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Abstract. We prove the statement in the title of the paper.

1. Introduction

Broadbent and Hammersley [2], introduced the following percolation problem.
Let % be the graph in the plane whose vertices are the integral vectors (i.e.,
elements of Z?) and whose edges or bonds are the segments connecting two
adjacent vertices (we call two vertices v' and v” of ¥ adjacent if the distance
between them equals 1). Let each bond of .# be open or passable with probability
p, and closed or blocked with probability g=1—p, and assume that open- or
closedness for all different bonds is chosen independently. The percolation
probability is defined as

0(p) = P{the origin is part of an infinite connected open set in £}, (1.1)
and the critical probability py as
py=inf{p:0(p)>0} . (1.2)

Hammersley [5], [6] proved
Spys1-7. (13)

where 1 is the socalled connectivity constant of #(1x2.639, see [9]). Harris [7]
improved the lower bound to

P35 (1.4)

Various results and numerical evidence (see [17], or [15] Chap. III, for a brief
summary) indicated that p, =3, and most people seem to have accepted the truth
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of this conjecture. So far no rigorous proof seems to have been given. Our principal
aim is to give such a proof here.

Theorem 1.

Pu=73-

We can combine this with previous results to obtain somewhat sharper
information. Define an open (closed) cluster to be a maximal connected subgraph
of & all of whose bonds are open (closed). Denote by W the open cluster which
contains the origin. (W consists of the origin only if all four edges connected to 0
are closed.) When p<p, =7 there is with probability one no infinite open cluster
[see (1.5) below], but when p>p,, there exists with probability one exactly one

infinite open cluster (see [7] or [15], Theorem 3.14). With this information we can
formulate the following theorem.

Theorem 2.
p>1 implies 6(p)>0, (1.5)
p<% implies 6(p)=0. (1.6)

For any p<3% there exists a constant C,(p)>0 such that for all n*

P, {W contains vertices at distance Zn from the origin}
<2e~Culoim, 1.7)

For p=% and all n=1
Py, {W contains vertices at distance Zn from the origin}

> 1 (1.8)

= 8n’
Finally, for p>3%

P, {the infinite open cluster contains no vertices
within distance n of the origin}

éz{l_e_cl(q)}_le_cl(q)" 1.9

[g=1—p, C,(+) is as in (1.7)].

The principal tools for our proof are the recent results and estimates of
Seymour and Welsh [14] and Russo [12] (see also [15], Chap. III for an
exposition). They introduced the additional critical probabilities

pr=inf{p:E {# W} =0}, (1.10)

1 The subscript p of course indicates that for each edge e, P{e is open}=p
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where # W denotes the number of vertices in W, and

pS:inf{p:lim_'supSp(n,n)>O}, (1.11)

where S,(n,n) is the probability that there exists an open path in the square
[1,n] x [1,n] connecting the left and right edge [see (2.2) below for a precise
definition]. [12] and [14] prove '

0<pr=ps=3, pr+rg=1. (1.12)

We shall prove in the next section that pg >3, which together with (1.12) and (1.4)

implies Theorem 1, and of course py=ps=py=3.

Remark. Sykes and Essam [16] have introduced a critical probability in terms of a
singularity of the mean number of clusters per bond (see also [3] and [4]). In a
future publication we shall discuss analyticity properties of 8(p), and show that for
the bond percolation on Z? considered here, the Sykes and Essam critical
probability also equals 3. This result was already obtained in [16] under some
unverified assumptions.

Sykes and Essam also argued that the critical probability for the symmetric
triangular lattice equals the root in (0, 1) of 1—3p+p>. We hope that the present
method can be carried over to other lattices. In particular we hope that it can be
used to complete the argument of [16] for the triangular lattice.?

2. Proofs

We first introduce some notation and collect some useful results. The recent
monograph [15] by Smythe and Wierman contains all the results which we need,
with their proofs. As much as possible we adopt the notation of [15].

A path on & is a sequence (v, €,, vy, ..., €,, v,) with each v, a vertex in L, v, ,
adjacent to v;, 0 <i<v, and e, the edge connecting v;_; and v;. Such a path is called
open (closed) if all its edges are open (respectively closed). Throughout this paper a
path will always be understood to be self-avoiding. If t is a path or subgraph of £ we
denote by || its carrier, ie.,

|t|={zeR?:z is a vertex of ¢ or belongs to an edge of t}. 2.1

The analogous convention will be used for subgraphs of the dual lattice £*. £*
has a vertices the vectors v*=(x*, y*) with x*=n+13, y*=m+13, n, m integers, and
as edges the segments connecting two adjacent vertices.

T(m,n) denotes the “sponge” consisting of all vertices and bonds in the
rectangle

[Lnlx[Lm]={(x,y):1=x<n1<y<m}.

