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Decomposition of Many-Body Schrodinger Operators
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Matematisk Institut, Aarhus Universitet, DK-8000 Aarhus C, Denmark

Abstract. The complex-dilated many-body Schrodinger operator H(z) is de-
composed on invariant subspaces associated with the “cuts” {u+z *R*},
where p is any threshold, and isolated spectral points. The interactions are
dilation-analytic multiplicative two-body potentials, decaying as r~'*¢ at
r=0andasr ®atr=oo.

Introduction

The non-relativistic quantum mechanical many-body problem has been the
object of several mathematical investigations during recent years. One of the
central problems is that of asymptotic completeness for systems with multichannel
scattering. Since the work of Faddeev [4] on the 3-body problem new major steps
have been taken by Ginibre and Moulin [5] and Thomas [11] who have in-
dependently generalized Faddeev’s result in the 3-body case and at the same time
simplified the proofs, utilizing different, though related Hilbert space methods.
Another important work is due to Sigal [9] who has extended Faddeev’s result
to the n-body case under essentially the same assumptions and utilizing the same
mathematical tools, working with Banach spaces of Holder-continuous func-
tions.

A different approach to the n-body problem was introduced by the author and
Combes [3] and independently by van Winter [12]. This may be called the
analytic theory of many-body Schrodinger operators, with the dilation-analytic
version of [3] and the complex dynamical variables version of [12]. The basic
feature of this theory is the construction of a selfadjoint analytic family of operators
H(z) in an angle S,={z=0e"|0>0|p|<a}, such that H(1)=H. The operators
H(ge™), ¢ #0, although non-selfadjoint, are more accessible for analysis than H
itself, whose properties can then be derived from those of H(e'?) by letting ¢p—0.
This program was carried out in [3], so far as the spectral properties are concerned,
for a large class of interactions. When the imaginary parameter ¢ is “turned on”,
the essential spectrum rotates to the angle —2¢ and splits up into a system of
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“cuts”, one starting at each threshold of the system. The continuum eigenvalues
become isolated, and new ones (“resonances”) may appear between the cuts.

This structure of the spectrum is strongly suggestive of the possibility of
decomposing H(¢) into a direct sum of operators, each of which has only cut or
one point as its spectrum. While the conjecture is immediate, the proof is rather
technical. The problem to be solved is that of obtaining estimates of the resolvent
between cuts, and the core of this problem is to prove that the connected part of
the resolvent goes uniformly to 0 at co aliong lines between the cuts.

This problem was solved by van Winter [13] in the case, where the interactions
belong to some subclass of the Schmidt class. It was proved in [13] that the Schmidt
norm of the connected part of the resolvent goes to 0 at oo along lines between
the cuts, and the consequent decomposition of H(p) was established.

The present paper deals with local potentials, comprising functions which are
analytic in an angle, go to 0 as r % at oo and go at most as r~**¢ at 0.

We prove that the norm of the square of the connected part of the resolvent
goes to 0 as some negative power of the distance along lines between the cuts
(Lemma 5.4). The derived estimates of the resolvent between cuts and the de-
composition of H(g) are formulated in Theorems 6.1 and 6.2.

Section 2 contains some basic results which are crucial in obtaining the
required estimates. These include certain commutation estimates based on a
priori weighted estimates of Agmon [1] and some consequences of the fact, due
to Ginibre (private communication) and Agmon [1] that a suitably weighted
free resolvent goes to 0 in norm at oo as the negative square root of the distance
along lines parallel to the spectrum.

In Section 3 we derive the estimates for the 2-body problem which serve as
the first step in an induction proof on the number n of particles.

In Section 4 we make the induction assumption that all resolvents of Hamil-
tonians of systems of at most n—1 particles have the desired properties and
summarize the corresponding properties of the disconnected Hamiltonians of
the n-body system. These are proved by van Winter ([12, 13]) for interactions
in Schmidt class and extended in [14] to local potentials.

The decomposition result again gives rise to immediate conjectures. First
of all, it is to be expected that H itself can be decomposed on invariant subspaces
H,F associated with the thresholds g, such that the corresponding projections
P are the limits of P,(e') as ¢—0,.

Secondly, one would expect under certain conditions on the potential that
A, be the range of the channel wave operators QF and #,(¢) be the range of
channel wave operators Q) () for ¢ >0 and Q, (¢) for ¢ <0, such that Q=
(plir(r)l Q. (p)and Q; = Lin}) Q. (¢). [It is clear from the structure of a(H(¢)) that we

0, >

can only expect to get semigroups corresponding to ¢t>0 for ¢>0 and to t<0
for ¢<0.] The proof of these two conjectures would then imply asymptotic
completeness.

This is in brief outline the program for an analytic scattering theory of many-
body system. Although it will involve many technical difficulties, the decomposi-
tion result would seem to make it possible to develop an analytic multichannel
scattering theory for a large class of potentials.
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1. Definitions and Notations

We consider a system S={1,...,n} of n particles, with masses m,,...,m,. A cluster
C, is a subset {i,....i)) of S, i;<...<i;, 2=I<n. Let C, be the cluster {1,...,p}.
Let 7¢,_, ; be the position vector from the center of mass of C;_; to particle j,
and r¢,_, ;=[Fc,_, |- We set

e, =(F12,Tc, 35+ Sfe, - 1,p)
and

2 _ 2 .2 2
re,=Tiatrc,3+...+7c,  p-

Moreover

A A

P Fi2° 7c2,3""’V7Cp_1,P)

and
Ac, =N+ by 3+ 4

Fcp—1sP "

