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Abstract. It is known that the investigation of the critical point for models
of the type of Dyson’s hierarchical models is reduced to the solution of some
non-linear integral equation. In our previous publication the Gaussian
solution was investigated. Here we construct non-Gaussian solutions of the
equation and find the expressions for critical indices connected with them.
Our procedure permits us to construct meaningful e-expansions.

§ 1. Introduction

Dyson’s hierarchical models or their generalization — asymptotically-hierarchical
models — (a.h.m.) are of great interest because the renormalization group method
in the theory of critical points by K. Wilson [3] and M. Fisher [4] becomes
rigorous for such models (see [2] and the papers by Jona-Lasinio [5] and Galla-
votti-Knops [6]). The investigation of critical points for a.h.m. is reduced to the
solution of the corresponding nonlinear integral equation, which can be considered
as an equation for the fixed point of the corresponding renormalization group.
In [2, 8] a case with the Gaussian solution was investigated. It was shown that the
critical indices in that case are precisely the same as predicted by the Landau
semiphenomenological theory of phase transitions of the second kind. However,
the Gaussian solution is stable only when the potential of interaction decreases
sufficiently slowly.

In this paper we construct non-Gaussian solutions of our main integral
equation. These solutions appear as bifurcations branches from the Gaussian
solutions. The total number of the branches is infinite but only one of them has
the necessary properties of stability to appear in general as a limit distribution
for normed mean spin at the critical temperature. In the second part of this paper
we find the values for critical indices corresponding to this branch. They coincide
with the values found in the general theory by Wilson [3].

From the formal point of view the non-Gaussian solutions can be represented
by a series of the parameter ¢ where ¢ is the deviation of the given value of the param-
eter from its bifurcation value. These series are always asymptotic because they
describe the functions with different asymptotics at infinity. The method we
apply can be regarded as a procedure which permits to make these e-series
meaningful. Roughly speaking at a given ¢ the formal series gives a good
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approximation for the solution only in the domain depending on e. Beginning
from a family of test functions we apply the transformations of the renormalization
group and construct e-expansion near every iteration. The values of ¢ rapidly
decrease because the iterations rapidly converge to the solution which we are
seeking. Therefore, ¢-expansion becomes more and more exact on the increasing
sequence of domains when the number of iterations tends to infinity.

Now we want to recall the definition of Dyson’s hierarchical models,
asymptotically-hierarchical models and to deduce the main integral equation
(see [1,2]). Letan integer r > 1 and a positively-defined quadratic form Q(t,,...,t,)=
g((ty+ ...+ )/ +h(t? + ...+ t3)/r with g, h as parameters be fixed. Assume also
that for any integer n> 1, there is given a volume V), consisting of #" points divided
into r equal subvolumes V,_, ;, i=1,...,r. We consider a classical spin system,
configurations of which can be represented as functions u(x), x € V,, taking the
values of +1. The Hamiltonian of Dyson’s hierarchical model depends on a
parameter ¢, 1 <c<r, and is defined by the following recurrence relation:

Hn(u)'__z‘,:'= 1 Hn—- 1(”i)_ch(S(1n_ 1)9 [ERT) Sin_ 1)) . (11)
Here s""V=(1/""") oy, , ,u(x) is the mean spin in the subvolume V,_, ;
of the configuration u and u; is the restriction of the whole configuration u(x),
x €V, in the subvolume V,_, ..

Let us introduce g,(t; f)=Prob,{s™ =t; 8}, where Prob, is the probability,
calculated by the Gibbs distribution in the volume V, with § as the inverse tem-
perature, s is the mean spin in the volume V,, s"=(1/r")} .y u(x). Then from

(1.1) easily follows the system of recurrent equations for functions g,:
gut; B)=(Z, - 1(B)/En(ﬁ))2(1/r)2{:,:,-=zgn— 1(E15 B Gn- 1(tr§ﬁ)eﬂch(“ """ ) (1.2)

where Z,(f) is the grand partition function in the volume V,, k=1. The main
assumption which is made at the investigation of hierarchical models, is that for
B=p. the typical values of the mean spin have the order ¢~ "2. Making the
change of coordinates t = ¢~ "2 z and putting 4,=c"*r ™", f(z; f)=g.(z-c"*; )4, *
we obtain from (1.2) the following system of recurrent equations for functions

filz: B):
fn(Z;ﬁ)=Ln(ﬁ)Z(z1+...+zr)/r=z/1/?fn—1(21;B)"'fn—l(zr;ﬁ)eﬂQ(Zl ’’’’’ ZF)A;_I (12/)

where L,(f) is a normed constant. From the mathematical point of view, the
previous assumption is equivalent to the assumption that the functions f,(z; ff)
converge at n— oo to a limit and the limit function f(z; ff) of continuous argument z
satisfies the equation

S B=LPf . [TTi= 1 f (2 ¥ 6(Ez=rz]) e) [[1= 1 dz. (1.3)

The constant L(p) is the normalization factor. Equation (1.3) is the main integral
equation in the theory of hierarchical models.

It is easy to verify that (1.3) has the Gaussian solution f(z; §)=]/ao(p)/me” “®=*
with aq(f)=((g+ h)/(r — c)) B. General solutions of (1.3) for different f are related
to each other via the equality f(z; f;)=1/B./P1f(z)/ B2/B1; B2). Therefore, it is

sufficient to consider (1.3) with f=1.
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If the relations (1.2) are valid for n=n, and the family of initial probability
distributions g, (t; f) is arbitrary then the corresponding model is called asymp-
totically-hierarchical model. Here ¢t takes the values from —r™ to ™ and all
probabilities g,(t; f) are defined for some closed interval [~, %] and are C'-
functions of B. For any fixed interval [f~, B*] there is a natural topology in the
space of such distributions {g, (t; f), e[S, 71}

Definition 1. The solution f(z; f8),0< <00, of (1.3) is called thermodynamically-
stable if there exists an integer n, and a closed interval [f~, B ] for which one
can find an open set Q in the space of families of probability distributions
{9,(t: B), BB, B 1} such that for any family {g,.(¢; f), f€[f~. ]} € Q there
exists one and only one f*e[f~, 7] for which f,(z; f*) converge weakly to
1(z; B).