2 Since this paper was completed John Wierman has carried out this argument for bond percolation
on the triangular and honeycomb lattice, and L. Russo proved an analogous result for site percolation
onZ2.
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§,(m,n) denotes the probability that there is an open connection between the left
and right edge of T(m,n):
S,(m,n)=P {3 open path r=(vy, e, ...,e,, v,)C T(m,n)
with v;=(x, ), Xo=1,x,=n}. (2.2)
Of course the subscript p in (2.1) refers to the probability measure, according to

which each edge is open with probability p. These crossing probabilities satisfy the
trivial inequalities

§,(mn) =S, (mn+1), (2.3)

S,(m+1,n) =8 ,(m,n) (2.4)
(see [15], Egs. (2.1) and (2.2)). It is also not too difficult to show that

S,mn)+Sm—-1,m+1)=1 (g=1-p) (2.5)
and

S12(mm)2 S, p(nn+1)=7 (2.6)

(see [15], Theorem 2.2, and last line of p. 42 or [14], Theorem 4.1). Far more
difficult is the following inequality of Seymour and Welsh [14], Lemmas 5.2 and
5.3, [15], Lemmas 3.3 and 3.4,

S p(/2n, 4n) =S (2n,6n) 2 I'(S,(2n, 2n)), (2.7)
where the function I'(-) is defined by
Io)=03{1—(1—0)¥?}1%, 0<¢<l1. (2.8)

Let py, pr and pg be as in (1.2), (1.10), and (1.11). Seymour and Welsh [14],
Theorem 2.1, and independently Russo [12], Theorem 2 and Sect. 5, proved

pr+pg=1. (2.9)
Also, [14], p. 244
Pr=Ds. (2.10)

([15], Chap. 3 gives a good exposition of these results). In view of these results
Theorem 1 will follow once we show that p<% implies

lim §,(2%,25*1)=0. 2.11)

Indeed, if 2" <n<2* then by (2.3)

S,(n,m) <8,(2%,27Y),
whereas by (2.11) and (2.7)

I'(S,(2%,24)—0 and hence §,(22%—0.
By (2.3)(2.5) this implies

8,25 292 8,2 — 1,25+ 1)=1—5,(25, 29> 1.
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In turn, by (2.7) we obtain S (2% 6.2¥)—1, and once more by (2.3)«2.5)
$ (24, 261 =1 — S, (25— 1,254 1) 1= 5, (2672, 6.2472)-0.
Thus (2.11) implies

lim S,mn)=0 and p=py=1-py.

If this holds for all p<3, then p,, <1 which together with Harris’ bound (1.4) yields
Theorem 1. We shall prove Theorem 1 by proving (2.11) for p<3.

Consider a path r=(vy, e, ...,e,v,) in T(m,n) which is a minimal connection
between the left and right edge of T(m,n), ie., if v;=(x,, y;) then

xo=1,x,=nl1<x;<n for 1=5isv—-1,
and 1=y,sn for 0=Zi=Zv. (2.12)

Such a path will be called a left-right crossing of T(m, n). Any such crossing divides
the open rectangle

C=Cm,n)=(1,n) x & m+1) (2.13)

into two components ([11], Theorems V.11.7, 8). Let C*(r)=C"(r; m, n) be the
part of C(m,n) “above r”, ie., the interior domain of the simple closed curve
consisting of r, followed by the segment {n} x [y,,m+1] of the right edge of C,
followed by the upper edge of C, [1,n]x {m+31} (reversed), followed by the
segment {1} x [x,,m+3] (also reversed) of the left edge of C. C™(r), the part
“below r” is defined similarly. If v* and v~ lie in C*(r), respectively C ™~ (r), then any
continuous curve in C(m, n) from v* to v~ must intersect r. We shall write C™(r)
and C~(r) for the closure of C*(r), respectively C~(r).?

We shall need the fact that if there exists any open left-right crossing, then there
exists a lowest open left-right crossing. Russo [13], Aizenman [1], and Higuchi
[8] recently exploited with great ingenuity the existence of similar extremal open
paths in the proof of the non-existence of non-translation invariant Gibbs states in
the two-dimensional Ising model.

Lemma 1. If there exist an open left-right crossing of T(m,n), then there exists an
open left-right crossing R=R(m,n) such that no left-right crossing* sCC~(R) with
s# R is open. Moreover R is unique and any open left-right crossing s must satisfy

sCC*(R) and RcC(s). (2.14)

This lemma is fairly intuitive and was in fact used without proof in [12],
Lemma 3, and [14], Lemma 5.2. We give a formal proof in the Appendix. In the
sequel we shall use the notation {R(m, n)=r} to indicate that there exists an open
left-right crossing of T(m, n), and that the lowest such crossing equals r. It is crucial
for our argument that the event {R =r} depends only on the open- or closedness of

3 In general we use 4 to denote the closure of a set 4 in the plane
4 Strictly speaking we should write |s] C C™(R) and similarly in (2.14). We shall often abuse notation
and write sC A for [s|CA
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the edges in C~(r). Indeed for a fixed left-right crossing r, {R =r} occurs if and only
if r is open, but any left-right crossing se C™(r), s+, contains a closed edge.
Clearly

S,(2%, 25 1)=P{3 open left-right crossing of T(2*2**1)}

= P{3 open left-right crossing of T(2¥*1,2k*1)
which lies in T(2,2%* 1)}

=P{R(2**1,2%* 1) exists and lies in T(2¥, 2%+ 1)} . (2.15)

To prove (2.11) we now introduce an artifice. Let p <3 be fixed. Choose an integer
x and 0<p,,p,,....p, <1 such that

p=4 1. 2.16)
We shall determine whether an edge e is open in (k + 1) stages, rather than as usual
in one stage. We take binomial variables J(e), 0<i=<k, such that all random
variables