A decomposition D, is a set of disjoint clusters C*,...,C™ and single particles
m+1,....k. We write D,C D, if I>k and every cluster of D, is contained in some
cluster of D,. We set

7’D1<=(7'C1"">7C’") s
1B =Te1+ ..+ Fem,
VDk=(VC1,...,ch) 5
ADszC‘+"'+AC""
We denote by Hg'), the free Hamiltonian of the centers of mass of the clusters
C',...,C™ and the single particles in S\{C'uU...uC™}. Let [; be the number of
particles in the cluster C', let p=(l; —1)+...+(l,,—1) be the total number of
internal position vectors of the clusters C*,...,C™ and set
(7'1 ges .,717): Gcl,.. .,_fcm) 5
_ 0* 0* 0*
Fi=(Xi15 Xi2, Xi3), 4i= —5 + =—5 + —5»
i ( 1 i2 3) axizl axizz + axiz3

With this choice of coordinates, the free Hamiltonian of the system S in the center
of mass frame of reference is of the form

i=1,...p.

Ho=—p Ay~ ppdy— ... — pp 4, + Hgp

where the u; >0 are certain functions of my,....m,.
We shall need the following estimates.

Lemma 1.1. (1) If D,C D,, then
1+15, C(1+7}).

(2) If the particle j does not belong to any of the clusters of Dy, ., if D, is obtained
by adding j to one of the clusters C of Dy, ., and ie C, then

L+rp (U473, J1+7E).
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(3) If C* and C? are clusters of the decomposition Dy, ., if ie C* and je C?, and
D, is obtained from D, , by joining C* and C?, then
T+rp <(L+73,, JA+1E).
Proof. It is clear that (1) holds, and that (2) and (3) are reduced to proving
4) 1+réuj§(1+ré)(1 +ri2j)
and
(S) 1+ré e =(U+rp)1+77),

where D is the decomposition containing only the clusters C' and C2. The in-
equalities (4) and (5) are easily proved by induction using the triangle inequality
and the fact that the distance from the particle j to the center of mass of the cluster
C is proportional to the distance from j to the center of mass of CuUj.

In all our estimates, C denotes different positive constants, also possibly on
two sides of an inequality.

2. Some Basic Estimates

In this section we prove some results which are of basic importance for the estimate
of the connected part of the resolvent. First we derive some commutation estimates
on the basis of the following result of Agmon [1].

Lemma 2.1. Let a>% be a fixed constant. Let the coordinate vectors F,....;y_1
be chosen as in Section 1, such that H, is of the form

Ho=—pmAy—pody— ..~ pty—y 4,y

There exists a constant C independent of AeC such that for all fe @, and
i=1,...,n—1,j=1,2,3, we have

of

14 x2)-@2 9
Ja-+xyem 2

ij

2 SCIL+x3) 2 (Ho= A f 17 - 1)

This is a special case of [1], Lemma A2.
Let D be a decomposition and let 7, .. 7, be coordinate vectors chosen relative
to D as in Section 1. Then x<r} for i=1...p, j=1,2,3, and hence
of
1 2\~ (2/2) ~J |
|a-4rpye 2

ijt

2 SO+ (Ho =D f 112 2

Summing (2) over i and j we obtain for Ae €, fe Dy,
It +rD) =2V f P CIA+rH)* P (Ho~ A f |12 . ©)
From (3) we derive the following estimate.

Lemma 2.2. Let a>%, B<3% be fixed constants, and let D be a decomposition. For
ImA|=e>0 and for all fe # we have

I +73)" 2 RoAD) f I = CIRo(AL+15) " #2 £ )
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Proof. The inequality (4) for all fe # is equivalent to
I +r5) " PR+ PP (Ho— D =C, for [ImAlze ©)
or, taking adjoints, equivalent to
I(Ho =1+ 15 PP Ro(AN1L+15)"@P[<C, for [Im]Ze. (6)

To simplify notation, we assume that all the coefficients y;, i=1...k, are equal
to 1, so that

Ho=—Ap+HY'.

Then the operator, whose norm has to be estimated by (6), is

(Ho= 201 +13)" Ry(AL +13)~

(173D L= 2[4 7)) V)R +73) ™
—[4p(1+ Tf))wz)]Ro(i)(l + rIZJ)~ (a/2)

= (L4 )L 2L+ ) Foe Vo) RN L415) ™

DR+ )0~ (8/2)(B2) — (1 +75)72 2]

Ro(A)(1+rp)~ @2

On the right-hand side of (7), the first term is a bounded operator, and the
last term is bounded by C||Ry(4)]. In order to obtain (6) it therefore suffices to
show

I+ )PP~ WL f 12 S C (A + 15y (Ho = A f |17 ®)
forall fe2, T R)*/2(Ho~ 1) and |ImA|=e>0.
This follows from (3), since f<3, a>3, in fact with C, independent of ¢, and (4)
is proved.

We shall also make use of the following result due to Ginibre (private com-
munication), cf. also [5], and Agmon ([1], Appendix A, Remark 2).

Lemma 2.3. Let o> be fixed. Then for A=s+ite C
[(1+73) " @PRy (AL +712)" @2 <Cs™ 2 for s>K.

A simple, but useful observation is the following.

