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Some Finite Dimensional Integrable Systems
and Their Scattering Behavior*
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Abstract: We consider a class of Hamiltonian systems which posses integrals
expressible in terms of the eigenvalues of some associate matrices. Moreover,
these systems will be solved explicitly and their scattering behavior investigated
using additional associated matrices whose eigenvalues change in time during
a flow.

1. Introduction

We consider Hamiltonian systems of n particles on a line interacting with each other
where the Hamiltonian is of the form:

1 n n
Hx,y)=5 LY+ Y Vl—x)+ Y Wix). (1.1)
i=1 1<i<j=zn i=1
The examples of such pairs of potentials (V(x), W(x)) to be considered are:
(X—Z, _a2x2/2), (A)
1 2
(<§ coth x/2> s ae") . (B)

Calogero and Marchioro [1] and Sutherland [2] have studied some of these
potentials in the context of quantum mechanics, and their work suggested looking
at the classical systems. For the case o =0, Moser [3] has shown that both of the
above examples are integrable systems, ie., possess n integrals whose associated
Hamiltonian flows commute, and in addition the integrals are rational in (x;, y;),
(e, y,) respectively. The method he used was based on the isospectral technique of
Lax [4], first applied by Flaschka [5] to the Toda lattice. This consists in the
construction of a matrix function of (x, y) whose spectrum remains fixed in ¢ if
x=x(t), y=y(t) are solutions of the above Hamiltonian system. We then take the

*  Part of this research was done while at the Courant Institute of Mathematical Sciences, N.Y.U.,
with the Office of Naval Research, Contract no. N00014-76-C-03-01. In addition, it was sponsored by the
United States Army under contract No. DAAG29-75-C-0024, and the National Science Foundation
under Grant no. MCS75-17385



196 M. Adler

eigenvalues of the matrix to be the desired integrals, and study systems whose
Hamiltonians are functions of these integrals.

We extend this method to some new systems. Moreover, we construct a second
matrix function of (x, y, t) whose spectrum is invariant under the Hamiltonian flow,
which allows us to describe the solutions more or less explicitly.

In this way we show for solutions x = x(t) of the above Hamiltonian system, in
Case (A), %0, that the symmetric homogeneous polynomials in x,() of degree v are
polynomials of degree v in e**!, which implies that all solutions of the system
for o purely imaginary are periodic. Furthermore, for a class of systems whose
Hamiltonians are integrals of the above system, the symmetric polynomials of x(z)
are polynomials of at most n exponentials e**. The same result is true for system (B),
for « =0, if we replace x; by €*, as first proven by Olshanetzky and Perelomov?, and
moreover for systems which we will construct such that their Hamiltonians are
integrals of (B), a=0. For (B), a0, we find that the symmetric polynomials in
e™ are rational in n exponentials e*, ..., e*".

It is then easy to discuss the scattering behavior of the above systems quite
explicitly in case the particles ultimately disperse, as in the case >0, and to
construct scattering maps. For instance in Case (A), >0, the solutions behave
asymptotically like:

x, ()= %

for t— + 00, and for all k, gif <qi, ,, if x,(0)<x,, {(0). We include the artificial
factors 2712, o~ 12712 for a later purpose, to make (x,y)—(p,q) a canonical
transformation. On the other hand for Case (B), >0, the solutions behave
asymptotically like:

x(t)=+4t+BE+0(1™Y), for t—+ oo, (1.3)

where 1, </, < ...<4,<0, if x(0)<x;, ,(0) for all i.

The scattering maps which we construct are canonical, given by polynomial
relations, and lead to surprising algebraic transformations between the above
systems (1.1). Moreover, they are found to agree with their own inverse, i.e., they are
involutions. For instance in formula (1.3) we find

{gter™ +o~ 1pte ™ 4 O(e~21l)} (1.2)

B + By =2log(aA?). 14
It is surprising that the scattering map for the system (A), with o >0, which
relates data at t = — oo with data at t = + oo is precisely equal to the scattering map

for the same system (A), with & =0, but which relates data at t =0 with data at t = co.

! Some of this work was announced and presented at the conference on Theory and Application of
Solitons, held January 1976 in Tuscon, Arizona, and will appear in the proceedings of this conference
[13]

2 Iamindebted to F. Calogero for communicating to me the then unpublished results of Olshanetzky
and Perelomov at the above mentioned conference. Their work, which was done independently has
meanwhile been published in [11, 18]. Part of their results overlap with some results presented in
Sections 2—4 of this paper. The proofs presented are those of the unpublished preprint [12], which was
handed out at the above mentioned conference of January 1976, in conjunction with a brief research
announcement. The results of the preprint can be found in [13]
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Another interesting fact is that the scattering map for the system (A), with o >0,
which relates data at t =0 with data at t= oo, transforms the Hamiltonian of that
system into an integral of the system (B) with a=0, after a trivial change of
coordinates.

In Section 4 we show that Hamiltonian systems near by to system (1.1), Case (A)
with o purely imaginary, have at least n geometrically distinct orbits on each energy
surface. While such results are easily derived in case the periodic solutions of the
unperturbed system are isolated, they are quite delicate for manifolds of periodic
orbits, which we encounter. This result follows directly from the perturbation
theory of Weinstein [8].

2. Integrability

To construct the integrals of H (x, y) defined by (1.1), Case (A), we use the matrices
of Moser’s system, Y =L(x, y), B=B(x), where (x, y)e @={(x, y)e R*"|x; <X, , for
i=1,2,...,n—1}, Q defined once and for all. We introduce

Y, =[L(x, y)]jk=5jkyj+i(1 —0,)(x;—x)" !

Bj = i{éjk(_s;j(xj_xs)—z +(1 _6jk)(xj_xk)_2>}a

and the diagonal matrices X =diag(x,,X,, ..., X,), D(y)=diag(y,y,,...,¥,). For
future use, we observe the crucial fact that L(x, y) has n distinct real eigenvalues. (See

(31)
We observe the commutator relation [X, Y]=C, C; =i(1— ), noting that iC is

the identity operator on the subspace in R” specified by )" x,=0.

n i=1

Define Dg= ) (G, 0,,—G,d,) to be the Hamiltonian vector field acting on
i=1
functions of (x, y),ie.if x;=G,, y,= —G,,i=1,...,n, then dF(x, y)/dt=DsF. As an
operator on matrices, D acts componentwise. Let § be the operator acting on
matrix functions of (x, y), and ¢, defined by

8(Z)=(Dy,Z—[B,Z])+6,Z.

Note that J is a derivation, i.e., it satisfies the sum and product rule of
differentiation, respecting order, for it is the sum of three derivations. We observe
that in the case where t doesn’t occur explicitly in Z, then 6Z=Dy Z—[B,Z]. We
also note for future reference, that I ited shall stand for the n x n identity matrix.

Theorem 1. If x,y obey x;=0H,/0y;, y;= —0H,/0x;, i=1,...,n, then the matrices
M* =(Y+aX)e ™ satisfy the isospectral differential equation
OM=* =0, 2.1)
and consequently so does the time independent matrix
1

E=;M*M" = %(Y+ocX)(Y—ocX).
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Proof. We establish the following partial differential equation.
a) 6X=Y, b) dY=u’X. 22

Note if we neglect the commutators, these equations become scalar harmonic
oscillator equations. Since x=y, we have X=D(y), and (2.2a) is just
D(y)=Y +[B,X], i.e., Y=D(y)+[X, B], and since
2
X, B]u= (5= x)By =il =80, ~x) ™', where P=—Z-trX?,

the definition of Y yields the result. To prove (2.2b), we note
1
= E[tr Y2—a?trX?]=H,+P,

and so Dy Y=Dy Y+DpY, but in [3] it is computed that Dy Y=[B,Y] (a
straightforward computation), and since
D,Y =Dp(D(y))=o’X
we have
Dy Y=Dy Y+DpY=[B,Y]+a’X,
and (2.2b) is proven. Now (2.2) immediately implies
o(Y+aX)=to(Y +oX),

hence
M* =(5(Y £0X))e ¥ + (Y +oX)(6(e 1))
=+a(Y+oaX)e¥*+(Y +oX)(Fae™™)=0,
and thus
oM* =0.

That E satisfies SE =0 is an immediate consequence of J being a derivation.

Remark "{. We note that the operator equation 6D=0, or equivalently
U~Y(6D)U=0=(d/dt(\U~'DU), where U=BU; this is equivalent to
U(t)"*D(t)U(t)= U~ }0)D(0)U(0), provided U(t), U(t) ! exists. We say D undergoes
an isospectral deformation in time. Thus the constants of the derivation 6, i.e., the
algebra which forms the kernel of the operator §, are nothing but the isospectral
matrices which evolve through their similarity class via the infinitesimal generator
B. Their eigenvalues and all functions of them remain constant in time.

Remark 2. In our case B+B*=0, and U(t) exists for all finite time, and
UU* =1 ifit holds at some time ¢,. If in addition U(t) converges for t— co, we may
set the value of U at t=00 to be I, the nxn identity matrix. Thus

U)=I1- j B(x(s))U(s)ds and we now redefine U(x, y) as the solution of the integral

equation U(x y)=I1— j B(x(s))U(x(s), y(s))ds, as a function of x = x(0), y = y(0) on Q,
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rather than by U,,_,=1. In other words we construct U via the above integral
equation, thus directly exhibiting its dependence on Q. Then U(x, y) is a solution of
the partial differential equation Dy U=BU.

Thus for every point (x,y) of Q we have U(x,y), B(x), and that
U~ Y(x, y)Y(x, y)U(x, y) is constant along orbits and equals lim,_, , Y(x(¢), y(?)). If, as
in Case (A), =0, lim,_, , Y(x(?), y(?)) is a diagonal matrix, then the columns of
U(x, y) are the eigenvectors of Y(x, y).

If in some way we can find a normalization of the eigenvectors, and hence of
U(x, y), we may dispense with its definition using the partial differential equation in
{x, y) space. For instance, if B satisfies an equation of the form TB=0, with T a
constant matrix with no column identically zero, then automatically TU=T
is the desired normalization. For dTU/dt=D,(TU)=TBU=0, but
lim, , ., U(x(2), y(t)) = I by definition, and TI= T, hence TU(x, y)=T forall (x, y),ie.,
U(x, y) is a member of the Lie subgroup of the unitary group specified by TU=T.
This symmetry coupled with the fact that U diagonalizes L, algebraically defines the
matrix function U if the eigenvalues are distinct. The above happy situation of
simple eigenvalues occurs for all cases we will consider, and T will be of the form
T,;=i for all k, j, and U is algebraically defined by U~'Y U=diagonal matrix,
and TU=T.

