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Abstract. This paper demonstrates the existence of non-trivial solutions (g, k) to
the constraint equations of the initial value formulation of the Einstein field
equations over R® with g;;— 6;;~ |x|~* as |x|— 0. Using the conformal methods
of Lichnerowicz and York, this problem is divided into two parts. First, using
weighted Sobolev spaces it is shown the set of pairs (g, k) with g a conformal
metric and k transverse-traceless with respect to g forms a smooth vector bundle
2 with infinite dimensional fiber. Second, it is shown that the elements of a large
open set in 2 uniquely determine a solution to the scalar constraint equation
with the appropriate growth at infinity, and thereby determine solution to the
constraint equations.

1. Introduction

In writing the Einstein field equations for a vacuum space-time as an evolution
system on a 3-manifold M, one finds the Cauchy data consists of a Riemannian
metric g;; and a symmetric covariant 2-tensor 7, satisfying the constraint equations
(see Marsden [15]):

{divgn =0

n-m—%(tr,m)— R(g)=0. 1)

Our notation using the summation notation is:
: b b b
divyr=ny, n-n=n"n,, tr,m=9g"n,

and R(g)is the scalar curvature of g. Of course covariant differentiation is done with
respect to g. If M is thought of as a spacelike hypersurface embedded in a spacetime
V4, and g,, and k,, is the induced metric and second fundamental form of the
embedding, then n,, = ((tr, k)g,, — k,;). (Note, we will use tensors and not densities.)

The constraint equations form a coupled non-linear system of partial differen-
tial equations. The existence of solutions to this system has received much attention
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(see for example Choquet-Bruhat [8] for the compact case). A simplification of the
problem is due to Lichnerowicz [ 14] and York [20]. If we assume tr,n =2tr k= C,,
C, constant on M, we may solve (1) by finding a symmetric 2-tensor ¢ and a scalar
function ¢ satisfying the partially uncoupled system:

tr,opp=div, 0., =0
84,0—Rp+M¢p~7—4Cop*=0 )
¢ >0,

where g is any three metric on M, 4,¢=9g"¢,, M =0%1077:;. We call 071 a
transverse-traceless tensor. A solution of (1) is constructed by setting g,, = *g,,
T=(¢ 20p1)+%C,g. Furthermore the pair (g, 7) depends only of the conformal
equivalence class of g.

For a given g and trace-free o, o, may be found by solving:

div o, =(div,L,) (W), (2a)

where L, is the conformal killing operator (see Section 3). If a vector field W solves
(22) then we may set =0, — L (W). (2a) is often called the vector equation. The
second equation in (2) is called the scalar equation.

Note that tr, 7 depends on the external curvature of the embedding of M in |45
(in fact it is half the mean curvature) and thus the assumption tr,n = C, amounts to
assuming the existence of certain special embeddings of M in a spacetime V*. In
particular, if C,=0 then we must assume there is a “maximal” embedding; i.e. a
critical point of the volume operator on the embeddings of M in V¥, The existence
of such embeddings has been studied by several authors (Choquet-Bruhat [9], York
[20], Cantor et al. [5]).

In the case M =IR3, physical considerations leads one to specify that the metric g
found in (1) should be asymptotically flat; i.e. it g;;—J;;=0(|x| ') as x| > o0 (6;;=1if
i=j and 9,;=0 if i=}). It has been shown (Cantor et al. [5]) that a large class of
space-times with asymptotically flat space-like hypersurfaces may be foliated by
hypersurfaces with tr,n=tr k=0. Thus, in finding initial data sets for such space-
times we will consider the system:

tr,k=div k=0
84,6 —Rp+M¢p~7=0 (3)
¢>0.

If (g, k) satisfies (3) then (¢*g, — ¢~ 2k) satisfies (1). If one interprets k to be §(0), the
initial velocity of g(A) in the evolution system, one would expect k,-j=0(|x|_1).
(Similarly, one may interpret n°’(detg)!/? to be the canonical momentum of the
system.) However, the theory of elliptic operators (Section 2) requires that the
appropriate space for finding transverse-traceless 2-tensors consists of tensors with
|x]~ 2 growth at infinity.

