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The Wightman Axioms for the Weakly Coupled
Yukawa Model in Two Dimensions

J. Magnen* and R. Seneor*
ZiF, University of Bielefeld, D-4800 Bielefeld 1, Federal Republic of Germany

Abstract. We prove the convergence of a cluster expansion for the weakly
coupled Yukawa model in two dimensions.

1. Introduction and Results

The purpose of this paper is to prove the convergence of a cluster expansion [8, 3]
for the Yukawa model in two dimensions!. We use here the model as defined by
Seiler [13] and McBryan [10], and we shall use the presentation of Seiler and
Simon [14].

The Yukawa model has been also studied by Glimm [4], Glimm and Jaffe
[5] and [6], Schrader [12], Brydges and Federbush [2] and Brydges [1].

In this introduction we define the problem and state the main results, in the
second chapter we define and give the properties of our main tool: a set of de-
coupling functions allowing to do the cluster expansion—see also [9]—, in the
last chapter we prove the convergence of the cluster expansion.

Let us give some definitions, see [14].

The partition function in a volume A is:

Z,= [dudet, ,(1+K,). (LY
The unnormalized Schwinger functions in a volume A are:

SA(fl’ cees f;,, gdis---29nNs hla -~-=hN)
= [du {detik Sy ((P2+m2)‘”“g,->
where:
1
Slg', W)= (g’, T h’)
F 1+KA L2

*  On leave of absence from Centre de Physique Théorique, Ecole Polytechnique, F-91120 Palai-
seau, France
! A. Cooper and L. Rosen have shown also the same result [17]

P+m

P mi) hk)} 11:[1 o(f) det,,(1+K )
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and iP is the gradient operator K, is the operator in I* of kernel:

KA(X’ y)

_ {ji[(P2+m2)_“4 T

| (5, 2T AG) P +m2) y)dz}

A is the coupling constant and is real, m is the mass of the fermion, I'=iy5 in the
pseudoscalar case and I'=1 in the scalar case, A(x) is the characteristic function
of the volume A.

Also:

det,.,(1+ K )=det;(1+K,)B
with

det,(1+ K):=det(1 + K) exp (pil (—1) = TI‘Kn)

n=1

and
2
B:=exp {— %— [ (x) A(x)dx — —;— Trre :Kﬁ:} )

Tr,q :K3: is defined as in [14] and we note:

Trep 1K= [ dxdy :p(x) boeg(x, y) (y):
Also du is the Gaussian measure of mean zero and covariance
1 eiP(x=)

I T )
Gl e P

Calx, y)=
Finally f;, g, h, are functions in suitable spaces (defined later), and for convenience
we suppose that their supports are localized in unit squares of a lattice cover of R?:

R*= ) 4,, 4, is the unit square centered at o.

aez?

Let:
Gi ) =[(P>+m*) ™ *g,] () 14,(%)

. Py
SN el

where y, is the characteristic function of the unit square 4. Then:

Sa= Y Su(fiseeo f3 %0 s G35 AL, L REY)

o, B

(%) %4,(x)

with

gA(fl’ (AR fn;gl’ “-7 G ;hl’ ~-~9hN)

:= [ dudet; Sp(g:, Iy ﬂ (fy) det, (1 +K ). (12)
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We construct the cluster expansion for S, (all the functions, f, g, h having their
support in unit squares); S, is obtained by resummation.

Remark. In the sequel we shall take the boson mass i to be equal to m, because
in the analysis of the convergence of the cluster expansion the two masses play
the same role.

Let us call Z*" the sides of the squares in the net defined by the lattice cover
of R*. To each be Z*" is associated a variable s,, 0<s,<1. For each choice of
{8y }pez-we define s-dependant quantities:

Cls)(x, )= Y. Hls; Ay, A5, A)M(4,, A, A,) (X, ) 2.4,(X) 2., (¥)

a,B,yeZ?

K(s)4(x, y)= 2 H(s; 4,, Aﬂ> Ay)KAynA(x’ y)XAa(x)XA,g(y) .

a,p,yeZ?

The definition of b,,,(s) (x, y) follows in a natural way from the definition of K(s).
Then if in formula (I.1) and (I.2) we replace all the quantities by the corre-
sponding s-dependant quantities this defines S(S) and Z .
In Chapter II we define H(s; 4,, 45, 4,) and E(4,, 4;, 4,) and prove:

Lemma L.1. 0= H(s; 4,, 45, 4,)<1,0=M(4,, 45, 4)=1,
ZM(Aa, Ag A)=1.
If s,=1Yb then H(s; 4,, 45, 4,)=1.

