using this again in (2.7) gives

0@z cip*) for ¢>g, large. (2.9)

. . 1
Integrating (2.9) gives — — +

—— 2c¢,(0—0,) which gives the desired con-
»@)  ¢loy)

tradiction as 9— co.

The next lemma determines the boundary values of a solution of (1.1). Tt will
not be used in the sequel.

Lemma 2.2. Let x, be a boundary point of R?, and let Q= {xe R% :|x—x,|<R}.

If u(x) is a CHQg)NCO(Qru{x,}) solution of (1.1), then u(x,) is 0, +1, or —1.

Proof. Set v*(x)=u(x,+A(x—x,). Then [v*|<1 and v* satisfies (1.1) in Qg ,. As

4—0, v*>u(x,) in C**%K) for any compact subset K of R by elliptic regularity

u(xo)— u(xe)
2

X1

theory. Hence 0= so that

u(x9)=0, +1, or —1.
Next we recall the maximum principle for Eq. (1.1).

Lemma 2.3. Let Q be a bounded open set in R%. Suppose that u(x), v(x) are two
C*(Q) solutions of (1.1) such that u(x) = v(x). Then u(x)>v(x) in Q, unless u(x)=v(x).

Proof. Let h(x)=u(x)—v(x) and suppose h(x,)=0 for x,eQ. Then
Ah+ c(x)h(x)=0,
where

1
dx)=5(1—u*—uww—v?.
X1

Let BCQ be a small ball about x, and set M =supc(x). Then (since h=0 in Q)
B

Ah—(M —c(x))h=—-Mh=0,
so the lemma follows via the maximum principle.

Corollary 2.4. Let u(x) be a CA(R%) solution of (1.1) in R%. Then u(x) cannot attain
the values +1 in the interior of R%.

The following lemma plays the role of the Hopf boundary point lemma and is
central to the analysis of Sect. 4.
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Lemma 2.4. Let Q, ,={xeR?>:0<x, <p,|x,|<A}.

Suppose u, v are solutions of (1.1) in Q, ,, u<2. Then

) If uzvin Q, ,

L3 my 5o
U—VZ -~ —>5-X; in Q1 (2.10)
20 u 35k

(where m(p)=inf(u—1v) on x, =p, |x,|<1).

ii) If in addition to i) u,ve C*(Q; ), u(0,x,)=v(0,x,)=1 then

u—v=cxi in Q. (2.11)

Proof. 1) Let w=u—v. Then
w

Aw+ — (1—W? +uv+1?)=0. (2.12)

2
X1

In particular, since |u[<1 |v| =1

2
Aw—?wgo in Q. (2.13)
1
Set

h(x)=ax}+bx}—cxix3,
1 1
a=mu) (;5 - 57) )

(2.14)
mu)

=5/{2’u2’

_ mp)
- /12#2 .

Then using (2.14) h=0 on x,=0, h=x¥((a—c)A* +bx}) =<x}(a—cA*)+by*)=0
on |x,|=4, 0<x,<p and h=p*(a+bu*—cx})<p*a+bu*)=mp)<w on x,
=lx,|<A. Finally 5
Ah— = h=(10b—2¢)x;=0.
X1

(9

21/5

Applying the maximum principle, w=h in , .. In particular for |x,/<
0<x, <u

mi(u)
12
ii) We observe that it suffices to prove ii) in the special case u=1 for supposing this

case

h=3/20

X7

u—v=@u—1)+1—-v)S1-v=<cex; in Q, .
Let w=1—0v2=0 and take A=u. Then

2w—3w? + w3 - 2w —3w?

Aw= > 215

w e S (2.15)
2w— 3w?

or Lw=aw— 2=V <o,

X1
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Set h(x)=ax?—bx} +cx3, where

1z au®>50M(u),
1 a M)
b=§ 21—2, c= H4 5 (216)
M(u)=supw.
Q

Hop

Then

Lh=—(10b—3a*)x?—3bx}(2a—bx?)
4
+(12cx§+6acx;)—2c% — 6bex2y* <0
1

in Q, , for u small enough. Moreover, h=w on 0Q, , as is easily seen from 2.16.