These informal observations are made precise in Section 2. This section contains
definitions and important properties of the weighted Sobolev spaces MY ;. These
spaces were first considered by Nirenberg and Walker [14] and Cantor [2-4]. They
have proven to be useful in studying asymptotically homogeneous elliptic operators
on R".
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In Section 3 the nature of the space 2 of pairs (g, k) where g is a asymptotically
flat conformal metric (detg;;=1) and div k=tr,k=0 is studied. It is shown that
with the appropriate topology 2 is a fiber bundle over the space of conformal
metrics. Furthermore, the fibers of this bundle are infinite dimensional. Also in this
section we obtain a precise version of York’s decomposition of symmetric 2-tensors.

In Section 4 the scalar equation is considered. It is shown that each (g,k) in a
large open set of P uniquely determines a solution ¢ of the scalar equation.
Furthermore the solution ¢ depends smoothly on (g, k).

A new result in this section (Theorem 4.2) is that for an asymptotically flat
metric g with scalar curvature R <0 and function R with CCR<R<R<0thereisa
asymptotically flat metric g such that g is conformally equivalent to g and the scalar
curvature of § is conformally equivalent to g and the scalar curvature of g is R. A
discussion of problems of this sort may be found in Kazden and Warner [12].

The author wishes to thank Professor James W. York for his patience and encouragement during our
many discussions on this topic.

2. Mathematical Tools

Many of the results of this paper depend on finding solutions to elliptic systems
with specified asymptotic behavior at infinity. In this context the following spaces
of functions have proven to be useful:

Definition 2.1. Let ||, be the standard L? norm, and o(x)=(1 +|x|?)!/>. For se N, and
0cR and f:IR"—IR™ set

|f|p,s,6= Z I06+'a'Daflp'

le] =

Note that ||, ; ;is a norm on C§(R™R™) and if 6 20 is stronger than the usual
Sobolev norms. We use these norms to construct certain Banach spaces.

Definition 2.2. Denote by M? (IR™ R™) the completion of CZ(IR", IR™) with respect to
I Ip, s,0°

Usually, when there is no chance of confusion we shall just use M? .
We shall have need of the following lemmas whose proofs appear elsewhere:

Lemma 2.3. If p2>1, and s>n/p+k then M? ;C C* continuously.

Proof. This follows a fortiori from the standard Sobolev inequalities.

Lemma 2.4. Let p>1, s>(n/p), =0 and 0=ZI<s then pointwise multiplication
induces a continuous (and hence smooth) map

14 P P
Ms,é@Ms—l,6+l_)Ms—l;5+l‘

For a proof see Cantor [2], Proposition 1.1.

Lemma 2.5. Let M? j(1)=1{g: R3>R: g—1e MP?,} be given the topology such that the
map g—g-+1 from M? s is continuous. Then for p>1, s>(n/p) and 6 =0 pointwise
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multiplication induces smooth maps :

ME () x ME_y 5. (1)->ME_, 5.(1)

MZ (1) x MY_y 50> ME_ 54
Proof. Suppose f, ge M? ,1). Then writing f=f+1and g=§+1with f, geM? 5, we
get

Jg=1=F-§+7+3.

Which by Lemma 2.3 is in M? ; and the function is clearly continuous. Q.E.D.

Lemma 2.6. Let p>1, s>n/p and 620 and U={fR">R: f—1eM?; and f(x)
>0}. Then f—(f)* is a smooth function on U, for any aelR (see Cantor [2]).

Lemma 2.7. Let g, be a C' bounded Riemannian metric on R® with lim |g,(x)—;;
|x] o0

=0, 4,6= Zg“”qﬁlab (covariant differentiation with respect to g). Then if f is a
a,b

continuous positive function on R*> and A,y — f- ¢ Z0 with lim ¢(x)=0 then ¢ <0.
|| o0

Proof. In the coordinate expression for 4, we see it is a uniformly elliptic operator
with no zeroth order terms. Thus we may apply Theorem 6, Chapter 2 of Protter
and Weinberger [19] to conclude if there is a peIR® where ¢ takes its maximum and
¢(p)>0 then ¢ is constant. This easily leads to a contradiction. Q.E.D.