Let DCZ* defined by D={be Z*"|s,=0} and let R\D=X,U...UX,, be the
decomposition of R*\D as a disjoint union of connected components then:

H(s; A,, A3, 4)= Y H(s; 4,, 45, 4)Ix,
k

where

H(s; Ay Agy 4)) if  A,CX,, 4,C X0 4,C X,

H(s; 5 5 = .
(53 4er g 4l {0 otherwise .
It is then clear that C(s) (x, y)= E}—) C(s) (x, y)|x, and also that K(s),= Z K(9)lx,

[where K(s)|y, means the restrlctlon of K(s) to I*(X)].
Then

1 1
1+K(s) l:[ 1+K()lx,

and this is obviously true also for det,.,(1 + K(s)) because TrK? decomposes
itself in a sum ) Tr(K]|y,)%
k

Also
det; Sp(gis i:lk): + n det; Sp(d; ]jlt)
K

and  det(1+ H(s))= [] det(1 +K(s)ly,)

where for k given the determinant is formed with the function:

suppgchk, suppfz,ch.
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Then with obvious notation we have:
Z= l—[ZXk §=n§'Xk'
k X

As a consequence, according to the general scheme of the cluster expansion
(see [8] and [3]), one has a convergent cluster expansion if one can prove that for
some values of the parameters A and m(m=1):

A,) A being a unit square. Z, >0 for 5,=0be dA.

A,) Let I'CZ*"and & note [] % Let X be one of the connected components
bel b
of RZ\(Z*"\I') then:
|ar§(s),/1(f1’ I PR % ilv 9;12\1)’
n N A
< TT0ANZL TT G50 e, A1, 0N O T (n(4) )2 e~ 21T
i j=1 a4

=1

I/ (p)I?
(p*+1)
of f; with support in 4 and Q, is some positive constant large enough. Also for a
matrix |A]= sup |4;.

where |I' is the number of bonds in I, || f %, = j dp, n(4) is the number

Indeed, givjing us 4,>0, there exists m(1y) such that for |1|<4,, 4 real and
m=m(l,) A, and A, are satisfied?, and even by taking m large enough one can
take Q, as large as we want.

We now want to show that one can bound the norms of the §’s functions by
norms of the initial functions g.

First suppose that suppgC4, and that 4nA4,=@. Let n, be a CJ function
such that n,(x)=1 if xe4 and such that dist(suppn,, 4,)>% (if 4n4,=0). We
have
P —p+1) X, (=T + D)~ t+9)G(—9)

(r2 +m2)1/4(t2+m2)1/4

Ig°|2.= [ dpdrdtdg

defining D:=(P* +m?), then:
Ig%122= llgnaD~*"* x4, D™ " *n4glls
=|lgD~ /¢ D"y, D4y, DTy, DVEDT VoGl
<lgl2 1/2 “DI/Z’TAD_ 1/4XA°,D_ ay D'?n,D~ 1/4XA¢D— Y4l
where
gl - 1= 1G>+ 1)~ 2dp) > = | D~ gl 2.
Using then the Theorem 2.2 of Seiler and Simon [14]:
Ig*12-=< (1gl12 1 p e 2& 444 D 2y, D™ 4y, DTVE|3
SO0 e~ @444 g2
where Q, is as big as we want if m is big enough, and d(4, 4,)=sup(1, dist(4, 4,)).

2 Remark that the theory depends only of the ratio A/m



Wightman Axioms for the Weakly Coupled Yukawa Model 301

Then if 4AnA4,+0, we use
112" = J (D™ *g) () 24, (x)dx < g|1% 15 -
We have thus obtained that:

16712 = llg112 1/, O(1) e~ @442,

Using then the fact that ) e 4“4 <O(1) we obtain for the original Schwinger
Ao
functions bounds in |g[ _,/, and [|h[_,),, and the exponential decrease between

the support of the § and h give exponential decreases between the support of the g
and h using the exponential decrease:

o~ (@7~ 1)d(4.44)
Then as a consequence of A, and 4, we get

Theorem 1. Let 1.,>0 be given.
Uniformly in s, and 1, |A| <1, these exists m large enough such that:

A—o0 Z(.s),A
exists and is bounded by
n N
Oy Oy TT Al =1 TT Ngwl = vpz Wil — 12 TT ()2
i=1 k=1 4

Moreover, there is an exponential clustering which is as big as we want if m is taken
large enough.

