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Abstract. Symmetric Equilibrium States and their properties under duality
transformation are investigated. Necessary and sufficient conditions are derived
for equilibrium states to be transformed into equilibrium states by duality. It is
shown that ferromagnetic systems satisfying those conditions have correlation
functions bounded by those corresponding to the (+) and free boundary
conditions. It is then proved than any Invariant Equilibrium State of a
ferromagnetic system is transformed into an equilibrium state by duality and is
thus unique if the states defined by the (+), and free boundary conditions
coincide on the symmetric algebra. The existence of surface tension between two
pure phases is established.

1. Introduction

In this paper, we investigate some consequences of the duality transformation*
which are of interest for the study of ferromagnetic systems. It was recently
established that, for all temperature, there exists a unique, symmetric, translation
invariant, equilibrium state for the two-dimensional Ising model [2]; as was
suggested in [3] the duality transformation was indeed a key to the proof of this
result. The motivation of the following work relies upon the conjecture that for any
lattice system, there should be a unique equilibrium state, which is invariant under
the full symmetry group of the Hamiltonian, also called “Invariant Equilibrium
State”. We shall then derive general properties of symmetric equilibrium states and
discuss certain consequences of the duality transformation.

In Section 3, we define symmetric equilibrium states by means of the solutions of
equations which are well adapted for the study of duality. Necessary and sufficient
conditions are then derived in Section4 for a state to be transformed into an

*  Present address: Swiss Institute for Nuclear Research, CH-5234 Villigen, Switzerland

! Introduced by H. A. Kramers and G. H. Wannier for the Ising model duality is a symmetry property
inherent to lattice systems. See for instance [1] and references cited below
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equilibrium state by duality. In particular, for ferromagnetic systems, it is shown
that any state satisfying those conditions has correlation functions bounded above
and below by those of the states &, and w , defined respectively by the (+) and (free)
boundary conditions; it is also proved that any Invariant Equilibrium State yields
by duality an equilibrium state of the dual system. It thus follows that the
correlation functions of any Invariant Equilibrium State are always bounded by
those of w, and w, and therefore the unicity of the Invariant Equilibrium State
Jollows in the case w , =w . The duality transformation is also applied in Section 5
to the problem of surface tension where we prove that the surface tension between
two pure phases is well defined, non positive and bounded below.

To conclude this introduction, we shall note that we have restricted ourselves to
the case of HT-LT duality transformations ; it has been recently established [4] that
for HT-HT as well as LT-LT duality transformation there exists a bijection between
symmetric equilibrium states of the system and its dual.

We finally remark that J. L. Lebowitz [ 18], has recently derived new inequalities
which are relevant for the problem of unity of the symmetric invariant equilibrium
state. In particular it can be shown that the symmetric invariant equilibrium state is
unique whenever the energy density is continuous.

2. Notation

We consider a general spin 4 lattice system {<, %, K} defined by a lattice £, a
family 2 C2 () of bonds, and a real or complex function K : #—C such that

1
K(B)#{O,ii%, oo} where K(B)=ﬁJ(B) and J(B) describe the interaction

between the spin at sites B.

With any set %, || denotes the cardinality of €, (%) [resp. 2,(%)] denotes the
group defined by the subsets of & [resp. finite subsets of €] together with the
product defined by the symmetric difference of sets X -Y=XuY)\(XnY),
X, YeP(®¥). For any X € (%) [ resp. 4(56)] oy denotes the function on 2 /(%) [resp.
on 2(%)] defined by o ,(Y)=(—1)X"7l,

With the lattice # and the bonds % we associate the following subgroups 2~
and I" of (%)

H ={BCH,;¥xe ¥, an even number of B in § containing x}

I'={y=yX)C%; VBey |BnX|=o0dd}
together with the following subgroups & and % of 2(%)

S ={SC¥; oyB)=+1VBe %}

B={BCYL; oB)=+1YSe¥, |B|<w}.

Moreover, we denote by 4, the subgroup defined by 4, =# 2 (%) and by
') the subgroup of I' deflned by those p(X) with [X|< co.

The interest of these groups for duality and phase transition have been
previously discussed [5-7].

