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Lorentz Covariance and Kinetic Charge

P. Basarab-Horwath, R. F. Streater, and J. Wright
Bedford College, Department of Mathematics, London NW1 4NS, England

Abstract. There is a one-to-one correspondence between inequivalent co-
variant displaced Fock representations of the free relativistic field and the 1-
cohomology of the Poincaré group with coefficients in the 1-particle space.

Representations with positive energy are obtained from cocycles with finite
energy which have particle-like properties and are interpreted as condensed
states of matter without a sharply defined mass.

The 1-cohomology groups of 2! are calculated. These are trivial in 3- or 4-
dimensional space-time, or if the mass is non-zero. Non-trivial cocycles for
subgroups lead to representations in which Z-invariance is spontaneously
broken. We recover #Z-invariance in a direct integral representation possessing
a gauge group, and a superselection structure labelled by the velocities of the
condensed states of matter which are the cocycles determining each irreducible
component of the representation. A model in 4-dimensional space-time is
constructed.

1. Cohomological Classification of Displaced Fock Representations
Let U be a representation of the Poincaré group 2} acting on a Hilbert space 2
and satisfying the spectral condition:
POgO (PO)Z gpzﬁ
where P* is the self-adjoint generator of space-time translations in the direction x*,

n=0,1,...,s. If mis the mass of U, then #" may be realised as a class of solutions of
a manifestly covariant family of wave equations and subsidiary conditions:

(D +m2)(pac(xa t):o Daﬂ(ﬂﬁ(x, t)=0a
a=12,...,

where D is a tensor of differential operators chosen to remove unwanted spin
components.
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Let .# be a dense complex-linear subspace of .#" invariant under 2! ie.
Ula, Ay S for all (a, A)e 2. Let A be the Weyl algebra over .# [1] and let W
be the Weyl map .# —; thus foreach Ye.#, W(¥) is a unitary operator obeying

W(®)W(P)=exp[i/2 Im{ D, VST W(D+ ).

In order to interpret U as the algebra of observables of a theory, it is usual to
require .# to be localised, in the sense that if pe.# then each component ¢,(x, 1)
has compact support in x for every ¢.

It may be that the field ¢ itself should not be regarded as observable; for
instance, in electromagnetism, F,, but not 4" is observable. In such cases we take
A to consist of observable fields only.

In Segal’s work [1], where only the case .# = ¢ is discussed, it is shown that
the usual Fock representation is the only irreducible one with a Lorentz-invariant
vacuum and positive energy, which obeys a mild continuity condition. On the
other hand by considering .# to be properly smaller than ¢, it is possible for the
phenomenon of spontaneously broken symmetry to occur [2]; in this case,
infinitely many Lorentz invariant states on the Weyl algebra can be constructed,
all giving rise, through the Gelfand-Naimark-Segal construction, to represen-
tations with positive energy. It can be argued that there should be no physical
distinction between these vacua, as only one vacuum state occurs in Nature.
Therefore any observable operator in the Weyl algebra must have the same
expectation value in any of these vacua. In [3] this is achieved by restricting .#
even more, so that .# lies in the kernel of the Lorentz-invariant linear functionals
on the space of localized elements of . In this way, there is again a unique
representation of the Weyl algebra over .4 having positive energy and a vacuum,
and being of displaced Fock type.

However, other representations of 2 may be physically interesting, in that they
are covariant, and satisfy the spectral condition, although they do not possess a
vacuum state. Such representations correspond to the presence of condensed states
of the field whose behaviour is somewhat particle-like. It may be noted that
although we are discussing representations of a free field, obeying a linear
differential equation, the fiducial states giving rise to the non-vacuum repre-
sentations have considerable similarity of behaviour and physical interpretation to
the soliton states giving rise to superselection sectors in the theories discussed by
Frohlich [4]. These latter states correspond to soliton solutions of the non-linear
differential equations satisfied by the fields in [4].

