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Almost Periodic Schrodinger Operators
I. Limit Periodic Potentials*

Joseph Avron** and Barry Simon***
Department of Mathematics, California Institute of Technology, Pasadena, CA 91125, USA

Abstract. We study H= —d?/dx*+ V(x) with V(x) limit periodic, e.g. V(x)
=Y a,cos(x/2") with ) |a,| < co. We prove that for a generic V (and for generic
a, in the explicit example), o(H) is a Cantor (=nowhere dense, perfect) set. For
a dense set, the spectrum is both Cantor and purely absolutely continuous and
therefore purely recurrent absolutely continuous.

1. Introduction

This is the first of several papers on the spectral properties of operators
—d?/dx*+ V(x) (and its higher dimensional analogs) with V(x) an almost periodic
function. Two themes will recur throughout:

(1) There is a tendency for the spectrum to be a Cantor set (=nowhere dense,
closed set with no isolated points), albeit one with positive Lebesgue measure.

(2) If V is multiplied by a suitably large constant, there are “mobility edges”, in
the sense that the spectrum in certain intervals is pure point and otherwise is
absolutely continuous (however, if (1) holds the absolutely continuous spectrum
must be recurrent in the sense of [2] so that the states are not exactly “mobile”;
since Cantor sets are locally uncountable, the point spectrum will be “thick” in the
sense of [2]).

We emphasize that while we believe both these phenomena occur for certain
almost periodic potentials, we have not yet proven this. In the present paper, we
prove (1) for generic limit periodic potentials. We recall

Definition. A function V(x) on (— oo, ) is called limit periodic if there exist
continuous periodic functions V,(x) of period L, so that sup|V,(x)— V(x)|—0 as
n—00.
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We review some of the basic facts about almost periodic functions in
Appendix 1; in particular, the ¥, can always be chosen so that L, , is an integral
multiple of L,

In fact, any limit periodic V can always be written

Vix)= i Wix/n;...n), .y

ji=1
where Y || Will,, < oo, each W, has the same period L, and n;=L;.,/L;is an integer
1

greater than or equal to 2. A typical example is

Q0

V(x)= Z ;€08(x/27) (1.2)

with
Z|aj|< 0. (1.3)

We will let & be the set of all limit periodic functions with the metric induced
by |-l . We let # be the set of all Ve & of the form (1.2) with the norm induced
by (1.3). .# is a Banach space. .# is not a vector space but it is a complete metric
space. As such, it is a Baire space [5] and any countable intersection of dense open
sets is itself dense. Such dense G;’s are called generic sets. Our two main theorems
are:

Theorem 1. For a generic element, V, of £ (respectively M), the spectrum of
= —d?/dx*+V is a Cantor set.

Theorem 2. There is a dense set of V in & (respectively M), for which (i) the
spectrum of H is a Cantor set. (ii) The spectrum of H is purely absolutely continuous.
For the M case, the spectrum is moreover of uniform multiplicity 2.

We emphasize that the set in Theorem 2 is not claimed to be generic. Indeed,
our expectation (2) above says that we think the behavior will not be generic.
Theorem 2 says that the possibility of “recurrent absolutely continuous spectrum”
which we introduced in [2] occur for many simple looking differential operators.

In a recent preprint, Moser proved that for a dense set in %, the spectrum is a
nowhere dense set [17]. While our work is independent of Moser’s, his work
predates ours by several months. In comparing Theorem 1 with the result of
Moser, note first that while Moser states and proves nowhere dense, the lack of
isolated points is a general property that is not difficult to prove (see Appendix 2).
Second, Moser only handled a dense set of V, but he remarks that genericity would
follow if the rotation number he discusses always exists. The existence has been
proven by Russell Johnson [13] and subsequently from a rather different point of
view (“integrated density of states”) by us [3]. Moreover as we shall see shortly
(Lemma 1.1), it is very easy to prove directly that {V]—d?/dx®+ V(x) has a
nowhere dense spectrum} is a G,

We emphasize that not only is our result in Theorem 1 close to Moser’s, our
proof is related. The overall strategy is the same but the tactics are rather different
and we feel somewhat simpler. There is an interesting distinction in the approach.
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While the use of Floquet theory and discriminants is not unknown in the physics
literature, it is unusual — Bloch wave analysis over quasi-momentum space is the
usual tool because it extends to higher dimension. (This is particularly unfortunate
in studying the Kronig-Penny model where the Floquet theory approach is much
superior.) On the other hand, the mathematical theory tends to use almost
exclusively Floquet theory and discriminants. It’s as if everyone insisted on
studying these problems with one hand tied behind their back but half chose their
right hand and half their left. While we primarily exploit the Bloch wave analysis,
certain estimates critical to Theorem 2 are proven using the discriminant. In
physicist’s language we prove an upper bound on the widths of energy bands.
While Moser exploits manipulation of the differential equation or discriminant, we
exploit eigenvalue perturbation theory.

Moser uses mainly Floquet theory. However, by introducing the “rotation
number”, a, as a function, of E, he is introducing a quasimomentum analysis in
disguised form. A main difference in his analysis and ours is that he tends to study
o as a function of E and we study E as a function k (which is related to «). In the
fully a.p. case it is very useful to think of o as a function of E and this we do in a
future publication [3].

