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Abstract. Every outer automorphism of a separable simple C*-Algebra is shown
to have a pure state which is mapped into an inequivalent state under this
automorphism. The reduced crossed product of a simple C*-algebra by a
discrete group of outer automorphisms is shown to be simple.

0. Introduction

We consider two problems both of which depend on one technical lemma.
One of them is the problem, stated by Lance in [4], whether or not any

universally weakly inner automorphism of a simple C*-algebra is inner. In Sect. 2
we shall answer this affirmatively in case the C*-algebra is separable. The idea of
the proof is based on [3], the corresponding result in case of one-parameter
automorphism groups.

The other is the problem whether or not the reduced crossed product of a simple
C*-algebra by a discrete group of outer automorphisms is simple. In Sect. 3 we shall
answer this affirmatively. The proof is essentially the same as that of the result
which has been obtained by Elliott in [1] in case the C*-algebra is AF (i.e.,
approximately finite-dimensional).

In Sect. 1 we shall give a main lemma on outer automorphisms; a similar result
has also been obtained by Elliott in the AF case.

The author is most grateful to Professor Sakai for a seminar he gave on the first
problem.

1. Outer Automorphisms

Let A be a C*-algebra and α an automorphism of A. In [2] we have defined the
strong Connes spectrum TΓ(α) of α. In this case 1r(α) is the set of λ e TΓ = 2 such that
άA(7) = /for any primitive ideal / of the crossed product A x JL of A by α, where ά is
the dual action. lf(α) depends on α up to inner automorphisms, i.e., T(Adt/o α)
= ΊΓ(α), where u is a unitary multiplier of A. If A is α-simple, i.e., A does not have
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any non-trivial α-invariant closed two-sided ideals, then T(α) equals the Connes
spectrum of α. By Olesen's result in [5], if A is simple and TΓ(α) — {1 }, then α is inner.

1.1. Lemma. Let A be a C*-algebra and a an automorphism of A. 7/Ίr(α)φ {!}, then
for any non-zero hereditary C*-subalgebra B of A and for any a^A (admitting a = l),

inf{| | jc0α(jc)| |; Q^xeB, ||χ|| = l} = 0.

Proof. (See [1, 2.3] for a similar result.) Suppose that there is a non-zero hereditary
C*-subalgebra B of A and aeA such that the infimum in the lemma is positive,
say δ.

Let x be a positive element of B with ||Λ: || = 1. Then xn ̂  0 and \\xn \\ — 1, and so
\\xnaa(xn)\\ ^ δ for any nelN. It follows that for any m, weESΓ, \\xmaot(xn)\\ ^δ.

Since a(xn)a*x2maa(xn) is positive and has norm not less than δ2, there is a state
fm of A such that

fm(a(xn)a*x2maa(xn)) ^δ2.

Then for k^m,

since x2k ^ x2m. Let/be a weak* limit point of (/m). Then (*) holds with/in place of
/m, for any fcelN. Since (x2fe) is a decreasing sequence of positive elements, it has a
strong limit p in ^**, which is a projection. Thus

Since ||/|| ^ 1, it follows that \\paa(xn)\\2 = \\a(xn)a*paκ(xn)\\ ^ δ2.
Since paa(x2n)a*p is positive and has norm not less than δ 2, there is a state gw of

A such that #„(/?) = 1 and

Hence gn satisfies that gn(x2m) = 1 for any raeIN, and

gπ(αα(jc2V)^δ2-«"1

for any k^n. Let g be a weak* limit point of (gπ). Then

g(χ2k) = l and g(αα(;c2/>*)^ (52

for any feelN. Thus g(/?) = 1 and g(aoί(p)a*) ^δ2, where ά = α**. In particular,
since g is a state, it follows that ||/?flά(/?)|| ^ δ.

Let φ be a pure state of B and let

Then

Π {/; state of yl such that f(x) = 1} = {φ} .
*eA,

(To prove this it is enough to show that for any pure state/of B other than φ, there is
a positive xεB such that φ(x) = \\x\\ = 1 and/(x) < 1. This can be easily shown by
using Kadison's transitivity theorem.) For each xeKφ letp(x) be the strong limit of
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xk as fc-*oo. If x, yeKφ, then

and/>(z) ^p(x), p(y). Thus {p(x); xεKφ} forms a downward directed set of non-
zero projections of ,4** so that it has a strong limit/? in A**. Since φ(/?) = 1 and/(/?)
< 1 for any state / other than φ, p is a minimal projection in ^4**. From the
preceding paragraph, there is a state gx of A for each xeΛ^ such that

£ 2 * = ! and gx(αα(;c2fcK)^2

for any fcelN. If /?(%) ^/?(j) with %, jeA^, then

gx(/fc) = l and gx(a*(y2k)a*)^δ2.