Remark 3. We note that E does not contain time explicitly and so I(E)=tr E/,
j=1,...,n are n rational integrals of the motion.
Letting z=(x, y), we define

(£9)=CRL V0= Y. o0ha)fots, ).

i.e., the Poisson bracket of f, g, computed in z=(x, y) coordinates, where { , ) is the
ordinary scalar dot product in R?", V, the gradient operator in R*" equipped

0, —I1 .
Lo }, with I the

nx n identity matrix. Note D f ={f,g} by the previous definition of D,

with the dot product {, >, and J the 2n x 2n constant matrix

Theorem 2. The I(E) are in involution, i.e., {I,I,} =0 for j,k=1,2,...,n. The I; are
algebraically independent, i.e., the system H, in Case (A) is classically integrable.

To prove the theorem, we use the asymptotic description («>0) of the orbits.
Clearly it suffices to prove that ¢, ={I, I,} vanishes in some neighborhood, since
¢ y(x, y) are rational functions of their arguments. Also it suffices to consider the
case of o>0, as « enters rationally into ¢ ;. The algebraic independence of the
I(x, y) is easily seen upon letting x,, , —x; be large for all i. For «>0 we use the
asymptotic behavior of the solution, letting « =1 for simplicity.

Lemma 2.1. For (q;,<q,<...<q,), (P1, P25 ---»Py) Varying in some appropriate
neighborhood N of R?", there exists solutions of our system for t=0, satisfying :

{xj(t, D Q)=2_%(‘1jet+l’je_t)+ O(e™™)

yi(t, p, q)=2“*(q,~e'—pje“)+0(e“?‘)} for 1=+ 0, 23
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where y is any number such that 2 <y <3, and where the above expression may be
differentiated with respect to (p,q) and still remains valid. Moreover, the map:
(», 9)—(x(0), ¥(0)) is canonical.

1
We sketch the proof. For ug(t, p, 9)=xt, p,q)— 2_—1/2(q € +pe”"), we have the
following integral equation

u;= }o k(s —t)V;[u, slds=K[u] 2.4

where k(t)=sinht,
Vi[u,s]=—(0/0x)H[u(s, p, q)+2 " *(ge' +pe "],

u(t,p,q):R* x N=W-R",

where R* ={s|s=0}, and N is the neighborhood in R*" to be determined. For & >0,
we apply the contraction principle to the set % =4%(e) of vector C3-functions
u=u(t, p, q) of W, with the restriction that supy,(lu| +|0u/0t|)e” =||ju|]| <e. We then
pick M, sufficiently large depending on ¢ fix a ¢° having the property
min, _;|g7 —q7|>M,, g7 <q},,, and define N={(g,p)llp|+|g—q°| <M '}. Then
one verifies in a  standard manner that K[B]C[B], and
| K[u,]—K[u,1l <1/2||u; —u,]| for u,, u,e %. Hence via the contraction principle,
u=K[u] possesses a unique solution u,. If we define the vector v=(u, du/0q, du/0p),
|lvll =supy (|Jv|+|0v/0t|)e”, then a similar argument with this new norm will yield the
existence of 0u/0q, Ou/Op, their derivatives with respect to time, and the asymptotic
estimates on these quantities stated in (2.3).

Thus a solution to (2.3) has been constructed, and only the last statement of the
Lemma 2.1 remains to be proven. We now have the map 7,, where

(4 N x(t,q,p)
Tt'(P) (_V(t,q,p))’ t20, (4.p)eN.

By the statement of the first part of the lemma, for ¢ sufficiently large, t, is C’
invertible, on perhaps a smaller neighborhood, and

a(x(t, g, p), ¥(t, 4, p)) =L[1, I} oyt
@) Vil -1 +0(e™). (2.5)

Now the map ¢*:(x(0), y(0))—(x(¢), ¥(t)) is canonical and hence C’ invertible, thus
1o =¢ "'t is C' invertible in N. If we denote the Jacobian matrix of these maps by j,
we have

a) j(zo )=jt; 1)-j(¢"),

b) jT(z)Jj(r,)= —J + O(e™ "), as a consequence of (2.5),

¢) jT(¢)Jj(¢")=J, since ¢' is a canonical map,

d) [j(¢")] =Ce.

As a consequence of a)-d) we conclude j(zq })TJj(tq })= —J+O(e~ @~ Vl) for
all t. Hence j(t5 })"Jj(tg })= —J, and thus t=1, is canonical, and the lemma is
proven. We observe a map preserves the form of the previously defined Poisson
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bracket if and only if its Jacobian at every point belongs to the symplectic group
Sp(2n, R) of 2n x 2n matrices satisfying ATJA=J, which is easily verified using the
definition of {, }. More generally we consider a transformation whose Jacobian 4
satisfies A7JA = pJ, with a constant u+ 0 and call it a canonical transformation
with multiplier p.

Proof of Theorem. So far we have proven the map (x(0), ¥(0))—(g, p) is canonical, but
with multiplier —1,ie. {,},=—{, },,7=(g, p). We define the map y:(g, p)—(&,n) by

¢=loggq;, mi=-—aqp;, (2.6)

in the domain 0<gq, < ... <g,. This map is clearly canonical with multiplier —1,
and hence ot~ 1:1(N)—>y(N) is canonical with multiplier 1.
Now we recall that (x=1, for simplicity),

1 1 1 1
E= MM~ = J(Y+X)(Y-X)= 3(*~X?)+5[X, Y],

hence

2Ey=06y (J’i% - xl% + Z/ (xk_xm)—z)

=0 {2 i T2 =k,

where the prime indicates that undefined terms are to be left out. Using (2.3), (2.6),
we conclude

lim, , ,, E(x(2), y(2)) = E(00) = {8, +3i(1 = J,;) coth3(£, — &)
+3i(1 =)} , (2.7)
=ZM,O)+3C=Z2%(¢,n), Cu=i1—-35y)
where Z(&,n), Z*(&,n), are defined by this relation, and we define Z~(,¢&)
=Z(¢,n)—3C. Now if
_1 2_1 c 2 1 z(ii_éj)

F(& )= EtrZ = 2i=zl n:+ 41;jcoth 55 (2.8)
i e, F(&,n)=H,&,n) of (1.1) Case (B), =0, then the flow defined by

dél/ds=6F/ant=”l> dﬂ;/d5="aF/afn i=1:"'ana

can also be expressed by an isospectral deformation of the form Z=D,Z =[K, Z],
see [3]. Here K has off diagonal elements

K (&)= ’[% sinh™* (&, —¢)]* = 19— )~ 2, 29
and the sum of the rows, (and columns) is zero, as was the case for B. Hence
CK = —iK=KC implies [C,K]=0=D;C, and therefore Z*(&,n)=Z(& n)+C,
[and similarly Z (£, n)=Z(&, n)—3C], satisfies the same isospectral differential
equation as Z. In addition, under the flow induced by F, we find

&=as+B,+0(7h),

f 2.10
n—a+0(s2), or s— 4+ o0 (2.10)
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with o; <o, 4, and in fact the transformation (&, #)—(f, @) is canonical by a similar
argument as in Lemma 2.1, see [3] for details. However, we will sketch a proof that
the a,’s are in involution. By (2.7), (2.10), the distinct a,’s constitute the simple
spectrum of the matrix Z*(&, ) [and also Z ~ (&, )], which undergoes an isospectral
deformation. Hence {a;,a;},, {=(, ), is a constant of the motion, which we
evaluate at s= oo. But since #;—a;, for s— 0, in the C* sense, 0= {,, 3= {0, ke,
and thus O={«;,a;},. Now since the matrices E(x,y) and lim, ,E(x(t), y(t))
=Z"(,n)and lim,_, , Z* (&(s), n(s)) are unitarily equivalent via Remark 1, while all
the maps considered are canonical, we conclude that the eigenvalues of E(x, y),

which are the «y, ...,a, are in involution, and hence so are the I,(E)= Z o,
k=1
being functions of the eigenvalues. Thus the proof of Theorem 2 is completed.

3. Scattering Theory

To discuss the scattering theory of the system of Section 2, we need a lemma, which
will be a consequence of the following:

Theorem 3. The solutions of the system x,=0H /0y,, y;= —0H ,/0x, i=1, ...,n, obey

Y xi()= Y, e, (3.1)
s=0

i=1
v a natural number, ¢’ a rational function of initial data. Hence the x(t) are explicitly
given as algebraic functions of e*®, and initial data (= 0).
Proof. Referring back to the definitions of Section 2, one computes
X=3"{(M*e"—M"e™™), (3.2)
since M* =(Y +aX)e**.

Raising both sides of Equation (3.2) to the v'? power, and then taking the trace,
we conclude

M=

v
X/ = Z cgv)e(Zs—v)at, (3.1
i=1 s=0

where ¢ =tr C}, and C{" is a sum containing all possible v-fold product of the
noncommuting matrices M ", M~ taken s, and v — s times respectively. We recall the
algebra generated by M ™, M~ undergoes an isospectral deformation during the
flow, by Remark 1 of Section 2. Thus C undergoes an isospectral deformation
during the flow, and so c{"(¢) = c{"(0) is an integral which is a rational function of the
initial data. We amplify Lemma 2.1, and now prove a statement about the scattering
of all solutions. Since the particles can’t collide we may order them so that x; <x;, ;
fori=1,2,...,n—1, and all real t.

Lemma 3.1. For a>0, every solution satisfies

x()=2""(qe + o pe™ )+ 0(e ™), (3.3)
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as t—+ 0, q;<q;.y, j=1,2,...,n—1, under the hypothesis of Theorem3, with a
similar conclusion for t— — co.
v

-1
Proof. We note in Theorem 3 that ¢ =tr [%( Y, +aX,)|, where the subscript

indicates evaluation at t=0. Since Y +oX = L(x, y+ax), we conclude Y +aX has

simple spectrum, for we observed at the beginning of Section 2 that matrices of the

form L(x, y) have simple spectrum. Multiplying (2.1) by e™*”, we find
Yxe Y =c+c)_ e+ 0(e™*), (34

J
with ¢ =272 Z q}, where q;<q,<...<q, are the distinct time-independent

eigenvalues of 2’1“ 2x"M™. Since x,, X,, ..., X, are distinct and ordered, they are
uniquely determined by }’i x}, and hence by the expression for c{”, (3.4), and by the
distinctness of the x;’s a1n=c; g;’s respectively, we have

xe ™=2"Y%g,+a " 'pe” )+ 0(e” ).