{J(e):0=Zisk,ec ¥}
are independent, and such that

P{Jo(e)=0}=P{Jo(e)=1} =3,

P{J(e)=0}=1—-P{J(e)=1}=p;,, 1ZiZk. (2.17)
We call e l-open if J(e)-J,(e)...J,(e)=1, or equivalently if J,(e)=J,(e)
=...=J(e)=1. Clearly

P{e is l-open}=13p,...p;, (2.18)
and in particular, by (2.16),

P{e is k-open}=p. (2.19)

Thus, for our choice of parameters, the distribution of the configuration of xk-open
edges is the same as of the configuration of open edges in the original problem
when P{eis open}=p. We may therefore replace “open” by “xk-open” in (2.15)
without changing the problem. We shall write R,(m, n) for the lowest l-open left-
right crossing of T(m,n), if it exists. Thus R, is defined in the same way as R in
Lemma 1, but with “open” replaced by “l-open”. We shall now see that Theorem 1
reduces to the following proposition.

Proposition 1. There exists a constant y, >0, independent of x, py, ...,p, and <k,
and a k, such that for k=k,, 0<I<k, and for each left-right crossing r of
T(2¥*1, 2" 1) which is contained in T(2%,2** 1) one has
P{3(l+ 1)-open left-right crossing of
T(2k+1,2k+1)iRl(2k+1,2k+1)=r}é1-—'))0. (220)
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Before starting on the proof of this proposition we show how it implies (2.11).
We note that any (I+ 1)-open path is also I-open. Therefore, if R, (2¥* 1, 25" ) exists,
so do Ry(2k*12k*+1 R, _,(2¥*1 2k*1) Moreover, by Lemma 1 (with “open”
replaced by “l-open”), the l-open crossing R, ; must lie in

C*(R)=C*(R;;2¢*1,2¢*Y) ‘and R,CC™(R,,,)=C (R, ;2K 1,2k 1),
Thus if R(2%*1,2¥* 1) exists, and lies in T(2% 2%*?), then also
R0(2k+ 1’ 2k+ 1), ""Rl— 1(2k+ 1, 2k+ 1)
must lie in T(2¥,2** 1), Therefore,
S,(25, 25" 1)=P{R,(2*"1,2*" 1) exists and lies in T(2",2** 1)}
=P{R,(2",2** ") exists and lies in T(2%2**1)}
k—1
-~ IT P{R,; (21, 2%* 1) exists and lies in
1=0
T(Zk, 2k+ 1)'R0(2k+ 1’ 2k+ 1)’ e Rl(2k+ 1’ 2k+ 1)
exist and lie in T(2% 2%* 1)}

Kk—1

< TT P{R,, (252,25 1) exists| Ry(25* 1, 26+1), | R(2K+1,2k+1)
1=0

exist and lie in T(2%, 2%* 1)}
k—1

= ll:[o P{R,,,(2¥"1,2F* 1) exists| R,(2¥ "1, 25" 1)
exists and lies in T(2%,2%*1)}
<(1—7,). (2.21)
Since 7, is independent of x and p;, ..., p,, we can take k arbitrarily large, so that
limsupS, (2%, 2 1)< lim (1—7py)*=0

will follow.

Before we can turn to the proof of Proposition 1 proper, we need one extra bit
of preparation. We already introduced £*, the dual lattice of #. We shall use e*
or f* to denote generic edges of £*, u*, v* or w* to denote vertices of £*. One
trivially sees that each edge e* of #* crosses exactly one edge e of &. We shall say
that e* and this e correspond to each other. We shall call e* l-open (I-closed) if the
corresponding ee & is l-open (I-closed). We write T*(m, n) for the collection of all
vertices and edges of #* in the rectangle

() 3sxsn-Lisysm+).

As a graph T*(m, n) is isomorphic to T(n— 1,m+ 1). Now consider a fixed left-right
crossing r of T(2*¥1,2¥"1) and let s*=(w§,ef,..,e¥,w¥) be a path in
T#(2%+1,2k* 1) which starts at the upper edge

E*={(x,y)3Sx=2"" 1 =3, y=2"1+3},
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and “goes down” until it first enters C~(r)=C (r;2¢*1,2¥*1), To be precise, if
wi¥=(x¥, y¥), then we assume

_"k+1 1 1 k+1 1 .
ye=2""+3, =Syfs2""'—3, 1=i=e,

(2.22)

N
N

SxFS2 -4, 0=sj=o,
and

wxeC*(r), O<i<p, 223)

wieC™(r) or y¥=1.

Note that the last condition of (2.23) means w}e C~(r), and since wi¥e L* it cannot
lie on r, i.e., w¥e C(r)\r. Since e goes from C+(r) CH(r;2¢tt 2k+1) to C(r)\rit
must cross r. Thus there is a umque edge e in r which is crossed by e¥; we shall
denote this edge by e(s*). A path s* satisfying (2.22) and (2.23) is a cross-cut of
C*(r) and divides C*(r) into two components, a “left” and a “right” one, which we
shall denote by VX(r,s*) and VX(r,s*) (see [11], Theorems V.11.7 and 11.8). If
vo=(1,y,) denotes the left-endpoint of r and a is the intersection of ¥ and e(s*)
[ie., the midpoint of e} as well as of e(s*)], then the boundary of VE consists of the
s1mple curve made up *of the segment from (1,2** 1 +1) to (1, y,)=v,, followed by
the piece of r from v, to g, followed by s* from a to w§, and then the segment from
wi=(x¥ 2" 1 +1) to the starting point (1,2¥* ' +1); see Fig. 1. The boundary of
VR can be described similarly. Since V* and VX are the two components of
C*(r)\s* it is impossible to connect any point bX in ¥~ to a point b® in V¥ by a
continous curve y:[0, 17— C™(r), without intersecting s*. The same remains true if
we allow b” to be in VX, b® in VR and v in C*(r). This is easily seen by observing
that y(r) must lie in VLm VR where

t=max {t:p(t)e V}.
We call a weak cut-set (with respect to r) any path s* in T*(2¥** 2¥*1) which
satisfies (2.22) and (2.23) and for which

ef,e3,...,e5_, are O-closed. (2.24)

