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The Deterministic Version of the Glimm Scheme*

Tai-Ping Liu**
Department of Mathematics, University of Maryland, College Park, Maryland 20742, USA

Abstract. The Glimm scheme for solving hyperbolic conservation laws has a
stochastic feature; it depends on a random sequence. The purpose of this paper
is to show that the scheme converges for any equidistributed sequence. Thus the
scheme becomes deterministic.

1. Introduction

We consider the initial value problem for the system of general conservation laws:

ou  Of(u) S
6t+ i =0, t20, —ow<x<w, (1.1)
u(x,0)=uy(x), —oo<x<, (1.2)

where u and f(u) are n-vectors, and f is a smooth function of u. The system is
assumed to be strictly hyperbolic, that is, the matrix df (u)/0u has real and distinct
eigenvalues A,(u)<4,(u)<... <A,(u) with corresponding right eigenvectors r,(u),
ro(u), ..., r,(u). Since (1.1), (1.2) in general does not have smooth solution ; we look for
weak solution in the distributional sense. A bounded measurable function u(x, t)is a
weak solution if

“{u +f(u

20
for any smooth function ¢(x, t) w1th compact support in ¢ =0.

In [1], Glimm introduces a difference scheme for solving (1.1), (1.2). We now
describe briefly the Glimm scheme. Choose any mesh lengths r, s, r/s bounded,
which satisfy the Courant-Friedrich-Lewy condition:

dxdt+ f uo(x)@(x,0)=0 (1.3)

r
s 2o )
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for any u under consideration. The approximate solution u,(x, t; a,,) is constructed
inductively according to a prechosen sequence {a,}r_,, —1l<a,<1, in the
following way. Set u,(x,0; a,,) =uy(ir), i odd, for (i—1)r<x<(i+ 1)r. Suppose that
u(x,t; a,) is defined for t<js, then we set

u(x,js; a,)=u(i+1+a)r—0,js—0), ir<x<(@i+2)r. (1.4)

foranyi=0, +1, +2, ..., with i+jeven. Thus u,(x, s ; a,,) is a step function of x with
possible discontinuity at (i, js), i+j even. We then define u,(x, t, a,,). js<t<(j+1)s,
by resolving these discontinuities, so that in the zone js <t < (j + 1)s the approximate
solution is exact and consists of elementary waves issued from (ir,js), i+j even.

Here we use Lax’s solution [ 3] of (1.1)(1.2) in the case when the initial data has a
single jump discontinuity. This problem is known as the Riemann problem and it is
sufficient to extend the solution forward by one time step, because of the Courant-
Friedrick-Lewry condition. In fact the waves in the solution of the Riemann
problem do not propagate faster than the local sound speeds 4, and thus cannot
interact within one time step. However the solution so constructed at one time step
forward is no longer piecewise constant, and the role of (1.4) is an approximation
to restore this property. Thus in summary, the scheme pieces together solutions [3]
of Riemann problems to obtain an approximate solution for a general class of data
(restricted however to be nearly constant).

Glimm introduces a nonlinear functional to take care of non-linear wave
interactions. He shows that when the system (1.1) is genuinely nonlinear (cf. Lax [3])
and the initial data have sufficiently small total variation, then there exists a
constant independent of ¢, r, and {a,} such that

T.V.u,(x,t; a,) Sconst T.V. uy(x), (1.5)

where T.V. denotes the total variation over xe(—oo,o0). It follows by a
compactness argument based on the Helly’s theorem that the approximate
solutions converge to a function as r goes to zero. For the limiting function to be an
exact solution, it must satisfies (1.3). Since u, is not exact along t=js, j=0, 1,2, ...,
simple calculation yields:

i u, 8t +f(u) dxdt+ j u,pdx=ER, p,a,)= Ozol E(r,¢,a,),
20 i=0 (1.6)

Efr.p,a,)= [ u(x.js+0;a,)—uxjs—0;a,)e(x,js)dt.

- o0

By showing that | E(r, , a,)] .2(4y—0 as r—0, Glimm concludes that for almost all
{a,,} in A the limit function is an exact solution. Here 4 is the product of countable
copies of interval (—1, 1) with the usual topology.

Our main purpose is to identify the sequences {a,,} which assure that the limit of
approximate solutions is an exact solution. We show that it is sufficient for the
sequence {a,,} to be equidistributed in (— 1, 1) (Theorem 3.1), i.e.

i Bw kD) _ D)

Jim =22 = 2 1.7)
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for any subinterval I of (— 1, 1). Here B(a,,, k, I) denotes the number of m, 1 <m <k,
with a,el, and y(I) is the length of I. We now show by a simple example the
necessity of this condition.