Lemma 2.4. Let M be a subset of €, and let A(2) be a function from M into B(H),
such that

IAMISC for leM.
Then for any decomposition D

IE+rD) AN S CIA+rE) 2 AN for IeM. ©
Proof. We have

I +rD) " AR = [ A* (N1 +15) "2 AD M S CI(L+15) "2 AR
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Repeating this argument, we obtain the Lemma.
From Lemma 2.3 follows
Lemma 2.5. Let o.>% be fixed. Then
[(14+72)" @D Ry(s+it)| S C,s™ M for |t|Ze>0,s>K. (10)
Proof. By the first resolvent equations and Lemma 2.3,
(1 +75) = WP Ro(s + i) |12
=(26) 72| (1+715) " @D [Ro(s+it) = Ro(s— it)J(1 +75) " @21/
<(Ce 1254

We shall make use of the following estimates due to Iorio and O’Carroll [6].

Lemma 2.6. Let w;;=u;;+q;;, where u;;e L*(R®) for some p>3 and g;;c L*(R?),
i<j=1,..,n
‘Then for all i, j, k, I and |Im 1| =&>0 we have

@ lw;Re(Wwyl = C,
and
(ii) “Wino(l) =C,.

Proof. Since g;;e L*(R?), it suffices to prove that for [Im1|=¢>0 we have

”uino(/D“m I=C, (11)
and
lu;; RN =C, . (12)
The inequalities (11) are proved in (6), and (12) follows from (11), using
1 _ 1/2
g Ro)1 = (g R~ Ro D)

Lemma 2.7. Let I be a closed interval and let
S;={A=s+itlseR,tel}.

Suppose that B(2) is a continuous function from Sy into B(A), which is analytic
in the interior S; of S; and satisfies

_OSO IIB(S+it)f||2’dt§C,|lf[|2 for tel, fes.

Then
IBOISC for ZeS;.
Proof. For f,ge # the function (f, B(1)g) is analytic in §; and

}0 I(f; B(s+it)g)|*ds<C for tel.
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This implies (cf. [8]) that
I(f; B(s+it)g)|<C for seR,tel.

Then the Lemma follows from the uniform boundedness principle.

3. The 2-Body Problem
We consider the Schrodinger operator in # = L*(R?) given by
H = H 0 + v 5

where H, is the self-adjoint operator associated with — 4, and v is the maximal
multiplication operator corresponding to a real-valued function v(F) on R3
satisfying the following conditions.

(i) v=>1+n""(u+w),

where u and w can best be described in polar coordinates.

LetO0<a< —g, let S, be the angular sector

S,={z=0€"0<g< 0, —a<@<a},

and let Q be the unit sphere in R>.
The functions u and w are restrictions to (0, 00) of analytic functions wu(z)
and w(z) from S, into L*(Q) satisfying the following conditions for some p> 3.

@ sup ([ el orar} <.,

lpl <a—e¢

(iii)  sup {j u(re'?) | 78 oyt dr} <C,.
lo|a~e LO

(iv) | sup sup [lg(re”) @ <C,-

@o|Sa—¢ \0<r<ow

For radial potentials u(r) and w(r) these conditions reduce to the requirement
that u and w be restrictions to R* of analytic functions on S, satisfying (ii)—(iv)
with

HU("ew)”Lv(n) and ““("ew)“mp(m
replaced by |u(re’®)| and [|q(re™®)|| ) DY lg(re'®)l. .

The condition on the potential is satisfied by a radial function u(r), which is
the restriction to (0, c0) of a function v(z) analytic in the angle S, and such that

[o(re?)|=0(r~1*%) for r—0,
v@)|=0(r"% for r—oo
uniformly in every angle {|¢p|<a—d}.

Conditions (i) and (iii) imply

1
(v) sup {j llu(re"“’)llfz(mrzdr} <C,

lo} <a—e O



134 E. Balslev

and
R+1 )

(vij  sup sup { [ lu(re)|f2or? dr} <C,.

lp|<a—e1SR<w R

It follows that v satisfies (v), (vi) and
R+1 .

(vii)  sup { | o) ia@r? dr} +==0.

lo|sa—e L R

It then follows from [2] Theorem 4.1, that v is S,-dilation-analytic and H,-
compact. We recall the meaning of this. Let U(g) be the dilation group on #
defined by

(U fN=0*f{)
and let

u(@)=U(ewU(e)~".

Then v(p) is restriction to (0, 00) of an analytic function v(z) from S, into the space
of compact operators from &y  into .

We consider the self-adjoint analytic family of type 4 in the sense of Kato
defined for ze S, by

H(z)=z *Hy+1(2).

The spectrum of H(z)= H(ge™®) (cf. [3]) depends only on ¢ and consists of

(1) the essential spectrum o,(p)=e 2?R*

(2) the ¢@-independent discrete spectrum ¢,(p) contained in the angle {R™,
e~ 2%R*) and with O as the only possible accumulation point.

In what follows, we keep z=ge™ fixed with ¢ =0, letting for simplicity ¢=1
and set H(p)= H(e'*), R(1, )= R(4, €') etc.

We shall now establish the properties of the operator H(¢p) which will be used
in the following sections, and which provide the first step in the induction proof
of the same properties for the n-body Hamiltonian.

Let I be a closed interval not containing 0, such that the strip

Si(@)={A=e"?*(s+it)|se R, tel}
is contained in the resolvent set g(H()).
Lemma 3.1. There exists 6>0 such that
[Ro(e™ 2 (s +it), @)v(@)Ry (e~ 2 (s +it), @)u(p)| S Cs™® for seR,tel.
Proof. By Lemma 2.6, we have
IRo(e™2 (s +it), @)u(@)Ro(e (s +it), p)u(p) |
SCrlRo(e™ (s +it), @)1 +€r)~°||- [w(@)Ro (e~ (s +it), p)w(p) |
ZCiRo(s+it)(1+7)"8 for seR,tel.