We call s* an (I + 1)-strong cut set (with respect to r) if it is a weak cut set with
respect to r, and in addition

e’ is (I+ 1)-closed, or equivalently J, (e(s*))=0. (2.25)

In step (i) below we shall use the following simple observation: Call a path
t*=(w¥, e¥, ..., ef, w¥) a top-bottom crossing of T*(2**1,2¥*1) if it is a minimal
connecting path on #* of the upper and lower edge of T*(2¥*1,2k* 1) je. again
with w¥ =(x¥, y¥), (2.22) holds with ¢ replaced by 4, as well as

(2.26)

N|>—~

Vi=

Such a path connects® wie dC*(r)\0C ™ (r) to wie dC ™ (r)\dC* (r), and except for its
endpoints lies in C(2** 1, 2%* 1), Tt therefore must intersect r, and if g is the smallest

5 A denotes the boundary of A4 for a set A in the plane
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Fig. 1. The left-right crossing rand the cut set s* are drawn in solid lines. The ——- lines indicate the
boundaries of D(3'"1), respectively, D(3"). The path ¢ is drawn as —-—

index for which e} intersects r, then the initial piece s*=(w§, e}, ..., e¥, w¥) of t*
satisfies (2.22) and (2.23). In particular, if ef, ..., e*_ | are O-closed, then s* is a weak
cut-set with respect to r.

Just as we could find a lowest open left-right crossing in Lemma 1, we can find
a left-most weak cut set. We formulate this as Lemma 2, whose proof is almost
identical to that of Lemma 1 (see Appendix).

Lemma 2. Let r be a fixed left-right crossing of T(2**,2¥" 1), If there exists any
weak cut set with respect to r in T*(2¥*,2%), then there exists a weak cut set with
respect to r, S* = S*(r, k) say, in T*(2**1,2%) such that there exists no weak cut set
with respect to v in VH(S*,r)nT*(2¥*1,2%), other than S*. Moreover, S* is unique,
and if t* is any weak cut set with respect to r in T*(2*1,2%), then t* (minus the last
half of its last edge) belongs to VX(S*,7).
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We stress that we restrict ourselves to cut sets in T*(2%*1,2%), the left half of
T*(2¥*1,2k* 1) just as we have concentrated on left-right crossings in T(2¥ 2¢*1),
the lower half of T(2¥*1,2%*1), The reasons for this will become apparent later [see
(2.34) and (2.35)]. Use of the notation {S*(r, k)=s*} means that there exists a weak
cut set with respect to r in T*(2¥*1,2%) and S*, the left most such cut set, equals s*.
Also, the event {S*(r,k)=s*} depends only on the 0-open- or closedness of the
edges e* in VX(r, s*), since {S*(r, k) =s*} occurs if and only if s* is a weak-cut with
respect to 7, and any path t* in T*(2¥* 1, 29~ VL(s* r) from E* to C™(r), other than
s*, has a 0-closed edge. Translated in terms of the J(e), this means that for fixed r,
the event {S*(r, k)=s*} depends only on the collection

{Jo(e):lelnVE(r, s*)£0} . (2.27)

Proof of Proposition 1. We first state the principal steps and show how these imply
Proposition 1. After that the individual steps will be proven.

Step (i): The following inequality holds: for every left-right crossing r of
T(2**1 2%*1) k>1, and I<x one has

P {3 weak cut set with respect to » which lies in
T*(2* 1, 29| R(2¥* 1, 2 N =r} 2y, =) >0. (2.28)
Step (ii) : For each integer 7 there exists a k, =k, (t) such that for k>k,, [<k and

for each left-right crossing r of T(2¥*1!,2%*1) which lies in T(2*,2¥*1), and each
path s* in T*(2¥*1, 2% which satisfies (2.22) and (2.23) one has

P {3 at least 7 weak cut sets with respect to r with distinct
final edges| R,(2¥* 1, 2¥* V=7, S*(r, k) =5*} 2. (2.29)
Step (iii): For each left-right crossing r of T(2**! 2*¥*1!) each path s* in
T*(2¥*1,2%) satisfying (2.22) and (2.23), t=1, ISk —1 one has
P{3 (I+1)-strong cut set with respect to r|R,(2x*1,2¥* )=y
S*(r, k)=s*, 3 at least t weak cut sets with respect to r
with distinct final edges} =1—pj., ;. (2.30)

We show now that (2.28)(2.30) imply (2.20) with y,=y,/4. As we observed,
R,. , if it exists, must lie in C*(R,) and since R, ; connects the left and right edges
of C(2¥*1,2¥*1) it must intersect any cut set with respect to R,, in particular, any
(I+1)-strong cut set, assuming such a cut set exists. This is impossible, since the
edge of R,,; which intersects an (I+1)-strong cut set has to be (I+1)-open
[because it belongs to R,, ;] as well as (I+ 1)-closed [because it crosses an (I+1)-
strong cut set]. Thus