Roepstorff [5] has shown in a discussion of the free electromagnetic field that
the cohomology of the space-time translation group can be used to classify all
inequivalent displaced Fock representations in which that group is implemented.
We shall review this method of classification for the general case of a free field
outlined above, and using arbitrary subgroups of the Poincaré group. In Sect. 2 we
shall discuss the cohomology of the full Poincaré group in more detail.

Subsequent sections will be concerned with the induced representation con-
struction and its use to provide models carrying a representation of the Poincaré
group, obtained as a direct integral over inequivalent displaced Fock repre-
sentations in which the Euclidean group and time-displacements are implemented.
The resulting covariant theory has an interesting interpretation.
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Let ;. denote the Fock representation of 2. This representation is determined
using the GNS construction from the vacuum state wy, which is defined uniquely
by the characteristic function

op(W(P)=exp(= 3 ¥]5).

For Le Z! let 1, be the automorphism of 2 induced by the action U(L) of #] on
M

t (W(®) = W(U(L)D).

Definition. A representation n of 2 on a Hilbert space 7, is said to be covariant if

I. For each LeZ}, 1, is spatial in n ie. 7, is implemented by a unitary
operator V (L);

2. V(L) can be chosen to be continuous in L.

It is well known that the Fock representation is covariant. Denote by .# * the
algebraic dual of .#; to each W™ e.#™ there is a displaced Fock representation
Ty« ; it is determined by its characteristic function

Wy« (W(@))y=exp(i Im<{¥™, D))o (W(D), De.i.

Two such representations n, . and nz. are equivalent if and only if the map
O->Im{P*—-E", ) is a continuous functional on .# with respect to the
topology induced by the norm on .# ([6, 7]). This holds if and only if
Y* —E*e.#/* the topological dual of .#. If W™ e #*, wy. is a vector state in
Fock space, called a coherent state. We shall denote n(W(®)) by W(®) and
Ty «(W(D)) by Wy «(®). Clearly

W (@) =exp[i Im{ P, &YW (D).
The action U™(L) of 2% on .4 is defined by duality:
UNL)P*, 0> =¥, UL)®) forall ®ct,V ci™,

this action induces an action t; on the set of displaced vacuum states: 7, wy .
=y« - and this coincides with the dual 7;° of the automorphism group {7, }
on W

Let ¥*e.#™ and define p, =¥* — U™ (L)¥ ™. The action 1, is implemented in
Ty if and only if the representations 7. ;. and m, . are unitarily equivalent.
This holds if and only if the map

doIm(P* — U (L)W, ®> =Im{p,, D)

is continuous, i.e. if and only if y, e #/*=4".
Suppose W™ is such that yp, e.#* Then the map L—1, obeys the cocycle
condition

UM )y, —ppy +19y =0.

A cocycle of the form yp, =¥ — U (L)¥™ may be called a topological cocycle
([8], Theorem 7.3). Araki shows that every cocycle is a sum of a topological
cocycle and an “algebraic” cocycle. The latter might arise if the representation
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space of U contains non-zero vectors invariant under space-time translations.
Such vectors do not arise for representations of mass m=0 and spin s=0.

Now suppose nz. and 7,. are unitarily equivalent representations. Then for
some Ae#*, (V*—E"—A, &y=0 for all de.#. Let p,=P*-U"(L)¥P”
and y,=E*-U"(L)Z*. Since .# is 2 -invariant, we obtain {y,—y,
—(A-=U*L)A), ®) =0 for all @c.4. So as functionals on .#, the cocycles y; and
y, differ by a coboundary, and they are therefore cohomologous cocycles in the
group ZY P, .4*), i.e. belong to the same element of HY(21,.#*). Let us find
conditions under which the converse result would hold. Suppose y, and iy, are
cohomologous cocycles. Then they differ by a coboundary i.e.

p,—r=A—-UXL)A for some Ae.d*.