The function ||Rqy(s+it)(1+7)~¢| is bounded by Cs~° for se R, te I with some
0>0 by Lemmas 2.4 and 2.5 (ii), and the Lemma is proved.
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Lemma 3.2. For tel, fe # we have
[ IR(e™(s+it), o) f|Pde < Cll £ 117

— o0

Proof. By iteration of the second resolvent equation we obtain for e o(H(¢))

R(Z, @)= Ro(4, ) — Ro(4, @)o(@)Ro(4, @)+ Ro(4, @)(@)Ro (4, 9)(@)R(4, 9) .

For A=e~?*(s+it), se R, te I, this yields

R(e™ (s +it), @)=(1—Ro(e ™ >*(s+it), )o(@)Ro (e~ **(s +it), @Iole) ™"
(1—Ro(e™*(s+it), @)(@))Ro(e™ **(s+it), p) .

By Lemma 3.1, the norm of the first factor is bounded for tel, s> K. It is
clearly bounded for large negative s and hence by continuity bounded for all
seR, teI. The norm of the second factor is bounded for se R, te I by Lemma 2.6.
Hence [[R(e™**(s+it), ) f | S C;|Ro(e™**(s+it), ) f || = C[|Ro(s +it) f || for se R,
te I, and the Lemma follows.

Corollary 3.3. |[R(4, @)|| = C for Ae S ().

Proof. This follows from Lemma 2.7 and Lemma 3.2 and also directly from the
above expression for R(4, ¢).

4. The n-Body Problem

We shall now consider a system S of n particles 1,...,n interacting through 2-body
potentials v;;(7;)), i<j=,...,n.

The real-valued functions v;;(r;;) on R? are assumed to satisfy conditions
(i)(iv) of Section 3. This implies that the multiplication operators v;; corresponding
to v;;(7;;) are Hy-e-bounded, and hence a unique self-adjoint operator H is defined
on Dy=H,(R¥*" V) by

f1=21104‘ }: UU'

i<j=1

As in the 2-body problem we introduce the self-adjoint analytic family H(z)
defined for ze S, by

H(z)=z"*Ho+ Y. v2).
i<j=1
For a cluster C we set #°=L*F,) and H(z) denotes the operator in #°
defined by
H(2)=z"?HG(2)+ Y, v;(2).
i<j=1
We identify HC(z) with the operator HS(2)® IS, in #, where IS, is the identity

rel rel

on L*(7¥") and 7! denotes internal coordinate vectors of the center of mass of C
and the particles in S\C.
If C4,...,C,, are disjoint clusters, we set

HE - Cm(2)= HC (2) + HS*(2)+ ... + H(2) .
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If D, is the decomposition with clusters Cj,...,C,,, we set

Hp, (2)=H () + H:(2)=Ho+ ), ) v;(2)
1=1 ijeC;
where Hg,,(z) is the free Hamiltonian of the centers of mass of Cy,...,C,, and the
particles of S\{C,u...uC,}.
We shall also denote pairs (ij) by . We shall for simplicity of notation take
z=¢", p+0, and set

H(z)=H(¢p), R(, 2)=R(4, @), R°(A, 2)=(H(p)— )~ etc.

The basic tool in the study of R(4, @) is the Weinberg-van Winter equation,
which we formulate in two forms as follows.

The I-connected and the r-connected parts I, (4, ) and I, (4, ¢) of Ry, (4, ¢)
are defined by

LGo)= % Y. Ro(d 9)v,(@)Rp, (4 ¢) (1

Dy - 1C...CDg (@1 0n—-%)

Uoy(9)---Rop,., (4, 9)s, _, ()

and
Ip, (A, @)= » Y v, @Ry, (o). 2)
D, —1C...CDk (a1...00n— %)
Ua;((p)RDn_ 1(/1’ Qo)val(QD)Ro (Aa QD) >
where
)
Dy 1C...CDx

is over all chains of decompositions D,_; C...CDy,, such that D; arises from
D;, by joining two clusters of D;, ;, and

(@1...0n-1)

is over all («;  «,_,;) such that the particles of the pair «,_; belong to the same
cluster of D; but are single or belong to different clusters of D;, ,, in other words
o, ; connects clusters of D;,, to obtain D;, j=k,...,n—1.

We then have the following two forms of the Weinberg-van Winter equation
for Rp, (4, @), valid for Ae o(Hp, (¢)).

I-form Ry, (4, ¢)= ZD (="~ Ym—1D!Rp, (4 @)+ 14 @)Rp (L ¢)  (3)

rform Rp (L, @)= Y (=1)""'m—1)!Rp (4 @)+Rp (1 @)}, (4 9). (4)

Dy C Dy

The [-form is the one given in [12 II (6.38)]. The r-form is obtained in the same
way from the Born series

Rp (@)= 3. Y Ro(k @), (@)Ro(4 9)v,,(9)...0,, (@)Ro(% ),

m=0 (ay...0m)
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where the (o ...a,) vary over all sets of pairs which connect particles in some
cluster of D,.

For k=1 we obtain the equations for R(4, ¢).

We set

Ip,(4 @)=1'C, @), Ip,(1, @) =T'(2, ¢) .

Our basic objective is to estimate R(1, @) on lines {i=e~ **(s+it)|sc R}
between cuts, and the method for obtaining this is by proving that

(e =2 (s +it, )]l 555 0 -
and solving the iterated Equation (1) for R(4, ¢).