P{3 (I+1)-open left-right crossing of
T2k 1, 26+ )| Ry (26F1, 26 1) =y}
<1-—P{3 (I+1)-strong cut set with respect to
r|R(2F L, 2k =y}, (2.31)
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On the other hand, for any left-right crossing r of T(2¥*?, 2k* 1)
P{3 (I+1)-strong cut set with respect to r[R,(2*"1,2¢"1)=r} (2.32)

is at least as large as the inf over paths s* in T#(2** !, 2¥) which satisfy (2.22) and
(2.23), of the product of the left hand sides of (2.28)—(2.30). Thus, for k= k(z) (2.32) is
at least 27,(1—pf, ,) and by (2.31), the left hand side of (2.20) is at most
1—3y,(1=pisy)-
It remains to take (/) such that
piP, <4 and then ky=max {k(z(])): ISk —1}.
We turn to the proofs of (2.28)—(2.30). For brevity we write R, instead of
Rl(2k+ 1’ 2k+ 1)'

Proof of Step (i). As in Russo [13], Aizenman [1], and Higuchi [8] we use a sort
of generalized form of the strong Markov property with respect to R, (a set valued
random variable, rather than the usual kind of stopping time). As we observed just
after (2.25), the left hand side of (2.28) is bounded below by

P {3 top-bottom crossing t* of T*(2***,2¥*1) which lies
in T*(2**1, 2% and has J(e})=0 for all edges
e} of ¢* with interior (e})CC™(r)|R,=r}. (2.33)
However, the edges e* of #* with interior (¢}) CC*(r) only cross edges e of & with
interior (e) C C*(r). All these edges are independent of the edges in C (), and as we
pointed out after Lemma 1, the event {R,=r} depends only on edges e in C(r).

Consequently, the conditional probability in (2.33) is the same as the uncon-
ditional probability

P {3 top-bottom crossing t* of T*(2**1,2%* 1) which lies in
T*(2%*1,2% and has J,(e})=0 for all edges e} of t*
with interior (e;)C C*(r)}
> P {3 top-bottom crossing t* of T*(2¥*1,2%* 1) which lies in
T*(2¥*1,2¥%) and has all its edges O-closed}
=8, 52— 1,267 1 1),
The last equality holds, because
P{e* is O-closed} =P {e* is 0-open}=1%,
and T*(2¥*1,2% is isomorphic to T(2*—1,2¥*1 +1). Finally, by (2.3), (2.4), (2.7),
and (2.6)
Sy a2 — 1,2 14 1)2 8, ,(2671,6.2¢7 1)
2 (S, (241, 2 1)
2Ir@=y,.

(2.28) follows by combining these inequalities.
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Proof of Step (ii). This step needs a further kind of separating set, or cut set. Let r
be a fixed left-right crossing of T(2F*1 2¥*1) which lies in T(2% 2¥*1), and
s¥=(wg, e}, .., e}, w¥) a fixed path in T*(2**!,2¥) satisfying (2.22) and (2.23). We
consider the annuh A*(z) A*(i,w¥) in £* centered at w +(3,3), consisting of all
vertices and edges of £* in D(3* )\(3‘ 1), where D(3Y) is the closed square bounded
by portions of the lines

x=x¥-34+1, x=x}+3,
y=yi=3+1, y=y;+3
[recall wk=(x},y%); see Fig. 1].
We take
log2

<i
2< <k1 g3’

(2.34)

Since we assumed rC T(2%,2**") and s*e T*(2***,2¥), we have x¥ <2, y* <2+,
so that D(3%) and A*(i) do not intersect the top or right edge of C(2"Jrl 2")r H ie.,

D S AL (2.35)

Now let G*=G*(i;r,s*) be a connected subgraph of #* which is contained in
A*(i) and which separates w¥ from oo, i.e., has the following property:

G* is connected and any continuous curve from w¥
to the exterior of D(3%) must intersect G*. (2.36)

It is again quite intuitive that in this case G* contains a path on ¥* which
connects s* to r through V&(r,s*). Again we only formulate the lemma here, and
leave its proof for the Appendix.

Lemma 3. Let r be a left-right crossing of T(2¥*1,2¥*1) which is contained in
T(2, 2% 1Y), s* a path in T*(2**1, 2¥) satisfying (2.22) and (2.23). Let i satisfy (2.34)
and let G*(i) be a subgraph of £* in A*(i,w}) which has property (2.36). Then there
exists a path t*=(u¥, f¥, ... [ uf) in G*AT*(2** 1, 2¥" 1) such that

ud is a vertex of s*, (2.37)
[k, ko VRO sY), (2.38)
¥ crosses an edge of r. (2.39)