Suppose ¥* and £ are such that , =¥ - U (L)¥P " and y, =" —-U*(L)E™;
then the fact that they are cohomologous implies ¥ * —E£* — A is 21 -invariant for
some Ae.#*. If .# has been restricted to lie in the kernel of 2!-invariant
functionals, then

(P —E*— A, d>=0

for all ¢e.#, and by Shale’s criterion we find that 7. and n,. are unitarily
equivalent. We summarize these remarks as:

Theorem L. If all 2% -invariant functionals vanish on 4, then there is a one-to-one
correspondence between the equivalence classes of displaced Fock representations in
which 1 is implemented and the first cohomology group H (2, #*) with coefficients
in AM*.

Roepstorff [5] proves a special case, where .# =", the one-particle space of
the free electromagnetic field; in this case there are no invariant functionals. We
now establish the form of the unitary operators V., .(L) which implement 2] in
T -

Theorem 2. Let p, =YY" —U*(L)¥P* be a cocycle for the action U of P} on .M,
and let my . be the corresponding displaced Fock representation of the Weyl algebra
over M. Define Vi (L)=V(LYWp(—1,), where Vi(L) implements t, in the Fock
representation. Then

a) V(L) implements t; in ny. ie. for all e # and Le P!
Vi (Leg (WD) (L) =1y (W(U(L)D)).

b) Vi« is a multiplier representation of &%, with multiplier
—i
o(L, M)=exp<7 Im <y, iy, - 1)).

¢) V. is continuous on P} if and only if v, is a continuous cocycle.
d) V. is infinitely divisible.
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Proof.
a) Vg (L) Wy (®)Vy (L)
=VADW( =y exp[iIm P, @Y IWHOW (= )Ve(L) ™!

=VALYWD—yp )We(p V(L) exp{% Im{—p,, &> +ilm{¥P*, D)
=V(LYWH®)W (L)} expE Im{ =y, &> +ilm{¥*, o)

i
+ Elm<d)_lpu w,}l

= WU(L)®)expi[Im (W * —p,, ®Y] = W (U(L)®) expi[Im{ U (L) ¥, d>]
=Wy (U(L)D),

b) V(L) Vo (M) = VA LYWl = p )V MW~ 1)
= VALV M)Wy~ UMYy )W~ )

=VALM)Wp(—= U*(M)p, —1py) exp

SO

i
=VALMYWp(— vy ) exp|z ImCpp, UMy, »
2

Now, UMy, =U*(M™ ")y, = —1py -1 since p,=0, (e is the identity of 21).
Hence

—1i

Vi (L)Vy . (M)=exp 3 Im<ypp, Wy - |V (L,M).

c) If L—1, is continuous, then L— Vi, (L) = V(L)W (—1,) is continuous, since
L-V,(L) is continuous. Conversely, if Vy.(L) is continuous, then
Relog{Qy, V. (L)Q,> = — 4 |y, -«||* is continuous in L (here, Q, denotes the
Fock vacuum). Suppose L, Me Z!.. Then, from the cocycle condition,

1= Ppl =1 -y = Ol = TUFM)Y Lyl =Wy -0

as L—M. Thus, ¥, is a continuous cocycle.

d) The representation V. is already in the canonical form for an infinitely
divisible projective representation [9, 10].

We may interpret W™ as a generalised function; we parametrise .# by the
Cauchy data of the independent field components ¢, a=1,2,... and its canonical
conjugate field denoted n,. Let us define @, I1) € #*(IR?) as generalised functions
by the formula

Im(d)x,¢>:<(Dax(~,t),na(‘,t)>L2——<H:(‘,[), ¢a(’,t)>L2'

We now define @, (x, t) to be the solution to the wave equation with these Cauchy
data; they formally obey the same Hamiltonian equations as ¢, itself (and
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Im{@*,P) is the Poisson bracket), and transform covariantly under the dual
action U™ of 2] on .# *. Thus, each cocycle may be identified with a solution ¢~
of the field equations and the (dual) subsidiary conditions. In Sect. 2, it is shown
that the cohomology class of such a solution is determined by its infrared
behaviour, ie. by the behaviour of @*(x, ) at spatial infinity.