In order to obtain this we need uniform estimates on the norms of the operators
Rp(e~?(s+it), @) for se R. Such estimates were obtained by van Winter ([12 I,
137]), using convolution techniques. These results can be extended to our class
of potentials by establishing certain additional estimates to justify the different
steps of the proofs of [12 IT] and [13]. This is carried out in detail in [14]. We
quote here the result required for the estimate of ||(I'(1, ¢))*|.

We make the following induction assumption on the operators H(¢), where
C is any cluster of at most n—1 particles and ¢ +0. We notice that these assump-
tions are verified in Section 3 in the two-body case. The set of thresholds u(¢)
of Hp) is denoted by Z (o).

Induction Assumption

1) o (H (@)= {uc(@)+e™**R* |uc(p)e Zc(9)}.

(I12) o,(H(¢)) is contained in the angular sector formed by the half-lines 4, .+ R*
and A,c+e” *R*, where 4, c=min{Z(p)nR}. The points in ¢,(Hc(p)) are
independent of ¢ unless absorbed by ¢,(H(¢)) and accumulate at most at thresh-
olds or at co. For any two neighboring cuts and any ¢>0 there exists K(g)>0
such that there are no resonances in the strip between the cuts at distance =¢
from the cuts, provided the distance along the cuts is greater than K(g). Similarly,
in the half-plane to the right of the cut corresponding to the threshold u with
largest Reu there are no resonances at distance =¢ from the cut, provided the
distance along the cut is greater than K(g).

(I3) For any closed interval I, such that S;(¢)C o(H (¢p)), we have

o)

J IR~ (s+it), o) fIIPds< C, I f|* for tel, fest .

- 0

We notice that (I3) implies
(14 | R (e~ (s+it), p)f|?ds < Cyl|f|* for tel, fet,

since

R (e (s +it), p)=R(e***(s—it), — @) .
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Also, by Lemma 2.7, (13) and (I4) imply
(I5) R4 @)IISC for LeSi(o)
16) R4 @) +C for AeS(p).

We notice, as was pointed out by Simon [10], that the assumptions (I1),
(I2) on the spectrum of H(¢p) imply that H (¢) is sectorial with arbitrarily small
opening angle, and hence

17) IR @)l =CIA~
for A in any fixed angular sector contained in o(H(¢)), directed away from e~ 2

Definition. We define [R€* + R°2](4, @) by

1
[RE*RJ(4, ) f = 3 | RE(A—p, @R (u, @) fdp for feA
Iy
and
[RE % R x...x RO x R2 (4, ¢)

inductively in the same way.
On the basis of the induction assumption on the operators R¢(4, ¢) we obtain
the following result on the operators Rp(4, ).

Lemma 4.1, Let D be the decomposition corresponding to the clusters C,,...,C,,
and let I be a closed interval such that S;(p) C ﬁ o(H (). Then
() Ro(h, @)=[RE xR%x...x RS« RE,1(), 9)
(i1) 050 IRple™2*(s+it), @) fI2ds< Cy[| f|*  for fet,tel

(ii}) [Rp(4, @)I=C; for AeS;. ‘

(iv) o(Hp(@)=0(H " (¢))+ ... +o(H @) +e **R" .
Proof. We refer to [1211], [13] and [14] for the proof, indicating only the main
points, where [14] differs from [12 IT] and [13]. One is, that (I5)~16) are simple
consequences of (I13) by Lemma 2.7, and that (17) follows from (I 1) and (I 2).

Another crucial estimate utilized in [14] in the proof of Lemma 4.1 will also
be needed independently, so we formulate this separately as follows.

Lemma 4.2. For lIm A=e>0,
() llo;(@)Ro(e™* (s +it), @) = C,t ™'
(ii) [[v(@)Ro(e™**(s+it), @) S C,t~ /2.

Proof. Since Ry(e™2(s+it), )= e*** R (s +it), we can replace Ry(e”**(s+it), @)
by Ro(s+it) in (i) and (ii). We have, setting A=s+it,

l9:( @RI SCIR,A) S CImA ™' < C,[Im A2 for [ImA|Ze>0.

The operator u;;(¢) is H}”-smooth, that is

[ luf@RE(s+it) f|?ds<C|f]|* for fes,t+0.
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It is proved in [ 7] Theorem 5.1, that this implies
[ui(@RE(A)| < Cllm 2|~ /2,

By [13] Lemmas 4.1, 4.5, 4.6, 5.2, and Lemma 2.7 (see also 14 Lemma 4.1)
we have

uj(@Ro(W)f = [ u(@)RE (2~ WRG () f dps
r
where I is the pair of parallel lines Imyu= F$ImA. Then for fe#,
lu(@RoA S I1? SClIm A [ IIRF () f 12 du< CIm A~ || £ )12,
r

and (i) is proved.
The prove (ii), we notice that

IwE(@RoA) = CIuf(@Ro (D + lus;(@)Ro(A) | + [Ro(A)]) -

Since u(p)e IP(R?) for some p>3, u;(¢) is Hy-smooth, and the proof of (i)
applies.
From Lemmas 4.1 and 4.2 we obtain

Lemma 4.3. Let D be a decomposition, and let S;(¢) C o(Hp(@)). Then for ie S (¢)
and i<j=1,...,n we have

(@) lvi@)Rp(4, @) =C

(i) v (@)*Rp(4 @)l =C.

