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In One and Two Dimensions, Every Stationary
Measure for a Stochastic Ising Model is a Gibbs State

R. A. Holley* ** and D. W. Stroock**
Department of Mathematics, University of Colorado, Boulder, Colorado 80309, USA

Abstract. It is shown that one and two dimensional (generalized) stochastic Ising
models with finite range potentials have only Gibbs states as their stationary
measures. This is true even if the stationary measure or the potential is not
translation invariant. This extends previously known results which are re-
stricted to translation invariant stationary measures and potentials. In parti-
cular if the potential has only one Gibbs state the stochastic Ising Model must be
ergodic.

0. Introduction

One of the unpleasant aspects of studying Gibbs states with stochastic Ising models
is that one does not know, in general, if uniqueness of phase implies that any
associated stochastic Ising model is ergodic. The converse statement, namely that
ergodicity of some associated stochastic Ising model implies uniqueness of phase, is
well-known and is one of the major reasons for the interest in stochastic Ising
models (cf. [5] for example). The purpose of the present paper is to show that in one
and two dimensions every stationary measure for any reasonable stochastic Ising
model associated with a given potential energy function is a Gibbs state for that
potential. In particular, this result resolves the question mentioned above, at least in
one and two dimensions.

The technique on which our proof turns is that of considering how the free
energy of a state evolves under the action of the stochastic Ising model. This idea has
been used before in the study of similar questions (cf. [1], [2], and [7]). In these
earlier applications, the free energy functional was used as a kind of Liapounov
function. Unfortunately, as a Liapounov function the free energy functional isn’t
completely satisfactory unless everything, including the initial state, is assumed to
be translation invariant. Our application of the free energy functional is quite
different. In particular, we will be concerned with the free energy of a state in a finite
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box; and our proof rests on the simple observation that if the state is stationary for
the stochastic Ising model, then the free energy of that state in each finite box is
constant under the action of the stochastic Ising model. In this connection, we
want to mention our indebtedness to the work of Moulin Ollagnier and Pinchon
in [7]. It is the elegance of their expression for the free energy of a state in a box
which enabled us to carry out our computations.

Finally, we must admit that we cannot explain why dimension seems to play
such an important réle. In fact, we do not even know whether it really does or
merely appears to as a consequence of our technique. The only thing of which we are
sure is that our argument as it stands cannot be extended to three or more
dimensions. Amplification of this point is given in the last section.

1. The Main Result

Given d = 1, let Z* be the d-dimensional square lattice and put E=E,=({—1, 1})%".
We think of E as a compact metric space with the obvious product topology ; and we
use C(E) and M(E) to denote the set of all continuous real-valued functions on E
and the set of all probability measures on E, respectively. E= E‘d stands for the class
of all finite subsets of Z% and for each FeE we define yre C(E) by

xkm =TT,

keF
where 7,, ke Z%, denotes the k™ coordinate of ne E. Given AeE and AL A, define

[A,A]={neE:n,=1 if keAd and n,=-1 if keAdA\Ad}.

Given L=1, we say that {J: F eE}CR'is a potential with range L if
i) for all ke Z* and all Fe EF such that ke F and J, #0,

(1.1) Fc{leZ*|l—k|<L} where |l— k= max |l,—kij
i) sup ) |Jgl<oo.

keZd Fsk
(It should be observed that we have not insisted that {J,:Fe Z%} be translation
invariant in the sense demanded in [1], [2], and [7].) Given such a potential, we say
that ue M(E) is a Gibbs state with potential {J,: Fe Z%} if for all ke Z%, AeE with
keA,and ACA:

| exp [FZk Tpxs(n)

[4,4]

uldn)= | exp[Z JFxp(n)] wdn),
[Ax, A] Fsk

where
A, =AA{k}.

It is easy to check that the preceding definition coincides with the more familiar one
in terms of conditional probabilities.