One of the main results of [2, 8] is that the Gaussian solution is thermo-
dynamically stable for [/;7<c<r and for c<]/;7 it is unstable. Therefore, for
c¢<]/r it is necessary to construct non-Gaussian solutions of (1.3).

Let ¢, =r*** 1V k=1,2, ..., e=c,—c. The following theorem is the main result
of this paper.

Theorem 1. For any k=1,2, ... one can find 6, >0 such that for any ¢, 0<e <0,
there exists a normed solution f(z) of the equation

JD=Lf. [ 1Az flz) 2 8 zi—rz /) ) TTie s dzi. (1.4)

For this solution 0< f(2)<2]/ae/mexp[—(aoz> + Aolz|™)], ao=(h+g)/(r—c),
Ay=Ay(k), o is the root of the equation c*=r. These solutions f|z) continuously
depend on ¢ for any fixed z. _

It is possible to show that the branches f, for k>1 are thermodynamically
unstable. The branch f, for k=1 is thermodynamically stable (see § 8 of this
paper).

Theorem 1 gives the existence of the solution of (1.3) for ¢ sufficiently close
to #}/2. In [10] this branch was investigated on computers for r=2 (see also
Appendix 2 below). The results of [10] doubtlessly show that there is no other
bifurcations for 1< c<ﬂ.

During the proof we discuss in detail only the case r=2 and Q=(t; +t,)*
which corresponds to Dyson’s hierarchical model. The general case can be
treated by obvious modifications. The reader can easily notice the similarity
between the methods of this paper and papers [2, 8].

§ 2. The Idea of the Proof of Theorem 1
For r=2 and Q(t;, t,)=(t; +1t,)* Eq. (1.3) takes the form:
Sz B)=L&" |2, [}/ c+us ) f (/) c—us pdu.

The substitution f(z; B)=f1(z; B) exp(—ao(p)z?), ao(f)=Ppc/2—c) reduces the
latter equation to the equation

[z B)=L.[? e™ 2P f(z)|/c+u; f) f(z/)/c—u; Pdu.
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The next step is to give up the normalization condition and to consider the
equation

f@=Y/m)[= e f(z/)/c+u)f(z])/c—uwdu=Af. 2.1)

After normalization of the solution of (2.1) we shall obtain the solution of the
initial equation (1.3) for f=(2—c¢)/(2c). As was mentioned above, the solution of
(1.3) for any B can be obtained from this one by a simple change of variables.

A depends on ¢ and (2.1) defines a family of non-linear transformations when ¢
changes in the interval 1 <c <2. It has an obvious solution f = 1 which corresponds
to the Gaussian solution of (1.3). It is very essential that it does not depend on c.
When one has a smooth family of non-linear transformations of the finite-dimen-
sional space with a fixed point which does not depend on the parameter of the
family, one should consider the family of linearized transformation near this
point and find such values of the parameter for which the spectrum of the cor-
responding linear transformation contains 1. If the second derivative in the
direction, according to the eigenvalue 1, enters the Taylor series with non-zero
coefficient, then through the fixed point there passes a new branch of fixed points
of transformations of our family. One can say that the initial fixed point generates
new fixed points.

The procedure which is applied below, can be considered as an adaptation
of the methods of the finite-dimensional case to our transformation A, acting in
the infinite-dimensional functional space. The linearized operator L, correspond-
ing to f(z)=1 takes the form

Lig(2)=Q/)/m) |2 e g(z/)/ c—u)du.

This operator is known as the Gauss integral operator (see [11]). We consider its
action in the space of even functions f. Its eigenvalues are equal to 2,2¢~*,2¢72,...,
2¢7¥ ... The corresponding eigenvectors are the Hermite polynomials, which
are orthogonal with the weight exp(—7yz?), y=1—c~'. Thus, the critical values
of ¢ near which one can expect the appearance of new solutions have the form
=211 k=1,2,.... For ¢<c¢, and close to ¢, the point f=1 has (k+1)-
dimensional unstable eigenspace. Accordingly, the new solution must have
k-dimensional unstable eigenspace for these values of c.

Our method of construction of new solutions of (2.1) has much in common
with the widely-known Hadamard-Perron theorem in the theory of smooth
dynamical systems (see [12, 13]). The direct method of contracting mappings
cannot be applied because we are looking for unstable solutions. The construction
must begin with the construction of the stable separatrice of the solution which
we are seeking. The next step is the proof that the induced mapping on the separa-
trice is a contraction. The first step, i.e. the construction of the separatrice is
usually taken in the following way. One takes a k-dimensional manifold which
is close in a natural sense to the unstable subspace and finds its intersection with
the separatrice. This intersection lies in one point. This point is determined by
the property that all its images lie in a small region of the fixed point.

Our procedure is similar to the above process. However, we do not construct
the whole separatrice but take a special k-dimensional family of test functions,
find one point of this family which lies on the separatrice and prove that it converges
to the solution which we are seeking.
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§ 3. Properties of Operators L¢

The differential L of the non-linear transformation 4 in an arbitrary point f has
the form

Lg2)=Q/)/m)[2 e f (/) c—w)g(z/)/c+u)du. (3.1)
In this section we shall investigate several largest eigenvalues and eigenvectors
of the linear operator L, when the function f is sufficiently close to 1.

Roughly speaking we shall prove that in the case under consideration the
formulae of the perturbation theory are applicable. One cannot hope that the
series of the perturbation theory converge because the spectrum of non-perturbed
operator when f=1 consists of numbers 2, 2¢™*, 2¢”2,... and tends to zero.
However, we shall show that when the perturbation has the order ¢ in the ap-
propriate norm the difference of n-th eigenvectors for perturbed and unperturbed
operators is no more than ¢*#® if ¢ is sufficiently small and n is fixed.

The consideration of this section will not be used below. The reader may
acquaint himself with the formulation of Theorem 3.1. and proceed to the next
section.

Now we are going to formulate the exact condition concerning a perturbation
and to give the formulation of the theorem. Let ¢, 0<e< 1, be a certain number and

D,=[—do)/In(1/e), do}/In(1/e)], do=10/(c—1).