Roepstorff [5] has remarked that not all representations of the form 7, . (for
the electromagnetic field) have positive energy. We can remark, as in [3, 5], that if
the wave @*(x,t) has finite classical energy, then the energy in n,. is bounded
below. To see this, note that, in the representation n, ., the field may be taken to be
PF+ @ where ¢ is the relativistic Fock field. The energy operator is then the
formally positive quadratic Hamiltonian, acting on Fock space:

A

0
Px+ (7 —
0 ’ om,

. ¢H
H(pF+ @ af +1T")= HF+jq5“ ——

x

dx+H(@,IT).

0

HF is self-adjoint; suppose H(®*, IT*), the classical energy of the wave @* is

finite ; then the total operator is self-adjoint on D(HF) provided the cross-term is

self-adjoint and Kato — small relative to HF. We now indicate the proof of this.
By Hamilton’s equations:

N B A B P T

and this is self-adjoint, and Kato small relative to H”, IfE(gD: (x,t))e A", which is
4

abstractly written X, @ € #", where X | generates time-translations in #". We shall
see in the next section that this, the infinitesimal form of the cocycle condition
(U(t)— 1)@ ™ e.#", can always be arranged if @™ is a cocycle. Conversely, as in [5],
one shows that if the energy in 74 . is bounded below, then @* is cohomologous to
a cocycle of finite energy, that is, a soliton-like bose condensate.

2. On the Cohomology of the Poincaré Group

Araki [8] has analysed the cohomology group H(G,.#"), where G is a Lie group
and . is the carrier space of a unitary representation U of G. A 1-coboundary is a
map yp:G— " of the form

=0—-U " Yg)® forsome Per™*.

The topological cocycles are maps p:G—#" of the form yp =& —U™(g)P~
where @~ lies in the space D* constructed as follows.

Let {X,,...,X,} be a basis in the Lie Algebra of G and define
K;=1— [UlexptX Jh(t)dr  j=1,....k,

where he Z(IR) is such that 0<h( )<1 for A%0 and h(O)—l and h”(O):f:O
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k
Define K = ZKj. Each K and hence K is =0; K~ /2 is possibly unbounded ;

1 —
D™ is the image of #" under K~ '/2. We define the norm |¢[ . = |K'?*¢|,, and D"
is the completion of D* in || || .. Clearly D* C.# *and U™ acts on D*.

Theorem 3. Any representation of 1. with positive mass, in Space-time of dimension
2> 1, has trivial cohomology.

Note: This result has also been obtained by Pinczon [11].

Proof. Let X,=(p?+m?)"2=m be the energy of the representation. Hence
K>0>0s0 K~ 12 exists and is bounded (above and below). Hence

Il =K', =Cllol,=CIK™"?K'?¢| =CC|K"?¢[l,=C"l| ] ,

ie. all norms are equivalent. Hence D* =#* and any topological cocycle is a
coboundary. Since O is the only vector invariant under translations, the only
algebraic cocycles are trivial. []

Scholium [12]. a) Let U be a continuous representation of a connected Lie group
G on a Banach space #. Then HY(G, #')=H\(G, #) where H! consists of 1-
cocycles which are analytic in the group parameters about the identity.

By the cocycle law, U *(g)y;, = v, — 1, ; thus U (g)y, is analytic in g for fixed A,
i.e. the cocycles in H), are valued in the set 7 of analytic vectors for the group
representation.

b) If G is the Lie algebra of G, the map 4, defined by
d
g PexptX)l, o =(4p)(X)

maps HU(G, ") into HY(G, #,). If G is simply connected, then H.(G, #)
=HYG, % ,).
The Scholium implies that each cocycle has a representative in the set of C*-
vectors for the Lie algebra G of G; the cocycles of G are elements @ e #,* such
that K @ e .#™* =% since in our case, .# is a Hilbert space.