We should explain why the limit periodic potentials play a special role.
Because ¥ can be approximated in uniform norm by periodic functions, H is a
limit in the norm resolvent sense of periodic Schrodinger operators while general
a.p. potentials only lead to H’s which are limits in the strong resolvent sense of
periodic Schrodinger operators. Since spectrum can be lost in taking strong limits,
the difference is significant. Because of that fact, to prove Theorems 1 and 2, one
needs mainly detailed information about periodic operators. We do this in Sect. 2;
the most interesting new result concerns control on the L? norms of spectral
densities and the density of states (p <2). With this background, it is fairly easy to
prove Theorems 1 and 2 in Sect. 3. In Appendix 1, we present some of the basic
features of a.p. functions and in Appendix 2 some simple general features of the
a.p. case.

We want to note that Theorem 1 has various extensions. First there is nothing
sacred about £ and ./ ; Theorem 1 will hold for any complete metric space, 7, of
limit periodic functions with metric ¢ obeying:

(i) ¢ dominates ||, ie. [f—gll, =e(f,9)-

(i) Let &, denote the periodic functions of period 7. We suppose there is a
distinguished set, &, of reals so that for /€ ¥, Z,n¥ +@and | ) (#,n7)is dense

teS

in 7.

(i) For a dense set in 2,n¥", all gaps associated to period Z (see Sect. 2) are
open.

(iv) For any /e, there is me ¥ with m>¢ and m/{ integer.

For example, for any k, we can take ¥~ to be the limits in C* norm of periodic
functions with ¢ the C* norm. Or we could consider the functions analytic in the
strip |{Imz| <a with sup norm over the strip as norm.

In another direction, one can replace | - |, by the norm

n+1

IVl= sup [ |V(x)dx (1.4

—w<n<ow n
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and prove Theorem 1 for ¥, the space of limits of continuous periodic functions
in this norm, with metric induced by this norm. To see this one need only note that
the operator norm of V(—d?/dx?+1)"! is dominated by a multiple of || -|| so the
various norm resolvent arguments are still applicable.

As a final remark in this introduction, we want to note that the set of Vs
leading to nowhere dense spectrum is always a Gj;. Since o( —d?/dx* + V) is always
perfect (Corollary A.2.3), this reduces Theorem 1 to a density theorem.

Lemma 1.1. Let ¥~ be a metric space of continuous (not necessarily almost periodic)
functions on IR’ with metric ¢ obeying oV,WZ|V—-W|,. Then
N={Ve¥ |- A4V has nowhere dense spectrum} is a Gz ( countable intersection of
open sets).

Proof. For a,b fixed with a<b, let
Sa.0y=1VE€Y |(a,b)nresolvent set (—A+V)+0}.

Then
N= m Stab)
a,b rational, a<b
so it suffices to prove that S is open. Let VeS, ). Then since resolvent-set o(H) is
open, there exists ¢, so that

(¢c—0,c+0)C(a, b)nresolvent set (— A+ V).

By general principles if |V — W], <9, then c is contained in the resolvent set of
—A+W. [For |(=4+4+V—c¢)"!<dé~' by the spectral theorem, so
L+(W—=V)—A4+V—c)"!isinvertible if |[V-W| _ <6] O

2. Some Features of Periodic Potentials

The analysis of limit periodic potentials depends on having enough information
about periodic potentials. We develop this information in the present section
taking care to compare our results and methods with those of Moser [17], where
applicable. For additional background on periodic potentials see [26],
Sect. XIIL.16 of [21] or the pretty book of Eastham [9].

We begin by briefly reviewing quasimomentum analysis to settle notation. In
analyzing potentials of period L, we introduce K=n/L and the Brilluoin zone
#=(—K,K]. For each k (=quasimomentum) in %, we introduce a Hilbert space,
#,, with orthonormal basis {P(k)}2 _ .. We regard P{?(k) as the plane wave
L™ Y2 exp(i[2nK +k]x), either as a function all of (— oo, c0) or only on [0, L].
Viewing it in the former way, the Fourier transform gives us a realization of

®
L*(— o0, 00) as the direct integral | 261—]’;} Explicitly, given e Cg(— oo, 00), we
B

define

FOm )= | dxFOK; Do)

— o0

=Q2n/L)"*$(2nK +k), (2.1)
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where { is the conventional Fourier transform. The Plancherel theorem then reads
d
f Z 16, K)|? 57 = [ lo(x)|*dx. 22
—K n=-oo
If we define a vector ¢* (k)= Y, $O(n, k) ‘Pff”(k) in #,, (2.2) says that the map # is a

n
unitary form L2(— o0, o0) to the direct integral.
If we view the P? as functions on [0, L], they are the natural Fourier basis for
functions obeying the boundary condition:

P(L)=€"p(0);  @'(L)=e"¢'(0), (2.3)
where
0(k)=kL=mn(k/K), 2.3)

so that 0 runs from —7 to = as k runs through the Brilluoin zone.

The operator —d?/dx?* on L*(0, L) with boundary condition (2.3) is self-adjoint
with eigenfunctions Y%k ; x) with eigenvalues (2nK + k)2. Thus, we define oper-
ators Hy(k) on 5, by

H (k)PP (k) = (k) PLO(k), (2.4)
e0(k)=(2nK +k)?, 2.4)
and —d?/dx* on L?*(— o0, c0) is just the direct integral of the H (k).