Assume that there is given an even function f(z) € C'(R') such that for z € D, the
function f can be written in the form

f(2)=1—¢G()/72)+R(2) (32)
where G,,(z) is the 2k-th Hermite polynomial (see [11]), y=1—c~! and

IR(2)|, |dR(z)/dz| < &3 . (3.3)
For z ¢ D, the function f satisfies the estimates

f(2)<exp(—(e'/2)|z"), a=2(log,c) ", (3.4)
g'=¢- py, where p, is the 2k-th coefficient of sz([/}; 2),

ld f (2)/dz] <|z|"exp(— (¢'/2)|2]") . (3.5)

Let us denote the Hilbert space of even functions on the line which have an
integrable square with respect to the weight exp(—7yz?) by L%(R';exp(—7yz?)).

Theorem 3.1. Let N be fixed. Then there exists a number ¢,=¢q(N) such that
Sfor any function f satisfying (3.2)—~3.5) with e, 0< e <&, the operator L, has (N +1)
eigenvectors ey(z; f), ..., ex(z; f) and accordingly, eigenvalues A, ..., Ay such that

a;) |4,—2/c|<e*i=0,...,N;
Vo= 2/ck =26 [ exp(—y22)G i)/ 7 2)AG )/ 2)dz| S e ;
a,) lledz )= Goll/72)lcwwg S€¥° 5 i=0,.. N;
a3) ledz; = 21> exp(—(&'/2)]2),
|de(z; f)/dz| < |z|* exp(—(¢'/2)|2]") ,
forz¢ D,; i=0,...N;
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a,) in the Hilbert space L2 (R";exp(—yz?)) there exists the closed subspace
H y of the co-dimension (N +1) invariant under L, and such that

”Lj”Hf,N§20_N_%
dist(H ; y, Ly(R"; exp(—yz?)) S¢e*®
where LR'; exp(—7yz?)) is the subspace of the Hilbert space L (R!;exp(—7yz?))
generated by the Hermite polynomials GZL(VZ i>N. ]
The proof of the theorem will be divided into several lemmas.

Lemma 3.1. If the function f(z) satisfies the condition (3.2)~3.5) and ¢>0 is

sufficiently small, then
“Lf_ Ll HLZ(Rl;exp( yz2) = =¢ 132 ’

HLf—Ll—sGZk“L2(R‘;exp(—‘/zz))§8%
Proof. We have from (3.1) and (3.5)
(Ly— Ly - 16,)9(2) = 2/)/ 1) [* o exp(— u)g(z/}/ ¢~ )R(z/}/ c + u)du
=Q@/)/m)J2 o expl - (u—2/)/ ) IR2z/|/ c — ug(u)du=[* .. K(z,g(w)du=Kyg.
where
K(z, u)=(2/)/m)exp[ — (u—z/)/c)*IRQ2z/)/ c—u).
Moreover
||K[|L2(R1;exp(—yz2))= ”KOHLZ(Rl) > (3.6)
where
Koz, w)=K(z, u)exp[ — (/2)z> —u>)] = 2/}/m)exp[ — Q(z, W) IR2z/)/ c—w)
0z, W)=(z/)/ c—=wP + (/202" —u?) =(1/)/ Yz —w)* + 1/2+1/(2c>—1/1/

(2 +u?) 21— 1)/ A2 +ud) =022 +u?) > 0. (3.7)
We shall show that
[ 0§20 IKo(z, w?dzdu<e® . (3.8)

Let Q —{|/z +u2<(d0/3)|/ln 1/e)}. For (z, u) € Q, the point 22/[/5 ueD, and
thus [see (3.3)]

[ §o. Koz, w2dzdu= | o, [(2/)/7)exp(— Q(z, w))R(2z/)/ c — u)]*dzdu

S(@/n) [ o, 6" exp(— 20(z* + u?))dzdu < conste'° < 3¢ (3.9)
for a sufficiently small e. From (3.2)—3.4) it follows that the inequality
IR(z)| < 1+ z** (3.10)

is valid for all z € R, Therefore |R(2z/]/c— u)| £ 1+ 4(z* +u?)** and for sufficiently
small ¢

[r2\.[Ko(z, w)*dzdu < (4/70) | [rang,expl — 200(2% + u?)]
(1 +4(z* +u?)*M2dzdu
<const {{53) s €XP(— 2000?)(1 + 40*)2dg < conste? @/ (In*e)
<conste*In**e<ie3.
Thus (3.8) is proved.
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From the Schwartz inequality we have
HKOHLZ(Rl)él/jofooIO—OOOIKO(Z, u)lded“-
Then from this inequality, (3.6) and (3.8) one can easily derive

KN L2t exp(- 7220 = 1 Lp = L1 = p62 | L2R 1 exp( = 3220 S € -

The second inequality of Lemma 3.1 is proved. The first one is obtained in a

similar way. Thus Lemma 3.1 is proved.
Similar considerations lead to the proof of the following lemma.

Lemma 3.2. Under the conditions of Lemma 3.1

”e—yzz(l‘f_Ll)g(Z)HC‘(Rl) §831/32|!g(Z)HL7-(R1;exp(—yzz)) ’

le” yzz(Lf_ L, —EGZk)g(Z)NCl(Rt) é‘9%“g(z)HLz(R’;exp(—yzz)) . N

We shall omit the proof of Lemma 3.2. Up to the end of this section we shall
write [|g(z)| instead of Ilg(Z)’|L2(R1;e,€p(_722)).

Lemma 3.3. Under the conditions of Lemma 3.1 the operator L, has the main
eigenfunction ey(z; f) with eigenvalue Ay(f) such that

12— Ao(f)l <&t ™10

leo(z; £)— 1] <e'*1te.

Proof. We shall use the method of the contraction mappings. Let us denote

S={f@:1If@I=1},

Ss={f(2):f(2)eS, | f(2)-1] <o}
and consider the non-linear mapping U,:g(z)—||Lg| “1Lg(z), U;:S-S8,
6=3¢""1° and ¢ be sufficiently small. We shall show that U S;CS; and U,[S,
is a contraction mapping.

Let U, be the mapping U, corresponding to the function f =1 and D, be the
differential of this mapping at the point g.