Finally under the same conditions as for Theorem 1, and S, being defined as in
(I.1), one has:

Theorem 2. The infinite volume limits ,111930 Z:'S,(f; g; h) exists and satisfy all the

Osterwalder-Schrader axioms, including an exponential clustering.

As an obvious consequence:
Corollary 1. There exists a 2 dimensional Yukawa relativistic theory satisfying the
Wightman axioms and possessing a mass gap.

Theorem 2 follows from Theorem 1. Indeed we proceed as in [9]. We define
new Schwinger functions S 4.y, for Y a big square union of lattice squares and
containing A, by:

Syy:=S8ga4 for s,=1 if beBy and s,=0 otherwise.

By is the set of lattice lines strictly contained in Y. Then by the equivalent of
Proposition IV.1.3 of [9]:

limS,,=S,.
LS 4y =94
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On the other hand from Theorem 1, it follows that

lim lim =%~ Sasy

A—w Y- “A4;Y
exists; this proves the existence part of Theorem 2. Now since this limit is also
the limit of the theory defined by Seiler [13] and McBryan [10], it is obvious
that all the Osterwalder Schrader axioms are satisfied.

It remains thus to prove A, and 4,. The proof of 4, results from Seiler [13].
In fact C(x, y)l, and K (x, y)|, are proportional to C(x, y) and K(x, y), X, ye 4.
Thus the proof of Z, ;>0 reduces itself to the Seiler’s proof of Z=0 for the
volume A =4, ie. to have |K|,||4<1. This condition is obtained by taking A/m
small enough.

The remaining of the article is devoted to the proof of 4,.

II. The Combinatoric of the Cluster Expansion

We give now the explicit form of H which is a function of a parameter m,, and of
M which is a function of another parameter m,:

Definition. Let m; >0 and m,>0:

H, (s;4,, 45, 45)= Y, 1‘[5,,1’[(1—sb) 4y )C.'V"E 42) (IL.1)

yCZ2 bey  béy ( ’A ) A3s 2)

and

M, (4, 4,,45)=E, (4,, 4,, 4 I:ZE AI,AZ,A)]

E (Al’Az,A3)___e—mzld(dx,ﬁz)"'d(ALAz)]
mz

Cr (6 )= [e™T [ [] JI(z)dz",dT

beyc

where dzZ, is the Wiener density for the paths in R* and

()= 0 if z(r)eb O0=t=T
8= 01 otherwise

Ch (4 Ap)= [ Cl(x, M 20O 15,0 dxdy,  C,, =CE

Proof of Lemma I.1. 1t is obvious. In particular H being a convex sum of non
negative quantities smaller than one, we have 0<H <1. If s=1 then in formula
(IL.1) the only contribution to the sum over 7 is for y= Z* and so H=1.

Finally remark that if C2,,(.; .)= Y CL (. ; .)Ix, then C2,,(4,; 43)C}, (43; 4,)

k
is equal to zero if 4, 4,, and 45 don’t belong to the same X,. This finishes the
proof.
We now reduce A, to a proposition whose proof is given in Chapter III. This
is obtained through a lemma showing that H,,, E,,, has essentially the same com-
binatoric properties as Dirichlet covariances, see [8]. Thus let us consider ¢" S(S)
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The d/ds derivations acting on C(s) or K(s) are localized:
L C9= ¥ ¥4 Hls; 4,4, 4) M4, 4, £)1,Cr

d 4,4 «a

with obvious notations

d d / "
%K(S)‘—_ Z %H(S:AaA:A )XAKA"XA’ .

4,4",4"
We then can write (see [8]):
FSy= % Y @ H(s; A, 4, 4) Y | Rdp (I12)
med(I) 41,41, 4% R
T={y1,...,yL} : :

Ar.4%,4%
where R contains L, K, or C. M localized in (4;, 4;, A7) and 2(I) is the set of all the

partitions of I'.
Now the following lemma summarizes the cluster expansion estimates:

Lemma IL.1. Let b; be an arbitrary element of y;, for j=1, ..., L and let Q, and Q5
be any positive constants, then there exist a positive constant Q, and m, and m,,
m, >m; such that:

L
Z Z 1‘[ {OVJH(S; Aj: A}, A’Jf)E(Aj, A}, A/j/)e—Qzer[d(bj,Ade(bj,A})]}
neP(I') Ay, 47,47 j=1
T={y1,...,yL} :
Ap, AL A%,
<e QT (I1.3)
Proof. Let yCy,, we define:
FC (4, )= [ e ™ [ TT (1= T5 @) [ I3 (2)dz5y 1) s () dxdy
bey 7§
Then:
I CIN (A, 4") 2 C,, (4 4")
ayH(S;Aa A/> A”): N (1_8 ) _~ml " "MI/ ” .
A I« APV R e AV RV
yCy Y1Ny2=0
Using

e—mzd(A,A”)[C_ A,'A”) —~1§0 1)8—(m2—m1—1)d(A,A”)
my

Y exp{—d(d4, 4")—d(4', 4")} £ 0(1)
Ve

and @ C7’< & C we obtain:

S @ H(s; A, &', AVE(4, &, 4)<0(1) Y. sup @ C,,(4; 4")
4" yiuy2=y 4"
.o~ m2—m1—2)[d(4,4") +d(4",4")] ayzc_ (A'; A") .

In formula (I1.3), for any ne Z(I'), = {yy, ..., 7.} let b; be any element of y; then:
Z ﬁ e—[d(bJ,A1)+d(bj,A}-)]SO(I)L .

{di 4} j=1
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To finish the proof it is then sufficient to prove

L - , =
Z Z Sup 1_[ {a)‘i le(Ai’ Aal) a})i le(A:’ Aa.)
neP(l)  yiuyn =7 4, 41,4e, i=1
T={71,.,¥L) 1Oy =0

e mammi = 2, ) + (45, Ax)] Q3+ DIdbeA) +d(be D] (1) o~ 02} < o~ QolT|
where b; is any element of y;. Suppose that b;ey;, we have
d(b;, A)=d(4;, 4)+d(b;, 4)+2=d(4;, 4,)+d(4,,, 4)+d(b;, 4,)+4.

If y,=0 (or y; =) then we use: le(Ai. 4,)=0(1) and we can choose the param-
eters such that:

O(l)e—Qz/z e2(Q3+ D) g~ (m2—my—Q3—3)d(4:,4a,) < {

so that in the remaining of the proof we can forget about the empty y,. We
symmetrize: let now b; (resp. b;) be an arbitrary element of y, (resp. y;) then for
;%0 we define: 3 )
fy)=sup & C,, (4, A)e m=m =25~ 3dd.4) p2(Qs+ Ddib.4)
2 g v my 14 2
4.4, -
2@+ D) (1) g~ Q2 g0 A) + (A A

and for y;=0,f (@) =1.
To prove (I1.3) it is sufficient to prove that:

> Y TTo@e P0f(y) f(y;) Sem %l (I1.4)

neP() oY= i
n={Fi,...,7L) yinyi=0

We assert then that the Lh.s. in (I1.4) is smaller than3:
)4
> op2r [T.f()
i=1

neP(I')
n=(Ji...7p)
the proof that this is smaller than e~ 24! for a correct choice of Q,, m, (m, >m;)
is given in the references [8] and [15] and is one of the main combinatoric tool
of the cluster expansion. This finishes the proof of the lemma.
With this lemma the proof of 4, is reduced to the proof of:

Proposition I1.1. For given Q,, Ay, and m, (large) there exists Qs and Qg
(independant of the parameters) such that for m large enough and || <2, (see
formula I1.2):

L
sup sup sup H {e_QS[d(Aj;bj)+d(bj,Aj)] eQz}
L bl Ay, 40,47 i=1
L :

Ap.Ar.4%
emz[d(Aj,A_'f)‘Fd(A_},A}f)] l_[ 82m2d(A_,',A_',‘) Z ”' Rd'uI
derived k derived C R
N -~
<0 O [T ()22 TT £l =y TT G022 A5, - (ILS)
4 i=1 j=1

Remark. We have used that:
E- 1(Aj, A%, A7) =exp {m,[d(4;, A7) +d(45, A7)]}

J

(E~'M) (4;, 4}, A)) Sexp {2myd(4;, 1))}

3 It has been pointed out by Lon Rosen that this inequality in a preliminary version and the
corresponding formula in [9] are incorrect
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and R is defined by what we obtain after performing the derivations up to the
factors 0'H and M.

Also in the formula above O(1) in O(1)" depends on Q,.