This defines the p,. Upon multiplication of both sides of the latter expression by e*,
the lemma follows.

Remark 1. We thus have a map ¢, : Q—Q, Q defined in the beginning of Section 2,
given by ¢, (x,y)=(q,p) for a real. We wish to show it is a bijection of Q. Given
4;<Q;+1> P We may form

x(t)=2""*(ge" +a " 'pe”™+ [ sinh(s—)V[x(s)lds, i=1,2,...,n,
t

and prove the existence of a solution x(t), for t=t,, with the given (g, p), by the
methods of Lemma 2.1. From the conservation of the energy, H,(x,y), and the

behavior in time of ) x? given by (3.1), we conclude ). (|x;]+|y)<Cel™, and
i=1 i=1

therefore x(t) exists and is unique for all time, and in particular at t=0. Whereas

Lemma 3.1 enables us to define ¢, on @, the above discussion shows that ¢ is

well-defined on ©Q, and hence ¢ , is a bijection of Q, and canonical, by the arguments

of Lemma 2.1.

We now exhibit an important feature of ¢, namely that it is an algebraic
mapping, i.e., it is implicitly given by polynomial relations, and it is an involution,
ie., ¢, o¢, =identity. Then we shall discuss a surprising relation of ¢, with the
scattering map in the case « =0, and rational invariants of this map.

The algebraic nature of the map is given by matrix equivalences. Referring to
Remark 2 in Section 2, since |B|=0(t~?) along an orbit, B being the infinitesimal
generator of the isospectral flow, we may define the function U(x, y), and by (3.5)*
and the same remark, in a purely algebraic manner, and thus conclude lim, , ., M*(z)
exists and equals U™ (x, y)M*(x, y)U(x, y). Since

Mi =(YiocX)eI“"‘,
[M *(z(t), 1= 06,(y () Lax (¢))e i1 — 0 ) (8) —x(8) le®,
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and upon using y,(t)=x,(t), (3.3), we find for t— oo,

{(yi +ax;)(t)e” " —2"2aq;, (y; —ax)(t)e™ > — 21/21’1‘ > }
e~ (x(t)—x1))" -0, e(x,—x,)(0-2"(q,—q)™ M |

and so we have (see Remark 2 of Section 2),

{(+) U™ (x, )M (x,y)U(x,y) =lim,_, ., M*(z(t), ) =2"?aQ }

(=) U6 )M (x5, DU, y) =lim,_, , M~ ((t), )= —2'/P" (3:5)

where Q =Diag(qy, ..., q,), P=1L(g, p).

It is important to notice that both matrices M *(x, y) are transformed in (3.5) by
the same similarity transformation. Now let L (x,y)=2""2a¢"1L(x, )
=2"124"11(~x,y), and let ~ denote spectral equivalence, remembering
X =diag(x, ..., x,), we obtain:

Theorem 4. The scattering map ¢ is given by the following symmetric relations

X~L,q,p+0q), (3.62)
L(x, y+ax)~Q, (3.6b)

were both equivalences are effected by the same similarity transformation UT(x, y).
From the symmetry of (3.6) we see at once ¢ ' =¢,, ie., ¢, o¢, =id.

Proof. Line (3.6b) is the transpose of Equation (3.5)*, while (3.6a) is the transpose of
the difference of Equations (3.5)*, thus finishing the proof.

We now study the scattering map ¢ from t— — o0 to t— +00, p=¢, o(¢p_) "1,
where ¢ _ denotes the map from the initial data (x(0), y(0)) into the scattering data
(q~,p~) for t= — oo, defined by x,=2"12(q7 e "+ o~ p; )+ 0(e**), t—» — 00. To
compute ¢, we may restrict ourselves to the case a=1. We recall that L,(x,y)
=2712[T(x, y), and we conlcude from Theorem 4, that ¢ , , ¢ _ are given implicitly
by:

+ o+ 71 _ - - -\7-1
{(a) XT— U,Liq",p 4 )_l{+ © () XT— U_L(q P +4U 1 } 6
Li(x,y+x)=U,Q"UL", Li(x,—y+x)=U_Q U_

We may derive (b) from (a) by using the time reversibility of the differential

equations under (¢, x, y)—>(—t,x, —y), hence ¢_ =¢ 9, where g(x, y)=(x, —y).
Therefore we conclude from (3.7),

U_Q UZ'=L{(x, —y+x)=LT(x, —(y +x)) + 22X
=—L,(x,y+x)+22XT
=(UL) -0 T+272L](¢",p" +q")U%
=(UH) {27 2Li(g", p" UL,
and after a similar calculation involving Q* we conclude:

Theorem 5. For Case (A), a >0, the scattering map

p=,97"
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is given implicitly by

Q~~Lq*.p"), L@ ,p)~Q",
where both of the equivalences are brought about by the same unitary map,
Vv=UTU._.

The case o =0 has been treated by Moser, but for completeness we include short
proofs in the spirit of the above arguments, and then relate the results of the two
cases. It was shown in [3], that if x, obey x,=0H ,/0y,,y,=— 0H ;/0x,,i=1, ...,n,and
if x(0)<x;,,(0), i=1,...,n—1, then as t— o0

X =qt+p;+0(t™"), y—~q+0t7?),  ¢<qis,

i=12,..,n-1. (3.8)
In fact, if we define the map . by v, (x, y)=(q, p), v . : Q— Q2 where Q is the domain
used in the definition of ¢, , then y . is seen to be a canonical bijection by arguments
similar to ones given here. We are now in a position to state:
Theorem 6. v, = ¢, where p=¢_ op_".

Moreover p=¢ op- =¢ o0°¢1", 50y, is “conjugate” to the linear reflection
9, and hence is an involution.

The equation p, =¢ expresses that the scattering map ¢ relating data at
t= — oo to data at t= + oo for the system H,, is precisely the scattering map v,
relating data at t =0to data at t = co for the system H,. Even the unitary maps in the

two cases, which effect the matrix transformations are the same, as they both are
contained in the Lie subgroup discussed in Remark 2 of Section 2.

Proof. We now observe that .
M*=M*(@), M@=¥M*"—-M")=Xcoshat—o 'sinhatY,

are isospectral matrices under the flow H, (see Remark 1 of Section 2), and for a—0
we obtain L(x, y),X —tL(x, y) as isospectral matrices under the flow induced by H,,
Using (3.8), and the arguments of the Lax formalism used previously, we conclude:

{Q =lim, _, , L(x, y) ~ L(x(0), y(0)) } (39)
L™(g,p)=L(—g,p)=lim, ., , (X —tL(x, y)) ~X(0) '

where ~ denotes unitary equivalence.
Hence ., (x(0), y(0))=(qg, p) is explicitly given by

X(O)~L(g.p), L(x(0), (0)~Q,

where both equivalences are effected by the same similarity transformation. This
completes the proof of the theorem, by comparing this with Theorem 5.

The map vy, linearizes the flow for the case « =0, and is a algebraic, yet we have
only an implicit description of it. However, we can find some rational functions
invariant under the action of v, similarly for ¢ .

Theorem 7. (i) Let 5 be the algebra of real valued rational functions of (x, y)e,
generated by

tr [fX)- f(LLe, y+ax)]  (tr f(X)-tr f(L,(x, y+0x))),
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where f is a polynomial. Then every member of # is an invariant under the action of

+- -
(i) Similarly let # be the algebra of real-valued rational functions generated by

tr[f(X)-f(Lx,y),  (tr fX)-(tr f(L(x, ),
f a polynomial. Then # is a list of rational invariants of Py

Proof. Let 4 be the algebra of matrix valued functions M(x, y) of (x, y), generated by
X =diag(x,,...,x,) and LI(x,y+ax). Note that any homomorphism of .# is
completely specified by its behavior on X, LT(x, y + ax), through extension. Now the

map ¢, (x,y)=(p,q) induces a mapping
X, Ly (x, y+ox))>(L,(g, p+29), Q) ,

explicitly given by (3.7a). By the above remark, this extends naturally to a
homomorphism ¢, :.# —.#, which by (3.7a) is expressed by

¢, (M(x, )=~ (x, ))M(x, Y)U(x, y). (3.10)

Since ¢ . (x, y)=(g, p), we can consider functions of (x, y) as functions of (¢, p), which
we shall do when we think of .# as the range of the map ¢, i.e., we shall regard
<f>+(M (x,y)) as a function of (g, p). We note that trace is an invariant of ¢ ,. Hence
defining f(x, y) for any polynomial f by the following line:

Fe, )=t [FX)- f(L0x, y+ox))] =tr (¢, [FX)- fLI(x, y+0ox))])
=tr [f(@ . X)) (@ (LI(x,y+ax)]=tr [f(L,(q, p+2q))- f(Q)]
=tr [f(Q)-f(L,(q, p+0q)1= f(q, p).

we find f(x, y) = f(q, p) if ¢ . (x, ) =(q, p), i.e., f(, ) is an invariant. The other part of (i)
is immediate, while (ii) is proven precisely as (i).

We remark that an alternate derivation of Theorem 7 can be given, whereby the
invariance of the above quantities is seen to follow from the “invariance” of the
Poisson bracket under canonical transformations, (see [14]).

4. Periodicity of Solutions for « Purely Imaginary and a Perturbation Result

By Theorem 3, the homogeneous symmetric polynomials of degree v in the x; are
polynomials of degree v in e*®, for the system (A), & #0. On the other hand, the x;,
are strictly ordered, x; <x, < ... <X, due to the singularity in the potential, hence
the x; are uniquely given as algebraic functions of e** (and the initial data). We thus
conclude, verifying a conjecture of Calogero’s [10]:

Corollary 3.2. If (x, y) obey x;=0H,/0y,, y;= — 0H,/0x;, i=1, ..., n, « pure imaginary,
then the solutions are all periodic with (not necessarily primitive) period 2mio ™ *.
Remark 1. Since the motion is periodic, one expects 2n— 1 integrals of the motion to
exist, which in this case would be rational in (x, y), and indeed they do. Take for the
first nintegrals I,[E]=tr EJ, and for the latter n— 1 integrals, Real [ I M (M )],
j=2,...,n. One sees they are algebraically independent by considering the x; far
apart, in which case the matrices are nearly diagonal.
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Remark 2. A linearizing transformation, which is rational in one direction, algebraic
in the other direction, is given by® 7: (x,y)—{tr(L+oX)'}'_,=(zy,....2,)=2,
(x, y)eQ, Q defined at the beginning of Section 2, and maps the flow into z=jaz;, (see
[97). The mapping t may not be invertible, but for x;, , — x; large, L+ oX is close to
diag (x, +ayy, ..., X, +oy,) and thus by the implicit function theorem, knowledge of
z enables us to recover (x,y) from z and z. Hence z,,...,z, are algebraically
independent, complex valued rational functions of x, y.