With this lemma it is not hard to complete step (ii), by means of another
application of the analogue of the strong Markov property, quite similar to step (i).
Fix r, a left-right crossing of T(2%*1,2%* 1) which lies in T(2,2%* 1), fix a path s* in
T*(2¥*1,2%) which satisfies (2.22) and (2.23) and assume R,=R,(2**1, 2¥*1)=p,
S*=8*r,k)=s* and let G*(i) be a subgraph of A*(i)=A*@i,w}) which has
property (2.36) as well as

all edges of G*(i) whose interior lies in V&(r, s*) are O-closed. (2.40)
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Then, by Lemma 3 there exists a path ¢*=(uf , f{*,, ..., ¥, uf ) in A*(i) with the
properties (2.37)+2.39). Since we assumed (2.40) it also satisfies

fi¥is O-closed, 1=j=A-1. (2.41)
Moreover, ug ; is some vertex of s*, say ug ;=wj;,. Then the path
(Wg’ e’lk7 EERH) e;]k(i)— 1° w;(;) = “z)k, i9f1gj i .5f}i<i3 u:’{, i) (242)

consists of an initial piece of s* followed by t¥. It begins on E* [by (2.22)], its last
edge crosses r [by (2.39)] and all its other edges are in C*(r) [by (2.23) and (2.38);
note B(i)+ g, since wi¢A*(i)]. All edges, but the last one of the path in (2.42) are
0-closed [since we assumed s* = S$* to be a weak cut set, and on account of (2.41)],
so that this path is a weak cut set with respect to r. Also its last edge is in 4*(i), and
different A*(i) are disjoint. It follows from this that the left hand side of (2.29) is
bounded below by

log2 .
P{at least 7 of the annuli 4*(i,w}) with 2§i<k£% contain
a subgraph G*(i) which satisfies (2.36) and (2.40)|R,=r, S* =s}. (2.43)

The event in (2.43) only involves the 0-open- or closedness of edges e* in VE(r, s*).
In other words, it is determined by the collection

{J (e):interior (e)C VE(r,s*)}.
On the other hand the event {R,=r, $*=s} only involves the random variables

{J(e):0<i<l,ecC(r)} (2.44)
and those of (2.27), by our comments after Lemmas 1 and 2. Thus, as in step (i), the

conditional probability in (2.43) is the same as the unconditional probability.

P{at least 7 of the annuli A*(i) with 2§i<ki—g—§—§~ contain

a subgraph G*(i) which satisfies (2.36) and (2.40)}
) N ., log2 .
= P:at least 7 of the annuli A*(i) with 2§z<k@ contain

a subgraph G*(i) with property (2.36) and all its edges 0-closed}. (2.45)

It was proved by Seymour and Welsh [14], Lemma 5.4 (see also [15], Lemma 3.5)
that
P{A*(i) contains a subgraph G*(i) with property (2.36)
and all its edges O-closed}
2y 21— (1-y)'2)%, (2.46)
where
7=8,,,(237123" 123 [cf (26)].
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Thus, the right hand side of (2.46) is at least
7, =2 12(1 -2~ 1/2)64.

Since the A*(i) are disjoint, the right hand side of (2.45) is bounded below by a
right tail of the binomial distribution with success probability y,, to wit by

NOIN\ . .
) (j)va(l—vz)”-u (2.47)
j=t
where
_ log2 Y
log3

As k— o0 and hence N— o0, (2.47) tends to 1, and (2.29) follows.

Proof of Step (iii). This is very easy indeed. The event {R,=r} is defined in terms
of the random variables in (2.44), whereas any condition about weak cut sets with
respect to r involves only the {J,(e):ee T(2***,2¥*1)}. Thus neither of these
involve the J,, ;(e). However, if s%,...,s* are 7 paths satisfying (2.22) and (2.23)
which are also weak cut sets, and with the distinct last edges e*(o(1)), ..., e*(o(7)),
then at least one of these paths will be a strong cut set with respect to r, as soon as
one of the edges e*(o(1)), ..., e*(0(7)) is (I+ 1)-closed. Conditionally on any infor-
mation on the {Jy(e),....J(e):ee ¥}, the probability of at least one of
e*(0(1)), ...,e*(o(r)) being (I+ 1)-closed is 1—p;, ;. This proves (2.30). O

The proof of Proposition 1 and Theorem 1 is complete.

Proof of Theorem 2. (1.5) and (1.6) are immediate from the definition of p, and
Theorem 1, except when p=1. But 6(3)=0 was already proved by Harris [7]. (1.7)
is a special case of Theorem 1 of [10], whereas (1.8) is in Remark 4 of [10], now
that we know pp=p, =1 (see also [15], p. 61).

As for (1.9), if the infinite open cluster does not contain any vertices v of & with
[v]| =n, then by Whitney’s theorem (see [15], Theorem 2.1) there exists a closed cut
set on £ * which separates the infinite open component on % from the subgraph
of & containing all edges and vertices within distance n from the origin. As in
Lemma 3 this implies that there exists a path on #* connecting some point
(0,/+43) on the y-axis with some point (m+%,0) on the x-axis, I, m=n, and with all
its edges closed. Such a path contains at least [ edges, and the probability of an
edge e* of #* being closed is g=1—p. Thus, the left hand side of (1.8) is at most

IZ P,{3 closed path on #* starting at (0,/+3) and

containing vertices at distance =1 from (0,!/+3)}

< ) P,{3 open path on & starting at 0 and containing vertices

Izn
at distance =/ from 0}
Sz{l__e_cl(q)}_le_cl(q)”

[by (1.7)].
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Appendix

We give here the purely topological proofs of Lemmas 1-3. They involve only
standard (but tedious) arguments.