Then A, follows from the fact that one can take Q, as large as we want by
choosing m, (and thus m) large enough and define Q, =Q,— Q.

IIL. The Cluster Expansion: Proof of Proposition II.1

First let us see what we obtain when we do a derivation d/ds,, beI" on a Schwinger
function S(w)

S(w)= ” det; Sp(x;, yis @) [T o(t) det,., (1 +K)
co(xl...;yl,...;tl,...)dundxjdyjndti (ITL.1)

where Sp(x, y; ¢) stands for the kernel of (1+K)™ !, and w is some function with
each argument localized in some unit square of the lattice cover. Also for simplicity
since we look at some algebraic aspects we omit any reference to A, I' of A.

Acting on an expression of the form deu where R and du depend on s, the
derivation d/ds produces two categories of terms:

1 .dC
dedu 5 du+ 5o (y)( R>dxdydﬂ-

0p(x) o)

R being of the form of the integrand in (III.1) one sees that one has essentially to
know the effect of d/ds or 06/d¢p on Si(x, y; ¢) or on det,,(1+ K).
One gets:

d
—det,.,(1+K
ety (1+K)

— det,.,(1 +K) {z dxdy 15,(5)7.4,(9)
o,f

(% § e 212,005 25 6) Kz, W) KOty 9 25 )

7,0

1 d
= 5008 bt 0% |

=det,.,(1+K) {TrSpA,+ A3}

d dK
ey 0= T 1 215162 902, 00,2

a,p

+ [ 2w 1,00 14,0 K5, ) (2 ) 5,00, 5 )

- Z& f dzdwdvdu y s (v) %4,) 74,(2) 24,(W)

8406 73 A Kz WK (w, 1) o

B 008:l i )

= :A,S;—SpA,Sy.
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The formula of derivations for 0/0¢(z) are the same with EISS replaced by

0K(x, y) _ P+m
— /1 . /, " 2 2\—1/4
a¢(z) A’AZ'A" H(SyA3A A ) (P +m ) (P2+m2)1/2
Lar(2) (P2 +m?) ™14z, 9) 14(6) 14(3) -
We note 0/0¢ det,. (1 + K)=det,. (1 +K) {TrSpA,+ A%}

g ' .
(3_¢SF= 1Sp—SpA5S.
By their definition the A4; or A; are completely localized expressions. In each of
these terms between any two localization squares there is always a chain of

“propagators”:

(x, 2)

P+m
1/2 (X, y)-

(P2+m2)— 1/4(x, y) or (P2+m2)—1/4m

Each boson propagator, each boson field and each propagator is localized.

The A; and A; are polynomials in the boson field of degree 3 at most, and
between any two such fields there is always a chain of “propagators”. Each A;
or A; has at most 3K. Finally, acting on Sy a derivation generates an expression
or order 2 in Sy, and acting on det,. (1 4+ K) an expression of degree 1 in Sy.

Before estimating the number of terms produced by derivation we have first
to reorder them in view of preserving the antisymmetric structure since it is
essential for the volume dependance estimate ([13,10]). Therefore after each
derivation we perform the following operation:

— when the derivation acts on det;, Sy det,., (1 +K) put together the terms
which increase the degree in Sg. They form a new determinant of one order higher
(this can be checked easily).

— other terms are left unchanged.

Now as a first step in proving Proposition II.1 we bound the number of terms
produced by the derivations. To do this we use the technique of the combinatoric
factors (see [7]).

To take account of the sum over the localization squares we need exponential
localization factors of the type ¢@1M4:4) or gO1db:4) where 4 and A’ are two
localization squares in an A, or A; generated by a derivation relatively to s,.

Two localizations squares in an 4; or A; are linked by a chain of “propagators”.

There is at most 6 “propagators” by chain. We thus distribute the localization
factors to the “propagators” using:

A4, A)Sd(A, A)+ ... +d(4, A)+10  (i<5)
db, N<d(b, A)+...+d(4;, A)+12  (i<6).

Let L be the number of derived K or C. We take account of these factors by the
following combinatoric factors:

0(1)L n O Dd(b,41)+d(b,42)] n e0d4.47)

derivations “propagators”
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where product over the derivations means product over the derived K or C,
A4y, and 4, being the localizations squares of K(x, y) or C(x, y) and b is one of the
bond relatively to which K or C is derived.

We will not list these factors in the following.