If V is a continuous function of period L, we introduce an operator which we
call ¥ on ##, with matrix elements

(PO(k), VEO(k)) = f V(k) exp[2iK(m—n)x]dx/L. (2.5

Under the association of L0, L) with #, given by the ¥Y2(k) Fourier basis,
multiplication by V goes over to V. The operator

H()=H,(k)+V (2.6)
is related to H= —d?*/dx*+V on L*(— o0, o) by
dk
H= j H(k) K 2.7)

The basis P2(k) defines a natural association of #;, with ¢,, and the image of H(k)
we will denote be H%(k). It is somewhat pedantic to do this but useful because H(k)
viewed as an operator on L2(0, L) with boundary condition (2.3) has a k dependent
domain but H’(k) has a k-independent domain, i.e. those {a,} €7, with ) n*a? < co.
The k dependence of H®(k) [but not of the H(k) viewed as operators on L3(0, L)] is:

HP(k)= H"0)+4kKN +k?, (2.8)

where (Na),=na,,
H(k) is a bounded-operator perturbation of H (k) which has compact resolvent
so H(k) has a compact resolvent and thus there is an orthonormal complete set
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¥ (k) of eigenfunctions of H(k) with eigenvalues ¢,(k). We can think of ¥ (k) as
functions on (— o0, 00). They will obey the boundary condition (2.3) and the
differential equation

(%j; + V) W, (k, x) = &,(K) P, (K, ). 29)

since ¥, obeys the same equation and a different boundary condition if k%0, K
and since (2.9) has at most two independent solutions we see that ¢,(k) is a simple
eigenvalue of H(k) for k=0, K and that

e(—K)=¢,k). (2.10)

By the simplicity, ¢,(k) is analytic on (0,K) and by first order perturbation
(“Feynman-Hellman” theorem) and (2.8):

de

i =2APLQKN+ k¥
1d
=2 (‘I’,,(k), {7 ZE} qf,,(k)], (2.11)

. 1
since under the map from L*(0, L) to #; and then to Z,, n ?al%c_ goes to 2K N + k. This
is known as the velocity theorem in solid state [27] because it relates the

expectation of x=2p with the group velocity %
Notational Warning : ¥'%(k) were indexed by n running from — oo to oo but we will
index ¥ ,(k), ¢,(k) from n=0 to n=co so that g,(k)<e,(k)< ... (strict inequality if
k#+0,K). For k=0, the counting is that the labeling ¥ ordered by
0,—-1,1,-2,2,...) go into (0,1, ...) under the ¥, labeling.

Floquet theory depends on the discriminant, F(E), defined to be the trace of the
2 x 2 matrix M(E) given by M(E)(a, b) is the pair (c, d) with c=u(L), d=u'(L) where
u obeys

—u"+Vu=Eu (2.12)
with initial condition u(0)=a, v'(0)=b. If E=¢/(k), (2.9) plus the boundary

condition (2.3) says that M(E) has eigenvalue ¢”. By complex symmetry it has a
second eigenvalue e ¥, so

F(e,(k))=2cos(0(k)). (2.13)

This argument can be turned around and implies that any solution of F(E)
=2cos(0(k)) is a value of ¢,(k). Further analysis of F (see e.g. [21]) shows that on
(0,K), de,/dk >0 for n=0,2, ... and de,/dk <0 for n=1, ... . Thus the spectrum of H
which is the union of the spectrum of the H(k) is

Le0(0), £o(K)]ULe4(K), 6, (0)]u ...,
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and the complement is a semi-infinite interval (— 00,¢,(0)) and a set of “gaps”
(perhaps empty). The nth gap (n=1,2,...) is given by

(&, 1(K),&,(K)) nodd, (2.14)

(6,-1(0),6,(0)) neven. (2.14")

Implicit in the above is a complete spectral decomposition of H as an operator
on L*(— oo, o0) (going back to Gel'fand [107):
Define for ke 8, n=0,1, ...

B(n; k)= ojo dx ¥ (k; x)p(x). (2.15)
Then by the direct integral decomposition :
S e ] dk
J [Z 1p(n, 02|55 =0l (2.16)
Jote®)| £ 1000, 08] 5 ~(0.0t1010). @1)
n=0

From this and the strict monotonicity of ¢, on (0, K), we read off the fact that H has
purely absolutely continuous spectrum and that ¢ has a spectral measure

du,(E)=G,(E)E, (2.18a)
G (E)=[19(n, k) +|p(n, — k)|*]e(E), (2.18b)
o(E)=[lde,/dk]]™*, (2.18¢)
where n and k are determined by
E=¢fk); O0<ksK (2.18d)

[G=0 if (2.18d) has no solution]. g(E) is called the density of states for reasons
described in [21] or [3].

We conclude our review of this material by noting that Moser’s rotation
number [17], a(E), is expressible in terms of (2.18d) by

E)=k+nK n=0,2,4,... (2.19a)
=—-k+nK n=13,..., (2.19b)
so that
do
JE =0o(E). (2.20)

We do not claim that (2.19) is obvious but since we only require it for comparison
purposes we defer its proof to a later paper, where we systematically discuss o as
“an integrated density of states”.

Having completed this review, we turn to the new results:

(a) Upper bound on de,/dk and bounds on band size.

(b) Upper bound on ¢(E) and L” properties of the spectral density G,.

(c) Bounds on total gap size.
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Finally, we will recall the results on genericity of open gaps found in [22] and

which were rediscovered by Moser [17] in a slightly different form.