We will require both of the following theorems.

Theorem2.8. Let p>n/(n—2),s>n/p+2 0<6<—2+n(p—1)/pand A, = ) a,D*
la|=2
a second order homogeneous elliptic operator with constant coefficients. If A(x)

= Y a,(x)D* is an elliptic operator on M? ; such that

lel=2

A€M 5 5y lof <2
bl

(@,—a)ed ,, |o|=2.

Then A:MPs—M!_, 5., is a continuous map with closed range and finite
dimensional kernal.
Furthermore, suppose one of the following conditions hold :

D) Y oy sm22 -t 2 18,8yl 52,0 <€ for sufficiently small positive ¢.
<2 =2

ii) There is a continuous curve ¢ on [0, 1] into the space of bounded linear operators
between MY ; and M?_, ;. , such that c(0)= A, c(1)= A and c(t) is an injection for all
te[0,1].

Then A is an isomorphism of ML s and MF_, s, ,.

For a proof see Cantor [3], Theorem 1.4.
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Theorem 2.9. Let p, 5, and A, be as in Theorem 2.8. Let k22 A(x)= ), a,(x)9" be

jel=2
an elliptic operator such that a,e C*~2 and for each multi-index p, 0=|y|<k—2

lim sup [(27a,(x))o(x)" M| <e  |o| <2
|x[— o0

limsup |2"(a,(x)—a)e"(x)|<e for |o|=2
|x] =00

for sufficiently small e >0. Then A maps M}, ;into ME_, ;. , continuously with closed
range and finite dimensional kernel.  Furthermore if (i) of Theorem 2.8. holds then
A is an isomorphism.

This is proven in Cantor [3], Theorem 1.3.

We would like to make several remarks concerning the use of these theorems.

1. Nirenberg and Walker [16] have shown the given ranges of p and § are
essential for the theorems to hold. Thus we may use these inequalities to study
typical growth at infinity of solutions to homogeneous equations.

2. For n=3, note that p>3 and the range of ¢ is such that functions of growth
|x| ™! are included [actually slightly faster growth such as In(|x[)/|x| is allowed]. Thus
if A f =ge C® then heuristically one may expect f to have |x| ™! growth at infinity.

3. Derivatives of functions in M? ; fall successively faster at infinity. Thusifn=3
and A, feCg then if ||=1, D*f would fall like |x|~? at infinity.

3. Conformal Metrics and York’s Decomposition

In this section we will construct a candidate for the parameterization space 2 of
initial data. This space will consist of pairs (g, k) with div,k=tr,k=0. Of course
these pairs satisfy two of the three constraint equations. The topology will be chosen
to be both physically reasonable and to give £ the structure of a vector bundle.

In the following section we will show that members of a large open set in 2 do
uniquely and smoothly specify solutions to the initial data equations.

Definition 3.1. Let y =6,; be the Euclidean metric on IR3 and let #? 5= {Riemannian
metrics g on IR3 such that g — yeM? s}. Also let S? ;= {covariant 2-tensors in 7 ;}.
Note if s> 3/p since the positive definite property is open in C°, %2 is openin S? ;
+ {y} and therefore has a natural manifold structure. Also it follows for ge A’ sthe
tangent space T, %7 ;~S? ;.
LetdV=dx' A dx? Adx® be the volume form associated with y. If g is any metric
on IR3, it is well known there is a relative scalar function |g| such that the volume

form p, associated with g may be written as u = [g|dV. In fact, |g| =(detg,)"/>.
Definition 3.2. Let 6% s={ge % ;:|g|=1}.

It is easy to check that 47 ; represents the set of conformal structures for metrics
in % ;. Every conformal equivalence class in %2 ; has exactly one representative in
@" ;. In factif ge #2 ;and §=|g|~*/*g, then |j| =1 and § is conformally equivalent to
g.