Consider a solution which is a discontinuity along x — ¢t =0 connecting u, on
the left and u, on the right. The approximate solution is exact for 0 <t<s. For
s <t<2s,the approximate solution consists of a discontinuity issued from (—r, s) or
(r, s) respectively depending on whether a, > cs or a,r < cs. Inductively, we find that
for t between js and (j+ 1)s, the approximate solution consists of a discontinuity
issued from (ir,js) where

ir=rB(a,,i,(—1,cs/r))—r[i—B(a,,i,(—1,cs/r))].

On the other hand the exact solution has a discontinuity at (cjs, js). Thus in order for
the approximate solution to approach the exact solution, we need ir—cjs as j— oo
and r—0, or, equivalently, (1.7) holds for I =(—1,a), «=cs/r. Since the nonlinear
wave speed ¢=1,(u) may assume arbitrary values, we see that (1.7) must hold for
arbitrary I and the sequence {a,} is equidistributed.

In the above example we need only to calculate the speed of one wave which is
constant. For general solutions, waves may change speed and strength due to
nonlinear interactions and cancellations. To minimize these effects, we take
advantage of the fact that for any equidistributed sequence {q,,}, the subsequence
{a,,]aN Em=pN} is also equidistributed for any fixed p>p=0as N— oo [cf. (3.1)
and (3.14)]. Our main assumption is that the total amount of interactions and
cancellations is finite. This is the case either for initial data with sufficiently small
total variation as noted by Glimm-Lax [2], or for special systems (cf. Liu [5]). In
Glimm [1], the system (1.1) is assumed to be genuinely-nonlinear in the sense of Lax
[3] where the Riemann problem is solved and analysized. Since the Riemann
problem for general system has been solved by Liu [4] by introducing a general
entropy condition, we do not have to assume that the system is genuinely nonlinear.
Nevertheless, for simplicity, we will carry out our analysis only when the system
(1.1) is genuinely nonlinear and the initial data (1.2) have small total variation.

Our method depends on the detailed analysis of wave interactions and
cancellations which is described in Section 2. It is shown that although the change of
wave strength due to interaction is second order, Theorems 2.1, 2.2, the change of
the wave speed is inversely proportional to the wave strength, Theorem 2.3. The
main theorem, Theorem 3.1, is proved in Section 3 where we devise an elaborate
induction process to partition the elementary waves into subwaves so that the
evolution of the speed and strength of these subwaves can be traced (Lemma 3.2).

For a treatment of the general theory of conservation laws, the interested reader
may consult the excellent survey article of Lax [6].

2. Estimates

We will assume for simplicity that system (1.1) is genuinely nonlinear, ie. r(u)
VAu)+0,i=1,2,...,n, for all u and the initial data (1.2) have small total variation.
The rarefaction curve Ry(u) is the integral curve of r,(u) through u, and the shock
curve Syu) is the Rankine-Hugoniot curve which is tangent to R/(u) at u,, i.e. for any
ues i(u0)9

(u—up)a(u,ug) = f(u)— f(uy) (R—H)
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for some scalar o(u, u,), the shock speed, which satisfies
lim o(u, uy)=A(u,).
u—>ug

The shock curve S(u,) exists at least in a small neighborhood of u,, Lax [3]. These
curves, are divided into

R} (ug) = {ue Ry(uo)| 4(u) 2 A{uy)},
Sii (uo)={ueSuy)|o(u, ug) 2 Auo)} ,

so that u can be connected to u, on the left by an i-rarefaction (or i-shock) wave if
ue R™ (u,) [or ue S~ (u,)]. The shock wave (u,u,), ueS; (u,) is stable in the sense of
Lax:(uy) > a(u, uy) > A(u). The Riemann problem (u,, u,) is an initial value problem for
(1.1) with two constant initial states:

u, for x<O
0)={"
u(x,0) {u for x>0.

r

To solve the Riemann problem (u,,u,), we find vectors u, i=0,2,...,n, uy=u,,
u,=u, ;eS; (u;_;)UR™ (u;_,), so that the solution consists of elementary i-waves
(u;_ 1, u;). Given any parameter p, along S;” UR;", we set the strength of the i-waves in
(u,,u,) as:

(e, 1) = p(1ty) — p; ) -

We always choose y; so that shock waves have negative strengths and rarefaction
waves have positive strengths. Sometimes it is convenient to set p;=4;. The
following theorem on wave interactions is due to Glimm.