. .. . a
Hence by the maximum principle h=2w on Q, ,. In particular, w(x,;, 0)< = x3,
0<x, <u Since “0 is an arbitrary point” on x, =0 the lemma follows.

Remarks 2.5. 1) Lemmas 2.3 and 2.4 i) remain true if u is a supersolution, v is a
subsolution if (1.1) and |u| =<1, [v| = 1.
il) Lemma 2.4 ii) has been observed earlier in [1].

We end this section by deriving a bound of an explicit solution of (1.1). The
function

o(x)= 22 (2.17)
]

is a solution of (1.1) in R%, and has two isolated singularities located at x=0 and
x = o0. We displace the two singularities at points ae, and be,, a, be R, by using the
conformal transformation

1
Xx———e
—b 2
y—ae,= al R (2.18)
X= e
and defining w*%(y) = @(x). This gives
Ipa,b(y)_ a—b (y—ae2)-(y—be2) (219)

B la—b| |y—ae,|ly—be,| -
This is the “two-meron” solution mentioned in the introduction. We set p*(y)
=y°(y), ie.

(—tey) (v+ees) 020
'y_8e2| |y+862|

Yy =



Multimerons 491

If >0 is sufficiently small, then the following bounds hold for small enough y, :

C C
8—1y% S1+yi(y) s g—iyf for y,e(—ee), (2.21a)
2y S1=p*(y)Sc e’y for  |y,l>e, (2.21b)
&2 &2
Cs W S1-9() =S¢ FE for |y| large. (2.21¢)

Here cy,...,cq are strictly positive constants. Estimates (2.21) are obtained by
straightforward computation. They give the rate of convergence of y*(y) to +1,
and are consistent with Lemma 2.4.

3. Existence of Multimeron Solutions

In this section we prove the existence of a solution of the boundary value problem
(1.1), (1.3) and an extension to the case when there is an infinite number of isolated
singularities accumulating at a point. Our proof is via the classical Perron’s
method of sub- and supersolutions.

Definition 3.1. A function ue H ()N L*(Q) is said to be an L-subsolution (super-
solution) if for all sufficiently small balls B €Q

J{Vu-VC—C—LZl—I-%}dxéO (20) 3.1)
X7 x3
for all (e HY(B), {20.

1,
In the following, by sufficiently small balls B €Q, we will mean that —A4 — ;le
1
strictly coercive on H(B). This will be the case, for example, if the first Dirichlet
eigenvalue 4,(B) satisfies
A4(B) 1
——~Z=sup—. 3.2
2 =% x? (3.2
Assuming this is the case, it follows (see [3, 7]) that the Dirichlet problem Lu=0
is uniquely solvable in B for arbitrary continuous boundary data.
The following properties of weak sub- and supersolutions are well-known [7].

Lemma 3.1. Let u be a C°(B) weak L-subsolution and v a C°(B) weak L-super-
solution with u<v on 0B. Then u<v in B.

Lemma 3.2. Let u, v be weak L-supersolutions (subsolutions). Then
min(u, v) (max(u, v)) is a weak L-supersolution (subsolution).

Lemma 3.3. Let v be a weak L-subsolution in Q and BEQ. Let u denote the solution
of Lu=0 in B with u=v on 0B. Then

5 _{u(x) in B
ox)= v(x) in Q-B

is a weak L-subsolution in Q.
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Let I;={x=(x;,x,):x,=0,a;<x,<a;,,}, j=0,...,2n, where the a;s are
defined in (1.3). We seek a solution of (1.1) which is +1 on I, for j even, and — 1 on
I;for j odd. Let ¢, be the two meron solution defined by (1.5) and let @, ¥ be given
by (1.6). Note that &, ¥ satisfy the boundary conditions (1.2).