Theorem 8. For every sufficiently small C* perturbation of H,, there exists at least n
geometrically  distinct  periodic  solutions on every energy surface
E>E,=min , H/(x,y).

While such results are easily derived in case the periodic solutions of the
unperturbed system are isolated, they are quite delicate for manifolds of periodic
orbits which we have encountered. We shall use Theorem 1.4 of [8], a beautiful
theorem of Weinstein. Instead of stating Theorem 1.4 in its full generality, which
requires much terminology [8], we shall just list an immediate consequence of it,
which will suffice for our purpose, and then we shall verify that the necessary
hypothesis are satisfied in our situation.

Corollary of Theorem 1.4. Given : The Hamiltonian system H® = H +¢P(x, y, ¢), (x, )
in a neighborhood of the manifold given by the relation H® =E, and VH® 40 on
H© =E, P being C? inits arguments, while for the value E, H® = E is a manifold which
is homotopic to the sphere, free of equilibria, of only periodic solutions.* Then, for small
&, the system with E=H® contains at least n geometrically distinct periodic orbits.

Proof of Theorem 8. We shall apply the corollary to the case H=H,, a purely
imaginary, E>E,=min,  H,(x, y).
Thus we just have to check for E>E,, the manifold H,=E is diffeomorphic
(homotopic would suffice) to $2"~ !, with no fixed points. Now
H, =33 yi+Ve, V==Y xi+ ) (x—x)7%,
i<j

and we see that V(x) is strictly convex, since

(1, V) =(@*/dP)WV(E+tn) = — > nP) + 6 ) (n,—n)* /(& — &) >0,

for purely imaginary a. Thus V,(x) assumes a strict nondegenerate minimum at some
unique x,, where V(x,)=E,. We conclude H,(x, y) is strictly convex in (x, y)e Q, and
now consider the surface H,=E > E_, which by the above contains no fixed points
of the flow. The smooth surface H,=E is thus the boundary of the convex body
H,<E, and hence is diffeomorphic to a sphere, the diffeomorphism being given by
spherical projection through an interior point of the body to some large fixed
sphere. Clearly VH,+0 on H=E, for E>E,.

Remark 3. For n=2,3, one can show that for energy surfaces near the equilibrium
point, one has distinct orbits of primitive periods 2zia~*. {1,z7%,...,n" !}, and
Gallavotti and Marchioro [7] conjectured this to be true for all n. Thus H, is quite
different from the system H=73) y? —%a? ) x7, for which all solutions have the
same primitive period.

3 This result is contained in a recent note by Sawada and Kotera, see [9], which, moreover, motivated

Theorem 3
4 We assume here that all orbits have a common period to avoid technicalities
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5. Associated Flows

The integrals found for the system H, Case (A), were of the form tr E? (see
Theorem 2). More generally HY =tr f(E), for any polynomial f, gives rise to an
integral. It is thus natural to consider HY as the Hamiltonian of a flow, which we call
associated with H, =tr E. For these more general flows tr E? or also tr f(E) are, of
course, again integrals since all these functions are in involution, and therefore E is
isospectral under all flows H”. We will determine another isospectral matrix, which,
however, depends explicitly on ¢. This will allow us, as in the case of the system H,, to
describe the solutions of the system H explicitly. The result is stated in Theorem 10
below.

We will determine these isospectral matrices, first for another flow, and later
translate the results to the H' flow. For most of this section we will study this other
system, which is closely related to the Sutherland system, (1.1), Case (B), =0, and
carry out the above plan for it. The system to be considered now is given by the
Hamiltonian:

12 1
Glg,p)=5 :21 @r)*+ 5 X @+9)* /@~ (@peL, .1

Q defined in Section 2.

Notice that G(q, p) is, after the trivial canonical change of coordinates (2.6),
transformed into the system given by (2.8), i.e. H, of (1.1) Case (B), o =0. For the
matrix description of the flow we introduce:

{R(q, p)}jk = 5jk(‘ljpj) +%i(1 - 5jk)(‘1j + ‘Ik)/(‘Ij — g (5.2
R* =R+ C where C; =3i(1—5), and therefore
{R};(q, p)= 5jk(‘1jpj) +i(1— 5jk)qj/(qj - ‘Ik)} ' (5.3)
Rj(q, p)=0,(q;p;) +i(1 -6 ;)q/(a;— ai)

We observe that R(q,p)=Z(¢, —n), R*=Z*, with Z,Z* defined in (2.7), and
(g,p)—(,n) defined in (2.6) for ¢,;>0, i=1,2...,n. Thus by the discussion
immediately following (2.10), R*, for the case ¢,>0, i=1,2,...,n, has simple
spectrum. We note that by definition (R*)*=R~, R*Q=QR~, where
Q=diag(q,,9,, ---»q,)- Thus it is clear that R*, R~ have the same spectrum if Q is
nonsingular, or equivalently that tr(R*)*=tr(R™)", for all v. Since the latter
equation is rational in (g, p), it holds for all (¢, p)e Q2. Similar QR =R*Q implies
Qf(R7)=f(R*)Q for f’ a polynomial, and so

4L Ry =L R™)y;- (54)
If f" is real, then [Qf'(R7)]*=[f(R7)]*Q*=f(R")Q=0f(R"), ie, Qf(R7) as

well as f'(R*)Q are Hermitian, and so in particular ¢,[f'(R7)]; as well as
@l f'(R")];;, and [f'(R7)];=Lf(R")]; are real. Thus we conclude

ik;. [fl(RJr)]ijl:;' = i{[f/(R+)R+]jj - [f,(R+)]ij;-j = i{[g(R+)]jj
- quj[f,(R +)]jj} > (5:3)
with g(s)=sf"(s), is purely imaginary.
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An easy calculation shows that for G(g, p) defined in (5.1),
Glg,p)=trGR )P +c)=trG(R*)+cl), c=—-n*(n—1)/8.

Theorem 9. Under the flow ¢,=0F/0p,, p,= — 0F/0q;, with the Hamiltonian
F=F'=tr f(R*)=tr f(R7),

which is associated with G(q,p) of (5.1), the symmetric polynomials in q;=q,(t) are
rational in exponentials €', j=1, ...,n, provided q;>0. This is a consequence of the
fact that the four matrices,

REM*=e VRIQ M~ =Qe /'R (5.6)
undergo isospectral deformations as (q, p)=(q(t), p(t)) evolve under the F flow.

Proof. These matrices satisfy an equation of the form L=[A,L], where
A=A%"=A", A= — A* A* defined by the two equivalent relations

Aﬁc(‘la P)=5jk (_ Z i[f/(R_)]skRk—s) +i(1 _'5jk)[f/(R—)]ijk_j

s¥k

) . L[ (5.7)
A;;(‘Ia P)=5jk (— ;k i[f/(R+)]sle;:)+l(1_5jk)[f/(R )]ijkj

The identity of A*, A~ is an immediate consequence of (5.4), (5.3), while A= — A4*
follows from the fact that f(R*)Q, hence Q f(R ™) is Hermitian, and from (5.5). To
prove the matrices of (5.6) are isospectral, it is sufficient to prove

(@ R*=[A7,R*], (b) M~ =[4",M7], (5.8)

because taking the adjoint of (5.8), the fact A=A* = — A* implies a statement
analogous to (5.8) for R~, M *. We first prove (a), i.e., DrRR* =[4~, R*]. Using (5.3),

and defining [ f'(R™ )]..— ;» we make a few preliminary calculations:

Dyrg,=0,,[tr f(R7)]=tr [f(R7)-0,,R™ ] =q,,

t..) (5.9
Depy=—0, [tr f(R™)]=—pyto+i Y. a5t —ty)

j*s ( ql)z
_ i(1—-0 jk) +
where we have used [0, R™];=0,(p;0;)+ m(qjéks—qkéjs). Hence DpR};,
. . 44
=(@P) = @lr + QDr =1 — 2(th tk,) But
j*k( )

[A7,R ] = Z(AkJR;;c Rk] ,k)

s -

. 49k .
_lj;k ((Qj— ‘Ik)2> (=t

and so we have shown DyR}=[A47,R*],,, and we now must show
DFRJk_[A—’R-'-]jk,j:':k-
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We compute

iq;
DR;,: DF_( —a)
k

b

=i< qityi qj(qjtjj_ql;tkk)) _ 19,4t _ztjj)
(9,— 1) (q;— a0 (9,— 1)
hence

qujk/(qj_qk)

=[A7,R™];,—DgR}, (defining 4, by this equation)

_Z(A,s w—RjEA3)—DpRj,

=[( 9t }(R R;)+(Aj;—A,;)[ 4, }

4;— 4% (9;— a0
¥ {i5§,kH(q?ijsqj'[(qqu)} - [(q,.[qu)]'[(q?fl Al
40k ((;kk— qk)3

We now wish to show 4, =0, and for that we shall use the addition law,

(a,—a) 1 4 1
(g,— qs)(qs 4 @—4)  @—a)’

inside the bracketed term. So we compute

(t;;— )
(Qj" )

+is§k{(t,-s sk)[(qJ ) (:isqk)}}'

We compute the bracketed term separately:

Ap= Jk(Rkk J;) +i(A}; — Ag) +igy

q
Woto sl
“llg;—a)  (@,—a)
— tjsqs _ tskqs + tjsqs _ { sk9s
9-9) @G—a) (@,—a) (g,—q)

qjt Jjs } sl [ q,t Jjs } qily
=|—t, + - + [t + —
[ g’ (q] - qs) ( - qk) ” (qs - qk) (q] - qs)

(Js

= AJ—; - As;c l( Jjs sk RJ; tsk) .
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Hence
Aj=i ZA,-:—ZAS;}+ Zk(tst;c—R,-;ts»
s s s¥]j,
+ (R — Rj;) + Ryt~ ta)
=iy, A, - ZA;] +Lf(R™),R I
=iLZA,~:-ZA;]=iZA,-;, by (5.7).