Theorem 4. In space-time of dimension =3, H' (21, 4)=0 for any representation
of P of mass m=0 and spins=0.

Proof. A cocycle for 21 is also a cocycle for the subgroups SO(2) and SO(3), ...
respectively. These are compact groups, and so their cohomology is trivial [8].
This means that any cocycle for 221 must be cohomologous to one derived from a
@ eD™ that is rotation invariant. This excludes representations of spin >0 (see
Appendix). For the spin 0, mass 0 case, the one-particle space is

A =L*RS,p~'d°p), s=space-dimension.
We may take @™ to be a generalized function, invariant under rotations:

@ (p)=u(lp]).
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We describe Lorentz transformations on % by ®*(p,,...,p)—®*(chy-p,

+shylpl, p,, ..., py) where n is the rapidity in the (0, 1)-plane. The infinitesimal
generator J, is thus

Ol =pa
only_o ™ p, P aph

(o)

on rotation-invariant vectors. A non-trivial cocycle is therefore a function

@ -(p)=u(jpl) such that | |u?p*"?dp=oc but | |pul*p* *dp<oo and
0 0

o© d 2 )

[ (pcos6)? l_u p* *dpdo(f)< oo where do(0) is the surface element, and the

o a

angular coordinates are chosen so that p, =pcosf. The first condition expresses
@ ¢4 and the second and third say that

Po* e J, D et

whence P/@” e %
By the Scholium, @ may be chosen so that it is in the domain of all powers of
Jo; so that

a n
(p—) P ex’, n=12,....
ap

Thus, we may choose uec™(0, »0) and the condition J,,®* e.#" is equivalent to
| (W)*p*dp < oo. The inequality [13]

0

2

“ldu
Vig pidp
0

s—1\V T,
— *Trdp <
(5] Juerans [

now implies that @™ e.#". This proves the theorem.

Redheffer’s inequality fails if s=1. The function (where —1<a<1) @*(p)
=[log(1/p)]~ "/** provides a counterexample and also a cocycle for 2]. Other
non-trivial (and inequivalent) cocycles are provided by functions of the form @ *(p)
+0(p), p—0

@7 (p)=loglog(l/p)=log,(1/p). ....log,(1/p) =log(log,_,(1/p) n=2.3,....

These cocycles provide new representations of the CCR with positive energy, not
corresponding to any previously known model.

Further cocycles in 2-dimensional space-time can be parametrized by two real
numbers ¢, g5, where @ (p)—q+iq5 as |p| >0+ -. These cocycles were discovered
in [3] to give covariant strongly locally Fock representations of the C*-algebra
generated by the field gradient d,¢. It can be shown that the Thirring model takes
place in the direct sum of representations labelled by ¢, g5 [14]. It can be shown
that a cocycle @™ gives rise to a “local” cocycle in the sense of [15] if and only if
®—q+iqs as |p| >0, for some real g, g5. This may provide grounds for rejecting the
strange examples above.
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3. Kinetic Charge

The absence of cocycles for 2] in space-time dimensions of 3 and 4 suggests that a
more general construction should be tried. In fact it is easy to construct cocycles
for smaller groups than 21 such as R x [E4, IR being time-evolution. In this case we
can proceed to construct a covariant representation of the field, albeit a reducible
one. We now indicate the general procedure.

Let A be a C*-algebra and n, an irreducible representation of A acting on a
Hilbert space #,. Let G be a Lie group of automorphisms of 2 and let G, be the
subgroup of automorphisms implemented in 7,. We assume G, to be closed. Then
G/G,=V is a G-space, with a natural quasi-invariant measure, u say. For
simplicity, we assume u is invariant. Let U, be the multiplier representation on #;
implementing G, in n,. Let @ be the multiplier of U,. For the present, «» does
not need to be the restriction to G, of a multiplier for G.