It is easy to see that the spectrum of the operator D, consists of the numbers
¢ 1 ¢72 ¢73,... and D, is selfadjoint. So |D,|=c~ <1 and D, is a contraction
operator. Hence, we deduce that the differentials D, of the operator U, at the
points g close to 1, namely at the points g € S;, are contraction operators and
then we deduce that the differentials D,U , g € S, are also contraction operators.
That means that U s, is @ non-linear contraction operator. Moreover, it follows
from our considerations that for g,, g, € S;

1UAg)—Uglg)l =31+ Hligr =92l »
if ¢ is sufficiently small. Furthermore, due to the evident estimate

[U,(1)— 1]l <3732
the latter inequality implies U,:S;—S,.

Thus, the mapping U,:S;—S; is contractive and therefore there exists a fixed
point ey(z; f) of this mapping. It is evident that the function ey(z; f) is the eigen-
function of the operator L,:

Lyeg=Ageq -

Then from the inequalities ||L,—L,|<&*!32, |le,—1[|<3¢'>/'® we obtain the
estimate |1, — 2| <g!?/1¢, QE.D.
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Lemma 3.4. For z,ue R' and 0 =2
|z+ul*+|z—u* = 2)z* + u?|z]* " 2o — 1)/2 . _

Proof. Let us divide the both sides of the inequality into |z|* (for z=0 the
inequality is evident) and denote uz™ ' =d:

1+ d|*+ 1 —d* = 2+ (oo — 1)/2)d? .

Without losing generality we can consider d 20, d+ 1. Let F(d)=|1+d|*+ |1 —d|*—
2 —(a(—1)/2)d*. Then

F'(d)y=olo—D(1+d* > +[1—-d* 2 =1)>0
and F'(0)=0, therefore, F'(d)>0 for d>0. Then F(0)=0 and thus, the inequality
F'(d)>0 for d>0 implies the inequality F(d)>0 for d>0. Q.E.D.
Proof of Theorem 3.1. We have

ILf—Ly||= (L, —Ly)*|=|L;—Ly|| <332,

Therefore, from proof of Lemma 3.3 it follows that there exists the main eigen-
function e§(z; f) of the operator L¥ and |le§(z; f)— 1] <&'*/*°. The hyperplane
H, which is orthogonal to the function ef(z; f), is invariant with respect to the
operator L,. Using the method of contraction mappings (see Lemma 3.3) in the
hyperplane H, we shall prove the existence of the eigenfunction e(z;f)e H,
close to e,(z; 1):G2(]/372). Then we shall prove the existence ef(z; f) etc. As a
result, N+ 1 eigenfunctions ey(z; f), ..., ex(z; f) and eigenvalues A, ..., Ay of the
operator L, will be constructed. Besides, the following inequalities are true for
i=0,1,..,N

ledz: )= Gal)/ 72l <™,

= 2¢ | <e®
and at the end we shall construct the subspace H ; yC LZ(R"; exp(—7yz?)), satisfying
the condition a,) of Theorem 3.1.

Let us now prove that |4, —2/c*—&(G,,, L, G,,)l <&*. For this we must find

the eigenfunction e,(z; f) using the perturbation theory up to the terms of order ¢
included. We have

L;Gou=(L;+L_,6, +Lg)Gp=(2/c")Gry— L, Goi+ O(*) ;
let e,=G,+ep, 4,=2c"*+¢l Then, in the formula L e, =/, equating all the
terms of order ¢, we obtain

— L, G+ Lip=2c" 0 +1G,,,

9(2)=p(2)+ G|/ 72), () L Goil)/72).

=L, Go= ¢ * ~ L) +1Gy, 1= — (L, Ga1 G2) »

=2 = L))" (= L, G2—1G) .

The function Lg;, G, is the polynomial of 4k degree and therefore it is easy to
find y from the latter equality (it is also the polynomial of 4k degree).
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Thus, the function ¢ is found and

[LAG+ep)— AdGat+ )| = 0(e>?).

Then, using the method of contraction mappings we prove the estimates

lex— Gox—eql <e?

= 2¢*—&(Gapo L, Gandl <&*
if ¢ is sufficiently small. Thus, the condition a,) of Theorem 3.1 is proved.

Let us now prove aj). It is necessary to point out that all the previous con-
siderations were of a general character and they are applied to various problems
of the perturbation theory. The proof of the conditions a,) and a,) is based on the
nature of the perturbation of the main operator, reflected by conditions (3.2)+3.5).

Let us consider the function go(z)=exp(— (¢'/2)|z|") and the operator Ty=/4;"'L;,.
The main eigenvalue of the operator T, is equal to 1 and others do not exceed
(e '+1)<1, therefore, the iterations g,= T'}g, tend to the function constey(z; f)
in the space L*(R!;exp(—7yz?)) where constx 1. In reality there takes place the
convergence in C' on compacts because T is an integral operator with a smooth

kernel.
More precisely from Lemma 3.2 it follows that

lexp(—yz*)(gn+ 1(2) — Il crrry =const||g, —gu— 1| -
The following estimate is evident from the definition of the function g,:
lg1—gollSe***C.
Besides, due to the inequality
Ign+1—=gall £3c™ +D)lgn—Gn-11 -
we have
g+ 1= gl S[3(c™ 1 +1)]7et3010
and
lexp(— 2+ 1 — ) c1rny S const[3(c ™!+ 1)]"%e" 3710

Let DO =[—d\,d], where d”=0,01(1—c~*)~*}/In(1/s). It follows from the
latter estimate that

||g,,|lC1(ng)§ 1 +COI’lSt815/16 .

Therefore the inequality
9u(2) S 2+ |z/P)exp(— (€/2)|2]") (3.11)

is fulfilled for all n in any case for ze D'%. It is evident that the function go(z)
satisfies this inequality for all ze R%.
Now let us assume that the function g,(z) satisfies inequality (3.11) for all
ze R and prove that the function g, ,(z) satisfies this inequality for ze R*\D{.
The following inequality results from properties (3.2)+3.4) of the function f(z):

S (@) <(L+xp(2)exp(—(&/2)|2l") ,
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where yp(z) is an indicator of the interval D=[—d, d], containing all zeroes of
the polynomial G,( 1/_2) It is very important to point out that D does not depend
on ¢. From here

Gus 1D S/ )/ 1) [2 e (1 + 12/} ¢ — u))e ™ @ 12NN eul
2+ |z/) e+ uF)em CENV e Ul gy

Let us now use Lemma 3.4. As 2= c%?