So we just have to show i) A4 s =0, 1e, that A~ C=0, where C =1 for all j, k. But

since ) A =0, for all k, we have CA~=0,and so 0=(CA~)*=A4"C, as was to be
shown,s concluding the proof of (5.8a). It remains to prove (5.8b) ie.,
M =[4A",M].
We first compute
(M7) =(Qe™ ®y
=(DrQ)e™ ® )4 Q(e™ ® )
=(DyQ)e™ "7+ @~ f(R)e™ ®) +[47, ™ ®]y,

where we have made use of DyR™=[A7,R”], which implies D,g(R7)
=[A7,g(R™)]. On the other hand,

(A, M7 ]=[A4",0e” /" ® ] =0[47,e V' ®I]+[47,0]e T ®),
and thus in order to have M~ =[A4~,M "], we must have
DrQ=0f(R7)+[47,0]. (5.10)
In other words, we must have
Deds=dty _ (5.11)
[0.4 ]jk(l _5jk)=(qj_qk)Ajk(1 —5jk) =qjtjk(1 ~5jk)’

but (5.11) is an immediate consequence of (5.9), (5.7), and (5.3). We have thus proven
(5.8), and the statement of the theorem concerning the rational character of the
solutions will be easily shown to follow from

Q) =W(1)Q,e' /" RIOW (1), (5.12)
where W is a matrix satisfying W, =1I, W =AW, which we quickly verify. Indeed,
as a consequence of (5.8),

M~ =Qe V®I=wo W1, R =WR;W!,
where the subscript shall now, and in the future indicate evaluation at t=0, and no
subscript indicates evaluation at ¢. Hence

Q=WQ W 1/ ®RI=Wwo W Y(We/ ROW-1)=WQ e/ ®RIW-1,

We note that Olshanetsky and Perelomov (see Footnote 2) have proven (5.12) for
f(s)=3s? in slightly different coordinates,
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The rational character of the solutions now follows, for by previous remarks,
R* has simple spectrum v, <v, < ... <v, for0<gq, <g,< ... <gq,,and so by (5.12),

Q"= ¥ =P e,
i=1

where P, is a polynomial of degree v in the n exponentials e/ ",

Remark 1. In the language of Remark 1 of Section 2, the matrix equations of motion
under the F flow may be expressed as:

(@) 0R*=0, (b) 6Q=0f(R7)=f(R")Q, (c) IM*=0, (5.13)
where the derivation § is defined by
0(-)=Dg(-)—[A4, (-)]+0). (5.14)

Remark 2. If we introduce x;, y;, by q;=€™, p;=—iy, j=1,...,n, a canonical
transformation, then iR becomes

0+ 31 —5,) cot 3(x;—x,).

If we take f(s)=1s* in Theorem 9, then all solutions are bounded as a consequence
of

n
—3trR?=3 ) y7+ % ) cot’3(x;—x))

i=1 i<j
being a constant of the motion. To be more specific, we also observe that Ry is
diagonalizable, since Q = WQ,e'®d W~ !, with W unitary, Q =diag (™, ..., ¢*"), and
thus the matrix e'®¢ is bounded for all real t. Write ¢'R¢ in diagonalized form and
observe that since ¢’®9 is bounded, R has purely imaginary, not necessarily distinct
eigenvalues iv,, ...,iv,. From which we conclude, using (5.12), that

Q NSeiD(v) — i Sjeivjt ,
j=1

where D(v)=diag(v,,...,,), and the $”s are the column vectors of S. Since
necessarily, |det S| =140, we must have S’ <0 for all j. Thus all solutions of the flow

x=H,, y=-H,, i=1,..,n,
n
H=1 3 yi+} ¥ cottx—x)

= i <j

are quasi-periodic; and moreover, in special cases they will be periodic, namely if
the v; are integer multiples of a number u=0.

The quasi-periodic character of the solutions would be a consequence of a well
known theorem of Arnold [6], if only we knew that the gradiants of the n integrals
of the compact system H =% tr R? were everywhere linearly independent. Since we
don’t know this, it is conceivable that such phenomena as exceptional points,
hyperbolic tori, etc., occur, which is ruled out by the quasi-periodic behavior of the
solutions. Of course, the rational character of the solutions is a stronger assertion.



Integrable Systems and Scattering 213

Corollary 9.1. Under the same hypothesis as Theorem 9, with f (s) replaced by f(— as);
ie, HY =tr f(—a(R*)T), we have for the time evolution of (q, p)=(q(t), p(t)), with the
Hamiltonian HY,

L,(4,q+op)

— W[2~ l/Z{QOe—atf’(—aRa)_'_a_— leatf'(—aRa)L(qO’ po)}] W— 1 .
Proof. Since QL(q,p)=R*, Q=WQ e /' "eROW~1 R*=WRIW~! imply
L(g, p) = We T R L(qopo)W ™1, we get from L,(q, p+aq)=2""*(Q+a™'L(g,p)),
by substituting the above expressions, the stated result.

Now we return to our original family of systems H” =tr (f(E(x, y)), and the plan

of the beginning of this section. The tool is simply the canonical transformation
used to prove Theorem 2, which takes F/ into H/.

Theorem 10. If x;=0, H/(x, y), y;= — 0, H'(x, y), i=1, ...,n, then the three matrices
E,e ™/ ®(Y +0X), (Y—oX)e"/®,

undergo an isospectral deformation with the same unitary generator for all the
deformations, and we have the time dependence of the solutions given by

X(6)~do™ e (Y, +aX o) + (X o — Yp)e ™ B0, (5.15)
where ~ indicates unitary equivalence.
Proof. By (3.5), (3.10), and M* =(Y+aX)e™™, we have for a>0,

¢, {Y +aX, — Y +aX}—{2'%aQ,2'2L7(q, p)}, (5.16)

q§+ discussed briefly in the proof of Theorem 7. We recall that (i)+ acted on the ring

A of matrix valued functions of the variables (x,y)=¢7 (g, p), generated by
Y+oX, Y—oX, by extending formula (5.16), so that for M(x,y)e#, we have
qb(M(x ) =%"(x, y)M(x, y)%(x, y). As a consequence of the definition of ¢+, we
found in (3.6a)

$+(X)=La(q,p+otq),
and
. (E)=—a(R™), where E=LY+oX)Y —oX). (5.17)

We also note that the mapping ¢, is canonical with multiplier — 1, so we replace ¢
by —tin the change of coordinates (g, p)—(x, y), to describe evolution in time. Now
we apply the inverse (¢, )~ of the above transformation to derive from (5.16), (5.17)
that

() HQe TR =(d,) " (e THRIDQ)
— OB (052)~12(Y 4 X))
— (20?)" Y26~ B Y 4 0X).
But by Theorem 9, Qe*/(~*R™) js similar to Q,, hence also to (20) ™ Y4(Y, +0X ).

This shows that e~/ E(Y +aX) is similar to (Y, +0X ), and thus is an isospectral
matrix for the flow H’. Formula (5.17) states E is similar to —a(R™)%, which by



214 M. Adler

Theorem 9 is similar to — (R )", hence E is isospectral. Formula (5.15) then follows
similarly from (3.16a) and Corollary 9.1.

At first Theorem 10 is valid only for « >0, but as all the relations involved are
algebraic, we may take o arbitrary. The formula for X in Theorem 10 yields the
explicit solutions of the motion, and as in Theorem 9, we conclude

tr(L+oX)’ =PE (et ©),
for H=H/ (see Theorem 9), the v;’s distinct, for a>0.

Corollary 10.1. If H=H' =tr f(E), the differential equations of motion, written in
matrix form are

(@) 0E=0, (b) oX =3[ f'(E).X]+3[f(E), Y., (5.18)
with [A,D], =AD+ DA, 6(-)=Dg(-)+0,-)—[B,(+)], where
a) B'{k= — 3oL (ENu+ L (E), Y1 )ulx;— X}, j=*k, ‘ (5.19)
b) s; B,;=0

Proof. From Theorem 10 we have
EM*t=e O(Y+aX), M =(Y—oX)e/'®

are isospectral under the H” flow, with one and the same unitary generator. In other
words,

SM*=0, JE=0.

for some B(t), which depends on initial data, which for the moment we use in the
above definition of §. On the other hand, M * =0 implies

SM* =e~ ' BS(Y +aX)+ e~ B —a f(E)Y +0X)=0,

from which we conclude

(Y +oX)=af (EXY +aX) (5.20)
and similarly from dM~ =0, it follows
(Y —0X)=—a(Y—aX)f'(E). (5.21)

From (5.20), (5.21), we compute
SE=06[HY +aX)(Y —oX)]
=3(0(Y +oX)N(Y —oX) +1(Y + X )(8(Y ~ oX))
=30 (EXY +oX)(Y — oX) — 30(Y + aX (Y — oX) f(E)
=af f'(E), E]=0.

Formula (5.19a) follows upon subtraction of (5.20) from (5.21), upon writing out the
full expression for 4.

We need only show that we can impose the normalization of (5.19b), which as we
saw in Remark 2 of Section 2, which we shall be constantly referring to, is equivalent
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to requiring that the unitary generator of the matrix flow is contained in the Lie
subgroup of the unitary group specified by CU =C, i.e., with Lie algebra specified
by CB=0. From the proof of Theorem 10, it follows that the unitary generator of
the H' flow can be written as the product of the unitary generator of the F/ flow of
Theorem 9, and the U’s occurring in the map qASa of (5.16), as displayed in (3.10). By
Remark 2, the latter U’s [see the discussion preceding (3.5)] are contained in the
above Lie group. The U of the F/ flow has as its infinitesimal generator the 4
defined in (5.7), which clearly satisfies CA =0, and thus by Remark 2, this U also is
contained in the above Lie group. Thus the unitary generator of the H” flow can be
written as the product of elements in the above specified Lie group, and so by
Remark 2, we can impose the normalization condition (5.19b). We also observe that
the fact B(t)=B(x(t), y(¢)), i.. that B is really a function on Q, was not assumed a
priori.

Remark 3. For H=H'=tr f(Y), «=0, (5.18) reduces to
0Y=0, &X=f1(Y), (5.22)

where 8(-)=Dy(-)+0,-)—[B,(-)].
We also note that (5.22), (5.19) imply

0Y=0, /X—-tf'(Y)=0, (5.23)
By=[/ (0=, j%k, 520
Y. B,=0

and so by (5.23), the solutions of the H/ flow obey X(t)~(X,+tf"(Y,)), hence
Y X=X, +tf(Y)", v=1,...n,
i=1

the latter equation being a generalization of a result of Sawada and Kotera [9].

