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Abstract. Conditions are given for the linear dependence of the two Killing
vectors, found by Hughston and Sommers to exist in a class of Einstein-Maxwell
fields of Petrov type D. The Killing tensors associated with these fields are
shown to be contracted products of Killing Yano tensors.

1. Introduction

In an elegant paper Hughston and Sommers [ 1] have shown how the symmetries of
the Kerr black hole can be inferred by an argument centering around properties of
the curvature tensor. They also show that an inference of this sort holds for the class
of Petrov type D Einstein-Maxwell fields for which the electromagnetic field is non
null with principal rays aligned with those of the Weyl tensor. If spinors o 4, i, with
0,i*=1 are chosen so that the null vectors 0,8, and i,i,, are in the direction of
these principal rays then the Maxwell spinor ¢ ;5 can be written in terms of a single
scalar field y as

G 45=7""04ig, - (1.1)
Two further spinor fields X ,; and y 5, are defined by
X p=7" 1/30(Aiza) (1.2)
and
YaBcp =Y0(40picip) - (1.3)

These three fields satisfy the Maxwell equation, twistor equation and spin two rest
mass field equation respectively, i.e.

VAA’¢AB=O (1.4
VAI(AXBc)=O (1.5)

and
V44 aBcp=0. (1.6)
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Using only the twistor Equation (1.5) and the Ricci identity Hughston and
Sommers show that the spinor ¢, ,=V2,. Xy, corresponds to a complex Killing
vector £,. In general two real Killing vectors can be constructed from &, and these
are linearly dependent when £, is degenerate, that is when X ,; can be renormalized
with a constant phase factor to give ¢,=E,. Whenever degeneracy occurs then a
Killing tensor K, is found to exist and then Hughston and Sommers show that the
vector

na — Kabéb

is also a Killing vector. The two vectors £, and #, generate the axial symmetry and
stationary nature of the charged Kerr black hole. The question of the possible linear
dependence of the two vectors, not discussed by Hughston and Sommers, is
discussed in Section 2. In Section 3 it is shown that the degeneracy of £, implies the
existence of a Killing-Yano tensor from which the above Killing tensor can be
constructed.

2. Conditions for the Linear Dependence of the Two Killing Vectors
Written in terms of a null tetrad [2] constructed from the spinors o, and i,
E,=y 3 [—pul,+on,+tm,+nm,]. 2.1

It follows that &, is degenerate if and only if

2ic=—1 1 2ics— 1/ 2ic5—1/3

3r=e

YT Pu=ed T IRE T B g =2y 30,y 7,
(2.2)
for some real function ¢. When these conditions are satisfied
Ko=)l — g™y P 157 13) g, (2.3)
and
Ne=K,,&= —§(e oy~ P =G 13)2513(— ul, +on,)
— L(e "y 1B 4 iy U3)29 = 1B (vim, 4 um,). (2.4)

From (2.1) and (2.4) the following Theorem can be deduced.

Theorem. The vectors 1, and &, are linearly dependent (i.e. n,= A, where because
both vectors are Killing vectors the scalar A is necessarily a constant) if and only if
either

(i) o=p=0 or (i) t=n=0.

If both Conditions (i) and (ii) hold then &, vanishes. Furthermore using (2.2) it
can be seen that 7, vanishes in Case (i) if and only if + 7 =0 and in Case (ii) if and
only if o=@ and pu=j. These results have a direct geometrical interpretation in
terms of the geometry of the congruencies defined by the two principal rays.

Using the classification due to Kinnersley [3] it follows that, for empty space-
times, £, must be non-zero, #, and £, being linearly dependent if and only if the
space-time corresponds to Case IV or Case I (the N.U.T. space-times [4]). In both
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cases further Killing vectors are known to exist. The vector #, vanishes if and only if
the space-time is of Kinnersley Case IV with a=0 or a N.U.T. space-time with
0,=0. The last class includes the Schwarzchild space-time so that the result given
here generalizes a footnote appearing in the paper of Hughston and Sommers.

3. The Existence of a Killing-Yano Tensor

One of the physically important properties of Killing vectors K, and Killing tensors
K, is that they generate scalar fields K,v* and K ,,v*v® which remain constant along
a given congruence of geodesics with tangent vector v®. The vector field F,,v°
remains covariantly constant along all geodesics if and only if

Fpo=0. 3.1

A skew symmetric tensor satisfying (3.1) is called a Killing- Yano tensor. Notice that
the magnitude of a covariantly constant vector field is a constant scalar field so that
the “square” of a Killing- Yano tensor is a Killing tensor. The relationship between
“such tensors is given by Collinson [5].
A Killing-Yano tensor F, corresponds to a symmetric spinor f,, satisfying the
two equations

Vu" [50=0 (3.2)
and
V2 S84+ Vi Tpa=0. (3.3)

Notice that (3.2) is just the twistor equation and that if £, is degenerate and X 5 is
renormalized to give ¢, =&, then f,, =iX 4 satisfies both equations. Thus a Killing-
Yano tensor exists and it is easy to show that the Killing tensor found by Hughston
and Sommers is just the square of this Killing-Yano tensor.
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