Since + ¢; are solutions of (1.1) it follows from Lemma 3.2 that @, ¥ are weak
L sub- and supersolutions respectively. Using the explicit expression for ¢; (or the
arguments in Sect. 4) it is easily seen that ¢;=< —¢, with j even, k odd. Hence
O<Y. Let F* (respectively F7) denote the class of weak L subsolutions
(supersolutions) v(x) on R2 such that ® <v(x)< ¥. Note that PeF*, PeF~. We
are now set up to use Perron’s method to construct u*(x), the maximal and
minimal solutions.

Theorem 3.4. The functions

ut(x)= sup v(x),
- (3.3)
u (x)= 1er;f_ v(x)

are solutions of (1.1), (1.2) with ?<u” Zu* < V.
We do not give the details, which are standard [3]. Instead, we provide an

alternative construction of u* well known to afficionados of bifurcation theory.
To construct u~(u") we define a sequence {u,} as follows:

u0=¢(ql)’
1 - .
LuEAuk+1_PuI?+1=x—12/tk in R%, (3.4)
1 1
Uy, =& on x,=0.

The boundary value problem can be uniquely solved using the Perron process
described earlier. This is done inductively: given u,, ?=u, < ¥, we observe that

d u

Ld=——z- 3,
X7 X1
b4 U

LY=—5=—3%,
X7 X3

so @, ¥ are weak “L+ -’;’ sub- and supersolutions. We can therefore, uniquely
X1

solve for u,,,. By the maximum principle ?=<u, <...Su,Su,  <... =¥ (re-
spectively ¥ Z2u, Zu, = ... Z2u, Zu,  =... 2 P). Clearly

u‘(x)=}}im w(x), u,=9o,

. ) (3.5)
u (x)=lenO1O u(x), ug="Y.

We end the section with the generalization of the boundary value problem
(1.1), (1.2) mentioned in the introduction.
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Theorem 3.5. Let O be an arbitrary open set on the line x, =0, then there exists a
solution u(x) of (1.1) satisfying

u=—1 on O,
L (3.6)
u=-+1 on interior O°.

The proof of Theorem 3.5 is similar to the proof of Theorem 3.4 and will not be
repeated here. We only observe that on the line, an arbitrary open set is the
countable union of open intervals and that the construction of @, ¥ [see (1.6)]
involves locally only a finite number of functions. As with Theorem 3.4 the
boundary value problem (1.1), (3.6) has a maximal and minimal solution ®<u~
<ut v

In the next section we show that any solution of (1.1), (1.2) (or (1.1), (3.6)) lies
between u™ and u~. It seems quite likely that u* =u~ but this remains to be
shown.

4. Uniqueness and Local Results
We begin with a removable singularities theorem.

Theorem 4.1. Let Qp={xeR%:|x|<R} and suppose that u is a C*(Q2y)
NCO(QL\{0}) solution of (1.1) such that

ux)=+1 (or —1) on x,;=0,0<]x,/<R.
Then the singularity at x =0 is removable.

Proof. We first show u =0 in a neighborhood of 0 minus “a narrow cusp” centered
on x, =0. To be precise consider the family of two meron solutions y*? given by
(2.19) with a>b=0. We fix a so small that p*°<uy in a full neighborhood of
Ix|=R, x, =0. For b near a p*°*<u in Q by (2.21) and Lemmas 2.3 and 2.4. We
claim that y*® <u in Qy for all a>b>0. For if not, let by =inf{be(0,a) : p*'<u in
Qp, 0=<t=<b}. Then applying Lemma 2.4, u—yp“">cx} in a neighborhood of
x,=0. To see that we can decrease b, further, note that the two meron %2'
(conformally equivalent to y*?) tends to 1 more slowly than 1 —cx7{ in a suitable
neighborhood of 0. Therefore if we choose b’ <b®, b° — b’ sufficiently small we can
make p“? <unear x, =0 and so y** <uin Q, a contradiction. Therefore b=0so
uzy“® By the same argument we find also wu=y® % Therefore
u=max(yp*°, %~ % which precise our claim.