Gur1(2) Sexp(—(&/2Nzl) (2/2o)/T) [ 2 o e (L +1p(2/)/ c— )2+ |2/} c +ul*)du.

It is easy to verify that the main contribution into the right-hand side of this
inequality is made by the item

So=exp(—(&/2|z1") (2/2o)/1) [* e~ “l2/)/c +ulfdu, z¢D?.

From the inequality [2— | <&!3/'® we have 2/(/,)/c)<1—(c—1)/8 and thus for
2¢ DO

So =2 (1—(c— 1)/10)exp(—(&'/2/z[") .

So we have proved inequality (3.11) for the function g, for z¢ D). As we
have established it for ze D”) too, inequality (3.11) is valid for all ze R*. That
means that the first inequality of condition a;) of Theorem 3.1 is proved for the
eigenfunction ey(z; f). The second one is deduced similarly and its proof is omitted.

Now we shall sketch the proof of conditions a,) for all the other eigenfunctions.
Let us consider such p,

p<conste! /16

that the function go(z)=G2(]fyz)exp(—(8’/2)|z"‘|)+ ueo(z; f) belongs to the hyper-
plane H, which is orthogonal to e§(z; f). Then the iterations g,= Tjg,, where
T,=7;'A,, converge with e(z; f) and, besides, the function g,(z) satisfies the
inequality

lg0(2)] < (const +1z]>2) (exp(—(¢'/2)|I") -

As above it is proved by induction that all the sequent functions g, satisfy this
inequality too, therefore it is fulfilled also for the function e(z; f). Similar con-
siderations are true for the sequent eigenfunctions.

Let us now prove a,). Let go(z) =exp(— (¢'/2)|z|"). We have established already
that the iterations g,=T}g,, T;=25 "4, converge to the eigenfunction ey(z; f)
in C! on compacts and satisfy inequality (3.11). Let us show now that there exists
a sequence of numbers {n;}{%,, n,— 0, such that

19— Llcrpy =67/ (3.12)

It is evident that as a result, we shall prove a,) for the eigenfunction ey(z; f).
Let no=0, n; =[0,0001Ilne~']. Let us expand the function hy=g,—1 in the
Hermite polynomials up to the order M (the value M will be indicated below):

ho(2)=YM 009G, (/7 2)+ Hol2),
where (Ho(2), G,(]/72))=0, j=0, 1, ..., M. Let us denote
nz)=—6Gu()/y2) +RE), Ty =T, + T,



Critical Indices 257

and write
91=T,90=Tigo+ T,90=Ti 1+ Tihy+ T,90=2/00+ Tiho+ T,
Hence,
hy(2)=g1(2) = 1=(2/20 — 1)+ X2 0 /(Ao NPG |/ 72)
+ TLHE + Togo(2) =Y I 009G, (/7 2) + H,(2) + S4(2)

where
N =(2/2— Dy~ ¥ 4+(2/2)08, (3.13)
8V =Q2/(Aoc)0Y, j=1,... M, (3.14)
H,=T,H,, (3.15)
S1="Tgo. (3.16)

Analogous expansions are obtained for all the sequent functions h,(z)=g,(z)—1
and the following estimates are true:

6] < 2ngl3/16 (3.17)
0] 270 e~ et 310 (3.18)
[H,(2)[| £2"4g "™ "M (3.19)
[S.(2)| S e"e?1/32. (3.20)

It is very important that the validity of all these estimates is proved on the basis
of the following properties of the function g,:

1. g, satisfies the estimate (3.11),
2. llgo(2) =1l crp,y S0, (3.21)
3. ligo(2)— 1] =e1?2. (322)

Relations (3.17)+3.20) are easily proved by induction. Let us now use estimates
(3.17)~3.20) for n=n,. Then we receive for z € D, that

I (DSt~ + T2 109G, )/72) + H, (2)

+ |5n1(2)| ggo .99 —l—const(lns’ I)M 31/32 +831/32 0.001 §815/16

if ¢ is sufficiently small. We have used here the following considerations: the
estimates |0ty ¥ <€ and YN 0|5”)G2 yz)| < conste332[Ine™ )™  are
deduced from (3.22), the estimate |S, (2) |<a it — from (3.20) and the
estimate |H, (z)] <e is proved in the followmg way

”Hnl(z)“clu)e)§3_ 1°0||exp(—y22)H,,l “C‘(R‘)
<o H,, ] Sem 000 e M

[see (3.19)]. Next ¢ ™ =¢00001ne [ et us choose M=107(Inc)”* (M does not
depend on ¢). Then it follows from the latter inequality that | H, |c1p,<e. Q.E.D.

Thus it is proved that the function g, satisfies the same conditions 1, 2, 3 as
the function g(z). Now in a similar way we prove that the function g,,,(2), n, =2n,
satisfies these conditions too and so on. As a result, we establish (3.12) Theorem 3.1
is proved.
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§ 4. Inductive Assumptions, Formulations of Main Lemmas
Proof of Theorem 1

We shall begin with some notations. Let

a=(Gpp AG)= [ n e ZGo()/7 2)A(G )/ y 2))dz

and e=(c,—c)/a. In Appendix 1 we show that a=0. Below we consider only the
case ¢>0. All our assertions should begin with the phrase: “Let ¢ be sufficiently
small”. For this reason we shall omit it everywhere. Let us put D, =[—d,, d,| where
d,=10(Ine ! +1In(1 —&)""*/(c— 1). We shall take w>1 which is the root of the
equation 5° !'=(1—¢) 1% je. w—1~¢/(100In5). Furthermore, we shall
consider the sequence of integers m=[wn;_,+ny], i=1,2,..., no=2logse™".
Our procedure will be slightly different for n=n; and n,<n<n;, . At each step
we shall deal with a family of functions f,(z; a)= A" f,(z; a), where a is a parameter
of the family, all the values of which form the k-dimensional parallelepiped:
a={ag, ..., G_1}, @] SAY, i=1,..., k. All the functions of the family are even.