A state w is by definition a positive, linear, normalized form on 21, the algebra of
continuous functions on 2(¥); moreover w is an equilibrium state for { ¥, B, K} if



Invariant Equilibrium State and Surface Tension 149

for every AeZ (%) there exists a probability measure @, on Z(Z/A) such that:

exp (-2 Y K(B)oy(Y)
— %5 (d Bey(X) |
ol4] 9(,;//1) O4dY) X;A AX) XZA eXp [—‘ 2 . Z(:)?) K(B)og( Y)}

forall Ain A, ={AeW; AX)=AXNAVX CZL}.
In the following discussion we shall restrict ourselves to the case of finite range
potential only.

3. Symmetric States and Symmetric Algebra

A state w is said “symmetric” if it is invariant under the internal symmetry group &%,
ie. for all Sin &

w[A]=ow[144] where (134)(X)=A(S-X).

A symmetric state is thus a positive, linear normalized form on the “symmetric
algebra AY™”, where:

U= {4eW; 1,A=AVSe S},

This symmetric algebra 20*™ can be defined as the closure of the linear span of any
of the following families of observables:

D) {65} peo,m With oy=[] 0y cp=1
Bef

2) {Nﬁ}pegf(gg) with .up:ne_ZK(B)aB to=1
Bep

which have the following properties:
Op,.p,=0p,"0p,> Op.,, =0y forall xed

uy= [] [ch2K(B)—sh2K(B)a,]

Bep

os=[] [ch2K,(B)—sh2K (B)o;] where e **®=thK(B).
Bef

In conclusion, any symmetric state  will be uniquely defined by any one of the
functions a(f)=wla,] or u(B)=wlu,] on Z,(%), functions which are related by

u=Dyo o=Dgu
and for any function ¢ on 2 (%)

(Do) ()= [] ch2K(B) 3. [ th(—-2K(B)e(p).

Bep pcp Bep

Proposition 1. The following statements are equivalent
1) w is a symmetric equilibrium state.
2) The function ¢ on P (%) is a solution of

) c@=10p)=0(f %) for all BeP(%), neA; (3.1)
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osth ) K(B)oy| forall BeP/(B) and yel'V

Bey

i) wlo;]=w

such that |Bny| is odd
defining a positive form w.

3) The function p on 2 (%) is a solution of

) u@)=1, (Dgu)(B)=Dgu)(B-2) for all PePUB), xeX,

ii) w(B)=w(pB-y) foral Pe?(H), yel'V (3.2
defining a positive form .

Let us note that it follows from the Equations i) of (3.1) [resp. (3.2)] that the
function o (resp. ) defines a normalized, linear form w on Y™ which gives the
meaning of the Equation ii). The proof of this proposition follows by direct
computation from the equivalence previously shown in [8,97]. We remark moreover
that in Equations (3.1) and (3.2), we could just as well consider only those y of the

form y(x); any solution of this reduced set of equations will also be a solution of the
full set of equations.

4. Symmetric States and Duality

Let {#,4,K} be a general spin % lattice system satisfying the condition
r'=rn2/2#)andlet {£*, %% K*} by any HT-LT dual for {Z, %, K} defined by
means of a bijection d : B—B* of % onto %* such that K* =K, «d~ !, which induces
a bijection of X, onto I'*nZ(#*) [5].

It follows from a general argument on duality theory [5] that d induces an
isomorphism from %, onto I'*nZ(#*); moreover the conditions that d is a
bijection together with the fact that I'? =I'n2 (%) implies that d induces also an
isomorphism from I'”) onto £ # ; indeed I'") =I'n 2 () iff Closure (4 ;)= " and
therefore d induces an isomorphism from 4" onto I'* ; using the relations # ™+ =T,
I'** =¥ concludes the argument.

Proposition2. With any equilibrium state w of {¥,%,K}, we can associate a
normalized linear form w* on W*Y™ defined by :

o*[op]=olp,-1p]

which is a solution of the Equilibrium Equation of Proposition 1. Moreover the
mapping w—w* is injective and satisfies :

o*[ppl=wlog-15].

The proof of this proposition follows immediately from Proposition 1 and we
omit the details of it.