Proof. By the second resolvent equation and Lemmas 2.6, 4.2(1), and 4.8(iii)
”Uij((P)RD(/L o)l

vif{(P)Ro (4, @)+ Zn: v (@)Ro (4, (P)vkl((p)” “IRp(4, @) for AeS(p).

k<l=1

Furthermore, by (i) and Lemma 4.2(ii)
Iv:(@))* Rp(4, @) | = l(vij(@))* Ro(4, @) +(0:1(@))* Ro(A @)via(@)Rp(4, @)l

= (v:(@)*Ro(4, @) + . ‘zi . Iwi(¢))* Ro(4, @)

lvi(@)Rp(4, )| =C  for AeS,(p).

5. Estimate of the Norm of (/'(4, ¢))*

We first apply the results of Sections 2 and 4 to establish some commutation
estimates involving the operators Rj(4, @).

Lemma 5.1. Let D, and D, be decompositions, and suppose that C'nC"=§ for
all clusters C' of D, and C" of D,. Let o> %, B< § be fixed, and let S;(¢) C o(Hp,()).
Then

I(L+75,)"**Rp, (4, ) f |

SC+75) P4 Ro(A, @) f | for 2AeS{e), feH . (1)
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Proof. (1) is equivalent to

It +75,)"*"*Rp, (4, @) Ho(@) = DA +15 )| SC; for  LeSi(e). ©)
or to
I(L+75)72Rp, (2, @)V, (@)1 +73 )| SC; for  AeSi(e). G

Taking adjoints, we have
(L4734 Vi (— @)Rp,(A, — @)1 +713 )|
<V2I(1+13 Y2 Rp, (A, — @)1 +13) %2
+120(Vp,(— 9)? Rp, (4, — @)1 +73)"*2] . @)

By Lemma 4.3 (ii), the second term in (4) is bounded for Ae S;(¢p). Taking
adjoints, it remains to prove

It +75)7*2Rp, (4, @)1 +13,2 | SC for AeSi(9). 5

Let S=C,uC,, where C, contains all the clusters of D; and C, contains
those of D,.
By Lemma 4.1 (2)

«Q

§ IRGe™**(s+it), @) fI2ds<CilIf|* for tel, fes, (6)

where
HE(@)=I®(Hp,(0) o, ®IT5.
It follows from Lemma 2.2 (4), that
(L +73,) "2 RG (4, o)1 +75 V2 fI S CLIRG (4, ) f | for AeS{o), feH ,

()
which in turn implies
[ I +r3) " 2 RE e™ 2o (s +it), @)1 +15 )2 f |2 ds
SCfI* for tel, fet. ®

From (6) and (8) it follows by [13] Lemma 5.2, see also [14] Lemma 4.1, that
for some ¢>0 and fe #

(L+r3)"*?Rp,(e™* (s +it), o)1 + 1} )P1* f

= [ Rfe *(s—u+i(t—e), @)

— 0

[(1+73) 7RG (™ **(u+ie), p)(1 +73,)*] fdu

[ee]
— [ RR(e™*(s—u+i(t+e), @)

—

[(+75) T2 RG e o (u—i), QX1 +73 %] f du
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and hence
I(1+r3) " Rp,(e™ > (s +it), o)L +73 )| SC for tel.
Thus, (5) holds, and the Lemma is proved.

Lemma 5.2. Let D and D, be decompositions, where k is the number of clusters
and single particles in Dy, and S,(¢) C o(Hp, (p)). Let A(4) be a function from S;(¢)
into B(H), such that

[ADI=C  for AeS(g).
Let o> %, B< 3. Then there exists >0, such that for Ae S;(¢) and any i, j
(1 +75) "2 Rp, (4, @i @) A = CI(L+75) "2 (1+7,) " AR° . ©)

Proof. We prove this for fixed n by induction on k. For k=n we have by Lemma
2.2(4) and Lemma 2.6 (ii) for 1e S;(¢), fe #

I(1+73)" 2 Ro(4, @Ioi(@) A f |
S CIRo(, @wij( @)1 +15) P2 (1 +1;;€) A f ]
SCIA+rE) 2P A+r) P ADSI,

and (9) holds with 6 =1.

In the following estimates §>0 denotes different constants, fixed in each
estimate. We now make the induction assumption
(*) The estimate (9) holdes for all A(1), i, j, D, and D,, with m=k+ 1.

Let us verify (9) for m= k. Using Equation (3) of Section 4 and (*) we obtain
for some 6>0.

It +73)"**Rp, (4, @)vy (@) A
<C ) I0+rp) 2Ry, (4 @)vy(@ AR

Dy, C Dy
(L +75) 215, (4 @)Rp, (4, @)1 (@) AA) |
SCIA+r) P2 4r) AN+ (1 +715) Iy, (4, 9)Rp, (4, 9)0i (@) A .
(10)
We estimate a typical term arising from I}, (4, ¢) using successively Lemma

2.2(4), Lemma 2.6 (ii), Lemma 1.1(2), (3), Lemma 2.4, and Lemma 4.3 (i), and
obtain for some 6 >0

(1 +75)""*Ro(4, @)ug, (@R, _ (4, 9)05,(@)....V,,_, (P)Rp, (4, @)v;(9)AA)]
S ClIRo(4 o)L +15) " w,, (@)1 +7Z) "*Rp, (4, ¢)
02,(@)- -V, (P)Rp, (2, @)0( @) A(A) |
SCIA+rp) 21 +12) T Ry, (2 9)0,(9)-- Vs, (@)Rp, (2 @) {9)A(A)]
SCl(1+75) "Ry, _ (2, @)05,(@)-. s, (@)Rp, (2, @)0,(@) AN
SCl(L+r5) "2 Rp, (4 )04, (@)...0,,_ (@)Rp, (4, @)vi(@) A’ (11)

where D! is the decomposition obtained from D by connecting the pair ;.
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The last norm in the chain of inequalities (11) is estimated in the same way
using successively (¥), Lemma 4.3 (i), Lemma 1.1 (2), (3), Lemma 2.4, and Lemma
4.3 (i), and we obtain for some 6 >0