Inductive Assumptions for n=n;. Conditions (U,,)

For n=n; the k-dimensional parallelepiped B, ={a=(ag, ay,....a-1):|a| =
e*(1—¢/2y", s=0,...,k—1}, for each a=(ag,...,a,_,) €B, the even function
fu(z; a) is given so that

u,) for some a® e B, the function f,(z;a'”)=J; satisfies the conditions of
Theorem 3.1; therefore the operator L7 has N+1 eigenfunctions e,(z; f})=e!,
s=0,1,..., N with eigenvalues A(f)=2" and theinvariant space H, y; besides
|29 —2¢7%<e*5, s=0,1,..., N; the number N does not depend on ¢ and will be
indicated below;

u,) the function g, (z;a)=Af,(z;a)— f,(z;a), aeB,, can be represented in
the form

gnlz; @)= 1520a;¢(2) 40, (0)ef(2) + R, (z; @)

here the function R, (z; a) being expanded on the subspace H, x and one-dimen-
sional subspaces generated by ¢!, s=0,1,...,K has zero projections on these one-
dimensional subspaces; for ze D,

Uy) 10,(a) <2y~ M2e83(1—2¢/3)"; |V, 6, (a)l <2y~ /2e/3(1 —2¢/3)" ;
Uz2) [R,(2; @) <e®3(1—2¢/3)";
|OR,(z; a)/dz| <&>/*(1 —2¢/3)" ;
[VaR,,(2; @) <e>*(1—2¢/3)";
Uy3) 10g,,(2; @)/0z| <e>*(1 —3e/5)";
10g,.(z; a)/0aj —efz; f)l <e¥*(1—3¢/5);  j=0,..,k—1;
u,) for z¢ D,
0=/, (z; a)=exp(—(&'/2)|2["),
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where o =2(log,c)”" and is sufficiently close to 2k for small ¢;
10£,(z; a)/0z| S(1+|21*) exp(—(&/2)|z[") ,
Vo fulzs @l S(1+]21* Hexp(—(e'/2)|2I7)
Va0 fu(z; a)f0z| S (L+ 12/ 1 exp(—('/2)|2I") .

Inductive Assumptions for n,<n=n; . Conditions (V,)

Let a k-dimensional parallelepiped ,={a=(ay, ..., a_1): |a] <3e>3(1—e/2)"-
im0 =0, 1, ..., k—1} and for each a e 2, an even function f,(z; a) be given.
We put g,(z; a)=Af,(z; a)— f,(z, a) and denote

ve=1-3e/4, v;=A+et<c U3 k<j<N+1
where 4; are eigenvalues of the operator Ly, acting in the Hilbert space L(R';

exp(—yz?)) of even square-integrable functions with the weight exp(—yz?),
y=1—c~ ! Then the family {g,(z; a), a e N,} satisfies the conditions:

v,) forzeD,
guz:a) =Y kZaelN2)+ Y\ 0(@)ed(2)+ h,(z; a)+1,(z; )

where N is the same number as in the conditions (U, ) and will be indicated below
and

Vig) 160(@) 2y 2R = 2¢/3)"v; 7", s=k,...,N;
V. 0(a) <2y~ ¥ (1 —2¢/3y"v; ™", s=k,...,N;
v12) hn(Z;a)=0 fOI' Z¢Dn; hn(Z;a)EHf,»’
” hn(z; (1) ”LZ(Rl;exp( —yz2)) < 2'))—%88/3(1 - 28/3)niVNn-—f- T
Iz @)+ 1Vho(25 ) L2 expl— 22y S872(L—=28/3)" 3T,
lhz; a)“cm(D,.) + 1 Vhz; a)HC'"(D,.) <L(r3)37/3(1 —2¢g/3)m3" 7,
m=0, 1, LY =const
vis) (23 a)“C(D,.)§83(1 —2g/3)n3nT
<&3?(1=3g/5ynti3nm

d 0
“ | Vatn(za a)l + l_a; tn(z? a) + Vaé; tn(Za a) con

Vis) lgu(z; a)“c(pn)<88/3(1 —2¢/3)"3" M1

<&’ (1 =3g/5)a3n

C(Dn)

5

C(Dy)

0 0 -
[oza) ok ez

v,) for z¢ D,
va1) 0= fi(z; a)<exp(—¢/2/z|);

0
gfn(z7 a)
V3) Vafulzs a)l <L+ 1212 exp(—&'/2]2") ;

0
Vaa—z'fn(z’ a)

V35)

<(1+z*")exp(—&'/2|2]");

V2a) <(1+z[**)exp(—e'/2|2").
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Now we shall formulate three lemmas from which we shall deduce Theorem 1.
In the formulations A is a certain constant larger than 1.

Lemma 1. Let n=n,, and for n=n; the conditions (U,) are valid for the family
{fulz;a), aeB,}. There exists a subset B, CB, and C'-diffeomorphism @,

B, — A, such that for the family {f,(z; ¢, ' (a), ae N, } the conditions (V,) are
valid. Moreover ||¢, —1Id||ci<e* where Id is the identity transformation in the
k-dimensional space.

Lemma 2. Let for n, n,<n<n,, the family {f,(z; a), a€ W, } satisfies the condi-
tions (V,). Then there exists a subset W, C W, and C*-diffeomor phlsm P, WA, Ly
such that d(y, (@), w(a)=Ad(a,d") and the family {Af(z;yp; (a), aeW, .}
satisfies the conditions (V,,..,). For n=n; .y —1 the conditions (V, . ) are valid with
the functions e,

Lemma 3. Let for n=n;,, the family {f,, . (z;a), acU, , } satisfies the condi-
tions (V, ) with the functions €. Then there exists a subset W, CA,  and

Cl-dﬁeomorphism Tnisr W, =By, , such that for the family {f,, . (z; X;IH(‘I))’
aeB

ui. ) the conditions (U, ) are valid and ||y, —1d||<é
Proof of Theorem 1. Let us take the initial family of functions
f(z;0)=@(2)(1 =G+ Y1 o b,G o+ Y 26 ae2))

where ¢(z) € CF, @(z)=@(—z), p(z)=1 for |z| < dno(s) and ¢(z)=0 for |z| >d,, (e)+ 1,
coefficients b; are found from the formulae of the perturbation theory

A1 =G +67Y 5 0 b,Go) — (1 —6G o+ 67 Y 15 4 b,G o) = O(e?)

ni+1

where e(z) are the eigenfunctions of the operator L.q,. It is easy to see that this
family satisfies the conditions (U, ). Now we can apply Lemmas 1, 2, 3 and con-
struct a decreasmg sequence of sets B 23 =W, OB, 1=t 1(Bros1)D

ns

SBno-F 2= 1/’,.0+ 2w;;0+ 1(“Bn0+ 2) for which ﬂn no - CI € QIno
We shall show that the limit lim A"f(z; a) h(z; @) exists uniformly on any

finite interval and Ah=h. Let f,, ((z)=A"f(z;a), fo(z)= f(z;a). Lemma 2 can be
applied to the function g,(z)= f,+ (z)— f,(2) from which it follows that

lg(2)| <e%*(1—-2¢/3)",  zeD,,
lg/2) <exp(—(e/2)z["), z¢D,.