The next problem one would like to investigate is under what conditions does w
yield an equilibrium state w* for the dual {#*, #* K*}, i.e. under what condition
will w* be a positive form on A*™,

A linear form  on U™ is positive if and only if, for any fe 2,(%) and f, eI,

ol [ (A—=0p) [ A+0ay) | 20. 4.1)
Biefnpy Bep
B¢f
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By using this property, we conclude that w* is a positive form on 20*¥™ if and
only if for all feP(#) and xe A

o T (-um)[] (1+u3)] 20. (42)
Biefox Bep
Béx

Using then the relations:
1 —pup=2shK(B)e ¥®e7»
1+ py=2chK(B)e ¥®»

g

we obtain the following result:

Lemma 1. The linear form w* associated with the symmetric equilibrium state w of
{&,%B,K} defines a symmetric equilibrium state for { #*, B*, K*} if and only if for
any Be P (%B) and any xwe K, we have:

[IT_shk)o/[Te™@ [] 0|20
Biefnrsx Bep Biefinx

In conclusion the set of symmetric equilibrium states satisfying the condition of
Lemma 1 is precisely the set of equilibrium states to which duality can be applied.

In particular it follows immediately from GKS inequalities that for fer-
romagnetic systems,

— the state w, defined by means of “free boundary conditions™ satisfies the
condition of Lemma 1.

— thesstate @, defined as the restriction to 2¥™ of the state obtained by means
of “+ boundary conditions” satisfies the condition of Lemma 1.

Therefore, w , and w .. yield by duality symmetric equilibrium states of the dual ;
moreover, we have the following result:

Theorem 1. Let {%,%,K} be a ferromagnetic system such that?
i) I''=I'n2(AB)

ii) there exists a sequence of finite volume A,— L such that for any A; and |X| < oo
the conditions 6 y(X)= +1VBCZL/A; imply X =YS  with YC A, and S ;€ ¥ nP (&L)?
then

1) for any HT-LT dual {#*, #*, K*} defined by means of a bijection d : B— B*
we have :

(@) =wf.
2) If moreover the dual system satisfies the same condition then
(@ f)* =i

and any equilibrium state o for {&, B, K} which yields by duality a state w* for
{&L*, B*, K*} satisfies the inequality :
0)+[0ﬁ] .Z_CU[Uﬁ] gwf[o‘ﬁ] = 1_[ th K(B)
Bep

1 éwf[ﬂﬁ] zw[/ip] Zo, [.uﬁ] .

Remark that these are exactly the conditions which are needed for the Peierls argument [6, 10]

3 It is expected that for Z'-invariant systems, this condition is always satisfied
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Proof. A finite subsystem {4, #*(A),K} [resp. {A,%/(A),K}] of {&, %, K} with
“+” boundary conditions [resp. “free” boundary conditions] is defined by
AeP,(£) and the corresponding set of bonds

BY(N)={BeB; AnB*0}
B'(A)={BeB; BCA)}.

Let {¥%, %, K} be a ferromagnetic system satisfying the conditions i) and ii) of
Theorem 1. For any A;, condition ii) implies

[(4)={X); X CA}=TInP(B*(4)
and we have
ar,)= %Q*m@(d%*(/li)) .

Defining A¥= () B* the system {A¥* d#*(A,),K*} is a HT-LT dual for
Be#B ™ (A;)

{A,, B*(A,),K}; therefore [11]

n

n
— vk
I1 UB,] —ww,aww,m[ﬂ #dB,-J
j=1 j=1

where B,e B7(A) j=1,....,n and © 4, g+ 4,5 L[1€P. Of s 4z+ 4, k4] denotes the
Gibbs states of the finite systems {4, 87 (A,), K} [resp. {A},d%"(A,), K*}].

Let A} C A¥ be a largest volume such that #7/(A¥) Cd%B *(A,). Since {A},dB* (A,),
K*} is a ferromagnetic system with d%*(A,)C #*/(A¥) it follows from Griffiths

inequalities that for any f*e (%7 (A¥))

D, @+ (1),K)

Ofts, @, k9 L0p S OF4s ag+ (49, k9 L] SOFs @1, 19 [0 o]

but A,—.% implies A¥—%* and A} —L*; therefore

0 0 a0z,

and inally for any f*e 2 (%#*), we have
(w+)*[ﬂﬂ*]a)+ [Gd— 1ﬂ*] = Ahn?y w{Al,«@+(li),K} [O.d’ 13*]
— 1 ok
= A?E;* Ofty,a+ (a9, ko L] = 0 Litge]
Le.
(@) =0}

Moreover if the dual system also satisfies the conditions i) and ii) of Theorem 1,
the above result reads

(@) =0}t =0,

which yields, since (w,)* is a state, (0 )* = w%.
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Now let = lim w, y where w,, , is the Gibbs state for the system defined on A
A-Z
with boundary condition Y, then

(wA y)* [Up*] =Wy Y[,u;;]
0- *0- * *
(@0 [0y 1= TED20s 2 (5
Oy g
where A*= | ) B*and b*={dB; o4(Y)=— 1if BnA¢{0, B}} therefore:
BnA+ @
olplzoflop]=w, 1]

and for any equilibrium state w of the ferromagnetic system {¥, %, K} we have:

olulz o, 1]

If moreover w* is an equilibrium state of {£*, #* K*}, we must have

W*[ﬂp*] 2 0¥ [pge]
which yields:

olog]zw [o,].