6. Another Integrable System

In this section we discuss another integrable system, namely (1.1) Case (B), =0,
formally analogous to Case (A), but physically behaving like a system of interacting
particles under the influence of an additional force acting from the right. We shall
make this more precise in the discussion of the scattering theory of the system.
Moreover, we shall show the solutions of the system to be rational in exponentials
by getting a fairly explicit formula for the time evolution of the system.

Theorem 11. The Hamiltonian system

H(x,y)=%Y y?+% ) sinh 2((x;—x))+a ), e (6.1)
i=1 i=1

15i<jsn
is integrable. If x;,=0H /0y, y;=—0H ,/0x,, i=1, ..., n, then the matrix
W=3Z"(x,y)Z~(x,y)+ae*, eX=diag(e™,...,e™) 6.2)
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undergoes an isospectral deformation
Dy, W=[K,W], where Z*=Z+3C,
with Z(x, y), C, K(x) as defined in (2.7), (2.9). Then the n algebraically independent
functions, © =ttt W, j=1,...,n, rational in (y,, €*9), are in involution.
Proof. We shall actually prove this result for the system
Fap=i @i +i T Grofa-atala. Gree,

where g is not necessarily positive, and then perform the usual canonical
transformation,

qi=e"",.qipi= ¥;, in the component of Q with ¢;>0 for all i. (2.6)
We then have
Z*(x,y)=R*(g,p), €*=0Q, Kx)=A4(g), (6.3)

with R, Q, A of Theorem 9, f(s) =4s?. We compute the matrix differential equations
of motion, using the derivation 6(-)= Dy (-)—[4,(-)], namely:

(@) 6Q=3QR™+R"Q),

(b) OR* = —aQ. 64)

Equation (6.4a) is the same equation you would get for =0, namely Equation
(5.13b), for f(s)=3s% since Fo,=%tr(R7)?>, QR™=R"*Q, and Dy g,=0,F, is

independent of a. Since Dy, =Dy —a ). 0, while the off diagonal elements of R*

are independent of p,, Equation (6.4b) follows from Theorem 9, in particular (5.13a),
in the case f(s)=4%s> Hence, by (6.4),

SGR*R™ +0Q)=2%(0R")R™ +iR"6R™ +adQ
= —30QR™ —3aR*Q+30(QR™ +R*Q)=0,

and so 6W=0,ie., Dy W=[A4, W]. The only thing left to prove, returning to (x, y)
coordinates, is that the (tr W/)’s are in involution, as their algebraic independence is
easily seen by considering the case, for all i, of y, very large, x; —x;_, very large, and
—~x;>0very large. Asin the proof of Theorem 2, due to the rational character of the
integrals tr WY in (y;, ™), it suffices to prove their involutive character in some open
neighborhood. We shall pick the neighborhood in the (x, y) space where for o >0,

the solutions have the following asymptotic behavior:
x;=At+B,+0@™"Y), A4,<0, A<A,, foralli, 65)
y;=Mt+0(t"?), t—+o0. '

Asin Lemma 2.1, such a neighborhood is easily found by converting the differential
equations of motion into an integral equation. Then for

Z;=6;y;+3i(1—8,)coth (3(x;—x,)), (6.6)
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we have
lim,_, , Z()={A;0;, +ioy},

=+1 if k<j,

=0 if k=j,
while lim,_, ,, e¥=0. Thus the definition, (6.2), of Wimplies lim,_, ,, W(t) exists and is
a function of the A;’s. We then apply the same argument as in Theorem 2 to verify
that the tr Whs are in involution. Also, as in Theorem 2, since the integrals are
rational in o, the statement of involution for all a follows from the statement for
o>0.

We now explore this system (6.1) in a sequence of corollaries. Since no collisions
can occur we order the particles x;<x;,, fori=1,2,...,n—1, all ¢.

Corollary 11.1. All solutions of the system H , for a >0, behave asymptotically in the
following manner :
x;=+At+BE+00™Y),
yi=+24+007?),
B +B; =2log(l?). (6.8)
Inwords, the scattering behavior of the system is that of n decoupled particles, each

interacting with the origin under the potential e*. The effect of the interaction is felt
through the strict ordering of the terminal velocities.

-+, A;<i<..<1,<0, 6.7)

Proof. With no loss of generality, assume o = 1. Then dropping the subscript H=H,,
for =1 [given by (6.1)], we have

x;=0H/0y;=y;, X;=y;=—0H/0x;, i=1,...,n,
implies
X;= Y ¢(x;—x;)—e",  P(x)=4(cothIx)(sinh 3x)~2. (6.9)

jFi
We first show that for all i, lim,_, , y,(t) exists and is nonpositive, for which we use
only the following properties of ¢ :

Px)=0, ¢(-x)=-¢(x), x¢p(x)>0, x+0, ¢0)=o0.

From (6.9) we have

Xy = Z P(xy —Xx;)—e",

ji>1
and we note ¢(x; —x;), —e** are <0, while the energy relation, (6.1), gives an upper
bound on |x;|. Hence
22H)'*z| | ®jdil=— [ Xydt=73 | $lx;—x,)dt+ | evdr,
— 0 — j>1 —o0 — 00

and so ¢(x;—x,)>0, ¢ are integrable on (—o0,00). From this it follows

%;(00)= [ x;(t)dt+x,(0) exists. Now from (6.9) we have X,+¢(x,—x,)
0
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=Y d(x,—x ;) —e*2, where again we note @(x, —x;), —e** are <0 for j>2. By the
=

prévious step and the upper bound on |x;|, we have that the left side of the above

equation is integrable in ¢ on (— 00, c0), and thus so is the right side. Since all terms

on the right hand side of the equation are of the same sign, each one of them is

integrable, i.e. ¢(x, —x;),j*2, e** are thus integrable, and so as before, x,(o0) exists.

Inductively we climb our way up to i=n, and conclude x (o) exists for all j, and ™,

. ~ A . . . + — . .
¢(x;— x;) are integrable on (— oo, 00) for all i=j. Setting 4;” = x(o0), since x; <x;, 4,
and [ e~9dt exists for all j, we must have A7 <Af < ... <A} <0. We now wish to

— 0
show A} <43 < ... <A <0, but first we make some preliminary observations. We
compute

8 $(x;—x;)= — [2sinh ™2 ((x,— x,)) + 3 sinh ™ (4x, — x)1(%; %)),
and so by the energy relation (6.1), (ﬁ(xi—-xj) is bounded. We now claim

lim, , ,, #(x; —x;)=0. To see that, we give without proof the following easy estimate,
true for unbounded intervals I,

4f'lo Il 2If1%, for feL'nL®, (6.10)

where

|f|1=£lf|dt, |10 =SUPer 1f1-

We shall apply (6.10) by picking our interval I=(t, 00), f(t)=¢(x;—x;), and then
letting t— 00 ; we see |p(x; —x,)|2, =0, as was to be shown. Since f(t)—0, t— o0, we
must have lim, , , coth (3(x;—x;))= + 1, depending on whether i>j or i<j. We are
now ready to show A <4; < ...<4, <0.

First we show 1;<0. By (6.6), (6.2), and the asymptotic behavior of y,
coth (%(xi—-xj)), ™!, discussed above, it follows that

lim,_,, Z*(x(0), yO)=T*,  lim,_,, W(x(t, () =47+ T~ (6.11)

exists, where T* equals respectively a lower, upper triangular matrix, with the 4,s in
the diagonal, and +i respectively in all the lower, upper entries respectively. Hence

detlim,_, , W(t)=1(det T*)(det T")
{1 {fTar) = e

but since W(t) undergoes an isospectral deformation in t, det W(0)
=det W(t)=det W(c0). On the other hand W=4Z*)(Z~)+ae*, but since
(Z*)*=Z", and as >0, Wis a positive definite Hermitian matrix, which implies
det W(oo)=det W(0)>0. Thus by our evaluation of det W(0), and since 1; <0, we
have shown 4 <0 for all i.

We now show A <A, for all i, using an argument in [3]. From (6.9) we
conclude

en—e* +(x,—x;) 22¢(x,—x,),
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and since O<e™—e<c,e*'=0(t"3), the function y=x,—x,+c,t™*
>x,—x, >0, with some constant ¢, >0, satisfies

P2 2p(x, —x,)Z26(p)>0 for t=t,,

where we have made use of ¢’(x) <0, x¢(x) > 0. Thus 1 is monotonic increasing and
P(0)=4F — 4] 20. If y(00) =0, then 1(f) <0, and since p >0, p would be bounded.
This implies ¢(p) is bounded away from zero, which in turn implies (t) is
unbounded. This contradiction implies 0<(c0)=4"—A], and since
Af £45 £ ... £A), there must exist an s such that A7 <A, ;. From this it will follow
that 4] <A, A <17, and proceeding inductively we can conclude that all the 4;’s
are different. We show A, <A, assuming s> 1, the other case being proven in the
same way. Since A > A, j>s, x;—x, 2 ¢st, ¢3 >0, t=t,, j>s5, we have by (6.9) and
AS <0, that

Pxg—x)/dt* =}, plx,—x))+ Zl ¢0x;—x,)—0(t™?)

j<s

2 2(x,~ x,)~ 0(t?).

Thus we are in precisely the same position with x,—x, as we were in before with
x,—Xy, and so conclude A >1;. We have thus shown A{ <AJ...<A, <0 and
similarly for t— — oo, ie., if X(—00)=A;, we find A >1; > ...<1; >0.