Let v,e V=G/G, be chosen, and for each ve ¥V choose a boost b(v)e G such that
b(v)v=v,. Let m, be the representation (on #,~.#,) given by n (A)=m,(b(v)A),
AeU. Let

= | du(v)r,
v
acting on

H= | du(v) A,
@V

It is known [16] that if o is the restriction of a multiplier for G, then the
representation of G induced by the representation U, of G, is equivalent® to U(g)
on # defined by

(Ulglw)(v)=Uo(blv)gh™ (g™ 'v))plg ™ 'v).
More generally, for any multiplier w of G,, we have:
Theorem 5. U(g)U(h)=w,(g, h)U(gh) for all g,he G where w,en(W) is unitary.
Proof. Let we#. Then
(U(@)U(hyp)(v)=U,(b(v)gb~ (g~ "o [U(hypl(g ™~ 'v)
=U,(blv)gh™ (g~ o) Uo(blg ™ 'v)hb™ ' (h™ g~ o)p(h ™ 'g~"v)
=g, h,v)U,(blv)gh™ (g™ 'v)-blg™ 'o)hb~ ((gh)™ 'o)yp((gh) ™ 'v),

where (g, h,v)=w(b(v)gh~ (g™ 'v), blg~'v)hb~'(h™'g~'v)). Thus, (U(g)U(h)y)(v)
=[Mg, h,v)U(gh)yp](v), where |A|=1. Clearly, 4 defines a unitary in 7(?U).

Lemma. Let V denote the operator on # defined by

(V)g'o)=2""g.9~ ", 0)[U(g™ " )pllg~'v).
The V=U"1(g).

I Up to a gauge transformation in n(4)*
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Theorem 6. For each g, U(g) implements g:U—-A in 7.
Proof. Let wes#. Then, for any Ae¥,

LU@n(A)U ™ Hg)pl(v)=Uy(bv)gb~ (g~ o) [n(A)U~ Hg)pllg ™ 'v)
=U,y(b(v)gb™ (g™ '0))mo(blg™ '0)A) LU~ Hg)wlg ™~ 'v)
—Uo(b(v)gb Hg o) me(blg ™ ') A) A" g, g™ L o) (Ulg ™ Dw)(g ™ ')
=2"4g,9™ ", 0)mo(b(v)g A)U o(b(v)gb ™ (g~ "0))U(blg ™ 'v)g ™ b~ H(v)hy(v)
no(b(v)g Ay (v) =n(gA)y(). [

Remark. The special case where w=1 and J#, contains a G,-invariant state, is
similar to Theorem III, 2.1ii) of [17].

In this way we can construct a 2 -covariant representation even in the
absence of cocycles for 21.

If w is not a multiplier for 21, we obtain a representation with multiplier in
n(A). This would appear to be satisfactory from a physical point of view, since it
means that manifest covariance is achieved only if a Lorentz transformation is
accompanied by a gauge transformation of the second kind, i.e. a unitary element
in (). This possibility is omitted from the usual analysis of Lorentz invariance in
quantum mechanics [18].

4. A Model in Four Dimensions

Let #, be the Fock space of the free field of mass zero (obeying [J¢=0), and (Z)F
the Fock representation of the field. Let @™ be the real solution of [J@*(x,t)=0
such that @*(x,0)=0 and ®*(x,0)=g(|x|). We choose o(|x|) to be a C*-function,
such that o(r)=g/r, r2r,. Let n, be the displaced Fock representation: gbo X, t)
—qu X, 1)+ P*(x,t); we note that, from the wave-equation, @*(x,0)=0 and
$*(x,0)=V2d*(x,0)=0 if |x] >r,. Thus, the wave is stationary outside |x| =7, at
t=0. The displaced Fock representation thus describes a localized state.