Proposition 3.3. Let p>1, s>3/p+1, and 620. If geR? ; then |g|”*Pge@? ;.
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Proof. This is an immediate application of the product and composition theorems
found in Section 2.

Proposition 3.4. Let p>1, s>3/p+1, t<s, 620 and 5'20. Then if ge %%,
SP 5 =tr(S? 5)g®{heS? s 1 tr,h=0}.
Proof. We call E,={heS?; :tr,h=0}.
Let g,;=0,;+h; with hjed?, Also write g/=5" + h'. It follows from

i i
Cramers formula that he .42 ;. Now for XeS7

(tr,X)gu = (67 + Eij)Xi 16+ hy)
=X+ 1IX, )0, + X+ RX, )y, .
Now Xie 4} 5, EUXUG%{’H » MYy and X+ Einij)hkle'/”zl,Ja +6
Thus we may write
X =§(tr,X)g + (X — 3tr, Xg)
and conclude
S, =tr(S?5)+E,,

where both summands are subspaces of S? ;.. It is easily seen that tr (S? ;)nKer(tr,))
={0} and the summands are closed.

Theorem 3.5. Let p>1, s>3/p+1 and 6 >0. Then ? ; is a smooth submanifold of
AR 5. Also for ge6? ;

T,6% 5={VeSt ;:tr,V=0}.
Proof. Let @ : R% s—.M? (1) (see Lemma 2.5)

P(g)=det(g;;).
Note 42 ;=@ ! (1) and it follows from Lemma 2.5 that @ is C*. We need show & is

S5

a submersion. Applying the classical formula

; )
t=0

_.[d
pr det(4,),- , =trace (AO ! (E At)
we see D®(g)(V)=tr, V. This is clearly a surjection from S?; to .#%; and by
Proposition 3.4 (setting 6’ =§) it has a splitting kernal. This result follows then from
standard manifold theory (see Lang [13]). Q.E.D.

Definition 3.6. Let X ; be the vector fields on R® in .#? ;. Let X be vector field on IR
and L, represent Lie differentiation with respect to X. Then if g is a metric on IR® we
have the conformal killing operator L,:X? ;—S?_, ;. L(X)=Lyg— 3div X.

Theorem 3.7 (York’s Decomposition). Let p>3,s>3/p+2,0<5<—2+3(p—1)/p.
Then for ge #? s and t=s5—1 or t=1

SP 51 =L X711 5)®tr,(SY ;.1)9DJ,,

where J,={keS? s, :tr,k=div,k=0}. Furthermore each J, is infinite dimensional.
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Proof. We first note that Proposition 3.4 allows us to write for <2
St s+ 1=1r,(80 5, )DE,, (1)

where E, = {he §7;, , :tr,h=0}. Also notice that L (X7, , ;)CE,. Let L,= L (A7, , ;)
and J,={heE,:div,h= 0} We claim that for t=s—1 or t=1

E=L®J,. (2)
To show this let fe L, and consider the system:
div oL (e)=div,f. (3)

Following York [21], A=div,°L, is an elliptic operator and since ge %2 ; the
coefficients of A4 satisfy the condmons of Theorem 2.8. Also by standard Sobolev
arguments A satisfies the hypotheses of Theorem 2.9 with k=2.

Thus, in either case we have

divyeL, :XPy 5>XP 1 542
is an isomorphism. Since divfeX,_, 5., we have ae.#}, | ;. We may write
B=L, @)+ (- L,@).
Note div, (8~ L,(2))=0. Thus
E=L+J,. (4)

If =L, () and div 4(B)=0 then div, L («)=0 which implies « =0 and thus f=0.
The summands Ly, 1, 5) and J,are Kernals of continuous maps and hence closed.

We shall now show J is mﬁmte dimensional. We will follow the argument of
Bourguignon et al. [1].