Theorem 2.1. Let a= — il;lf (V(x)). Then

) <o )/elora. 221)

dk| =
Proof. By (2.11) and the Schwarz inequality

de, —d?
+ 2dk} S|PV, =Y, H+a)P)=¢k)+a. O

=\ " dx?
Remarks. 1. One can compare this with Moser’s result [17] that da?/dE>1. By
(2.19), in Moser’s language, (2.21) reads

d—E<2 E+a. (2.22)
do

Since H(k)< Hy(k)+b we have g (k)<b+¢,k; V=0) {with b= sup V(x)| and since

(2.19) reads «(E)= |/¢,(k; V=0), we have

E<b+a?, (2.23)

d
% 2|/ a*+(a+b) (2.24)

to be compared with Moser’s dE/do < 2. Pushed through to this form, Moser’s
result is slightly stronger but on the other hand it is not clear how to get (2.22)
from his result. For the applications any of his results, (2.22) or (2.24) will suffice.

2. Tt is worth seeing that the perturbation theory result (2.11) is equivalent to
Dubrovin’s result [8]

so that

do L
JE = (f)D(x)dx,
where D(x)=(2L) ™ !|w(x)|* and w is the multiple of ¥ normalized by ww’' — wit’ = 2i.

Let ¥ =aw. Then integrating by parts

1d a* kb
T“ - “iry — W = ZL-
( T ) 5 (f) [Www' —Wwldx=a

On the other hand
L L
1=(¥,¥)=a* | wldx=2La? | D(x)dx,
0 (4]

proving the equivalence.

Corollary 2.2. An individual band [E, E"] {with E=¢,(0), E'=¢,(K) (n=0,2,4,...)
or E=¢(K), E'=¢/(0) (n=1,3,...)} obeys

—E|En}/E' +a/L. (2.25)

Proof. Integrate de,/dk fromOto K or Kto 0. []
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The point of (2.25), is that it says that if all gaps are open, the connected
components of o(H) in some fixed energy range go to zero L— 0.

As a preliminary to studying L? properties of spectral measures, we need to get
L? properties of o(E) and therefore to control de,/dk. We do this using the
discriminant :

Lemma 2.3. (i) | f(E)| S 2exp(LLV|EI+ )/ V], 1) even for E complex
(i) |f"(E) <2m!exp(LL1+ VIEI+ [/ VI, D).
Proof. (i) is standard; see e.g. Magnus and Winker [16, p. 20-21].
(i1) Follow from (1) and a Cauchy integral formula using a circle of radius 1. (If

one cares about large m, one should take a circle of radius m?/L to get a much
better bound.) [

We define
de,|]™!
0,(k)= [ T ] (2.26)
SO
o(E)=0g,(k) (2.27)

if E,n,k are related by (2.18d).

Theorem 2.4. (i) o,(k) <exp[L(1+ |[/IE (k)| + [/ | VIl , 1/IsinO(k)|L.
(ii) For any N, L, C and p<2, there is a D with

K
[ 0,(k)*~Vdk<D (2.28)
0

for any n<N, and all V of period L with |V|_ =<
Proof. (i) Using df/dk =L and taking derivatives with respect to k in (2.13) yields

F'(e,(k) ‘% =2sin(0(k))L . (2.29)

Lemma 2.3 yields the required result.
(ii) (2.23) yields a bound on ¢,(k) depending only on n and || V|,,.
k

Since [ |sin(k)|~?~Vdk < oo, (2.28) results. []
0

Remarks. 1. Taking another derivative in (2.29) shows that at points with de,/dk=0
(necessarily at k=0 or K)

28

F'(E, (K)) =+217,

so that

2
%i—"> Lrexp(— L(1+ Ve, + VTV1].) (2.30)

(if de,/dk =0). In physical terms this is an upper bound on an effective mass.
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2. Integrating (2.29) shows that
le, (k) —e,(K)| = C(k—k')* (2.31)

yielding the Holder continuity of order 1 of a(E) which Moser mentions without
proofin [17]. (Actually, Moser quotes Holder continuity in ¥ but this then follows
from the simple bound:

WAE— W=V, ) SopE)Sa(E+[|W-VI,),
which we will prove in [3].)

Theorem 2.5. (i) Let pe C3(— o0, ). Let (E', E) be the nth band. Then for any p<2,
there is a constant D depending only on @, n, ||V, p, and L so that (G, given by
(2.18))

f IG,(E)PdESD. (2.32)

E

(i) (2.32) remains true for a D depending only on @, E, |V, p, and L (even if
(E',E) is not a single band).

Proof. (i) Suppose ¢ is supported in an interval of length mL.
Then

[ 1.k x)Pdk<m,

suppe

since ¥ is normalized on an interval of length L. Thus, by the Schwarz inequality

16(n; k)< [/ mlol,.
Thus, by (2.18), (2.32) follows from

f [o(E)]PdE Zconst.
S

But E=¢,(k) on a single band and o(E) =1 so this follows from (2.28).

de,
dk

(ii) By (i), we only need a bound on the number of distinct bands that can occur.
This follows from

e(k)Ze(k, V=0)—[Vl,

and the form of ¢,(k, V=0). O

Remarks. 1. All that was needed was @€ L* with supp¢ bounded, not ¢peCy.

2. Since de,/dk =2 L sin0(k)/f"(¢,(k)), if de,/dk =0 at the edge of a band (and this
will happen if the gap is open) then f’(¢,(k)+0 and thus [[de,/dk]"~ *dk= oo if
p=2. For most ¢’s it follows that [|G |PdE= o0 if p=2.

3. By the Hausdorff-Yang inequality, {|(p,e” ™ ¢)/%dt < co if ¢>2. The diver-
gence at g=2 is a mirror of the ¢~ /2 falloff that will occur for most .

Next we want continuity of G in L? norm as ¥V is varied.