Theorem 2.1. For any nearby states u,, u,, u,, there exists bounds 0(1) depending only
on the system (1.1) so that

(U U,); = (U, U,,); + (U, 1,); + O(1) Q (14, 14y, 1) 2.1)

where Q measures the potential amount of interaction and is defined as follows:
A j-wave on the left interacts a k-wave on the right if either j>k, or, j=k and at
least one of the waves is a shock wave. We set

Q(ue9 Uy ur) = Z (uw um)j (uma ur)k
the summation being over all interacting waves.

The above Theorem is proved by the implicit function theorem, [1]. The
following theorem gives a more detailed description of wave interactions.

Theorem 2.2. Suppose that u,, u,=v,, and v, are nearby states and the Riemann
problems (u,,u,), (v,,0,), and (u,v,) are solved respectively by i-waves (u;_,, u;),
(v;_ 1, v), and (W;_1,wy), i=0,1,...,n. We set o;=u;—u;_,, f;=v;,—v;_; and y,=w,
—W;_,. Then
W, =0;,—0,— 0,1 —... — %, ; +0(1)Q(u,,u,v,)
=ui+ﬂl+ﬁ2+"‘+ﬂi+0(1)Q(ue9ur5vr)9 (2'2)

Yi=% + ﬁi + O(I)Q(uw U, vr) . (23)
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Proof. We note that (2.3) is equivalent to Theorem 2.1 and is an easy consequence of
(2.2). Estimate (2.2) is proved by the implicit function theorem. For brevity, we will
use Theorem 2.1 to prove (2.2) by induction. Suppose that (2.2) holds when u,=u,
=...=u, pe{l,2,...,n}. This is obviously the case when p=n. We have to show
that it also holds when u,=u, =...=u,_, and u,_; may not equal u,. Denote by
W;_1, W), i=1,2,...,n, the elementary waves which solve the Riemann problem
(up»v,). By induction hypothesis, we have

Wy =v;—0t, — 0,y — ... —0, +0(1)Q(u,, u,,0,)

=u,+ B, +h,+... +B;+0(1)Qu,u,v,), for i<p, (2.4
and

Wy =0;— 0 =0,y — . =0y +0(1) Q0 4, 0,)

=u;+ By + By +... + B +0(1)Qu,,u,v,), for izp. (2.5

We note that (u,_,,u,) interacts with (W,_ , W,), i=1,2,...,n to produce (w;_;, w,),
i=1,2,...,n Thus it follows from Theorem 2.1 that for z:t: p

'yi=Wi—Wi_1+0(1)Q(up 1 P’U)

It follows from the definition of Q and Theorem 2.1 that Q(u,,_ ;, u,, v,) S Q(u, _ , 4,
v,)=0(u,, u,, v,), and so

'}) W wl 1 +O(1)Q(uea r (% ) (26)

Since wy=u,_, and w,=v,, we conclude from (2.5) and (2.6) that for i=p

W= - i (We—w,_y) +u,
k=it+1
kzu(wk-wk 1)+, +0(1) Q(u,, v, v,)
=_kzzﬂ(uk—uk-l+Bk—/3k_1)+u,,+0(1)Q(up,ur,vr)

=u;+p+ B+ ... +B;+0(1)Q(u,, u,,v,).

This proves the second part of (2.2) for i=p. Other cases are proved using
(2.4)~(2.6) in a similar way. Q.E.D.

The following theorem describes how wave speeds change due to interactions
and cancellations.

Theorem 2.3. Assume that same hypothesis as in Theorem 2.2 hold. When (u;_,,u;) is a
shock wave (or a rarefaction wave) we write o;=u,—u;_; <0 (or o;=0) etc. We have
() if ;<0 and B, <0, then either ||y, —O(I)Q(ue, ,,0,) or ;=0 and

lo(w;_ 1, W) — o(u;_ 1, up)l- ol +lo(w; _ 1, w) — a(v; _ 1, vl | Bl = 0(1) Q(u,, u,., v,)
(i) if 0,20 and B, =0, then either ||y;|| =0(1)Q(u,, u,,v,) or y;=0 and
12 _ 1) — Adw; - DI ol +14:0) — 2wl - 1 B:ll =0(1) Qus,, ., v,,),
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(i) if o; <0, B;=0, and y, =0, then
12wy) = 4,@)l- [| B:ll = O(1) Q(u,, w, v,)
(iv) if 0;<0, B,;=0, and y; <0, then
loW; — 1, W) — ot _ g, w)l- [l =0(1) Q(u, 4, v,)
(v) if 0,20, B;<0, and y; =0, then