Therefore for any fixed ! the series fo(z)+ Y =, g,(z) converges uniformly on D,
and for its limit h(z)=0 the following estimate is valid

h(z)=exp(—(e'/2)2), zeD,.

From this estimate we have Ah=h. Theorem 1 is proved.

§ 5. Proof of Lemma 1

Let be n=n,. Let us denote h(z) =y, (2)e!(z), j=0, ..., N, where y,, is the indicator
of the interval D,=[—d,, d,], é{(2) is the j-th eigenfunction of the operator Lj..
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Firstly we shall show that

[ o h(2h(2)e” 7 dz — ]| <& (5.1)
where &/ is the Kronecker symbol. According to the Theorem 3.1

1€2) = G (z)/ 1)l agrse-eny <
and for |z/>do=10(c— 1)~ 1}/Ine ™" |e{(z)| <|2|2/* 1. Therefore

(2) = D Fapsserey = g | NP7z

<Jiz>a0l21¥* 2oz <.

Consequently,

1142) = G2/ D) Lamenpt - a2y S 267 . (5.2)

The Hermite polynomials {G, j(zW)} are orthogonal in the space L*R';
exp(—7z2)), therefore inequality (5.1) follows from the last inequality. Then from
(5.2) we may readily obtain:

{2 . hi2)h(z)e ™77 dz| < 26*/° (5.3)

for j=0,...,N and h(z)e Hj,_y.
Inequalities (5.1) and (5.3) allow to expand the function R,(z; a) in functions
{h{(z)} for small & [see the condition (U,,)]

R(z;a)=Y o0 (@) 2)+,(z; a),

where for ae®, supph,(z;a)CD, and h,(z;a)e Hy y and obtain for any
J,0<j< N, the following estimates

B @I =(1+e*P) R (z; a)ll, (5.4)

Ih(z; @) S(1+*2) R (z; )|, (5.5)

VO (L +22) VR (25 a)ll (5.6)

IVah(z; )l S (14 VR (25 a)] (5.7
where || [|= - “Ll(Rl;exp(—yzl))-

As a result, we have the expansion of the function ¢,(z; a) as follows

923 @)= Y525 (a;+ 5A@)el(2) + (6 ) + 5 a)el(z)

+YY i+ 109(a)e(2) + hy(z; a). (5.8
The estimates u,,) in the condition (U, ), and the estimates (5.4), (5.6) show that
10 (@) <2y~ ¥ (1~ 2¢/3)", (5.9)
|V, 09(a)| <0.9 - 29~ ¥e5/2(1 — 2¢/3)" . (5.10)

Let us define the mapping ¢,:B,—R* by the formula:

(g s Uy 1) = b =(ag +8(a), ..., a1 + 5% V().
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Then the estimates (5.9) and (5.10) mean that
lo,—1d]ci =& (5.11)

that is, ¢, is C*-diffeomorphism which is close to the identical one. For the point
x € 0B,, the boundary of the cube B,,

|0(x) — x| <e*x|.

Let us denote A, = {|a;]<3¢°*(1—¢/2)"}. From the last inequality it follows
that

A, C,(B,)

where ¢,(B,) is the image of the cube B, under the mapping ¢,. Let us put
B, =, '(A,). We have proved that the mapping ¢, : B, — A, satisfies the estimates
formulated in the lemma. It should be verified that expansion (5.8) of the function
g,(z; a) satisfies all the requirements of the condition (V,), provided the variables
a= @, !(b) are substituted in this expansion. Let us denote

SW1(b)=0,(e; (b)) + 5y (b)),

3Pb)=Pp, (b)), j=k+1, ... N,
hil(z; b)=h,(@, (b)),
t(z;b)=0.
We have for k+1<jSN

109(b)| =169y (b)) <2y *e%3(1— 2¢/3)"
|Vb(srt.")(b)l§|‘7¢;1(b)551j)((19; 1(b))| AVeon l(b)l
<209y %321 —2¢/3)"(1 +e23) < 2y %e3/2(1 — 2¢/3)™ .

In the same way we verify the remaining parts of the condition (V,). Lemma 1 is
proved.

§ 6. Proof of Lemma 2
We have

Gnr1=Jor2— Jur1 =Afn+1_Afn=Lf,,(fn+l —f)
+A(fn+1—fn)sz,gn+(Lfn~f;)gn+Agn

=L;g,+t,+t,. (6.1)

Firstly we show that for ze D,
ti(z; @)l <(1/4)e"/2(1 —2g/3)m+13nm+1 (6.2)
[ti(z; a)l <(1/4)e7/*(1 —2g/3)m+r . 3n mer (6.3)

[V tiz; a)l, |V ta(z; @) < (1/4)e*03(1 —g/2)ms13n st (6.4)
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In order to derive (6.2) let us first establish, that for zeD,,
£z a)— fi(z)l <7 (1 —eg/3)" . (6.5)

Let us denote a”=a, a¥=y;(@’*?) for j=n—1,...,n, b™ =g, (a™).
From v,,)

|f(z5 @)= £, (2 D) £ 2520123 a) < 26773 (1 —2¢/3)" (6.6)
and from u) it follows

| fu(2: b") = Fi@I =1 £ulz: ") = £ (z: 0)
< [b" sup [V, £, (z; D) S e*2 (1 —e/2)e 207k
be%ni

<e"BP(1—g/3)e M O(1 —g/2y (1 —g/3) ™dRk 1. 6.7)
Inequality (6.5) will result from (6.6), (6.7), if we show that
eMO(1—gf6)yd2k 1 <1. (6.8)

From the form of d,, denoting x=¢(1 —¢)™, we have
81/10(1 —8/6)"id5k+ 1 <(E(1 —8)m)1/10dr%-k+ 1 :Lxl/lo 1nk+%x 1

where L is limited, and x—0 for e—0. Thus, (6.8) and therefore (6.5) are proved.
Let us consider now (6.2). Suppose zeD, ;. Then

Ly, = L7)gu(z: @) =12/)/7 2 e (filz/)/ ¢ ~u; a)
— Jilzl)/ e —w)gz/)/ ¢ +u; a)du]
S/ fuico.91 -4y s F /TN fut> 0,90 -cHans
=1,+1,.