Almost Periodic Schrédinger Operators. 1 111

Lemma 2.6. Let (2,dp) by finite measure space. Let r>1 and let f,, feL" with
sup || £, I, < co. Suppose that f,(w)— f(w) pointwise a.e. Then | f,— f|,—0 for any

p<r.

Proof. Without loss, take f=0. Fix M and let g,(w)= f,(w) if | f,(w)| <M and zero
otherwise. Then, |g,|,—0 by the dominated convergence theorem and
If—gullp= |fiw)lPdw = MP~7|| £lI7

|fnl>M

so lim || f,—9,l, can be made arbitrarily small. [

Theorem 2.7. Let V,,V be continuous periodic functions with period L and let
Gy, Gor be the spectral densities for H,=—d*/dx*+V, and H=—d*/dx*+V.
Suppose that |V,— V|l ,— 0 as n—co. Then, for any fixed E' and p<2,

»
§ IGIHE)— Gl (E)PdE—~O0.

Proof. By the lemma and by Theorem 2.5, we need only prove pointwise
convergence a.e. (since the H, are uniformly bounded below — oo can be replaced
by some E so that the integrals are over finite regions). If E is in a gap for V; it will
be in a gap for all large n (by the norm resolvent convergence), so G}"(E)=0
=G/ (E) for all large n. If E =¢,,(k) with 0 <k < K, the eigenvalue is simple and by a
perturbation argument, there exist k,—k so ¢/ =(k,)=E, the corresponding ¥’s
converge and by a Vitali theorem argument so does de,/dk. Thus G} (E) converges
to GI;(E). The remaining points [ie. E’s with E=¢, (k) with k=0 or K] have
measure zero. [
We are next interested in results of the form:

Pseudo Theorem 2.8. Fix L and some normed space, X, of continuous functions of
period L. Then for any C, there is a sequence g, so that Y g,<oo and if VeX with
IVII=C, then

An(V)égn’
where A (V) is the nth gap for —d*/dx+V.

This inequality, the dominated convergence theorem for sums and the
continuity of 4,(V) in V (which follows from eigenvalue perturbation theory and
the fact that 4, is a difference of eigenvalues) shows that

Pseudo Coroliary 2.9. If V,,VeX with |V,,— V| ,—0, then
LAV = 2 AV).

We can prove the pseudo theorem or at least a bound on ) 4, in three cases:
(1) VeC? with C?® norm. The argument in Theorem 2.12 in [16] (essentially
due to Hochstadt [11]), shows that 4,(V)=0(n"?) with errors only depending on
the first three derivatives of ¥ [that theorem only supposes V is C2, but one needs
some uniform control on the Fourier coefficients of V" to get uniform control on

4,V
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(2) Deift [7] has remarked that the result holds for VeC! with the C!
topology by the following beautiful argument. Given Ve C?, consider the class of

all W’s with the same gaps [25]. If the nth gap is («,, ,), then the eigenvalues p, of
2

Iz + W(x) with u(0)=u(L)=0 boundary conditions obey o, < u,<f, and, there
is C(W) (the lowest periodic eigenvalue) so that

is independent of W and given as an integral of V and V' (a KdV conserved
quantity) [25]. Among these W, there is one with u,=a, for all n [25], so since
C(W) can be bounded in terms of ¥, ) (B,~a,) can be bounded in terms of ¥ and

V. This gives a bound on ) 4, but not the uniform type needed to get the pseudo

corollary.

(3) We can handle a very general class of even periodic functions. For in that
case, we have proven in [1] that the perturbation series in 4 for §,(AV) and o, (AV)
converge for all large n and if o, (AV)=Y.a%A"; B (AV)=) bLA", then |a},|+ |bZ]
< C™n~ ™~V where C only depends on || V] .. It follows that to control 4, we need
only control b —a] and b, — d, and these have simple explicit formulas in terms of
the coefficients V,, (Fourier coefficients of V). If g,e¢, and X is the set of even V
with sup(V,,/g,) < co, this argument proves the pseudo theorem in that case.

Finally, we want to recall a result from [22] and prove an analog for ./ :

Theorem 2.10. Fix a Banach space X of periodic potentials of period L. Suppose that
X is dense in L'[0, L] and that the norm on X dominates | -||.,. Then for each n, the
set of V for which A, (V)0 is a dense open set.

The proof is simple : That the set is open is an easy consequence of the fact that
|- x dominates || - || ,. To prove density, suppose that 4,(V)=0. Then either H(0)
or H(K)has a degenerate eigenvalue E (depending on whether n is even or odd) and
the gap opens for V+ AW if the degeneracy of this eigenvalue is removed for 4
small. If u,w are the corresponding orthonormal eigenvectors for H(K),then by
degenerate perturbation theory [14] the degeneracy is removed to first order if
and only if the two-by-two matrix

((u, Wu) (u, Wv))
(v, Vi) (v, Wo)

has unequal eigenvalues. Thus, if W is not in the codimension 2 space (since X is
dense in L') with

fdx[u2(x)— ()] W(x) =0 = [u(x)o(x) W(x)dx,

the gap opens.

Moser [17] obtains the same condition but writes the codimension 2 space as
the span of a codimension 3 space and one dimensional space so his result looks
somewhat different. He uses discriminant theory in place of eigenvalue per-
turbation theory.
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We will also need:

Theorem 2.11. Fix N and let X be the N dimensional space of V of the form
N

Y a,cos(x/2"). Then for each m, for a dense open set of X, themth gap associated to
1

L=2"is open.