Finally, given a potential {J.:Fe E} with range L, we will say that the
coefficients {c, : ke Z*} CC(E) are associated with {J.:FeE} if the functions

(1.2) bk(‘)Eck(')exP[—Z JFXF(‘)]

Fak
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are strictly positive and have the properties that:
i3 i) b(n)=b,(n') whenever #,=y, forall O<|l—k|<L,
(1.3) ii) 0 <infinfb,(n)<sup supb,(n)<co.

k n k n

For ke Z and fe C(E), define 4, f(1) =1 (n)—f(n), ne E, where

_f om if I=k
M= if 1=k
and define 9 ={fe C(E): 4, =0 for all but a finite number of ke Z?}. We will say
that the operator .# defined on 9 by

Zf()= Y )4 ()

kezd

is associated with the potential {Jp:Fe E} if the coefficients {c, :keZ?} are
associated with {J:F eE}. Tt is easy to check that ue M(E) is a Gibbs state with
potential {J,:Fe E} if and only if

(14) [f&Lgdu=[gZLfdp

for all f, ge 9. Moreover, there is a unique Feller semi-group {7, : t =0} on C(E) with
the property that
t

(1L5) Tf—f=[T.%fds, t20 and fe9.
0

Finally, (1.4) is equivalent to

(1.6) [fTgdu=[gT,fdu, t=0 and f,geC(E).

Proof of these and related facts can be found in [4] and [6]. If {T;:t >0} is the
unique Feller semi-group satisfying (1.5) for some % associated with {J: Fe E}, we
will call it a stochastic Ising model with potential {J:Fe E}.

Theorem 1.7. If d=10r2, {J,:FeE}isa potential with range L, and {T,:t=0} is a
stochastic Ising model associated with {J.:F ek}, then ue M(E) is stationary for
{T;:120} (ie. T*p=up for all t20) if and only if y is a Gibbs state with potential
{Jp:FeE}.

The “if” assertion is obvious, in any dimension, from (1.6) ; simply take g=1 and

observe that T,g=1 for all t=0.
To prove the “only if” part, we first point out that u is a Gibbs state if and only if

(1.8) | qdu= | cdu
[4,4] [Ar, A1

for all ke Z%, ke AeE, and A< A. Next, we introduce the following notation:
A,={keZ%:|k|l<nL}, n=x1,
Un()= Z JFXF(')» ngl,

FcAa,

F()=[U,du+ Y wlA A]Dlogu([4,4,]), n=1 and pueM(E).

AcAa,
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The number F,(u) is the free energy of u in the box A,. Given ue M(E), set u, = T* i,
t=0. The rest of our proof turns on the fact that
dar,(u)

1. — = >
L9 =g =0 nzi,

e . . L dF
if u is stationary and the expression given in the next lemma for —%
t=0

Lemma 1.10. (Moulin Ollagnier and Pinchon) : If yue M(E) has the property that
w([A4,4,1)>0 for all AC A,, then

dF, (1)
(L1 225

t=0

- _ Ik, 4)
- kez/:tn A;ﬂ (Fn(ka A) Fn(ka Ak)) IOg Fn(k, Ak)

+Y Y (r,,(k,A>—rn(k,Ak»(V,,<k, ) +log

ked, ACA,
FAkN4» )
WA, 4,0))°

T,(k, A)
MLA, 4,])

—log

where
kA= [ cdu

[4,45]
and
Vik,A)=—=2 Y (—1)lFotndlg
iz

Proof. First note that

d
7 Unditdio=[ £ Updp= 3, 3 U A)(Tk A)—T,(k, 4)),

ked, ACA,
where

U )= T (= DFnslg,,

FcA,

By an easy change of variables, we have:

Y, U ATk A) =Tk A)= 3 (U, A)— U A)I,(k A).

Achn A<Ay,
But
U,(4,)-U,(A4)= z (= 1)FoBI_ 1) (= 1)FrnDl g
FcAy,
=-2 Z (- 1)IFn(An\A)|JF= V,(k, A),
FSAn
Fsk
and so

(112) GiUda0= T T Vi ATk A).

ked, ACA,
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Next, because u([A4,4,])>0 for all ACA,,

it Y (LA A log (T4, A,Dl-o

dt 44,

= Y (1+logu([4,4,0) [ LI 4 4,41

AcAy,

=Y Y logu(A4,4,0) Gk A)—T(k, A)

ked, ACA,
since

Y [ LIy dn=] L1du=0.

AcA,

Changing variables, we now obtain:

d W[4 /1,.]))

13) = o= log==—R=n0 I (k, A).
(113) 3 X w4 4D logu((4 AD-0= 2 (og w4, Ay, A
We have therefore proved that

d :u'([Ak’ An]))
el = log———>=—_"~\T (k, A).
(L14) ZFl=o= 2 AgZAn(Vn(k’ Atlog a4, A
Since
Vn(k, A)=— V;:(k9 Ak)
and
l “([Aka An]) I ,I.L([A, An])
CUA 4D B A, A,])
(1.14) can be re-written:
d _ o u[A4,) B
119 25F0heo= T T (il A)-tog AL -1 4)

and (1.11) follows easily from (1.15) after an obvious manipulation.