12w, — 1) = A - I ol = 0(1) Qus, 1, v
(iv) if a;20, B,<0, and y,<0, then

lo(v; - 1, 0) — (W, 1, W)l | B:l| =0(1) Q(u, w,, v

Proof. We will only prove (i), (ii), and (iii) ; other cases are proved similarly. Since the
shock speed depends continuously on its states, we have from Theorem 2.2 that in
the case (i),

la(w;— 1, W) — a1, )] - o |
=0(D)(w;— g —uy— 1|+ [w;— ;1) [l
=01) (128, + ... + 2B, 1+ 1B:1)- ol

which is 0(1)Q(u,, u,,v,) accordmg to the definition of Q. The second part of (i) is
proved similarly. Similarly in case (i) we have

At 1) — AW, )l ol
=0(1) flu;— g —w;— g || llows]
=01) By + ... +Bi— 1l llogll +0(1) Q(us,, 4,, v,)
=0(1)Q(u,, u,,v,).
In case (iii) we have
124:(w) — 4wl 1 B;l
=0(1) [w;— v, 1| Bl
=0(D)loty + 06,y + oo+l 1Bl +0(1) Qe w4, v,)
=0(1)Q(u,,u,,v,). Q.E.D.

The following lemma will be used later for the partition of waves and is an easy
consequence of the continuous dependence of R,(u,) and S,(u,) on u,. The proofis
omitted.

Lemma 2.4. Suppose that all states are close to each other. Then
(@) if wieR(wo), u;e R(ug),j=1,2, and A(w;) — A(wo) = A(u;) — 2(uo),j=1, 2, then

Wy —w, =1, —u, +0(1) [wo—ug]l [[wy —w,|l
=uy ~u, +0(1)[[wo—uoll lu; —u,|,
(i1) if w;eSiwy), j=1,2, u;€S(uy) and A (w,)— A (wy) =A(uy)— A(u,), then
wy—wy=ug—u; +0(1) ([lug—woll + [wo—wy ) lu; —uy|l
=uy—uy +0(1) (Jug—woll +lwo—wy ) [wy—wy| .
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For any given sequence {a,,}, the xt-plane consists of diamonds A, ; with center
(ir,js) and vertices ((i+a;_,)r,(i—1)s), ((i—1+ayrjs), ((+1+ayrjs), and
((i+a;,,)r,(+1)s). An I-curve is a space-like curve connecting vertices of the above
form. An I-curve J, is an immediate successor of I-curve J, if J, and J, pass through
same vertices except two and J, lies toward larger than J,. The waves entering each
diamond A are solutions of two Riemann problems, say, (u,,u,,) and (u,,u,). We
denote by Q(4)=Q(u,, u,, u,) the amount of interaction in 4 and C{4)= % (|(u,, u,)|
+ (1 )i — (U, U,,,); + (U, 1,);]) the amount of cancellation in A. Estimate (2.1) can
be rewritten as:

(s )il = [t )il 114 1, )i] + C(4) - 0(1) Q(4) - @7

The following theorem on wave interaction and cancellation is due to Glimm
[1] and Glimm-Lax [2].

Theorem 2.5. Suppose that the initial data (1.2) has sufficiently small total variation
T.V. Then
(i) total variation {u,(-,f)] — oo <x<o0}<2T.V.

(i) 0= ;Q(A) STV
(i) C=Y CU)ST.V.+0Q.
a4

Proof. Given any I-curve J, we set
F(J)=L(J)+KQ(),
QW)=Y {labl|a and b are strengths of interacting waves crossing J},
L(J)=Y {lal|a is the strengths of waves crossing J},

where K is a large constant. For any I-curves J, and J,, J, an immediate successor
J,, it follows from Theorem 2.1 that

F(J))—F(J )= —KQ(4)+0(1)Q(4)+0(1) KL(J ) Q(4)
S[-K+0(1)+0(1)KL(J,)]Q(4),
where 4 is the diamond between J , and J,. Thus by choosing K large we see that