Note that (1) L,isdensein L, forallt=1.LetJ= () J,. Since the summands in

tz1 t21

(4) are closed, we have that J is dense in J - In particular if J were finite dimensional
it would follow that J =J . The same argument shows if J were finite dimensional
then J,=J,.

Note div, : L, =X} ;. , is an isomorphism and thus there is a constant C, such
that for each heL,,

'h|p,1,a+1§C1|divghlp,o,a+2- (%)
Let he E,. We may write h=h"+h" where h'e L, and h"eJ,. Then

iy 1501 S 150111, 1541
éC(ldlvghlp,0,5+2+lh”’p,l,5+ 1)-

If J, were finite dimensional there would be a constant C, such that
|h”|p, 1,6+1 =< C2lh”|p,0,6+ 1-

Thus we would have

1, 1,541 S Ca(1divyhl, o 540+1hl, 0.551)- (6)
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Let h be any symmetric 2-tensor in CF(R?). For ¢,+0e(R3)* and JeR, set h,
=e*®%h Also let g, be the principle symbol of div,. Then we have

A7 tem iy (h) >0 (x,E)h as A—c0. (7)

Also, there is constant C, such that

lhllp 1,641 =My, 0,541 TP, 0,542
=k, 0,641 T Mol AL, 0,542+ IDhl, 0 542
Zcuuhlp,o,“ 1
Now
'h'p,0,6+1§C4)’_1'hl|p,1,6+1
§Csl—l(ldivghzlp,o,a+2+lhzlp,0,a+1)'
If A>1/C4 we have
'hlp 0, s+1=CsA” !(|div h).,p 0,6+2
écslag( 9€O)h,p,0,6+2'

It follows for any symmetric 2-tensor he C3(R?) and xeR?, £,e(R3)* there is a
constant Cg4 such that

[h(x)| = Celo(x, Eo) (X))

This implies o, is an injective symbol when restricted to E,. However, as pointed
out in Proposition 3 of Bourguignon et al. [1], this is impossible. Q.E.D.

Corollary 3.7.1. Under the assumptions of Theorem 3.7 there are an infinite number of
linearly independent solutions to div,k=tr k=0 with ke S?_, ;. ;.

The decomposition in Theorem 3.7 arises naturally when studying the quotient
space of %7 ; under the action of the diffeomorphism group (Coordinate Changes).
J represents infinitesimal changes of conformal geometry (see Cantor [3], Fischer
and Marsden [11], or York [21] for details).

Theorem 3.8. Let p>3, s>3/p+2, and 06 < —2+3(p—1)/p. Then
P=(9,k)eC? s x SP_, 544 :tr,k=div k=0}
is a smooth sub-bundle of €% 5x SP_, ;. ;.

Proof. We apply Proposition 6, Theorem I1I of Lang [13] which states if f : n—7" is
a vector bundle morphism of vector bundles over a Banach manifold X such that for
each xeX, f.: E.— E is surjective and has a kernal that splits. Then the sequence

nhn” -0 is exact.
It follows that Kerf=uKer(f,) is a sub-bundle (see Lang [13], p. 43).
We first consider
tri Gl X Sh_y 512 CN s XS (541
(9, k)—>(g, tr k).
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It follows from Proposition 3.4 that tr satisfies the conditions of the above
proposition so that ker t,=E is a sub-bundle.
We now consider

div:E—%? s xXP_, 5.5
(9, h)—(g,div h).

This is clearly a vector bundle morphism and it is shown in the proof of Theorem
3.7 that on each fiber E, div, is a surjection with a splitting kernal. Thus
2 =ker(div) is a sub-bundle of E. The theorem follows immediately. Q.E.D.

4. The Conformal Factor

In this section it is shown that members of a large subset of £ uniquely and
smoothly determine a solution of the scalar constraint equation. The problem we
wish to solve is

4,0—R(g)p+M¢p~"=0
$>0 (E)
p—1leM?,,

where R is the Scalar curvature of g, M = k- k=k'k, jand p, s, areasin Theorem 3.8.
Note ¢—1 has |x|~* growth at infinity.