The function §(k), near k=0, behaves as g/k>. We can easily check that ¢, is
not the Fock representation. Indeed,

PP = [PX,0(—VH'2P(x,00d*x + | P(x,0)(— V2)~12¥(x, 0)d>x
+i[(PY — PP)dx.
In our case
Y= =0 d*=P=Y'=0.
Hence
(D, D7) = [ @ (X)(= V)P0 (x)d>x = [ 3lk)[k|a(k)d’k
behaving like
g* (j;(l/kz)-k(l/kz)kzdk:qz 6(dk/k= 0.
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Hence @~ is not in ", and ¢, is not equivalent to ¢y. Clearly one (or two) more
powers of (— F?)!/? would ensure convergence ; therefore (P°®*, P°®*» < oo and
(P*,P°®*y<oo. Thus, @ is a wave of finite energy. Similarly, one or two
powers of k,, k,, or ky ensure convergence. Thus P@*e.#". Hence @~ is a cocycle
of finite energy for R* Since ¢* is rotation invariant, it defines a cocycle
p, =@ —U,®* for RxIE’. One checks that ¢ —U(})@ ¢4 for any pure
Lorentz transformation, so we are in the situation of Sect. 5, with G=21,
Go=RxE>.

Let n, be the representation of the CCR defined by ¢~ (denoted n,. in
Sect. 1). Scale automorphisms generated by (x, t)— (X, At), are not implemented in
T4, and so scale invariance is spontaneously broken in 7, leading to the possibility
that non-zero mass may appear. The scale of mass is fixed by the parameter
m=<{®*,P°®*>, a reasonable notation since {(@*,PP*>=0.

We can now proceed with the construction in Sect. 3. Here G/G,=V is
isomorphic to the mass-shell parametrized by p=mv/(1—v*)'2, with
(p°)? —p?=m?. Choose v,=(1,0,0,0) and boosts b, pure Lorentz transformations.
In this model, w=1.

The Hilbert space of the covariant representation is #' = | #,du(v). The
v

invariant measure is (1—0v?)"2d3v=m"2(p?>+m?)~12d®p. There is a natural
isomorphism between # and L*(R3,d*p(p? +m?)~ V)@ #, =9 where #, is the
Fock space on which 7, acts, and to which each #, is isomorphic. The
isomorphism maps p(v)Q Y e$H to p(v)¥ e #. We recognise $ as the natural space
for describing a particle of mass m in interaction with a massless Boson field.
We might hope that this theory gives a good description of asymptotically free
particles of mass m in interaction with massless Bosons.
Many other cocycles for IR x [E* exist ; the one we have chosen, behaving as g/r,
r— o0, has the virtue that the field is stationary even if not zero, outside a compact
set.
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Appendix

Lemma. Let G be a group with a compact subgroup K and let its 1-cocycles be of the
form Q— U(g)R2, then the function Q may be assumed to invariant under the action of
K.

Proof. Suppose y is a 1-cocycle of G. Then o' defined by
y(@)=wg)+LU@—1le,
where ¢ = | y(k)dk, is a cohomologous 1-cocycle which vanishes on K. Since 3’ is
K

also of the form Q— U(g)Q we may assume that Q is invariant under the action of
K.
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Proposition. For mass m=0 and spin s+0 H (21, L3(R3, dp/|p|))=0.

Proof. Lomont and Moses [19] give the following realisation of the Lie algebra of
the compact subgroup SO(3):

Jy=s—ipxV),,

D2S

= —i(pxV),,

? p+p; 2
P3S

—i(pxV);,

’ pP+py ’
where p=|p|.

The lemma allows us to assume that the cocycle function Q is invariant under
the action of SO(3). Therefore J,Q=0 i=1,2,3. Then it follows that

1)
J, - J |-
(pz{ > p+p ‘} Py

. 0 0 L
from which we can deduce p(p+p1)[p2;;———p3 %]on. This implies that
0P3 op;

J— -3 JDQzO
p+py

s2=0 so that Q=0 as s=0.
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