Proof. The edges of the mth gap are Dirichlet and Neumann eigenvalues (at k=0)
with fixed index. These eigenvalues are real analytic functions of the a’s, so the set
of V’s with the mth gap closed is the zero set of a real analytic function. It is

therefore, either all of X or the complement of a dense open set. Since V(x)
=cos(x/2") has all gaps open [21], it cannot be all of X. []

3. Limit Periodic Potentials

In this section we prove Theorem 1 and 2 and some related results. Given the
preliminary work in Sect. 2, the proofs are all easy.

Proof of Theorem 1. We consider the case . ; the case ¥ is similar. By
Lemma 1.1, density of the 7’s with Cantor spectrum implies genericity. Since the
periodic potentials in .# are dense in .#, it suffices to prove that given any ¢, and

periodic V, we can find We # with |V — W[ Z¢, so that —d?/dx*+ W has Cantor
N N+j
spectrum. Suppose V=) a{® cos(x/2"). We will construct S;= ) af cos(x/2")
n=0 n=0
so that

181 <eo/2’ G.1)

and take W=V+ S, The S, will be chosen so that
1

W.=V+ Z S

has all gaps associated to L=2""* open and so that all the gaps present for W, _,
with energy in (— oo,k) don’t shrink very much. This latter fact will imply all
gaps persist in the k— oo limit and then (2.25) will imply that the spectrum is
nowhere dense.

Here are the details. Suppose that S,,...,S,_, have been picked so that
H,_=—d*/dx*+W,_, has all 2¥"®~Y gaps open so that in particular,
[by (2.25)] for any E, there is a number E¢o(H, _,) with

|E— E| < c(E)/2V ¥, (3.2)

where ¢(E) is bounded as E runs through compact. o(H, _,) has a finite number of
gaps in (— 00, k). Let o, be the minimum gap size among all this finite number of
gaps and let B, =min(x,, ..., a,) (constructed inductively). We will pick S, so that
(i) (3.1) holds.
(i) 1S, 2274381,
(iii) H, has all 2¥** gaps open.



114 J. Avron and B. Simon

Such a choice is possible since the set of potentials will all gaps open is dense by
Theorem 2.11.
Let W= kh_m W,. Let (a—d,a+ ) C(— o0, k) be a gap for H,. We claim that H

has a gap, 4, in its spectrum containing (a—d',a+ ') for some &' with
§>68/3; 16—0|=Sgy/2¥71. (3.3
For, by the construction of 8, and (ii), | W — W[ £39, so
(a—d/3,a+96/3)na(H)=0

(this uses the elementary E€ o(A) and |4 — B|| <6 implies o(B)N[E -6, E+ 0] *0).
The second half of (3.3) follows the same argument and (3.1).

Given E and ¢, first pick k, so large that c(E)/2¥** [given by (3.2)] is smaller
than /3. Then pick k, >k, so large that any gap for H, (k>k,) containing a
point in (E—¢/2, E+¢/2) must lie completely in (— 00, k) (i.e. take k, = E+¢/2
+ sup W;ll ). Finally, pick k>k, so that ¢,/2*"* <¢/3.

By (3.2), we can find E¢a(H ) with |[E— E|<8/3 Suppose E is in a gap
(a—0,a+9) for H,. By the above, we can find E¢o(H) so that |[E—E|<2¢/3<e.
Thus (— oo, 00)\o(H) is dense. []

It 1s worth emphasizing the simple reason that these spectra are Cantor sets.
There is a tendency for gaps to open up about energies (nk/2")? and these points
are dense.

Proof of Theorem 2. Let p=3/2 [any pin(l,2) will do]. Let {¢,} >, be a countable
subset of Cy which is dense in L2 Let GXE) be the spectral den51ty for H, for
vector @, In going through the above construction, pick S, so that

k 1/p
sup[f |Gﬁ“1(E)—G:(E)|P] <1/2¢,
nsk|—-ow

This can be done by Theorem 2.7. Since each GXE) lies locally in L? (by

Theorem 2.5, we conclude that for each n, E,, there is a number b(n, E,)< o0, so
that

Eo 1/p
sup| | IGﬁ(E)I"dE} <b(n, EO)>.
k |-

Let A be a finite union of open sets. By general principles, if P* are the spectral
projections for H,,

(q)n’ PAq)n) é kh<_n;10 ((pm P’,f{qon) )
since H,— H is norm resolvent sense (see [14]). Thus, for such A4:

(@, P49, ) Sb(n, E)| A" (34)

if AC(— o0, E). Taking limits and using regularity of measures, (3.4) holds for any
A and thus the spectral measure for ¢, is absolutely continuous. Since the ¢, are
dense, H has purely absolutely continuous spectrum.
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By general results of Davies and Simon [6] any even bounded potential in one
dimension has absolutely continuous spectrum of even multiplicity. By general
results on eigenfunctions, and spectra [4, 15,23], any spectra has multiplicity at
most 2. [

In [6], Davies and Simon show that for a large class of V, #, =#{ DA
=H’ @A where #Z as those vectors which as t— 0o move to the left, etc. They
proved that periodic V are reflectionless in the sense that

HE=H" . (3.9

It seems to us likely that this holds for a.p. V. This may seem at variance with our
intuition that localized wave packets suffer many reflections accounting for the
anomalous long time behavior. (3.5) can only hold if the vectors in # have very
slow falloff in x and are quite far from being of compact support. We think this
could well happen.