Because of Lemma II.1 we don’t need to take account of how many times,
and relatively to what set of bonds a K or C is derived i.e. we count only the
derivations acting on a non derived K or C. In a given term we attribute a factor 2
to each K or C to decide whether it is derived or not. This gives a 2°VL since the
number of K or C is bounded by O(1)L.

Also for each derived 4;, 4; we fix each localization square A using a com-
binatoric factor O(1)e%®4),

We are thus ready to compute the number of terms generated by the deriva-
tions. Giving a factor 2 to each derivation we separate its effect according to the
following cases.

o) di acts on everything except the measure dp.
S

b) % acts on dpu.

We first compute the combinatoric factors for the case . With a factor O(1)
given to the derivation, we divide case a in several subcases:

o) dis derives Sy and we select A, Sy.

o,) We consider the sum of terms of higher degree in Sp which form
a determinant of higher order.

o3) 4 derives det,,(1 + K) and we select A4;.

ds ren
d . . T .
o) s derives a K or C created by a previous derivation (i.e. a fermion prop-
agator in 4; or A)).

Let us consider the combinatoric for each case separately (excluding the
localization factors).

Case a4: the combinatoric factor is 1 since the derived propagators have
already been chosen.

Case a5: the combinatoric factor is 1 since there is only one term.
Case o,: the combinatoric factor is 1 since there is only one term.
Case o, it is the case: Sp(x, y; ¢)—(A4,Sf) (x, y).

Let i in det,;, Sp(x;, yi; ¢) labels the columns. The term given by the determinant
in case o is a sum of determinant each with a column 4S;. The combinatoric
factors we are looking for control the number of columns (initial or produced by
derivations). With a factor 2 we distinguish 2 subcases:

a) the smearing function for the variable x is a A; or A; created by a previous
derivation.
b) the smearing function for the variable x is an original §; of formula (1.2).
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We consider first the case a). The function A4, (or A;) has been produced by a

. ... d .
localized derivation — and thus contains:

ds
(1) ilg(u v)x4,(v) or has been produced b (2) o
XAI ds 4 XAZ P y X4, 0¢(Z) .

The square 4, is chosen with a localization factor exp {O(1)d(b, 4,)}.
Let R, (4) be the number of times that in a) 4, =A4. In a given term at the end

of the expansion, let n(4) be the sum of the number of times that in cii—IS((u, v),

. L . . dC . o
vislocalized in 4 and of the number of times that in I (u, v), u or vislocalized in 4.
S
Then the number of 4; or A} with 4,=4 is bounded by n,(4). Doing this choice
R, times we obtain as combinatoric factor:

[T tndd)}Ree® < T Ay [T R, (A)Fee?)
A A y

We then “attribute” to each derivation in case a) with 4, =4, a localization factor
24?4 this attribution allows us to use the following lemma:

Lemma II1.1.
n{nc(A)"A‘“ 1l e-"“’*ﬁ"}§0(1)0<1f

A b such that 4,=4

H{Ra,c(A)Ra‘C(A) l’[ e—d(b,A)} < 0(1)0(1)L )

4 b such that 4, =4

Proof. The first inequality is just Lemma (10.2) of [8]. The second inequality
follows also from this lemma if one remarks that: R, (4)<2n(4).

The overall combinatoric factor for case a) is therefore O(1)O(1)*.

Consider now case b). Let N (4,) be the number of functions §;, i=1,...,N
which have support in 4, (it is also in the determinant the number of columns
with functions g; localized in 4,. We choose with a localization factor 24?40
the square 4, support of the function g;.

Let now R, (4) be the number of times that in case b) 4o=4. We thus get a
combinatoric factor:

[T N (AR
4

Attributing [as in case a)] to each derivation a factor ¢®¥), we have at our disposal
a factor e~ “®4 that we used in the following lemma.

Lemma II1.2.
[T N ()0 I1 e D<o o).
A

b such that 4,=4

Proof. One has (see [8], Lemma 10.2):

e~ d(b,4) < 0(1)—0(1)Rb,c(41)3/2
b such that 4o=4
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so that:

NE(A)Rb,c(A) n e—d(b,A)éeRb,c(A)lnNc(A)—O(I)Rb,c(AP/2
b
< 0(1) o) (InN(4))3 < 0(1) eOIN(4)

but now [ [ exp{O(1)N(4)} = O(1)", this proves the lemma.

4

The total combinatoric factor for case o, is thus O(1)O(1)*O(1)".