To prove the theorem, assume for contradiction that m=liminfu(x)<1. Let x,

x>0
y. Define

Xk _

be a sequence tending to 0 with m=1limu(x,) and lim ™
k

Ry (4.1)

UH(x) = u(A,x) A=, x| < ;
%

As k— 0, v* converges to a solution v=0 of (1.1) in R? uniformly in C>** on
compacta. Moreover, v=+1 on x;=0, |x,/>0 [this is easily seen from
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_ L . . X
u=max(yp*° v~ 9] and v has an interior min at y, since v* (l—i) =u(x,)—m. But

3 x
v —0
AU:

<0, a contradiction.
X1

Corollary 4.2. Let u(x) be a C*(R?%) solution of (1.1) which is continuous up to x, =0
except possibly at the points aje,,...,aye,, a,<a,<...<ay. Assume that

w0,x,)=+1 (or —1) for x,*a,,....,ay and u(x)—>+1(—1) as |x|—oco0. Then
u(x)=1 (or —1).

Proof. By Theorem 4.1, u is continuous up to x, =0. Hence using the argument of
the first part of Theorem 4.1, u=y*? for all a>b. Since y*’— +1 uniformly on
compacta as a— + oo, b— — oo the corollary follows.

Next we characterize “+, —” singularities.

Theorem 4.3. Let Qp={xeR%:|x|<R} and suppose u is a C*(Qg)NC°(Q;\{0})
solution of (1.1) satisfying

+1 0<x,<R
u(0,x,)= {—1 —R<x,<0.
Then as x—0
u(x) = @(x) = 0(x7), (4.2)
where @(x)= X2
I

Proof. The proof is very similar to the first part of the proof of Theorem 4.1. Fix
a>0 so small that p*°<u in a full neighborhood of |x|=R, x, >0. Arguing as
before, it then follows that p®° <u. Similarly, u< — % ¢ so that for a small,

P OSUS —p®TY in Q. (4.3)

Using (4.3) and Lemma 2.4 and the properties of the two-merons p*? (which are
conformally equivalent to ¢) (4.2) follows.

We will now apply the same “continuity method” to show that any solution
that can be continuously connected to +1 (—1) lies above (below) any other
solution.

Definition 4.4. Let u be a solution (supersolution) of (1.1), (1.2). We say that u can
be continuously connected to + 1 if there is a family «® of solutions (supersolutions)
of (1.1) b=(by, by, ..., b5, 05,4 1) (bg=—0,b,, =+ 0) continuous in the pa-
rameter b satisfying
() a;<b;<b;, <a;;;,j=13,5,...,2n—1,

(i) u”(0,x,)=(—=1yb;<x,<b;,, j=0 to 2n,

(iil) u=uif b=a=(ag,ay,...sApp Arps 1)

In a similar way, we say that a solution (subsolution) u of (1.1) can be

continuously connected to —1 if the continuous family of solutions (subsolutions)
u® satisfies (ii), (iii) and (i)’ b,<a;<a;,;<b;,,,j=13,5,...,2n—1.
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Remark 4.5. By the construction of @, ¥ [see (1.6)] it is easily seen that @, ¥ can be
continuously connected to + 1, — 1 respectively. Thus, for n=1, u™ =y** can be
continuously connected to both +1 and —1.

Theorem 4.6. For any solution u of (1.1), (1.2), 2<Su=sY.

The proof of Theorem 4.6 is essentially the same as the first argument of the
proof of Theorem 4.1. For example, to show u< ¥, we “shrink the — intervals”
until Y?> u. This is possible by the explicit form of the two merons. We then “open
up the — intervals” decreasing ¥°. By our previous argument, we must reach ¥.
The case ®<u is analogous.

Corollary 4.7. For any solution u of (1.1), (1.2), u” Suu™.

Theorem 4.8. Let u® be a solution of (1.1), (1.2) which can be continuously connected
to both +1 and —1. Then u®=u" =u", so there is uniqueness.

The proof is very similar and will not be given.
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