F(J,)S F(J,) provided that F(J,) is small. This argument implies inductively that if
T.V. is small then F(J) is small for all J and (i) holds. Similarly, we have

Q)= Q1) = —Q(4)+0(1) L(J ) Q(4)

which is less than — 3 Q(4) if T.V. is small. Summing the above inequality over all 4,
we have
00z ) [QU)-Q()IzY30U)=130,
J1,J2 4
where 0 is the I-curve in the zone 0<t<s. This proves (ii). Finally, estimate (iii)
follows from (2.7) by summing over all A. This completes the proof of the
theorem. Q.E.D.
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3. The Main Theorem
. Ce . 2
In what follows {a,,} is an equidistributed sequence in (—1,1). N= " and M are

large integers. We divide the interval (— 1, 1) into N subintervals with equal length e.
Let {I;}2", be the collection of unions of any such subintervals. We set [cf. (1.7)]

5= sup B(am—(p—1)Ma M, T) _ ()

1<psN M 2
i=1,..., 2N

which tends to zero as M — oo for each fixed N.
Let ¢(x,t) be a test function supported in 0<¢t<T. We choose M so that

(N—1)Ms<T<NMs.
It is noted that for each fixed N

M—-ow, NMsZ2T, and Ms<T¢ (3.2)
as the mesh length s—0. Since ¢ is smooth and has compact support, we have

lp(x, 1) — o(x', )| =0(e)

if |x—x|+|t—t|=0@k), as &—0. (3.3)

To express the error term (1.6) in terms of elementary waves, we will partition the
elementary waves in the following way. Suppose that elementary k-waves (1, _ ;, 1),
k=1,2,...,n, issue from (ir,js), i+j=even. If (u,_,,u,) is a k-shock wave, then we
choose any vectors Yo, Vi, .-V Yo =Ue— 1> Vi =Up V€S Ur_ 1)y L) <Au— 1)
h=1,2,...,1 and set

Ui ))=Yh— V1 - (34.)

M) =0 _,u). 3.5)

If (u, _ , u,) is a k-rarefaction wave, we choose vectors Yo, V1, ..., Vi Yo =Uy— 1, Vi = Uy,
e R (e _ 1), 4> Ayu— 1), h=1,2,...,1, and set

(3.1)

V)= Vh—Va-15 (34.)

20, 1) =Xy 1)- (3:55)
In the second case we require that

4 — - ISe,  h=12,...,1, (3.6)

and to make sure that {v!(i,j)} is not partitioned further at r=(j+1)s, we also
require that

aj+1¢(/1k(yh-1)a/1k(yh))a h=1,2,..,1. (3.7)
In what follows, for brevity, we will write the approximate solutions as u,(x, t) and
the error term (1.6) E(r, ¢,a,) as E(j,r) etc. It follows from (3.3)~(3.7) that
E(,r)= ). [4G.))s+rsign(ra;, , — 4, ))s)]vii, ) (ir. js)
i,hk

+0(1) [e+s1s Y, Rl

i,hk

= _;k (i, j)s +rsign(ra; , . — A1, j)s) 10}, ) o(ir, js) + 0(1)esT.V.,  (3.8)
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where T.V. is the total variation of the initial data (cf. Theorem 2.5), and

; _ 1 if x>0
SENX=N_1 i x<o0.

Theorem 3.1. Suppose that the total variation T.V. of the initial data (1.2) is small.
Then for any equidistrubted sequence {a,,} in (— 1, 1), the Glimm scheme converges to
yield an exact solution of (1.1) and (1.2).

The proof of the theorem depends on the following lemma which states that
elementary waves can be partitioned so that their speeds and strengths can be
traced.

Lemma 3.2. There exists a partition of elementary waves {v!(i,j), AL(i,j)} which
satisfies (3. 4) (3.7) and, moreover, {v!(i,j), A(i,j)} is a disjoint union of {Uk(l, 7,
Ar(i.j)} and {B(i.j), A%(i.j)}, so that for any j, (p— 1) M £j<pM, pe{1,2,.., N},

(¥) ‘;k M)l S0(1) [Q(4,)+ C(4,)],
and there is a one-to-one correspondence between {T(i, j), 1,’;(1', N} and {5;G,(p— 1) M),
A6 (p—1)M}:

@G, (p— 1) M), 2, (p— 1) M) (@i ), A4 (i)
such that

(i) .;k 15 (0 — 1) M) =56, )| =0(1) Q(4,),

(@) > I1%GE-)M)|- ~ max_ Vlip)) = G, (p— ) M) =0(1) Q(4,),

i,hk (p—1)M=jspM
) li—if=li—(—-1)M|.