By the Pseudo Corollary 2.9 one concludes the following:

Theorem 3. Let Ve . # be periodic. Then given any ¢, we can find We M so that
(i) o(—d*/dx*+ W) is a Cantor set.
(ii) o(—d?*/dx?+ W) is purely absolutely continuous of multiplicity 2.
(i) [[V—W|=e.
(iv) The Lebesgue measure of the symmetric difference of o(—d*/dx*+ V) and
o(—d?/dx*+ W) is less than e.

Appendix 1. A Child’s Garden of Almost Periodic Functions

In this appendix, we want to review some of the basic properties of almost periodic
functions. We use a definition equivalent to Bohr’s original definition but more
suited for our purposes. Given f on R” and ¢ in R’, f, is the function fi(x)= f(x—1).

Definition (Bochner). A bounded continuous function, f, on R’ is called almost
periodic (a.p.) if and only if {f},.z. is @ precompact set in the |- | -norm. The
compact space obtained by taking the closure is called the hull of f, denoted Q.

Any a.p. function is uniformly continuous, for if not, there exist ,]0 so that
I £, — fll, Z & But, by compactness of €, the f; have some uniform limit g. Since
.~ f pointwise, f =g so || f, — f,|l, cannot be larger than &. This contradiction
establishes the result.

Sums and products of a.p. functions are easily seen to be a.p. and periodic
functions are a.p. Thus, if f is a.p. and « is real, e **f(x) is a.p.

Given any ge 2, g is a function on R’, so we can define g,. We claim g, Q, for
if f,, —g, then f,., =g, Thus, we can define a flow T;: g—g, on Q. By the uniform
continuity of f, | T, f,— fill o = T.f — f 1, goes to zero as ¢ | 0 so the map (g, )= T,g
is jointly continuous and the T, are isometries. The image of f under the T, are
isometries, every orbit is dense.

Q, also has a natural abelian group structure. To avoid confusion between this
structure and addition of functions, we will think of Q - abstractly. The identity e
corresponds to the function f and if w=f, w'=f,, then wxw' will correspond to
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fi+s To see the group structure, let w,w' be the limit of f, and f, . By a simple
calculation

” Sntt, sm+tm”oo§ ”fsn_fsm”oo + “J:,,—f;m“w

is Cauchy. We call the limit w#w'. The uniqueness, group properties and
continuity are easy to check. The reals are a dense subgroup of the group under
t— f,

Q, as a compact topological group has a natural normalized Haar measure
du,. Since IR” is a dense subgroup of 2, it is easy to see that T; is an ergodic flow.
In particular, if G is continuous on Q2 - and v=1, then

[Gw) d,uf(w)— hm 2— f G(w+1t)dt. (A.1.1)
For this holds for a.p. w by the ergodic theorem and then by the uniform
continuity of G and the denseness of the orbit {w=¢};2 __, for all w. (A similar
formula is true on IR".)

We thus see that [taking G(g)=g(0)] every a.p. function has an average and
that this average is Haar measure on the hull. [Moreover, any continuous G on Q
defines an a.p. function by g,4,(t) = G(t) which is a.p. since {g, ;} lies in the image
of Q; under a contmuous map; the hull of Q__ is naturally a quotient group of Q. ]

The dual group, Q,, of characters on Qf is naturally a subgroup_ of IR”,
Thinking of R* as R* under a—Z%, given by Z, (t)—e'“ !, we obtain Q as a
subgroup of R”, called the frequency module of f. Q is countable since Q has a
countable dense set. Since Q2 is a subgroup of R, g1ven a, fe Q » and 1ntegers n, m,
we have that no+mpfe Qf, 1e Q is a module over Z.

The Peter-Weyl theorem assures us that any f is a uniform limit of finite sums

of the form ) ce™* with o, Qf. From this it follows that (taking v=1 for

i=1
simplicity).

Theorem A.1.1. The frequency module, Q » is the module generated by

&

Thus, every countable module in Z is the frequency module of some a.p. f.
Two classes of a.p. functions on (— o0, c0) are of especial interest:

lim 1 j e """f(x)dx#:O}

n—e 21

Definition. We say that f is limit periodic if and only if f is a uniform limit of
periodic functions. We say that f is quasiperiodic if and only if there exist numbers
o,,...,%, and a function F on T" (the n-torus) with

S)=F([[oux11), (A1.2)
with [[a;x]] the fractional part of o;x (thinking of T as R/Z).



Almost Periodic Schrodinger Operators. I 117

It is easy to see that both classes are a.p. Indeed, if the o; are rationally
independent, then Q, is T" under a bicontinuous homomorphism, ie.
w=(0,,...,0,) is associated to F([[a;x+0,]]). One can tell these special classes by
looking at the frequency module:

Theorem A.1.2. Let f be a.p. Then f is quasiperiodic if and only if Qf is finitely
generated.

Proof. If f is quasiperiodic given by (A.1.2), then Q = {Zn Y mojm, integral} is

generated by o, ...,a, Conversely, let Q be finitely generated If the discrete
topology is put on Q it is then just Z" for some n so Q =0, (by Pontryagin

duality) is just T". Smce R is densely imbedded in T" only as x—»([oc x]) A.1.2 holds.
(One can use Peter-Weyl in place of Pontryagin duality.) [

Theorem A.1.3. Let f be a.p. Then f is limit periodic if and only if Qf has the
property that any o, fe Q. have a common divisor in Q.