We now compute the combinatoric factors for case f. Since in this case each
d/ds derivation generates two 0/0¢ derivations we compute the combinatoric
factor of 0/0¢ derivations.

With a factor O(1) by d/d¢ derivation we divide the effect of 6/d¢ in several
cases in analogy to case a:

o)) 0/d¢p derives Sy and we select A Sg.

oy) We consider the sum of therms of higher degree in Sy which form a deter-
minant of higher order.

o) 0/0¢ derives det,. (1 + K) and we select A%.

oy) 0/0¢p derives fields ¢ created by previous derivations (i.e. fields in A4; or
A).

s) 2/ag derives [ ¢() (of formula 1)

The derivation 6/d¢ is localized in some square 4, (already chosen). Let us
now consider the combinatoric factor for each case. Cases o}, o5, and o are as
above.

Case o the field ¢(z), ze AO, which is derived is in some A; or A; produced by

xm(u)xAz(v) ;o by xAz(t) ¢(t)

We choose A, with a factor e?1440-42) Now all A4, or A, generated by deriva-
tions localized in 4, have at most 3n(4,) fields, since there is at most 3 fields in
each A; or 4;. The combinatoric factor is then:

[1Gn(4)=.
A

We deal with this factor as above, see Lemma II1.1, this gives a bound: O(1) O(1)~.
Case a5: let R(4,) be the number of times that derivations d/d¢, acting on

[T ¢(f)), are localized in 4,. Each time the number of choices is n(4,) (remember
i=1
it is the number of f; with support in 4,). Thus the total combinatoric factor is

[T ().

Attributing a factor e%®-49) to each derivation relative to b, localized in 4, we have
by Lemma II1.2:

I—[{n(A)R“') 11 e—dw’é‘)}gou)oa)".

b deriving in 4
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Finally we have got that for the cluster expansion, the combinatoric factors are
(see Proposition IL.1):
0(1)0(1)L0(1)n0(1)N n eO(l)[d(b,,A,)+d(b,~,A‘,~)] 1"[ eO(l)d
derivations “propagators”
where d stands for d(4, 4), 4 and A" being the localization squares of the

“propagator”. Define 1,=sup {1, l,}. Now the following lemma is sufficient to
prove Proposition II.1:

Lemma II1.3. Fix m; and m, as for Lemma 11.1 and let R be an element in the
expansion of Proposition 11.1, then there exist Q5 large (depending on m, and m,),
m large enough and Qs>0 such that:

L
sup  sup sup { [] e (@~OWid)+db..a)
1

bii=1,...,L 41,471,417 R i=1

Ap,Ap,4%,

H eO(l)d n eO(l)d O(I)L U‘ Rdﬂl}

derived “propagators”
boson propagators

— n N ~
<[ige” %1 [ 0] 0¥ e [T ()™ TT I/ -1 TT gslez ksl e
4 i=1 j=1
(I11.2)
Qs can be taken as large as we want if m is taken sufficiently large and is independant

of I'. The O(1) factors in the right hand side and Q¢ are independant of my, m,, m,
and I

This lemma includes the combinatoric factors of )’ in Proposition IL1, thus
R

taking Q, +3 logd, < Qs and the supremum over L, one has proved this proposi-
tion.
Let us now prove Lemma II1.3. The integrand R has the general form:

R= [ dety Sp(x;, yis @) WXy, .3 ¥y, ..) det (1 + K)dx,...dy; ...

where w(xy, ...; ¥y, ...) is @ product or integral of product of §,, h C, A;, A} and

d(f).
To bound || Rdu| we use:

Proposition IN1.1. Let 1<i, kSN +2L, and M (in the definition of det,,,(1+ K) be
large enough depending on A, then there exists Qg>0:

[ dety Sp(xi, yis )W(x 1, ..o5 py, .. detyen(L+ K)dxy...dy;...dyl

<L Iwlif2du]"* O(1) e o)V 2L

Proof. Applying twice Schwarz inequality the proposition follows from the work
of Seiler and Simon [14]: their proof applies here since they have also localized
each K(x, y) in unit squares, the fact of multiplying it by 0< H(4, 4, A') < 1(xe 4,
yeA') leaves the proof available up to obvious modifications.
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Note: Our preprint version [16] was self contained and in particular included
a third proof of the linear lower bound, which differs from those of McBryan
[10] and [11] and of Seiler and Simon [14].