The scalar constraint equation has been studied by Choquet-Bruhat [7] who
obtained similar results to the R =0 case below. She used her notion of asymptotic
Holder spaces and had to assume globally small C° norms for R and M. We need the
weaker assumption that R(g), and M are in MZ_, ;. ,.

In what follows (4,¢) =gV, V,$ and so it is sufficient that g,;, — 6,;,€ M? ; in order
to apply Theorem 2.8 to 4,.

Theorem 4.1 (Positive Curvature). Let p>3,0<6 < —2+3(p—1)/p and s>n/p+2.
Let ge R? ; have nonnegative scalar curvature R(g) and let Me M?_, ;. ,(IR*,R) have
the property there exist positive constants C, and C, such that 0= C,R(x) < M(x)
< C,R(x) for all xeR®. Then there is a neighborhood U of (g, M) in 2 ;x M?_, 5. ,
such that if (g', M')e U there is a unique ¢ satisfying :

84,¢~R(g)p+M($)~"=0
¢—1leM?, (©)
d(x)>0 for all xeR?.

Furthermore, ¢ depends smoothly on (g', M') in U.

Proof. We prove this in several steps. First using a monotone convergence scheme
we solve the equation using the given g and M. We then complete the theorem using
the implicit function theorem. Throughout this proof let R=R(g). Note
ReMZ 5 545
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Let ¢ =1+ u we substitute into (C’) to obtain the following reformulation:
84,u—Ru+M(1+u)~"=R
ueM?, ()
u(x)>—1 forall xeR3.

Set f(u)=8 YR(u+1)—M(u+1)"7). Note using Lemmas 2.4 and 2.5 we see

fiM?s—>M?_, ., smoothly. Also %(x) =8 L(R(x)+7M(x) (u(x)+1)"8 =0 when

u(x)> — 1. Thus f is increasing in u for the functions under consideration.

Step 1. Uniqueness.

Let v, and v, be two solutions of (C”). Then w=wv, —v, is continuous. Suppose
w(x)#0. Then we may assume without loss of generality that there is a set D CIR3
such thatw>0on D. Buton D, 4, w= f(v,)— f(v,) 20 and therefore w cannot take a
maximum on D. Thus D is contamed in the interior of a larger set with w>0. In fact,
it follows w=0 on R? and 4 =0 o0n IR3. Then using Lemma 2.7, we see w must
vanish everywhere.

Step 2. Monotone convergence.

We first establish the following: There exist constants e, > — 1 and e, > e, such that
for all xelR3,

0=R(x)(1+e,)—Mx)(1+e,)""

0SR(x)(1+e,)—Mx)(1+e,) 7.
Proof. Let C,=(1+¢,)® and C,=(1+e,)® then clearly e,>e, and dividing the
inequality

(1+e,)8R(x)<M(x)
by (1+e,)” yields the first inequality. The second inequality is obtained similarly.

Given R, M, e; and e, let u; € M? ; be the solution of 4, u, = f(e,) guaranteed by
Theorem 2.8. Also let Av,=f(e,). Note since 84(u; —e,;)=84(u;)=R(e,;+1)
— M(e, +1)~7 <0 we have by the maximal principle that u, e, > — 1. Similarly

1 =Ze,. It is clear there is a constant C sufficiently large so that with e, <u<e,

af ) — C(R(x)+ M(x)) 0.

Set A(x) =C(R+ M) (x). Note that ie M?_, ;. ,. and 2 =0. Let T: M? ;— M? ; be
given by
T()=(4,~ 1)~ (f()— ).

This makes sense since if ve M? ; then f(v)— Av may be taken to bein M?_, ;. ,
and Theorem 2.8 applies. To see that Tis monotone let w; <w,. Then since f Als
decreasing we find

(A, =) (T(wy) = Tw,))=(f =) (w;) = (f = 4) (w2) 20
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and so T(w,;)<T(w,) by the maximum principle. Now letting u;= T(u;_,) and
v;=T(v;_,) we get a pair of monotonic sequences of functions —1<e, <u, <u, <y,
<...Sv;Sv;_; £...Ze, converging (at least) pointwise to u(x) Sv(x). Note that
both u and v are formally fixed points of T, i.e. using continuity of T

Tw(0) = Tlim ()| = lim Tu(0) =u(x).
Using the following and Step 1 we can conclude u=v and v is a solution to (C").