Let g be a weak* limit point of the net (gj. Then the above equations hold with g in
place of gx for all ke IN and yeKφ. Hence g = φ and

Let B = B+ (C e where e is the identity of 5** (in ̂ 4**). For a unitary u in B, by
using wxw* in place of x with xeKφwe obtain

φ(u*aόί(upu*)a*u) ^δ2 .

In particular

\\pu*aά(up)\\^δ. (**)

Let πφ be the unique extension of πφ to a representation of ^4**. πφ(p) is the one-
dimensional projection onto <CΩφ and nφ(ά(p)) is non-zero and so a one-
dimensional projection. Let Ψ be a unit vector of Hφ such that

Now we define an operator V on Hφ such that

Since

— φ (x*

= φ(x*x)p, and since πφ is irreducible, Fhas an extension to a unitary on
Hφ9 which is denoted by V again. Then F satisfies that

Vπφ(x)V* = πφoφ), xeA.

LQtE=πφ(e) be the projection onto [πφ(B)Ωφ] = [πφ(B)Hφ]. Then for any unit
vector ΦeEHφ, there is a unitary u in .§ such that Φ = πφ(u)Ωφ9 by the transitivity
theorem. Then it follows from (**) that

,ΩJ^^
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Since a numerical range is a convex subset of (C, by adjusting a phase factor of V we
may assume that

for any ΦeEHφ with ||Φ|| = 1. Thus

E(πφ

Hence for any beB,

By the remark given before the lemma, &λ with λeΊΓ(α) induces an
automorphism βλ of the C*-algebra generated by πφ(A) and V in the way that

j8λ(*0 - IF.

Hence for

Since ΓeiΓ(α) if /leΊΓ(α), this implies that

forbeB. Hence Reλ > 0 for λeT(α), i.e., T(α) = {1} since TΓ(α) is a group, q.e.d.
We conclude this section by giving simple remarks on the assumption in the

lemma.
The condition that 1f(α)φ {1} in the above lemma can be replaced by the

following weaker one: The set of α-invariant closed two-sided ideals I of A with
ΊΓ(α|/)φ{l} generates an essential ideal of A. Because then for any non-zero
hereditary C*-subalgebra B of A there is an α-invariant closed two-sided ideal I of A
such that £n/φ {0} and lf(α|/)φ {!}, and hence we can proceede as in the above
proof with Br\ /(respectively /) in place of B (respectively A) since a (in the lemma)
is allowed to be a multiplier.

This weaker condition on α still implies that α is properly outer [1] (while we do
not know about the converse).

To show this suppose that α is not properly outer. Then there is a non-zero
α-invariant closed two-sided ideal I of A, a unitary multiplier u of/, and a ^deriva-
tion δ of I such that

α|/=(AdM)(exp<5)

(see [1, 2.2]). Since that T(exp<5) = {1} follows easily from the definition of T,

For any non-zero α-invariant closed two-sided ideal J o f A with /c /, the restriction
of α to /has an expression of the same type as α | /since u multiplies /and δ leaves /
invariant. Hence TΓ(α | /) = {!}. This implies that ΊΓ(α | /) = {1} for any α-invariant
closed two-sided ideal J of A with /r\/Φ {0}. This completes the proof.
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2. States and Automorphisms

2.1. Theorem. Let A be a separable C*-algebra and α an automorphism of A. If
ΊΓ(α)φ {!}, then there exists a pure state φ of A such that φo α is disjoint from φ.

Proof. Let (un) be a dense sequence of unitaries in A = A+<£1, and write

By Lemma 1.1 (with a = 1 and α = ax o α) there is a positive ^ in A such that
||^! || = 1 and \\eίσί o α^)!! < 1/2. By changing e^ slightly if necessary, we may
further suppose that there is a positive al in A such that \\a± \\ = 1 and eίaί = al .

By applying 1.1 to alAaί with σ2 ° α, we have positive e2 and α2

 m cίιAal such
that ||β2 1| = | |0 2 II — 1> e2a2 = a2> an(i Ik2 σ2°α(^2)ll < 1/2. Since eA #!=#!, it
follows that ^£2 — #2-

By induction we construct an,en successively, i.e., en and an are chosen from

an-ιAan-ι so that

en^0, αn^0, |kj| = ||flj| = l, *„*„ = *„, \\enσn°*(eJ\\<l/2.

Then it follows that en_1en = en for all «.
Let S be the set of states φ of ^4 such that φ (en} = 1 for all n. Then since en_1en

— en for all «, 5 is a non-empty closed face. Let φ be an extreme point of S, which is a
pure state.