Here the bounds O(1) are independent of i, j, v, and A, is the zone
(p—1)Ms=t=pMs.

The above lemma, whose proof we will postpone until later, will now be used to
prove Theorem 3.1.

Proof of Theorem 3.1. It follows from (3.8) and (i), (ii) of Lemma 3.2 that for any j,
(p—1)M=j=pM,
E(] r)"‘ Z [A (l,]) s+r Slgl’l (ra'j+ 1 k(l7]) S)] 52(15.]) (p(ir,js)

+0(1) STV 470 (4,)+7C(4,))

=Y [, (p-1) )M)s+rsign(ra;,

i,hk
— 2, ) S (G, (p— 1) M) @ (i1, js)
+0(1) (esT.V.+7Q(4,) +rC(4,). (3.9)
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Because of the domain of dependency condition (iv), Lemma 3.2 and the
smoothness of ¢, (3.3), we have

@(ijr,js)=o(ir,(p—1) Ms)+0(1) (Ms). (3.10)

We note that sign (ra;, , — /Tﬁ(ij,j) s) differs from sign (ra;, ; — Zﬁ(i, (p—1) M) s) only
if a;, , lies between 4;(i;,j) s/r and 4;(i,(p— 1) M) s/r. Thus it follows from (3.1) and
(iti), Lemma 3.2 that

M

L2 L el T ) 9) B4 (p— 1) M) @ i, js)
J=p— L,h,
M

= Y Y sign(a;, — 4G (—1)M)s)diG, - 1) M) e(irjs)

j=(p—1)M i,hk

+0(1) ; B(am_(p_I)M,M,Ii,h,k)ﬁ,';(i,(p—1)M)
i,hk
pM

= Y Y sign(ra;,, — 4G (p— 1) M)s) kG, (p— 1) M) p(ijr, js)

j=(p—1)M i,hk

+0(1)M[z max M|Zz(ij,j)—i£(i,(p—1)M)|

i,hk (p—1)M=Zj<p
+2s+5} B3, (p— 1) M)

M

Y. sign (ra;, . — A4 (p— 1) M) ) 86, (p— 1) M) @ (ijr, )

j=(p—1)M i,hk

+0(1) M(26+8) T.V.+0(1) MQ(4,), (3.11)

_ . Yhes s Yhys s
where [, , = ( min NI max A (i, ])) .
(p-VMZjspM (p— V)M jSpM

We have from (3.8)~(3.10),

Y. EG
== 1M
= {MZZ(i,(p—l)M)s+r Y sign(rajH—/T,';(i,(p~1)M)s}
ik J==1)M
Be(i,(p— 1) M) @(i, (p— 1) M)
+O0()M[rsT.V.+rQ(A,)+rC(A,)+erT.V.+rT.V.]. (3.12)

It follows easily from (3.1) that for any y

M
Mys+r ) sign(ra;,,—ys)SM(@G+e)r,

ji=(-1)M

and thus we conclude from (3.11)

M
S E(,)=0(1) Mr[(6+&)T.V.+Q(4,)+ C(4,)]. (3.13)

ji=(p-1)M
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Summing (3.13) over p=1,2,...,N, we finally obtain
E(p,a,)=01)T[(0+¢)T.V.4+rQ+rC], (3.14)
where we have used (3.2) and the following inequality

N
L (QU1,)+C(4,)=0+C,

which is bounded, by Theorem 2.5. Since § and » approach zero as M — oo for each
fixed ¢, and ¢ can be chosen arbitrarily, we conclude that E(g, a,,) goes to zero as r
goes to zero. This completes the proof of the theorem. Q.E.D.

Proof of Lemma3.2. For each fixed pe{1,2,..., N}, the sequence {vi(i,)), A(i,/)},
(p—1)M £j<pM, is defined as follows: First, we will construct inductively the
sequences {v}(i,j’,)), Ap(i.j,))}, (p— )M <j <j < pM, which satisfy (3.4)~(3.7) and,
moreover, the sequence is a disjoint union of {#(,f,/), Ai,7.,j)} and
{347, )), i "(i,j,j)} such that for (p— )M <j <j<pM

2 15T
=0 [Qp—DMs=t=<js)+ C((p— Y Ms=t=js)], (3.15)

and there is an one-to-one correspondence
52(11'9]/3.])(_)52(1, (p'— I)Ms.])a (p - I)M é.]/ é] s

such that
i%me&wwqwm
=0(1)Q((p— YMs=t<)'s), (3.16)
li; —il <l —(p—1)M], (3.17)
mepjﬂ A, (p— DM 3G (p— DM, j)|
=0(1)Q((p— DMs<t<j's). (3.18)

To prove the lemma, we simply set {v!(ij), X))}, (p—1)M<j<pM, to be
{vi(i,j, pM), 24, j), pM)} and (i)~ (iv) follows from (3.15)~(3.18).