An important class of states which yield by duality states of the dual systems is
the class of translation invariant states which we now discuss.

Theorem 2. Let {¥, %, K} be a Z'-invariant, ferromagnetic, lattice system satisfying
the conditions of Theorem { and let w be any Z’-invariant equilibrium state. With
{¥* B* K*} a HT-LT dual which is Z*-invariant and such that the bijection
d:RB—RB* commutes with translations, then the linear form w* associated to w by
duality is a symmetric, Z’-invariant, equilibrium state for the dual system.

The proof of this theorem is a generalization of the technique used in [1] and
gives in fact the natural setting for the result established there.

Proof. By definition {.¥, %, K} is Z'-invariant, if Z" acts as a group of translations of
% such that aeZ' and Be 4 imply B+ ae % with K(B+ a)= K(B); moreover w is
said Z'-invariant if w[oy ,]=w[oy] for any aeZ’, Xe P (Z).

For the sequence of volumes 4,— %, we consider the unperturbed finite systems
{4, B7(A,), K}, together with the HT-LT duals {A¥,d%Z"(4,), K*}

With f an element in 2 (%) we associate the systems 2,={A,%,K,}, Z F={AF,
93* K*} defined respectively by the perturbed Hamlltomans

Hy,=— Y KBoy—2 Y oy,,=Hy . —0H,
Be#*(4y) aeM,

Hy,=— Y K*B*og—1 Y 04, ,=H%—I0H%
B*ed®B* (A;) aeM;

where M, is the set of those aeZ" such that B+aC A, for all B in .

We denote by Z(K, A), Z {K*,4)and p(K, 1), p(K*, 1) the partition functions and
the infinite volume free energies associated with the systems Z; and ¥,

The system 3 is not the dual of X, except for 1=0 in which case both systems
reduce to the orlglnal unperturbed systems. We see however from its definition that
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the derivative of p(K*, 1) at 1 =0 formally gives the dual expression of the average
correlation function w[o,] (up to a multiplicative constant). The proof of the
theorem consists then in establishing that p(K*, 1) approaches in a suitable way the
free energy of the infinite system associated with the dual of X,

We have:

Z(K, )= exp[—H, ,(X)] [Je*+«®

XCcA; aeM;

=(ch)™! 3 exp[—Hy, .(X)] Y, (tha)loyX)

Xc4, SCM,

where B[S]=[] (B+a) the product being taken in P(%).

aeS

Applying the duality transformations [11] we obtain:

| ZKAZ0) e )]

. — ]Mi,,——~
Z(K,2)=(ch4) Z(K*,2=0) xicys

Y (th)Slexp —2 Y K*(B*)og(X*)

scM, BefISI*
By taking into account the identity,
-2 Y K¥B¥og = ) (=2% Y  K*B*)og

B*ep[ST* D+RCS B*e () (B*+a)
. a€R

we can write

Z(K,1=0) . s

mj X;Af exp[ — HA?‘(X ) + IOg ZM,(¢X*7 th /1)] (4.3)
where Z,, (Py., thA) is the partition function of the system {M;, ®y., th 1} defined in
the lattice gas language by M, CZ’, the activity thA and the interaction potential @,
given by:

2,(R)=(-2% ¥ K*(B*) 05.(X™) (4.4)
B*e (| (B*+a)

a€ER

Z (K, 2)=(cha):

¢X*(g) = O .
We thus obtain from Equation (4.3) and the definitions introduced:

4 145

iMzI [pAl(K9 i) - pA,»(Ka 0)] - M [ﬁA;k(K*, }.) — IN)Ai(K*, 0)]
1 A, 4.5)
=In(chA)+ |~M—J In E
with
A;= ), exp[—H},(X*)+10gZ, (P, th )]

X*c A

Bi= Y exp[—Hi(X*)+1 Y fges &X¥)].