Since φ(σnoa(en)) = φ(enσwoα(ej), it follows that

Hence

φ(en-σn°θί(en))>ί/2.

This implies that for any «,

||φ -φo σ πo α|| > 1/2. (*)

If φ o a is not disjoint from φ, then φ o a is equivalent to φ and so α is
implemented by a unitary in the representation πφ. By applying Kadison's
transitivity theorem, we know that there is a unitary u in A such that φ
= φo Aduo α, which contradicts (*) since (un) is dense in the unitary group of A.
Thus φ o α is disjoint from φ.

2.2. Remark. Under the situation of the above theorem the set of pure states φ of A
with the property that φ o α is disjoint from φ is dense in the set of all pure states (in
the weak* topology). Because, in the proof of 2.1, eί can be chosen from an
arbitrarily specified non-zero hereditary C*-subalgebra of A, so each of those
subalgebras has at least one pure state with the above property (as a state of A).

If A is a simple C*-algebra, then the condition ΊΓ(α)Φ {1} is equivalent to α
being outer. Hence we obtain

2.3. Corollary. Let A be a separable simple C* -algebra and let α be an automorphis of
A. Ifφ°a is equivalent to φ for any pure state φ of A (i.e., α is extendible in every
irreducible representation, as in [4]J, then α is inner.
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When A is UHF, this was obtained by Lance [4].
The following extends Theorems in [3]:

2.4. Theorem. Let A be a simple C*-algebra (without identity) and a a one-parameter
automorphism group of A. Ifot* is strongly continuous on A* ("i.e., || φ° at — φ \\ -»0 as
t-*Qfor any φeA*), then α is inner (I.e., there exists a one-parameter group u of
unitary multipliers such that at=Adut and t-*ut is continuous in the strict topology).

Proof. If there were a sequence (tn) in 1R such that tn converges to zero and each α,n is
outer, then by applying the proof of 2.1 with αίπ in place of σn Q α to this situation we
would obtain a contradiction: || φ o α,π — φ \\ > 1/2 for some pure state φ of A. Hence
each ocί is inner for small t and so for all t. In case A is separable, this would be
enough to obtain the conclusion. In general we adopt the argument in the proof of
Theorem? in [3], where the continuity property of the implementing group of
unitaries is shown under the present assumption, q.e.d.

In the above proof we have used only the norm-continuity of φ o αt in t with all
pure states φ. This is in fact equivalent to α* being strongly continuous, even if A is
not simple [3, Proposition 9].

3. Reduced Crossed Products

Let G be a discrete group and let α be a representation of G by automorphisms of a
C*-algebra A. We denote by A\ G the reduced crossed product of A by α. Along

ar

the same lines as Elliott's proof in [1,3.2] we show

3.1. Theorem. Let (A, G, α) be as above. Suppose that A is a-sίmple and that
TΓ(α0)Φ {1} for all geG\ {!}. (In particular suppose that A is simple and each ag is
outer for geG\{l}.) Then the reduced crossed product A\G is simple.

ocr

3.2. Lemma. Let a be a positive element of the C* -algebra A, {at / = 1,2, . . . , n]
elements of A, {αf; / = 1, 2, . . . , n} automorphisms of A with TΓ(αί)=j= {!}, and ε > 0.
Then there exists a positive xeA with \\x\\ = 1 such that

\\xax\\ ^ \\a || - ε, ^xa^x) || ̂  ε, /=!,. . .,«.

Proof. Define a continuous function /on IR by

Let B be the hereditary C*-subalgebra of A generated by/(α). Then for any positive
ith |LH| = 1, \\ay- \\a\\y \\^ε, hence ||j;^||^fl||-6.

By 1.1 there is a positive e1 eB with \\eί \\ = 1 such that

We may further suppose that there is a positive xλ eB such that \\xί \\ = 1 and e^ xl

= xί . Let Bί = x1Ax1aB. Again 1.1 shows that there are positive e2 and x2 in B1
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such that \\e2\\ = || X 2 I I = 1, e2x2 = %2> and \\e2a2^2(e2)\\ =£ Then x2 satisfies

*20*2 ^ α - β .

Continuing in this way, we obtain xn = .v satisfying all the conditions in the
lemma, q.e.d.

We will not complete the proof of 3.1 because it is the same as [1, 3.2] if the
above lemma is used for [1, 3.3]. The extra assumption we have made is that a (in

the lemma) is positive. But this is not essential because \\a\\ ^ 110+ £ a

g

u

g\\ in

[1, p. 308] follows from II ^τ II
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