I(L+73) "Ry, (4 @)0,,(®)...v, _(@)Rp, (4, @)v;(@)AA)l
SCl(1+7rp2)"*?Rp, (4 @)04,(@)-..0,,_, (9)Rp, (1, @)vi;(0) A

where D? is the decomposition obtained from D! by joining the pair o,.
We continue in this way and obtain after n— k steps for some 6 >0 the estimate

[(L+73) "2 Ro(%, )0, (9)Rp, (4, @), (9)---Vs,_ ()R, (2, 90, (@)A(A)

SCl(L 47597 Rp, (4, @)vij(@) AR (12)
where D* is the decomposition obtained by connecting all particles which are
connected in either D or D,.

We now use Equation (4) of Section 4 to estimate the norm on the right hand
side of (12). This yields

(1 +75) ™2 Rp, (4, @)oi(@) A

SC Y Mt+r3) 2Ry, (4 @)vi (@) AR

Dy C Dy

+ I +75) 2 Rp, (4, @), (4, @)vi(@) A - (13)

The first terms in (13) are estimated as the first terms in (10), using (*) and
Lemma 1.1 (1), for some 6>0 by

I+ 1592 Ry, (4, @)oi( @AM Z CI(L+15) PP (1+1,) T2 AQ) |

SIA+rD) 210 +r) AR °. (14)

The last term on the right hand side of (13) is estimated using Lemma 1.1 (1) by

(1 +7597*2 Rp, (2, @), (4, @)v; (@) A |

S +750) "2 Ry, (4, @), (4, 9); (@) A, (15)
where D° is the decomposition obtained by connecting the pairs which are
connected in D, but not in D,.

We now apply Lemma 5.1, Lemma 2.4, Lemma 4.3 (i), and Lemma 22(4)
to obtain for some 6 >0 the estimate

(L +750) ™2 Rp, (4, @)1, (4, 9)v;(@) A

S CI +730) " Ro(4, @), (4, @)i(@) A

S CI(L+150) " Ro (4, @), (4, @)vi(@)AD°

S CIIRo(4, @)L +150) P72 I, (4, @) v (@) AA)I° (16)

A typical term of the operator, whose norm is the last one in the chain of
inequalities (16), is estimated, using Lemma 2.6 (ii), Lemma 1.1 (2), (3), Lemma 2.4,
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and Lemma 4.3 (i), for some 6 >0 by

IRo(2 @)1 +750) "2V, _(@)Ry, . (% @)1, _1(@)...
Uy (@)Rp, (A, @)V, (@)Ro(4, @Jv; (@) Al
SClIA+r50) 21 +7,,_ ) "Ry, , (4 @), (@)...
- Uy(@)Rp, (4, @)v,, (@)Ro(4, @)v; () A(A) |
=Cj1 +r12)(1))——eRDk+ 40, _, ().
Vg (@R, (4, @)v,, (@)Ro(4, @)v; (@) AA) |
SCI(+rpw) 2 Rp,_ (4 @), _, ().
0 (PR, _ (4 @0, ()R, (4, )0 (@) AD)|° (17

where D'V is obtained from D° by connecting the pair a,_,. We estimate the last
term in the chain of inequalities (17) in the same way, using (*), Lemma 4.3 (i),
Lemma 1.1(2), (3), Lemma 2.4, and Lemma 4.3 (i), and obtain for some §>0

I(L+750) Ry, . (4, @), (@)...
U5y (@R p, (2, 9)v,, (0)Ro (4, @)V, (@) A(A) |
SCl+r5@) Ry, (4 @), _, _,(0)...
- 0a (PR, _, (2, ©)V,, (@)Ro(4, @)V, () AN (18)

where D'? is obtained from D by connecting the pair «,_,_,. Repeating this
process, we obtain after n—k steps for some >0

(Ro(% @)1 +750) P20, (@)Rp, (4 @)y, ().
-0, (@)Rp, (4, 9)0,, (@)Ro (4, @)vi (@) A(A) ]
< ClI(L+7500) ™2 Ro(4, @)vi (@) A (19)

Here D™ is obtained from D° by connecting all pairs of D,. We notice that D%
is also obtained from D by connecting all pairs of D,, that is D= D¥. Using this
and (*), Lemma 2.6 (i) and Lemma 2.6 (ii) we obtain finally for some 6>0

I(E+7Da0) "2 Ro(4, @)ui (@) A
SCIA+rp) 2 +ry) cAM° (20)

Combining the estimates (10), (12)16), (19), and (20), we obtain (9) for the de-
composition D,; by induction (9) holds for 2<k=<n, and the Lemma is proved.