Using arguments similar to those of Lemma 2.1, we easily show

x()=Aft+BE+0(™"), t—>+oo, foralli

(6.12)
yi=;[ii +0(t7?),
and so we must prove A;” = —1;. We first prove this fact for all |1;"| very large. In
that case by (6.11), the spectrum of 2W is ‘relatively’ close to (1) (A7), ... (A2)%,
and by the implicit function theorem there exists a C’ diffeomorphism 7, completely
determined by (6.11) and defined by ((4])% (47)%....(47))=(01,04 ---»0)
0,>0,>,..., >0,, Where (9,,0,, ..., 0,) equals the spectrum of W. For the domain N
of t, we fix a point defined by (4" )* =v,=(n—i+1)M,i=1, ..., n, M sufficiently large
and positive, and let N = {((4])?, ..., (A IIA;")? —v,| < (M)}, u(M)< 1, and being
picked sufficiently small to ensure 7 is a diffefomorphism. On the other hand, in the
above neighborhood, since the spectrum of W is very large, by (6.11) in the case of
A~, we know that the (4;)?, i=1, ..., n, must be very large and “relatively” close to
the spectrum of W. In fact, using the implicit function theorem once again, and
(6.11), in the case of A7, noting that the form of (6.11) guarantees that the spectrum
of W is unchanged upon the inversion 4" ——A}, i=1,2,...,n, we must have
(A0 (45)3 .. (4))2) =(05> ---» 0,)- While by the uniqueness clause in the implicit
function theorem and (6.11), this implies (4;")*>=(4;)?, and hence A = —1;.
We now wish to prove ;" = — A" for all (x, y)e Q. For that we observe that (6.12),
as in Lemma 2.1, enables you to construct a canonical diffeomorphism of Q, ¢,
defined by

¢+ 0)=(A".8"), AT=@A],...40, B=(].....B),
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and similarly one defines ¢ _(x, y)=(1~, B~). We can then define p=¢,¢p-', a
canonical diffeomorphism of Q, by ¢(1~,87)=(A*,B™), which, in particular, is
continuous. Now by (6.11),

AF 0—0 [Afe—i—i

Tl \| 1 \ l
W(i00)=%T+(i00)T‘(iOO)=%li\ OO\ | e

i—i—=A%]|0—0 Ax

and so the coefficients g, of the characteristic polynomial, det(zI—W(4 o))
= Y 7*a(A*) depend on A} or A; only. Thus since W(+ 00)~ W(— o), the map
k=1

A”—>A" is given by the n algebraically independent relations a,(A7)=a,(17),
k=1,...,n. On the other hand, we have shown —A, =4, for all k in some
neighborhood, and thus by the continuity of ¢, and the identity theorem for
analytic functions, — A, =4, k=1,...,n, for all Q.

To prove (6.8), we observe once again, applying an argument of Moser’s [15],
that the maps (x, y)—(8*, 1*) are canonical, and hence

Y dBF AdAf = Y dx;ndy;= Y dB; AdA7,
i=1 i=1 i=1

which implies, along with the self explanatory definition of u,

du=d Y (B +B7)dA; =0, A=Af=—i.

By the Poincaré Lemma for the convex domain Q, we find u=dS(1), and so

B + B =05(2)/04.

We first show S= ) S‘(Ili), and then we evaluate S explicitly. To see S has the
i=1
above decomposition, we note that the one particle system with
H(x,y)=3y*+¢,

has for its most general solution

x=log[2A?sech?(At+6)], A>0, (6.14)
and hence
x(t)=F2t+BE+0(t"Y), t-+oo, (6.15)
where B* =(log(242)F 26 +2log2). Thus if we have the n-particle system with
H= Z Gy?+e, (6.16)
i=1
we would have
A;cosh (A;t+6,)
— .= i il i 2t 74 6.17
Xj—xi=2log [,1,. cosh (At +3))]’ (6.17)
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where the notation obviously comes from (6.14). Now fixing 4, >1,> ...>1,>0,if
0;_,—0,=m>0, sufficiently large, for all i, we conclude from (6.17) that
,+1(t)>x(t) for all i, t. If we let m— oo, or what comes to the same thing
i1~ B —>oo for all i then inf; ,(x,, , —x;)—c0. We are now in a posmon to
perform a scattering experiment w1th the system H,. Namely, to evaluate S, since it
only depends on the terminal velocities, we may choose a set of scattering data fora
fixed set of final velocities, i.e.,

x(t)=—2t+B+0@" "), t—o0,

where B;°, —B;" =m, m large. Then by the above considerations, the system H,
decouples as m— oo, hence

0S/04;=B;* + B =2log(24)* +0(m™1). (6.18)

But since (6/04)S(4,,...,4,) does not depend on m, we must have ;" +p;
=2log(24,)% Lifting the requirement that o= 1, and returning to the notation of the
theorem, we find ;" + B, =2log(axd?).

Corollary 11.2. The explicit solution of the equations of motion for a0 are given
by
K~QRuppTYy, p=A,efA,+Ae YA, (6.19)

where ~ indicates similarity equivalence. Here the A/s are constant matrices
described in the proof, and in case a>0, we have

2A=diag(—Ap, — Ay ooy —A), (6.20)

with A; being the same as in (6 7). Thus the symmetric polynomials of €*, for >0, are
rational in e* 1124 ,j=1, ...,n. Moreover, if we define the 2n x 2n matrices J, K by

0, I . [K, O
= [%W, %c]’ k= [o : K}’ (621)
where C; =i(1—0;), and W(x, ), K(x) as defined in (6.2), (6.3), then
Dy J=[K,J]1, (6.22)

i.e., J isisospectral. For >0, the spectrum of J is 1A, i=1, ...,n, but in any case, the
spectrum occurs in + pairs. Finally A satisfies the quadratic matrix equations

W+C=242, (6.23)
where

w=viwy,, C=ViCv,,
respectively, for some nonsingular n by n matrices V..

Proof. We first compute the time dependence of €%, i.e. (6.19), and for that we go over
to (g5 -+ gy Py ---» P,) cOOrdinates, as in the proof of Theorem 11, using the same
notation as in that proof. We define the matrices ¢,7* by

g=U"'QU, r*=U"'R*U, (6.24)
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where U is a matrix satisfying U(0)=1I, U= AU, A asin (6.3). This matrix ¢ is not to
be confused with the coordinates (q,, ..., q,)- The Equations (6.4) are respectively
equivalent to (see Remark 1 of Section 2),

g=qr-=r"*q, since qr-=r"q,
{fi g } (6.25)

Since R* —R™=C, [C,A]=0, U=AU, it follows that U~ !CU=C, and so we
have

rf—r =C.
That W is isospectral is equivalent to (see Remark 1 of Section 2)
T tag=Ww,,

where the subscript shall now, and for the remainder of this section, indicate
evaluation at t=0. By the above we have

L - i .
Defining p as the solution of the linear differential equation,
r-=-=2pp~ ", p0)=I, [hencep(0)=—3r;=—-3Z5], (6.27)
and substituting this into (6.26), we compute
H=26p™ " )=2pp™ ") —(=2pp~ +2pp~ 'pp™ ) =Wy —3C(=2pp™ ),
which implies
p=3Wop+3Cp.

Defining the n by 2n matrix P=(Z), we conclude

P=J,P, hence P=e""'P,, (6.28)

with J defined in the statement of this corollary.

Recalling Q=diag(qy, ..., q,)=diag(e™, ...,e")=€*, see (6.3), we compute,
using (6.24), (6.25), and (6.27),

U 'U=U"1QU=q=—a 17~

=—a"}(=2pp~") =227 '(pp™")", (6.29)

hence

U teXU=2a"pp™ ) .
Assuming for the moment the statement of the corollary concerning the spectrum
of J, we may write, using (6.28),

@=P =e"Po=Ee#(E"'Py),
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with 4 =diag(4, — A), A an nx n matrix which takes, for >0, the form given in
(6.20), and E a matrix which block diagonalizes J,. This expression for P, in
conjunction with the above expression for UeXU ™!, yields (6.19).

We now analyze the spectrum of J, but first we must verify (6.22), ie.
Dy J=[K,J]. We compute

0 0
D J={ ’ J,
B 4Dy W, 0
while by (6.21),
n 0 0 0 0
1 O 1 Y
LK. 7] Z[EK,W], [K,C]} Z[EK,W], o}’

and thus by Theorem 11, (6.22) is verified,

We now assume o > 0, returning to (x, y) coordinates, and proceed to prove that
the spectrum of J (which by (6.22) is constant along an orbit) is +34,, i, ..., n. Now,
since J(t) is an isospectral matrix, it is sufficient to prove

0, I}

J(c0)=lim _,OOJ(t)=[ N
' itrr-, iC

[see (6.13)], has the above spectrum. Defining the matrices 4, 4, by

i if k<j -
A,-k={0 i k;j}’ A=diag(A,, Az s 4y,

(6.13) implies
TH*T™ =(A+4)A+4%), C=4-—4*.

Thus to prove that the spectrum of J(c0) is +34,,i=1, ..., n, it is sufficient to prove
the seemingly stronger, purely algebraic statement:

Lemma 11. 3. If
0 , I
o +ed)+ed*), ie(d—4a%))

where A =diag(4,, ..., 4,), the spectrum of M (2) is independent of ¢, and in particular
the spectrum of M (%) agrees with the spectrum of M (4)=J(c0).

M,()= (6.30)

Proof. For the proof, which need only be given for the case 4, <4, < ... <4,<0, we
employ the asymptotic description of the orbits of H,, formula (6.7). First we make
some preliminary observations. Defining

I, O
A=Me)=e X, B=|_’
©=0 o o
we compute

eBM (B~ 1=M,X), ie, eM,(A)~M/X). (6.31)
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For the rest of the proof of Lemma 113, we fix 1,1 <A, <... <4, <0.
We then pick d, =6,(4") so that
IM(A)— M) <3d,, if le|]<d, <d,<1, (6.32)

with 0,=0,(4) to be determined in the course of the discussion, and

|A]= sup ( Y14, J|> We now fix ¢ for the remainder of this lemma, ¢ only having
i=1,..,n\j=1
the property |g|<J,.
Observe that for any matrix of the form M (1) + S, S a small matrix with |S| <4,,
we may find a matrix D such that

D™ Mo(X)+S)D=diag (i , «or i s 11 +oos Hhy)

0 ~ (6.33)
=[ﬂ0 , ‘] ”ii. =%(¢A;+0(52)), i=1,..,n
> M
In addition, D may be taken to be of the form
dll s d12 [ I, I }
= — 5
b [du s day -, W +0(3,),
and so (6.34)
LI ()./)
D™= [2 Y ]+0 5
%1, (/'L) (6,)

Note that all the O’s which appear now, and for the rest of the discussion, depend
only on A"

We proceed with the proof of Lemma 11.3, having fixed A, and then ¢, and
therefore A=¢~ 11, as previously discussed. We first consider a particular orbit with
asymptotlc behavior glven by (6.7), and any choice of =(8,, ..., B,). We then pick
the origin of the orbit, i.e., replacing t by t+t, with t chosen so large that

{Jo(x(t),Y(t))=M1(/1)+S1, |Sll<%52>}~

Z5(x(t), y(t) =(A+4%)+5,, |S,|<1 (6.35)

Since by (6.7),
lim, , o, J(x(2), yO)=M(4), lim,_,,, Z7(x(2), Y1) =A+ 4%,

such a t can always be chosen.