Lemma 1.16. If ue M(E) is stationary for {1, :t 20}, then u([A4, A])>0 for all AeE
and ACA. Moreover, for all n=1,

I (k, A)
1.17 I,(k, A)—T,(k, 4,))log ="
(1.17) keZAn A;n( nk, A)—T',(k, A,))log T.(kA)
I (k, A)
= I, (k, A)—T(k, A))| Vi(k, A)+1og ==L
O e vy
I'(k,Ap) ) ‘
—log——"——|.
“u4,4,)
In particular, there is a K < oo such that if 04,=A,\4,_,, n=2, then

Ir,(k, A)
(1.18) keZA,, Angn (T,(k, A)—T,(k, A,)) log (kA

kedA, ACA,
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Proof. Suppose that u is stationary and that u([4, A])=0 for some A and ACA.
Then

d
0= tlliy,0)= [ LTy nn=| kZA i, 1= Tra,mldp.

Since ¢, >0 this implies that u([4,, A1) =0 for all ke A. Repeating this argument we
see that for all BC A, u([ B, A])=0. This is a contradiction and thus u([ 4, A])> 0 for
all A and all ACA.

Equation (1.17) is an immediate consequence of Lemma 1.10 and the fact that

dF,(u,)/dt=0.
Finally, the estimate (1.18) follows from (1.17) once one notices that

1 I (k, A) Ik, A4)
1.19) ~V(k A)= —log—2 " —log— 2K _
(LI) 3l A= —log s 47 =18 T4, 4,]
for keA,_, and that
Ik, A) Ik A) |
K=sup sup sup |V,(k,A)+log—= —log—= <.
sup sup sup |lk A)Hlog 4D T8 A 4,7

Next define for n=1 and keA,:

) ) I, 4)
b= 5 (AT ADIOR TG
and
ﬂn(k) = ACZA lrn(ka A) - Fn(ka Ak)l .

As a consequence of Jensen’s inequality applied to the function (x, y)—(x —y) logi
y
on (0, 00) x (0, 0), it is easily seen that

(1.20) a,(k)=a,k), m=n and ked,.

We next observe that if C?= sup sup ¢,(n), then
keZ? neE

(1.21) B k)<eC(a,k)'?, ~nz1 and ked,.

To see this, first note that there is nothing to prove if o, (k) = C?, since f,(k) is always
less than or equal to 2C2. If (k) < C?, let 0 <& <2 be given and segregate the terms

in the sum defining f,(k) into those for which {log 11: "((:’:)) <¢ and those for
n\"™s 42k
. I, (k,A)
n > .
which |log T(kA) =¢. One then sees that:
1
B=(e=1) Y, I,k A+~ o, (k)

A4,

<ee’C*+ %ocn(k).
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In particular, we can take

o k)

2C2 = 1/ 2
and thereby arrive at (1.20).
Now define
1= Z oy (k)
kedAq
and
Tu= D, 0(k), n22.
kedAy,

Successively using (1.20), (1.18), (1.21), and Schwartz’s inequality, we see that
N

(1.22) Y y,<eCKL@-VEN@-DR2yL20 N>2.
1

Lemma 1.23. Let {3,};>-, be a sequence of non-negative numbers with
Y. 8,=16]| < 0. Let {h}- , be a sequence of non-negative numbers with the property
ti_;at
N

N
fN= Y h,= Z Nonhn P N 22,

where u,>0 and u, ;= u, for all n. If )’ ul=oo, then h,=0 for all n=1.
n=1 %,

Proof.

Pz (% oo e
n=1

N N
<16 X Oy wtuty <118] uy 21 On—nlts-
n=1 n=

Suppose h,>0 for some n. Let n, be the smallest such n. Then f3(N)=hZ for all
N znq. Thus for N>n,

1
—<”5”[ Z 5N an(N) N nol_,ll_-}

N =no+1

1 1 1
gnénL gﬂén ( fin—1) f(n))””‘”%}'
Thus

Y ui<uan[nan

N=np+1 YN

fn o)}

which is a contradiction.
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Nowsetd,=eCKLY 2§, =0fork=1,anduy=N*"". Applying Lemma 1.23
to (1.22) when d=1 or 2, we now have that y,=0 for all n=1. But this means that
o,(k)=0 for all ke dA,,; and therefore, by (1.21) g,(k) =0 for all ke 04,. Using this in
(1.18), one arrives at the conclusion that

(124) rk,A=r k,4), n=2, ked, and ACA,.
Since (1.24) certainly implies (1.8), the proof of Theorem 1.7 is now complete.