Proof of Lemma 1. Let r, and r, be two left-right crossings of T(m, n). We first show
that one can find a left-right crossing r such that

rcC(ry;mmnC(ry;m,n) (A1)
and
[l Clrylolr,|. (A2)

This part of the proof has nothing to do with the open-ness of any of these
crossings. However, if , and r, are open, then r will be open as well, since (A.2)
implies that each edge of r is an edge of r, or of r,. For the remainder of this proof
we suppress the m,n from the notation.

To construct the desired r, assume that |r,| contains some point z from C~(r,).
[1f no such z exists, then r,CC™(r,), and we can take r=r, as will be apparent
from the proof below.] We follow r, from z backwards to the left edge E; of
C=C(m,n);

El ={('x7y):x= 1& %§Y§m+%} .
Then there exists a first point, b say, at which we hit r, or E,. b is necessarily a
vertex of # on r or E,. Similarly, going forward from z along r, we will hit r, or
E,={(x,y):x=n,3Sysm+3}, (A3)

the right edge of C, at some vertex c¢. Denote the polygonal curve consisting of the
piece of r, between b and ¢, excluding the endpoints b and ¢ themselves, by g. By
construction g is disjoint from |r;| and dC and contains the point ze C™(r,).
Therefore

eCC™(ry).

For the sake of argument assume b and c belong to |r,|\E,UE,. A simple
modification of the argument suffices if be E; and/or ce E,. Denote by 7, the path
which starts at the initial point of 7, on E, follows r, till it reaches b or ¢ (c may be
reached before b on r,), then follows g till ¢ (respectively b) and then continues
along r, to its endpoint on E,. ¥, is a path on % with initial (end) point on E,
(respectively E,) and no other point on 0C, and since |g|n|r;|=0, 7, is also
selfavoiding. Thus 7, is a left-right crossing of C with

Pyl Clrylolry].
In fact, 7, C|r,|U]ol, so that even

F,.cC(ry). (A.5)
We claim that (A.5) implies

r, CC(r)cC*(Fy) (A.6)
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and
C~(#,)cC(ry). (A.7)

To see this, let z, =(§,m+%). z, is a point of C, near the upper left hand corner of C,
but above the line y=m. Thus, z, can be connected to

E;={(x,y):1=xZny=m+3}, (A.8)

the upper edge of C, by the vertical segment {3} x [m+%, m+3], which does not
intersect r,. Since E, is part of C*(r,) but disjoint from dC~(r,), we have
z,€C*(r,). Similarly z,e C*(¥,). Now let z,e C*(r,). Then there exists a con-
tinuous curve ¢ from z, to z,, such that ¢ belongs to C*(r,), except possibly for its
initial point z, [in case z,edC*(r,)]. In particular, ¢ has at most the point z, in
common with C~(r,). By virtue of (A.5) ¢ also has at most the point z, in common
with 7,. Thus, ¢ intersects 0C*(F,) at most in z,, while its endpoint z, lies in
C*(¥,). Thus z,e C*(¥,). This proves the second inclusion of (A.6) since z, was
arbitrary in C*(r,). The first inclusion in (A.6) is true by definition, and (A.7) is
immediate from (A.6) and

C™(7,)=C\C*()CcC\C*(r,))=C(r,).

From (A.6) we see that any edge of r, which belongs to C*(r,) still belongs to
C*(7,). However, some edge e of r, which contains z now belongs to 7, C C{ (7,),
whereas the interior of e belonged to C™(r,). Thus, there are strictly fewer edges of
r, with their interior in C™(¥,) than in C™(r,). We can now iterate this procedure.
If |r,| still has a point z'e C™ (¥,), then we can modify 7, to an 7, such that

72C|7~”1|U|7'2|C|7'1|U[r2| 5
#,cC(F)cC~(F,)cC(r,),

and so on. Since each time r, has fewer edges below the new path, we obtain after a
finite number of steps a left-right crossing 7, such that

[FAl CIFy— s lOlry CL Clry Ul (A.9)

F,cC(F,_)C...cC~(F)cC(ry, (A.10)
and r, has no more points in C~ (7)), i.e.,

r,CC* (7). (A.11)

We now take r=7,. This r satisfies (A.1) and (A.2) by (A.9)~(A.11). Indeed
(A.11) implies

r=F,cC () C(ry), (A12)

by the proof which led from (A.5) to (A.6) (with the roles of + and —
interchanged). Now that we found the crossing » which “lies below r; and r,” we
proceed with the proof of Lemma 1 by induction. Assume that T(m, n) has at least
one open left-right crossing, and let r,, r,, ...,#, be the collection of all open left-
right crossings of T(m,n); o is necessarily finite. If =1, take R=r,. If 22 first
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construct r as above. If =2, take R=r. If « =3 construct from r and r; a crossing,
7 say, such that

FCC(1NC (r)CC(r)nC(r))nC(rs).
and

[FlClrlolrs] Clry|Ulr,|Olr,] .

Continuing in this way we finally obtain a left right crossing R with

R

Rc () C(rp, (A.13)

i=1

IR|C 91 Ir. (A.14)

R is open by virtue of (A.14), and satisfies (2.14) by virtue of (A.13) [and the
proof which led from (A.5S) to (A.6)].