With the above chosen orbit, we rescale time, t—¢~ 't=t¢, and so in (6.7), the
terminal velocities 4 are replaced by eA=2A". In what follows, we shall indicate the
transformed quantities by primed letters. We compute

(z) —P—BP=P'= (Z) B— [(I) ; 8(;] (6.36)

while

P=J,P—¢B P=(¢BJ,B~')(BP),
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which may be conveniently written as
dP/dt =J,P', J,=¢BJ,B™'. (6.37)
Using (6.35), (6.31), we compute
Jy=eBJ,B~'=¢B(M,(4)+S,)B~!
=M,(A)+eBS;B~ =My X)+S;+S,,
with
S;=M,A)-M,X), S,=¢BS;B".

Since by (6.32), |¢| <1, |S,|Z|B|-|S,|-|leB~ | £|S,|<36,, and so, again by (6.32), we
find

Jo=MyA)+S, |S]<d,. (6.38)
We are now in a position to use (6.33), as (6.37) implies, with D defined in (6.33),
P'=¢/#Py=D{exp[(D™J,D)]}(D™'P,),
and so by (6.38) applied to (6.33), (6.34), we find

d11, d12 eﬂﬂ’ 0 [pl [pl} -1
/ — . _ |- =D P’ .
P Lizu dy) | 0, e 7| |p, b, o (6.39)
and so conclude
pl=d119u+tl’1 +d,; e 'p,. (6.40)

We shall now come to the determination of 6, =§,(4'), and then we will finish the
proof of this lemma. By (6.36), (6.27),

T
and so by (6.39), (6.34), we find

p1 =GN +(=1)"H(=3eZ5) + 0@, )1 —3eZ;).
From (6.35) we have

(=2) " (~462Z5) = 107" Z5 =4I +5el) 7 (A* +S),

while
I-5¢Zg =1—%e(A+ 4% +S,)=1— 31 —3eA* — 3¢S, .
Since by (6.32), (6.35), |e] <d,, |S,]<1, we conclude from the above
pi=I+S5, with [S,|<a(d,),
0(0,) =341 718 ,(n+ 1)+ 0(B,)(1 + 3141 +30,(n+ 1)).

We now choose §, =4§,(4'), so that 0<d, <1, 0(5,)< 1, and in addition J, is in the
domain of validity of the estimates in (6.33), (6.34). The remark concerning the A’
dependence of O ensures J, =05,(1).

(6.41)
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We now compute the positive spectrum of Ji,. Recalling g=U"'e*U, [see
(6.29)], and substituting t—t', A— ', in the asymptotic description of the orbit, (6.7),
we conclude, using (6.24)

U@®)=U(0)+0(®)" "), lim,_, U{)=U(c0),
gi= "=l (1+0(1) )
4=y =ieh e (1+0(®)™Y)
i=1,...,n and so
q~'q=[U"}(co)diag (4}, ..., £,)U(c0)]-(1 +O((t) 1), (6.42)
where these O’s depend on our fixed initial data. On the other hand, using (6.40), and

the nonsingularity of the matrices d, ,, p, implicit in (6.34), (6.41) respectively, and
since by (6.25), (6.27), ¢~ '¢=r"= —2pp~*, we conclude

lim, ¢~ 'g=lim, , (=2pp~ )= —2d,;p*d;} .
This expression coupled with (6.42) yields
U~ Y(co)diag (43, ..., A)U(00) = —2d, utd;.

We thus find that the positive eigenvalues of Jy, " = —34}, i=1, ..., n, with no
error term O(3,), asin (6.33). Thus ", i=1, ..., n,is contained in the spectrum of [ see
6.37],

Jy=¢BJ B~ ' ~eBJ(0)B™!,  J(o0)=lim,,, , J(x(t), ¥(t)),

where ~ denotes similarity equivalence, since J(x(t), y(t)) undergoes an isospectral
deformation by (6.22). By (6.7), J(c0)=M (4), and thus by (6.31),

Jy~eBM (DB~ =M (V).

We have thus shown for arbitrary ¢ satisfying |¢| <5, =J,(4'), that the positive
spectrum of M (1) contains —34,, i=1, ..., n. By the same argument for ¢ - — oo,
after having first shifted our origin appropriately, we also conclude that 1),
i=1,...,n is contained in the spectrum of M (1'). Hence, M (4') has full spectrum
+34,i=1,...,n, at least for |¢ <&, =6,(A'). We therefore have proven Lemma 11.3
for ¢ small, but since M,(4) is a polynomial in ¢, the proof is finished.

To complete the proof of Lemma 11.2, we must verify (6.23). To accomplish this
end, we shall construct a meromorphic invertible matrix function of (x, y), which
diagonalizes J, namely

E=E(x,y)=

%115 e”}, (6.43)

215 €22

possessing the property that e;;, i,j =1, 2, is invertible. Assuming for the moment the
construction of such an E, by (6.21), (6.20), and the spectral resolution of J, we have

0, Il[e, 312] [ell, eIZHA, 0}
= R 6.44
[%W, 3Clleyy, e, €1, €3,]|10, —4 ( )
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which implies

er=e; 4 > e =—eA4 (6.45)
iWe, , +1Ce,, =e,, A, We, ,+1Ce,,=—e,,A]’ )
aWe s t3le;=ed, 3We, r306e;, 22

from which we conclude
1 1 2 1 1 _ 2
We  +3Ce  A=e A7,  We ,—3Ce,A=e;,A7,

which clearly implies (6.23), with V,=e,;, V_=e,,. Note by (6.45) and the
nonsingularity of A, that once we have constructed E(x,y) satisfying (6.44), the
invertibility of e, ,, e,, implies the invertibility of ¢;;, i,j=1,2.

First we shall construct E(x, y) satisfying (6.44), and then proceed to show the
invertibility of its blocks. The construction shall proceed in two steps, i.e., we shall
take E of the form E,(x, y)E,(4). To construct E,, we first observe that using the
arguments of Remark2 of Section2, we may algebraically construct a global
unitary matrix U(x, y) such that

U~ 1(x, y)W(x, »)U(x, y) =LA+ A)A+ 4%), CU=U0*C=C, (6.46)

C=C+il, with A, 4 defined as in Lemma 11.3, 1A+ 4)(A+ 4*) being the limiting
value of W(x, y) along an orbit with initial data (x, y). It follows by (6.21), (6.46), that
if we define the 2n x 2n unitary matrix

7, 0
E1=[g’ (7]’ then E;'JE,=M,(4),

M ,(4) defined in (6.30). Moreover, we may uniquely construct an invertible analytic
matrix E,=E,(4), so that

A, 0
0, —4
with E, normalized in the following way : Pick a A’ and fix it, defining A =¢~ ', but
unlike the situation in Lemma 11.3, we shall think of e—0. By (6.31), (6.33), we have

eBM,(A)B~ ! = M,()= M (') + O(e)

E;'M,(A)E,= [ ], A as in (6.20),

A 0
=DA'D™! ith A=|"" f— _ L1y
< , W1 4 ':0’ —A,:I, 4 21 ’
with O depending on A’, and where we have employed Lemma 11.3 to conclude
A=—-31.
From this we infer
(B™'D)"'M,(A)(B~'D)=4, A=1A, (6.47)

where by (6.34), and B= [(I)’ sOI}’ we conclude

— I, 0 I., I
po=ly) i e +oe)
—[I ’ I] [0(8) , 0(8)}
“l-w wl 0w, e o)
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O depending on A, and similarly from (6.34) we find

P 7 R O(e), £0(e)
(B~'D)™=D IB‘[%, it +{0(s), 80(8)}'

The above estimates allow us to normalize E,, so that, again keeping A’ fixed, and
thus fixing the behavior of O(¢) as e—0,

I, 0 I, I
[0, 8I]~{E2— }} —0 as ¢=0 as O(g),

-3, 3
or equivalently

i1, 17!
We thus have constructed the invertible meromorphic matric function
E(x,y)=E,(x,y)-E,(A), and so we have from (6.28), the time dependence of the H,
flow (6.1) given by

I, 0
0, ¢ I

}—>O as ¢—0 as O(g).

(;) =P=E-{exp[(E~'J,E)]}-(E"'P,),

(with E depending on the initial data),

=Ee*(E~'P,), Poz[ 11 _J, by (6.44), (6.27),
_EZO
e, ellet, 0 _ .
=[ 11 12” —Aerl}’ [l%} =E"'P,, ie,
€1, €3]0, e |2} 1)
p=eye"p, +312e_AtP2- (6.48)

The invertibility and meromorphicity of E implies that e;;, p;, p, are mero-
morphic functions of the initial data. By arguments similar to the ones given above,
and in Lemma 11.3, we can easily show that e, ,, p, are invertible on some open set in
(x, y) space, and similarly for e, ,, p,. We thus conclude the proof of (6.23), and
therefore of Lemma 11.2, by proving the following statement :

Corollary 11.4. Under the hypothesis of Theorem 11, we have

n

@ 3 B = 3 x{0)~2logdet(e, ),

=1 (6.49)

n

®) 3 87 = 3 x(0-2log(det(e,.p,)

=1
with e, e,,, D1, P, as in (6.48), B, B as in (6.7).

Remark. This easily implies e;;' exists for i,j=1,2, by the meromorphicity of
e;j» P1» P2, and of B, in initial data.



Integrable Systems and Scattering 229

Proof of Corollary 11.4. We shall just Prove (a), (b) follows similarly. Clearly it
suffices to establish (6.49a) in some open set where ey, p, is nonsingular, and mero-

1

morphically continue. Since pp~! = —1r~, p(0)=1, we compute, using (6.3),

M=

dlog(detp)/dt=—Str(r")=—3trR™"=-3 > y=—3%
i=1 i

13

X;.

1

Hence logdet p+3 )" x;=constant, and thus

32, x{0)=lim, ., (log (det p)+3 ). x;)

=lim, ., {log (det (eupl))-i-log(r[ e

i=1

+GY At +3Y B0},

where we have used (6.48), (6.7), from which we conclude

%Z x(0)=log(det (e, 1p1))+%2ﬁi+ >

and the corollary is proven.

I wish to thank Professor J. Moser for his many suggestions in both formulation and technical

specifics, and last but not least for his enthusiasm and encouragement.
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Note added in proof: In a recent preprint, Kazhdan, Kostant and Sternberg have shown how to relate
the Cases A, B, for «=0 to symplectigactions of the unitary group.