Proof. Let f be lp. Pick o f with a= lim 21 jdxe““"f(x) and

n— oo

b= lim 5- j e"#*f(x)dx both non-zero. Choose g periodic with |f—g|.,

n— oo

<Jmin(ldl, Ib() It follows that

lim(2n) ™! [ dxe ™ "*g(x)dx 0
for y=ua, f and thus if g has period L, 2n/L divides both « and B. Similarly any

finite subset of the generating set {ocl]im(2n)“l | dxe ™ f (x)=|=0} have a common
divisor so @ + has the required property. )
Conversely, if Q, has the property any finite sum Y. ae™* with a,eQ, is
i=1
periodic since the «; have a common divisor. By the Peter-Weyl theorem, f is a
limit of periodic functions. [

Corollary A.1.4. If f is both limit periodic and quasiperiodic, then f is periodic.

Proof. Any finite generated module with the divisor property is single
generated. [

Corollary A.1.5. If f is limit periodic, there exist periodic functions W, of fixed L,
and integers n, =1,n,, ..., so that |Wj|| , <2~ =21, and

f(x)=ZWj(x/n1...nj).

Proof. By Peter-Weyl, find f;, finite combinations of the {e"""}aEQ with || f;— f1,
<270=D|f|. with f,=0. Then Ifi=fisllos2707 2| 7], and taking
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g;=fj+1—f; we see that f= Yy By the divisor property for Q »each g;, is

1
periodic with a period which is a multiple of the period f;. [J
We will need the following in a later paper; it is an immediate consequence of
the Peter-Weyl theorems on Q.

Theorem A.1.6. Let f be a.p. For any ¢, there is a quasiperiodic g with || f —gl|,, <¢
and Q,CQ,.

Appendix 2. Some General Features of Almost Periodic Schrodinger Operators

In this appendix, we will follow two simple theorems concerning — 4 + ¥(x) on
L*(R") with V a.p.: (i) that the spectrum is constant over the hull; (ii) that the
spectrum is purely essential. Virtually identical results (in one sense stronger) for
v=1 were obtained by Johnson at the same time [12]. In any event, these results
are only mildly stronger than old results of the Russian group studying random
potentials (see e.g. Pastur [19]): a.p. potentials can be viewed as a special case of
random potentials determined by an ergodic process — thus e.g. it is known that
the spectrum is a.e. constant on the hull [19]. We prove pointwise constancy.

Theorem A.2.1. Let Q be the hull of an a.p. function on IR® and given we Q, let V,(x)
be the corresponding a.p. function. Then spec(— A+ V,) is independent of w.

Proof. Let w,w'e€. By symmetry, we need only show that E¢spec(—4+V,)
implies E¢spec(—A4+V,,). Find x, so that V,(x+x,)—V,(x) uniformly. Then
—A4+V,(-+x,) converges to —A+V,, in norm resolvent sense so that if I is an
open set in R, I'n()spec{—4+V,(-+x,)}=0 implies ['nspec{—A4+V,.} is

empty by general principles [14, 20]. Since
spec{—A+V, (- +x,)}=spec(—A4+V,}
and the resolvent set is open, we are done. []

Theorem A.2.2. Let V be an a.p. function on IR". Then the spectrum of —A+V is
purely essential, i.e. there are no isolated eigenvalues of finite multiplicity.

Proof. Let E be an isolated eigenvalue of finite multiplicity. Let P be the
corresponding spectral projection. Pick x,— oo so that V(x+ x,)— W(x) uniformly
in x. Let P(x,) be the spectral projection for {E} associated to — 4+ V(- +x,) and
let P, be the corresponding projection for —A+ W. By the norm resolvent
converge P(x,)— P, in norm. But P(x,)=U, *P(0)U,, where the U, go strongly to
zero. Since P(0) is compact, we conclude that P(x,)—0 strongly so P, =0. This
contradicts the fact that spec(— 4+ V)=spec(— 4+ W) by Theorem A.2.1. [J

Corollary A.2.3. Let V be an a.p. function on (— 00, 0). Then the spectrum of
—d?/dx*+ V(x) has no isolated points.

Proof. Any isolated point is an eigenvalue of finite multiplicity. In one dimension
eigenvalues must have multiplicity one so there cannot be isolated points by
Theorem A2.2. [
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Remarks. 1. In the v dimensional periodic case, it is known there are no eigenvalues
[24]. Is this true in the a.p. case in the sense that there are no isolated eigenvalue
even in case v>17?

2. Our belief (2) in Sect. 1 says that even if v=1, there can be non-isolated
eigenvalues [but by the above, {w|—d?/dx*+ V,(t) has a fixed eigenvalue E} will
have measure 0]. In fact Johnson [13] and Moser [18] have constructed a.p.
functions V, so that —d?/dx*+ V(x) has at least one eigenvalue.

3. Johnson [12] proves a stronger version of Theorem A.2.1 in that for any
boundary condition at 0, the operator —d?/dx*+ V(x) on [0, o) has essential
spectrum equal to that on the whole line. This is easy to prove, for one can always
find t,— oo so that | V(- +t,)— V(-)||,,—0. Given any sequence ¢, € C¥(— 0, c0)
and E so that |(Hy+V—E)o,l,—0, we can find a subsequence t,,, so that
supp [(pm( -+ tn(m))] C [ma OO)' Then

I(Ho+V = E)@,(- +t,m)|—~0

SO
Eeo (—d*/dx*+ VI L0, 0)).
Similarly
Eeo (—d?*/dx+ V! L*~ 0,0)).
Since 0 (d*/dx* + V) is the union of the two half line essential spectra the equality

of all three is true.
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