(1.25) Remark. Lemma 1.23 is more general than necessary to prove Theorem 1.7.
We have included this more general result because it allows one to generalize
Theorem 1.7 to include some situations which are not finite range by making the
obvious modifications in the above proof. We have not bothered to include all the
details of this generalization because this is not the direction in which it would be
most interesting to generalize Theorem 1.7. What one really wants is to know
whether Theorem 1.7 holds when d = 3.

2. Discussion

If the potential, {J, : Fe E}, is such that there is only one Gibbs state, », then under
the hypotheses of Theorem 1.7

S
Jim VT flr)de = fdu

for all yeE and feC(E). It seems likely in this case that the stronger result
T, f(n)— | fdp is also true ; however, this has only been proved in special cases (see
[3] and [5]). It is known, however, that even if T, f1 (n)—»j fdu for all neE and all
fe C(E) the convergence may be extremely slow (see Remark 2.21 in [6]).

If there are many Gibbs states for {J, : Fe E}, then for some neE and fe C(E),
T f () may not converge at all (see Section 3 of [3]). However if « is a limit point of

j T, f(n)dt and if Theorem 1.7 applies, then we must have o= u(f) for some Gibbs

state u having potential {J,: Fe E}.

Theorem 1.7 is more interesting in two dimensions than it is in one dimension. In
one dimension it is conceivable that for any uniformly positive, uniformly bounded
¢, s satisfying ¢ (m)=c,(n) if |k—I|>L (but not necessarily associated with a
potential) there is only one stationary measure for the semigroup. If this is true, then
in one dimension Theorem 1.7 is a special case of a more general theorem ; however
in two dimensions this cannot be the case, since it is possible for the stochastic Ising
model to have more than one stationary measure in two dimensions. Hence in two
dimensions Theorem 1.7 cannot be a consequence of a theorem which guarantees
uniqueness of the stationary measure in all finite range situations.

Aside from the details of the computation, we do not understand why this
technique should fail in three or more dimensions and work in two dimensions. It is
possible that the first derivative of the free energy does not contain enough
information in three dimensions for the same reason that there may exist non-
periodic Gibbs states in three dimensions, even if the potential is translation
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invariant. More specifically, in one and two dimensions, it may be the case that if the
¢,’s are any strictly positive, translation invariant, continuous functions satisfying
c(m)=c(n)if |[k— 1| > L (but not necessarily associated with a potential) and v is any
stationary measure for the semi-group, then v is periodic. This is false in three
dimensions as the stochastic Ising model shows ; however, if it is true in one and two
dimensions, it would immediately imply Theorem 1.7 (at least for translation
invariant (c,’s) since free energy arguments are very effective for periodic measures
(see [7]).

Finally we would like to point out that the assumption that c,() >0 for all k and
n is critical. [This was used in showing that (1.8) is equivalent to u being a Gibbs
state and in the proof of Lemma 1.16.] For example, let d=1 and Jz=1 if
R=(k,k+1) for some k and 0 otherwise. If b, in (1.2) is given by by(7)=(1+n,_,),
then there are two stationary measures : the measure concentrated on #, = —1 and
the Gibbs state for the potential {J}.

References

1. Higuchi, Y., Shiga,T.: Some results on Markov processes in infinite lattice spin systems. J. Math.
Kyoto Univ. 15, 211—229 (1975)

2. Holley,R.: Free energy in a Markovian model of a lattice spin system. Commun. math. Phys. 23, 87—
99 (1971)

3. Holley,R.: Recent results on the stochastic Ising model. Rocky Mountain J. Math. 4, 479—496 (1974)

4. Holley,R., Stroock,D.: A martingale approach to infinite systems of interacting process. Ann. Prob. 4,
195—228 (1976)

5. Holley,R., Stroock,D.: Applications of the stochastic Ising model to the Gibbs states. Commun.
math. Phys. 48, 249—265 (1976)

6. Holley,R., Stroock,D.: L, theory for the stochastic Isimg model. Z. Wahrscheinlichkeitstheorie verw.
Geb. 35, 87—101 (1976)

7. Moulin Ollagnier,J., Pinchon,D.: Free energy in spin-flip processes is non-increasing. Commun.
math. Phys. 55, 29—35 (1977)

Communicated by J. L. Lebowitz

Received November 18, 1976