We have therefore proved the existence of an R with the properties stated in the
lemma. It remains to prove the uniqueness. This, however, is immediate. If R"#R
is an open left-right crossing with no other open left-right crossing in C~(R’), then
R’ must be one of the r,, so that RCC~(R’) on account of (A.13). This, however,
contradicts our assumption on R’. []

Proof of Lemma 2. Except for a change in notation this proof is virtually identical
to that of Lemma 1. The principal change is that the collection r,, ...,7, now has to
be replaced by s7, ..., s}, the collection of all weak cut sets with respect to r which
lie in T*(2%*1, 2%). Anologously to (A.14) we will now have

B
Is*¥1c (U Isl,
i=1

so that automatically |S*|C T*(2¥*1, 2%, O

Proof of Lemma 3. As before we write r=(vg, ey, ...,e,,v,) and s*=(wg, e}, ..., e},
wi). a is the intersection of e}, the last edge in s*, and e(s*), its corresponding edge
in & [e(s*) belongs to r]. We shall write VX for VX(r, s*) in this proof. By definition
aedVX, so that we can pick a point zoe V® with |a—zo| <3. Since |a—w}|=1, we
have |z, —w¥|<1 and

z,€ VRninterior (D(3'™1Y), i=2. (A.15)
We take z, =(2%*?, 2¥*141) the upper right hand corner of C=C(2**?, 2k*1),
Note that

z,€0CNIVR, (A.16)
Let G*=G*(i) be as in the lemma and define

F, =|s*|u{z*e|G*|:3 continuous curve in |G*|A VR

connecting a vertex of s* with z*}.
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Clearly F, is closed; in fact it is a finite union of closed edges of #*. We define a
further closed set of the same nature. Let e(s*) be the edge e, of r, and let 7 be the
piece of r from the center a of e, on, ie.,

¥=(segment from a to v,, YUV, , €,15,..,€,,0,)].
Then we define
F,=[rlu{z*€|G*|:3 continuous curve in |G*|N VR
connecting a point of ¥ with z*}.

Now assume first that there exists a z*e|G*| which can be connected by
continuous curves in |G*|N¥® to |s*| as well as to [7|. Then we can combine the
curves from z* to |s*| and from z* to || to obtain a continuous curve in |G*|~ VR
connecting some point of s* with some point of 7. The successive edges of G*
traversed by this curve yield a path * connecting |s*| with |7| and

[t*\ last half edge of t*|C|G*|AVRC|L*|AVRC|T*(2F 1,264 1),

Thus, t*C T*(2**1,2¥* 1), and without loss of generality t* can be taken self-
avoiding and such that (2.37)+2.39) hold. In this situation the lemma holds. We
may therefore restrict ourselves to the situation where there is no z*€|G*| which
can be connected by continuous curves in |G*|n 7R to |s*| as well as to |7]. This
situation, however, cannot arise as we shall now demonstrate. Indeed, in this
situation

F,nF,=|s*|n[f|={a}. (A.17)

Moreover, we can then connect z, to z; by a continuous curve which does not
intersect F,, by connecting z, to some point of z,e7\|s*| without hitting oV®
before z, (this can be done since 7C VX, and V® has a simple structure), and then
continuing along 7 to the endpoint v, of r and proceeding along the right edge E,
of C(2**1, 2% 1) [see (A.3) with n=m=2**1]. Similarly we can connect z, and z,
by a continuous curve which does not intersect F, by first going to some point
z,es*\|F| and then following s* to the upper edge E, of C(2¥"*, 2¥*1) [see (A.8)
with n=m=2"1] and E, itself. By virtue of these facts and the connectedness of
F,nF, [see (A.17)] and Alexander’s separation lemma. [11], Theorem V.9.2,
there exists a continuous curve ¢:[0,1]—>R?*\F,UF, connecting z, with z,
without hitting F, UF,. ¢ begins at ¢(0)=z,e V* and ends at ¢(1)=z,edVX. Let

T=min{t:p(t)edVR}.
Then, ¢([0,7))C VR. We claim that also
o([0,9)n|G*|=0. (A.18)

This is so, because (as we shall show)
|G*|nVRCF,UF,, (A.19)

and thus any point in the left hand side of (A.18) would have to lie in F,UF,,
which in fact is disjoint from ¢. To prove (A.19) we observe that s* connects w} to
E, which lies in the unbounded component of D(3), by (2.35). Thus, by (2.36), s*
intersects G* at some point, say z%. Now if z*e|G*|n V&, then, by the connected-
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ness of G*, there exists a continuous curve y in G* from z*e VX to z§es* CoVR. Let
z% be the first point on y which lies in dV®. By definition of V%,

OVR C|s*|UFUE,UE,, (A.20)

whereas z%e G* CA*(i) which is disjoint from E,UE, by (2.35). Thus zies* or
z%e¥, so that the piece of p from z* to z¥ connects z* with s* or 7 in |G*|n TR
Thus, z¥e F, UF,, which proves (A.19), and hence (A.18).

Now, @(f)edV®, and since ¢ does not intersect F,UF, (by construction),
o(D)¢|s*|ur. By (A.20) this means ¢(f)e E,UE;. But then the restriction of ¢ to
[0,7] connects z, with E, UE,, which lies in the exterior of D(3’), while ¢ restricted
to [0,7] does not intersect |G*| [by (A.18) and ¢(f)e E,UE,]. Since we can extend

¢ in the beginning by the segment from w¥ to z, without hitting G* [this segment

lies in the interior of D(3'~!)] we found a curve which connects wi to the exterior

of D(3%) without hitting G*. Since this violates (2.36) the proof is complete.
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