Step 3. Regularity; {v;} converges in M?¥ ;.

First a note for each i, v,0°c L? thus using the monotone convergence theorem
ve’e L2, Similarly f(v)o® " 2 L¥ since f(v;)6°* ? is a monotonic sequence of functions
in L?. Now note for any solution ¢ to (C”) and any =2, there is a constant B

(1p.5.5 < BIAGly 52,502 = B @Np5- 2,542 M

and so letting §=2 and ¢=v we may conclude ve M5 ;. Now 2>3/p and so
f(v)e M} 5. Thus we may make repeated use of (1) to establish ve M2 ;.

Step 5. The neighborhood U.

Let ¢ be a solution to (C”) with given g and M and define a function F:
FoMS xRS s X MY 502 ME_ 5 505
F(¢,9, M)=A4,0—R(g)¢ + M(1+¢)" "~ R(g).

Note F(¢,g, M)=0. Also it follows from the coordinate formulas for 4, and R(g)
and Lemmas 2.4-2.6 that F is C* at (¢, g, M). Also

oF _
and it follows from Theorem 2.8 and the maximal principle that %(4), g, M) is an

isomorphism from M? s onto M%_, ;. ,. Thus it follows from the implicit function
theorem there is a neighborhood U of (g, M) in #2;x M?_, ;. , and a unique
function ¢ : U—M? ; such that ¢(g, M)=¢ and F(¢(g, M),g, M)=0 for (g, M)e U.
Thus for (¢, Me U, ¢(g’, M’) is the desired solution. Q.E.D.

Since if R=M =0, g=1y, the Euclidean metric, then ¢ =1 is a solution of (E),
Theorem 4.1 tells us we may solve (E) when M is near 0 and R has a small amount of
negative curvature. This along with the remark that the solution of the constraint
equation associated with g only depends on g’s conformal structure will allow us to
find solution the constraint equations associated to members of ¢ with non-positive
curvature. This program is based on the following theorem:

Theorem 4.2. Let ge %2 ; and R(g) 0. Let R be any function in M?_ 2,5+2 such that
C,R(x)<R(g)(x)SR(x)<0 for some C,=0. Then there is a unique positive
peM? (1) (see Lemma 2.5) such that if g=q¢*g the scalar curvature of g is R.
Furthermore, ¢ depends smoothly on g.
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Proof. It is well known that if = ¢*g and R and R are the scalar curvatures of g and
g respectively then

842 —R¢p+R¢p*=0. *)

Thus to prove this theorem we need show (*) has a unique positive solution ¢
with ¢ —1e M? ;, and also that ¢ depends smoothly on g. We will break the proof
into several steps:

Step 1 (Existence and uniqueness). We use a monotonic convergence scheme as in
Theorem 4.1 and thus must establish existence of upper and lower solutions:

There is a constant upper solution e, > 1iff — Re, + Re$ 0, i..if Re? <R. Since
R and R are both negative and ¢, R<R, such an e, clearly exists. A constant lower
solution e, >0 must satisfy Re%>=R. Since R=R any 0<e, <1 will suffice. The
existence proof proceeds exactly as in Theorem 4.1.

We may show uniqueness by picking Ae M%_, ;. , such that >0 and such that
Ru— Ru® — ju is decreasing in u. Solving (*) is equlvalent to solving 84,u—Au=Ru
—Ru® — Ju and thus the uniqueness argument of Theorem 4.1 apphes

We now show ¢ depends smoothly on R.

Step 2. Let +<C<1 and suppose R<CR. Then the solution ¢ found in Step 1
depends smoothly on g.