Lemma 5.3. Let S;C () o(Hp(@)). Then there exists >0 such that
D

||(I’(e"2i“’(s+it),¢))21|§Cs'5 for seR,tel. (21)

Proof. A typical term of (I'(e”**(s+it), ))* is estimated, using Lemma 2.6 (i)
and Lemma 4.3 (i) by

[Ro(4, @)Ua,(@)- . -RDZ()% Q),,_ (P)R,(4, @)Uﬁl(q’)- . ~RD2(/L <P)Uﬂ,,_ 1(99)“
S CIRo (4, @), (@)...Rp, (4, @)1, _ (P)R(4, )| . (22)
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The operator on the right hand side of (22) is estimated using Lemma 2.6 (i1),
Lemma 2.4, and Lemma 4.3 (i) for some 6> 0 by

[Ro(4, ©)v,,(9)...Rp, (4, @)v,,_ (@)Ro(4, @)

SCIA+72) "2 Rp, (4 9)0,,(9).. R p, (A @)1, (@)Ro(4 @) ]1°. (23)
The operator on the right hand side of (23) is estimated using Lemma 5.2, Lemma
4.3 (i), Lemma 1.1 (2), and Lemma 2.4 for some >0 by

(L +72) "2 Rp, (4 @)V, (@)..-Rp (4, @)v,, _,(#)Ro(4 @)

SCIA+75, )" Rp, (2 9)0,(@)-- - Rp, (2 @)1, _ (9)Ro (4, 9)|°. 24

Repeating this process, we obtain after n—1 steps for some >0

IRo( @)04,(@)-.-Rp, (1 9, _ (@)Ro(% @) SCI(1+72) 2Ry @) (25)

Combining (25) with Lemma 2.5 and summing over all the terms of (I(4, ¢))?,
we obtain (21), and the Lemma is proved.

6. Decomposition of the Operator H(¢p)

The basic properties of R(p) can now be established, verifying the induction
assumption of Section 4 and proving the estimates required for the decomposi-
tion.

Theorem 6.1. The operator H(¢p) has the properties (11)~17) listed in the induction
assumption of Section 4 for the operators HS(¢). In particular we have for S;(¢) C
o(H(p)), te Il and fe #

[ IR 2% (s +it), @)f |2ds < C; | £ 11 M)

Proof. 1t suffices to consider (11)H13), since (I14)—17) follow from these. By Lemma
4.1, the operators I'(4, @) and Q(4, @)= Y, > (—=1)" '(m—1)!Rp (4, ¢) are

m=2D,,

analytic for Ae () o(Hp(@)) = C\{(@)+ e~ >R |u(p)e X(¢)}.
D

Then (I1) and the first two statements of (I12) for the operator H(¢p) follow
as in [3]. In the same way it follows, that by iteration of Equation (3) of Section 4
we obtain

R(, @)=(1=(I'(4, p)*) "' (1 +I'(4, 9))Q(4 @) , @

where (1 —(I'(A, ¢))*) ! is meromorphic on C\a,(H(¢)) with a set of poles contain-
ing and having the same properties as the set of poles of (1—1I'(4, @) .
By Lemma 5.3

I (e™ (s +it), @))*| 55> o0

§— 0

uniformly for te I, provided that S;(¢) C.(") o(H p(¢)).
D
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This implies the last statement of (I2), and moreover we obtain for some
K >0 the estimate

[R(e™ (s +it), o) f
<Cl0e~?(s+it), @) f|| for fe # and s=K,tel. 3)

Now we obtain by the second resolvent equation and Lemma 4.3 (i) for
reS|(g), fe #

194, @) f = C% IRp(4, @)1 |
§C§ {IRo(4, @) f 11+ ZD IRp(4, )o@l [Ro(A, @) f [} =CIRo(A @) f . (4)

From (3) and (4) follows
T IR 29(s+it), @)/ |2ds< CIlf |2, fe #rtel. 5)
K

This implies (1) which is (I3) with Hc(¢) replaced by H(ep).

Remark ([13] Remark 3.5). From the fact that |R(4, ¢)|| = C for i€ S;(¢) it follows
that for fe #, R(e”***(s+it), ¢) f —=—> 0 uniformly for te 1.

Now the decomposition theorem for H(¢) follows from Theorem 6.1 as shown
by van Winter ([13] Theorem 8.1).

Theorem 6.2. Let I be a pair of oppositely oriented lines A, = {e”***(s+it,)|o0 >
s> —o00} and A,={e *(s+it,)|— o0 <s<oo}, where t,<t,, such that A, and
A, are contained in (@), and such that at least one half-line p(@)+e **R* of
o,(@) lies between A, and A,. Then a bounded linear operator Pp(¢p) is defined by
the expression

-
(f, Pr@)g)= 5~ lim | (LR @)g)dd, f ge A, (©)

K—ow I'k
where I'y={Ael||s|<K}.

The operator Pp(¢) is a projection operator, which is I'-independent as long
as I" does not cross a(¢p) and satisfies

(i) Pr(@)R(Z, @)=R(% @)P(@) for e o(e).
(ii) The operator Rp(4, @)= Pr(@)R(4, ) has an analytic continuation to the
region outside of I' given by

L tim [ (f Rt 0N — ).

27 g I

(f, Rr(4, p)g)=

(i) If I'" and I'" are contours such that [t} t, 1n[¢], £5]1=4, then
Pr(@)Prd@)=PrA@)Pr(9)=0.

(iv) If a(¢) is contained between A; and A,, then

Prp)=1I.
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Remark. Theorems 6.1 and 6.2 are valid also if there is an infinite number of
thresholds, since even in that case o,(H(p)) has the relatively simple structure
described in I (1) and I (2). This allows the convolution representation of section
4 with a finite number of parallel lines, and consequently the estimates of Section 5.
If there is a finite number of thresholds, resonances, and eigenvalues, we obtain a
complete decomposition of H(p) on subspaces corresponding to the cuts, res-
onances and eigenvalues. If the number is infinite, the question remains whether
the sum of individual projections converges. In this case Theorem 6.2 allows a
decomposition of H(¢p) as a sum of operators each of which has as its spectrum
one cut with a cluster of resonances or a cluster of cuts with a cluster of resonances.

In the 3-body case for example only the first type would occur except possibly
at0.
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