It seems also to us that the nice proof of McBryan can also be extended to the
s-dependant models described here.

Under the conditions of 4,, |[A|=|X|=|I'+1 (| X|=surface of X). The next
step is to bound [ [lw|7.du.

First we estimate the effect of the functional integration du on |w|* by
computing the combinatoric factors corresponding to the contractions between
the fields ¢.

We characterize the fields ¢ by squares:

1) For a field ¢(f) of formula (I.1), the “characterizing square” is 4 if support
of f;is in 4.

2) For a field belonging to some A4, (resp A}) the characterizing square is 4

if A; (resp. A) has been generated by xd(x) K(x, ), (resp by ¥ A(x) C(x, -)

or by xA(y) C( y))

The number of fields characterized by 4 is less than 4n(4)+12n(4) (since
there is at most 3 fields ¢ by 4, or A)).

Attributing a factor e?V%4:4 to each contraction between a field characterized
by 4 with a field characterized by A, we get as a combinatoric factor for the
contractions:

[T Oy 120 4 4) + 12n,(4)] ]/
<0(1y O(1)" [T (4n()) TT (12n(4))*

Attributing factors e9M4®-4 to the derivations we treat the last term as before.
Finally the (localization) factors e?44:47 can be decomposed in a product
of localization factors by boson propagator and by “propagator”.
The total combinatoric factor for the contractions is thus for |{ ||w|f.dul*/*:
O(l)n O(l)L n (n(A) !)1/2 H eODd(4:.b) +d(bi, 41 ]_[ O
A derivations boson propagators
Let us consider a fully contracted term: we call such a term a big graph. A big
graph is decomposed in small graphs, and each small graph will be estimated by
its Hilbert-Schmidt norm, see [7]. A big graph is formed with:
vertices: the §;, hk, and f; functions and also the functions y,,
boson propagators noted ~~ and “propagators” noted ——.
The small graphs are:

o g, 2 le e e L]

and also: @b, ¢:
We first apply the H.S. norm to the vertices in § and h, this gives a bound:

H (Ig].2 1R 2)*  |big graph|/2.
j=1
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To bound this new big graph, we first use the technique of [7, 9] and we extract

from each “propagator” and each boson propagator localized in 4 and 4’ a

factor e~ 0W44.40 where O(1) is taken as large as we want by taking m large enough.
We then use the following bounds:

. 1 e g _
74PN = O0()F(p), o SO()F(p)' ~**m™*<e” % F(p)* ~**
[for any O0<e<1/3 if m is taken large enough depending on Qg4], and

_ ry+m
O +mA) =0(1), %) 1/4W

Finally if a boson propagator is attached to a f-function of formula (I.2) we use
1 1
<
p*+m? = p*+1
s, = [P S f 1] - s %27 %

[T |§; 12 20(1) (e %P 3.

SO(1)F(p)t 4ot e,

(p*+m

¢25¢~ 2 The bounds for the small graphs are:

For the small graph with 3 boson lines, because the boson line can possibly
contract between themselves we are obliged to consider:

L]

These 3 norms are bounded by O(1) (e~ 2)3*1+%13.
Finally if A and A’ are neighbours or identic it is proved in [14] see also [16]
that:

1§ 24 P breg® L ls. SOW)m™ > IFL0(1) (7 2)* 23 .
If 4 and 4’ have no intersection then it is trivial that:
|breg(%: ) 2400 2 (V)| S O(M) "4 m =24 75,
From that we get:

%4 :0bree®: Xa s =O(1) (e_Q3)3I%e_’"d(“"")/2 .

We have then obtained for each term a bound consisting of:
Exponentially decreasing factors for all the localizations, and the decrease
is as strong as we want provided that we take m large enough.

A product of norm of small graphs, and for each term the number of small
graphs is smaller than O(1)L non counting the small graphs associated with g,
hand f.

So that each contracted terms is bounded by:

P

lrs.s | lls.-

s |

N

O e I35 TT Al -y TT 1ylce Iyl [T e 004
i=1

i=1
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Thus collecting the various bound and taking O(1)e”2*=e¢~ 25 we have:

derivations i=1 Jj

O(1)* || Rdul 2O (0(1)e®)" [T (n(A) )"/ (e~ )" A3 el

n N
[T eowwarer=aaio [Ty gy T gl lhl. [T e o0
=1

j “propagators”

This finishes the proof og Lemma IIL.3.
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