X¥C A¥ aeM;
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The potential ®y., function on Z(Z'), depends on the configuration
X*eZ,(£*) and is not translation invariant; however, it follows from Equation
(4.4) that &y, is a finite range potential and that the norm ||®,.|| which is defined by

[yl = sup ) |@y(R)|

aeZ” Rsa
can be uniformly bounded independently of X*. This allows us to use the low
activity properties of the system {M;, @y., thi} in order to study the behaviour of
Z (P, thA). The basic results needed for this study are those of [12].

The arguments to continue the proof do not differ essentially from those
employed in the proof of the theorem in [1] and we will not repeat them here. The
main point is to notice that

thA dt
logZMi(@X*’ thl)= Z f 7“’{M,-,d>x*,t)[aa]

aeM, O

and to use the low activity expansion
Oz, @y, Ta] = Ulhps 1 o X ) + Ry (2)

to control the difference between the terms logZ,, (@.,thd) and 4 ) pg., (X¥).
aeM;

As a consequence, one obtains that:
o o* I
= (p(K, )= p(K, 00} — = {B(K™, z)—p(K*,O)}} <e(l4)

where &(]A))—0 as |A|—0, and a=|L/2|, o* =|L*/Z"|.
Since p(K, 1) and p(K*, ) are convex functions of 4, the right and left derivatives
of these functions exist and from the formula above, we deduce that:

~ % = k
aap(Ka l)l :OC* ap(K 7)") éaap(Ka /,{) =O(* ap(K >’1) .
0L ,_o- 0h  |,—o- O0A  |1—o+ 0r -0
Therefore
op(X, 4) 1 op(K, 4)
e <= <=7
G, Sattol="g .
implies that
Op(K*, ) 1 Op(K*, 2)
L. 7 < ¥k <
| Sl

But these conditions written for all fe 2 (%) are just the conditions for the Z'-

. . . 1 1 )

invariant linear forms — and — w* to respectively define tangent planes to the
o o

graph of the free energies p(K, 1) and p(K*, 1) at 1=0. Moreover, it is known that
these tangent planes are in one to one correspondence with the Z’-invariant
equilibrium states of the systems {%#, %, K} and {£*, #*, K*} [13]. It should only
be remarked that this last statement is derived in ref. [13] only for the case



156 C. Gruber et al.

& =7" which gives a=1; however, this result extends to the more general case
which we have considered up to the multiplicative factor ™! which arises from

the fact that lim m

=|%/Z’|. This achieves the proof of the theorem.
4~z M

Corollary. If {¥,%,K} is a Z’-invariant, ferromagnetic, lattice system satisfying
conditons of Theorem 1, then any Z’-invariant, symmetric equilibrium state w satisfies
the inequality

(1) o, [O'ﬁ] zowlog]lzw,[o,]VBe gf(g)

(ii) The symmetric equilibrium state is unique at low temperature.

Part (i) follows immediately from Theorems 1 and 2.

Part (ii) is a consequence of Theorem 2 where we recover the known results
concerning the unicity of symmetric Invariant Equilibrium State at Low
Temperature. This follows from the unicity of the equilibrium state in the dual
model at high temperature. In general the bounds given by means vf duality
improve those previously obtained by means of the Asano’s contraction method.

Let us note that it is expected that this unicity property holds for all temperature.
It thus follows from the above conclusions that it would be sufficient to show that
“+” and “free” boundary conditons yield states which coincide on AY™ to
establish this conjecture. Such a result has been proved however only for the 2-
dimensional Ising model [2]; it is a consequence of the theorems above and the
Lebowitz’s results showing the unicity of the equilibrium sfate above the critical
temperature [16].

5. On the Surface Tension

In this section we give an application of duality relations to the study of the surface
tension. For simplicity, we shall restrict ourselves to the case of crystal lattice
systems, i.e. ¥ =27".

The problem of the surface tension for the Ising model in a low temperature
region has been extensively studied by Abraham, Gallavotti and Martin-Lo6f (see
[14] and the references quoted there). They have, in particular, proved the
equivalence of several difinitions which can be proposed for the surface tension. We
shall choose here Fisher’s definition [17] and our aim will be to prove the existence
of the infinite volume surface tension. As we shall see, this result can be deduced
rather easily from Griffith’s inequalities and standard techniques in the study of the
thermodynamic limit. By this methods the existence of the infinite volume surface
tension can be proved at any value of the temperature.