We now establish (3.15)~(3.18) by induction on j. For j=(p—1)M, we let
G, (p— )M, (p—1DM), A%, (p— 1M, (p—1)M)} be any partition satisfying
(3.4)~(3.7). Suppose that {v}(i, ], ), AL(i,j,j)} has been constructed for (p— )M <j'
<j<pM. We have to construct {v}(i,j,j+1, AiG,j,j+1)} for (p— )M <j <j+1.
For a given point (ir, (j + 1)s) let (w,_,, w,), k=1,2, ..., N be the elementary k-wave
issued from the point. Suppose that these waves are produced by the interaction in
the diamond 4 of waves (u,_,u,), k=1,2,...,n, issued from ((i—1)r,js) and
We— 150, k=1,2, ..., nissued from ((i + 1)r, js). Smce {vk(l, Jod) ARG, j ) N} satlsﬁes (3.7,
there exist pomts Vor V1o - ,yh1 on S, (uk JURS (uk ) and Fo, Fy,.. ,yh2 on
Sy We— )URS W= 15 Fo=the— s p, =t Jo=0,_1, ¥, =0, such that after some
renumbermgs

-T)h_j]h—l=vz(i_1!jﬂj)s h=1325"'5h19
o= Tn_1=vMi+1,jj), h=1,2,..,h,.
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We now construct the sequence {v%(i,j’,j+ 1), AX(i,j,j+ 1)} according to the various
cases in Theorem 2.3.

Suppose that both (u,_,,u,) and (v,_,v,) are shock waves and (w,_,,w,) is a
rarefaction wave. Then it follows from Theorem 2.2 that

lte— 1 — el + 10— 1 =0l + Wiy —wi [ =0(1) Q(4) . (3.19)

In this case we simply partition (w,_;,w,) according (3.4)~(3.7) and classify
{hG,j+1,j+1)} as {#hGj+1,j+1)}. Furthermore, we classify all waves
{05, 7, )} (p—1)M <j <j relating to {v}i—1,j, DIt 1 {6+ 1,7, )hx

ﬁk(li 15j’j)(_)5k(i/> (p_ 1)M5.])H5k(l;”.],1])

as members of {5k(i;.,, j,j+ 1)}. We note that because of (3.19) the total amount of
waves reclassified is 0(1)Q(4) plus

Z ” ﬁk(i}'aj/,j) - 5k(il7 (p - 1)M’J)“
h

and thus (i) of the lemma still holds for {v!(i,j’,j + 1), A4, ,j + 1)}. Other statements
of the lemma holds trivially.

We next suppose that (u,_,,u,), (v,_1,7;), (W, _, w,) are shock waves. Accord-
ing to Theorem 2.2, there are three cases: (a) 0=/ (w,_,)— A4 (W) —(A(u,_,)
— A + 4y _ 1) = 24 (0) =0(1) Q(4); (b) 0= Aty 1) — Alh) — (AW — 1) — 4(Wy)
=0())Q(), 40— )= AB)=0)QU); (©) 0= At 1) = A(t) + 240, ) — 4(0y)
—(AWe— 1) = 4w )=01)Q(4). In Case (a) we choose y,eS; (W,_y),
h=0,1,2,....;h +hy, Yo=W_ 1, Ay)— 4 (o) =45 — 4(F,) for h=1,2,...hy,
M) = A Wn) =2 —n,) — ik(j’o)N f0r~h =1,2,...,hy, and y,—y,_ 1P~ F)-, for
h=1,2, ...k, Viin,= Vhin V= V-1 for h=1,2,...,h,. We note that if j,
—J;— 100, (p—1)M,j) then i;, =i, and [i—io|<|i—1—is|+1 which, by in-
duction hypothesis, is less than | — (p— 1) M|+ 1 Z|j+1—(p— 1) M| and so (iv) of the
lemma holds. It follows from (i), Theorem 2.3 that