Proof. We use the implicit function theorem. Fixing R for the moment, we set

F(g,¢)=84,4—R,b +Re°,

where R, is the scalar curvature of g. Since 4, and R, depend on at most two
derivatives of g and s—22=3/p we see F:%%;x M? (1)>M?!_, 5., is smooth.

Furthermore, a solution of (*) is given by F(g,,$,)=0. Thus, we need show if

(go» ®o) is a solution of (E) then — (g, $o): ME;—~MP_, 5., is a surjection with

o

splitting kernal. In fact

OF _
% (9o> Do) (V) =84g,0—Rgv+(5RPE)v

is an 1somorphlsm if —R,_+5R¢%<0.1f (g,, $,) satisfy the hypothesis of this step
we have SRp% <SCR, ¢4 and so SR@ <R, if SC4> 1 (Recall R,, <0). Thus we

1/4 1
need to show that ¢, = ( 5 C) . Since C > 3 this reduces to showing ¢, > B for any

B < 1. Aninspection of Step 1 shows such a Bis a lower solution of (E) and the proof
of this step is complete.

Step 3. The solution ¢ of (*) found is Step 1 depends smoothly on ge Z? ;

Proof. Since R is bounded we may choose a finite sequence of functions R=R, =R,
<...ZR,=R such that for each i, 2R, +1 =R, Applying Steps 1 and 2 we may for
each i fmd a unique positive ¢; ;& M? (1) satlsfylng

8Agi¢i+1 _Rgi¢i+1 +Ri+ 1(¢i+ 1)5 =0,
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where g;=¢7...¢7g. Setting p=¢,...¢, and g=¢*g it is clear § is conformally
equivalent to g. Also note that the fact ¢ does not depend on the choice of the
functions R; follows from the uniqueness part of Step 1. Q.E.D.

We may combine the above results with those of the previous section to
establish the following theorem:

Theorem 4.3. Let (g, k)e 2. Suppose further that the scalar curvature R of g and
M =k -k satisfy one of the following conditions.

1) There exist positive constants C, and C, such that 0=C,R(x)=<M(x)
< C,R(x) for all xeR>.

2) R and M are sufficiently near 0 in M2_, ;. ,.

3) R=<0 and M is sufficiently near 0.

Then there is a unique positive function ¢e M? (1) depending smoothly on (g, k)
such that the pair (p*g, ¢ ~ k) satisfy the constraint equations.

Proof. For (g, k) satisfying Conditions 1) and 2) this is a restatement of Theorem 4.1.
Note if keS?_, 5., then a fortiori, k-ke M?_, ;5. ,.

For (g, k) satisfying Condition 3) let C >0 be sufficiently small so that Condition
2) applies to CR. Let ¢, be the function guaranteed by Theorem 4.2 to give g, = ¢1g
scalar curvature CR. Applying Condition 2) gives us a factor ¢, such that
G=(0,0,)*g, k=(¢,p,) " 2k satisfy the constraint equations. Q.E.D.

Finally, since s >3/p and 1), 2), and 3) are open conditions in C°, it follows the set
of (g, k) in 2 satisfying any one of the conditions is open.
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Note Added in Proof
The proof of Step 2 of Theorem 4.1 should be modified as follows:

We may choose e; <0 and e,>0 so that for f(x,u)=81(R(x)(u+1)—M(x)(u+1)"7 we have
f(x,e,)=<0 and f(x,e,)=0. For T as in the proof in the paper let u, =T(e,) and v, = T(e,). We claim
e; =u, and v, <e,. To see this note

(Ag=N)(u;—e)=(4,— Du; —(4,— Ve,

=f(x,e;)— e, —A4,(e;)+ Me,)

=f(x,¢,)S0.
Also note u;(x)—e;— —e,; =0 as x— o thus by the maximal principle
u(x)—e, =2 —e,; 20 forall x.

The proof that v, <e, is similar. Since T'is monotone and ¢, <e, it is clear that u; <v, and in factif u,
=T(u,_,) and v,=T(v,_,) that u,<v, for all n. The proof proceeds as in the paper.