Let {Z",%#, K} bealatticesystem and let us decompose Z"into Z,UZ} where Z,,
stands for those xe Z" such that x,>0. With S in & *, we consider the finite system A
with boundary conditions Y =SnZ}, where A is taken to be a parallelipiped with
sides (L,,...,L,_;,2M) symmetric with respect to the plane x,=1/2, and the
boundary condition is such that ¢ (Y)= +1if xeZ)nA° 6, (Y)=0(S) if xeZ)nA°
and A°=7Z"/A (see Fig. 1).

4 We recall that for ferromagnetic systems the elements of & are the “ground states” of the infinite
system
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@ Ay ﬁ»i
5 _

Fig.1. Finite system A =4,04, with boundary condition Y =SnZ;

The Hamiltonian H ; y of the finite system A with boundary conditon Y outside of A
is given by:

HA,Y(X) == Z K(B)ogX-Y,)

Be&*(A)
=H,.X)+2 Y K(B)o4X)
Bey(YA)nB*(4)

where Y, =YnA=SNZjn A"

We denote by Z9 and Z'" the partition functions corresponding respectively
to (Y) and (+) boundary condition.

Theorem 3. Let {Z’, %, K} be a ferromagnetic lattice system satisfying the conditions
of Theorem 1 ; for any Se & the following limit :

7(+.5)

. . 1 "
T 5= lim lim log
9 Ly,eyLy-1=0 M=o Ll"'Lv—l Z(A+)

exists and is called the “surface tension between the phases (+) and (S)”. Moreover
T(+5 1S non-positive and bounded below.
Proof. 1t follows from the above definitions and the duality relation, that:
Z(/1+,S)
75 =w{A,33+(A),K}{ ﬂg}
4 Bep(Y )0 B+ (4)

— ik
= Wy* aB+ (A), K H Opx -
Bred(y(Y )N B " (A))

Using the identity (SnAS)- Y, =SnZ, with A,=ANZ} it follows that
YWY INB T (A)=p(SnA)-B 4

where:
Ba={BeRj; o5(SNL)=—1}

we thus have by definition of duality

Z(A"',S)

— K
) = O, s+ (1),K% [05}1]
Zy

where f8, is independent of M, for large M. [Since 8, is a subset of bonds in Z*(A)
with non empty intersection with the upper and lower half-space.]
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It then follows from Griffith’s second inequality that wf. ,5+4) x [05,] 1S an
increasing function of M and therefore

exists. On the other hand, it follows from the Corollary that

12 0¥ e ko [05512 [] thK*(B¥)= [] e 25®.

B*efa Befia
Therefore, we have:
(+,5) v—1
0zlog—— —0) = — Z K(B)= — —2K-C- HL
Befa i=

where K = sup |K(B)| and C is some finite positive constant.

This shows that 7, g, when it exists, in non positive and bounded below.

Next we introduce the parallelipipeds A’, A”, and A=A'uA” of sides
Lo Ly L,_,2M),(Ly, ... LY,...,L,_,2M)and (L,,...,L;+L{,...,L,_{,2M).
We then have

Ba=Ba BBy

where 6f, is a subset of those bonds in Z7(A)N#*(A") with non empty
intersection with upper half-space and lower half-space.
Using again Griffiths’ second inequality, we get:

Ofpe az ), k0L 3] Z OFp 4z (), 50 [0 3.1 OFss s+ ), k9 [0 5.1
“Of e az+ (), x4 [055,]

* s - 2K(B)
Z O am o,k (0531 Of gz im0 ] [ e :
Bedg,
Introducing the function
(+,8)

— I A
f(LD "'va_l)— I&I_I;I:O logw

the above inequality gives:

f(Lyseos L+ LYy s Ly )2 f(Lyy ooy Ly ooy Ly )+ f(Lyy o LYy s Ly )
~-L,..L,_,

Therefore the function

v11

gLy, .. Ly )=f(L,,....L,_)—2CKL,...L,_, "
i=1

is a function which is superadditive separately in each variable L, ..., L,_;.On the
other hand, its absolute value has a bound proportional to L,, ..., L,_ ;. With these
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conditions the limit

gLyl ) Syl )
tim o lons) g S L)

v—1
e n Li e H Li
i=1 i=1

exists (see for instance [15]), which concludes the proof of the theorem.
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