hy
;.21 lo(W,_ 1, Wk) —o(u,_4, Uk)| I Fp— Pn-1ll
= 200wy~ 1, W) — oty 1, )l [l — [ =0(1) Q(4)

and thus (iii) of the lemma holds. Finally, we classify vj* *"2*1(i,j+ 1) =w, — ¥, 44,
=0(1)Q(4) as a member of {#(i,j+1)}. We now turn to Case (b). We choose
V€S (We_1), h=0,1,...,h;,0<hy <h,, and choose Je S, (4, ;) between §,, _, and
Tng Yo =Wi— 15 b)) = 4lyo) = A(F) — 4(Fo) for h=1,2, ...,hy — 1, and 0= 4 (¥y, - )
— W) =45 — 4P, 1) We first refine the partition of (u,_,,u,) with the
addition of the dividing point j. We also refine the vectors &(i', j,j), (p — )M <j' <,
which are related to y,, —y,_;:

yhs - yh3 -1 Hﬁl':(IO’ (p - 1)M,])H5k(ll9.],>])

in a similar way. We note that when a partition is refined, condition (ii) ~ (iv) of the
lemma still hold because of (ii), Lemma 2.4.
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The vectors y,—y,_;, h=1,2,...,h—1, and y, —y,,_, are then related to
p—Pu-1 and -3, _, respectively. Finally, the vectors J,. —¥, J,—¥-1,
h=hs+1,..,h;, and §,—F,_,, h=12,...,h, are reclassified as members of
{Ek(z+1 J» ]+1)} no matter how they were cla351f1ed in {Uk(l-l-l J,7)}- The total
amount of waves reclassified is 0(1)Q(4), Theorem 2.2. Case (c) is dealt with in a
similar way. Details are omitted.

We now consider the case where (u,_,u,) is a shock wave, and (v,_,,v,) and
(wk 1, w,) are rarefaction waves. There are two cases: (a) A4,(w,)— A (w,_ ) =4, (v,)

Afv,- 1) and (b) A (w)—4 (wk > A4v)—4 (vk ). For brevity, we only treat
Case (a). Thus there exists ye R}/ (v, _,) between §, _, and §, , 1 hy <h,, with 4,(5)

k(vk) AW _ )= Awy). If a;,, lies between A (w,_,) and A (w,), we choose
¥ eR, (v,_,) such that A,(}/)— 4,(v,) = Gy 47— lk(wk) We first refine the partition of
(vk 1»U,) by the additional d1V1dmg points ¥ and ¥. For simplicity, we denote this
refined partition as {J,— ¥,_ 1} h=1,2,...,h, w1th Ak(yh) 2 w)=4w,_,)
— A(wy). The partition {o4(i',j,))}, (p— l)M <j' <j, which 1s related to {v}(i+ 1,/,))},
is also refined in an obvious way. We now partition (w,_,,w,) by choosing
WWERE W), h=0,1,2, ... hy — hy, 1) — Lwi) = 4Ty +1,) — Ai0). As we see, the
dividing point, 3 was added in the partition of (v,_,,v,) so that (3.7) holds for
{vl(i,j+1,j+1)}. To check (iii) of the lemma, we see from (iii), Theorem 2.3 and (i)
Lemma 2.4 that

hy—hj3

hZO [Ay) — 'Ik(f)h+h3)l V= Vsl

hy—hs

=AW — 4yl h;O (R 7Y |
=2\ (w ) — Ak(vk)‘ W —=wy_ 4|l
=0(1)Q(4).

Other parts of the lemma are proved using Theorem 2.1 ~2.3 and the induction
hypothesis. Details are omitted. Finally, the waves in {vj(i+ 1, j, j)} which partition
(4 1, w) and (v, _,, §,,) along with those related wave in {vj(i',/,/)} are reclassified
as members of {Fi(i+1,j,j+1)} and {i(i,,j+ 1)}, respectively. The amount of
waves so reclassified is 2C(4), Theorem 2.2, so that (ii) of the lemma holds.

Other waves interaction (cf. Theorem 2.3) are treated in a similar way. This
completes the proof of the lemma. Q.E.D.

Remark. The rate of convergence depends on how well distributed the sequence {a,,}
is in (—1,1), [cf. (3.14)]. It seems that our method does not yield optimal rate of
convergence. The rate is always less than first order, and in general, is algebraic.
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