From us) it obviously follows that f,<2, and, putting u,=0.9(1—c %d,, ;, we
have

I,<Lexp(—u?)<(e(1—gl* )12,

In case |u|<u,, and zeD, . ;, we have

|2/)/c £ ul S|z/)/c|+ | Sdyi 1 /) ¢+ uy=dy 4 1 (1/)/c+0.9(1 = 1/)/c))
=d,,(09+0.1/)/¢)=d,d,. /d,(09+0.1/)/c)<d, (6.9)
since
dyir/dy=d, . Jd, =((ne" +n.  In(1—)")/(Ine” " +n;In(1—e)”")*
<((ne '+ n(w—1)In(1—e) " +nIn(1—e)~Y)/(Ine~! +n;In(1—e)~1))*
<YT+@-1)=)o—1.

From (6.9) it follows that in estimating the value I; we may employ the properties
of functions f,(z; a)—f(z) and g,(z; a), zeD,. Using v,3) and (6.5), we obtain

L=/ [y <u,e”(Sil2/)/ ¢ —u; @)= Flz/)/ c —u)g(z/)/ ¢ +u; a)du
<eTR(1—g/3)yme7P(1—g/2)"3n et < (e /4) (1 —2¢/3)"3" e,
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Performing summation of the estimates for I, and I, we obtain (6.2). The relation
(6.3) can be proved analogously.
Let us now prove (6.4). We have

Vatiz; @)=LV, g,+ Ly, — Lr)Vog,
We shall use the inequalities, resulting from (V}):

IV, flzs )l SKo(1 421771,

Vugu(z; @)| S Ko(1+[z*71),

Vegul(z; @) <e>2(1—3e/5)"3" ™" for |z|=d,.

Let us divide the integral, which determines L, ; g,, into the sum of two
integrals:

Ly,1,0n(25 @) = QYD+ [zl eV filz]) ¢ = s @),z ) ¢ +us a)du.

For the external integral we have the estimate:

K, fups e (U412} e —uly " (1+12/)/c 4 ulf ™ du

=K, j|u|>une—u2|u!2a+Zdu<37/2(1—28/3)" )

so far as for ze D, and |u|>u,, we shall evidently have |z/1/?::|_—u| < Kju. The last

inequality follows from the fact that exp(—u?)<e*(1—e)" due to the definition
of u,. For the internal integral on the base of the condition v,,):

V) [ e Vafilel)/ ¢ +us g (2/)/c = us a)du
<V [ <€ du- 683 (1= 263" 16y 71 <&52(1 = S/8)".

Summing the estimates of the external and internal integrals, we obtain the
estimate for the value |L,,, g,/. Analogously (L, —L;)V,g, can be estimated.
So, the first inequality in (6.4) is proved. In a similar way we prove the second
inequality for |V,t,] in (6.4).

Now we make use of the representation for g,(z;a) involved in v,). In the
expression

Lrgfz;a)=Y525a;Lyef+ Y 8 (a) Ly e’ + Ly h,+ Ly,

we consider each term separately, beginning from the right one. Let us introduce
the operator

Lig=Q//m [, Jie/) e —u)g(z/)/ e +u)du.
We shall show that for ze D, ,
(L7,—L7)t(z; a) <e*(1—e)*t. (6.10)
From the conditions ;)
“ﬁHC(R‘)éza Itz a)(1+ |Z|)-2N_ZHC(R1)< 1.
Hence
(L7~ Lr)tu(z: I S @Y/ fu a0 (L2 c—u)2du
=K f|u|>une_u2|“]2N+2d“<K1 exp(—up)us 2
<e*(1—e)" 'K, exp(—0.1u)u?¥*2,



Critical Indices 265

that proves (6.10), since K, exp(—0.1u?)u?¥*?*-0 at u,—oo, whereas due to
smallness of ¢ we may consider all u, to be sufflclently large.
For zeD, 4, lul<u, it is obvious that z/]ﬁiueD,,. Thus,

1Lz, 6z Dl ey, 0 = 2. LE(25 @)l e, - (6.11)

Let us put t,,(z; a)=1,(z; a)+1,(z; a)+ L5 1,(z; a). Having summed the esti-
mates (6.2), (6.3), (6.10), (6.11), we obtain the resulting estimate for ¢, ,(z; a):

It 1(z3 @)llew,, HSe (1 —2e/3)m 13m0

The same consideration allows to obtain an estimate for the vector-function
Vi, 1(z;a):

1Vatus1(z3 Dl e, ) S (1=3g/5)ymer3nmer

Now we turn to the function i, ((z;a)= % p,, (2)L7h,(z; a).
According to the assumption of v;,) h,€ H, y. Therefore from the Theorem 3.1
it follows:

H n+ 1(2 a)”LZ(Rl exp(—yz2)) = HLfl (Z’ a)HLZ(Rl;exp(—-yzz))
§VN+1 “ n(Z; a)”LZ(R‘;exp(—yzz)) . (612)
So far as h,(z;a)e Hy_ y for any ae %, then
oh(z;a)/0a;eHf n,  j=0,.,k—1.
So, analogously to (6.12), we shall have
“aEn+ l(Z; a)/aajHLz(R’; exp(—7yz2)) = VN+1 “ ahn(z5 a)/aaj“Lz(Rl; exp(—yz?)) *
From the inequalities

L7z Al e, n =2, HIM(z; d)llcw,
“Lf, n(Za a)“ Cl(Dn+1) é K ”hn(z 5 a)“ C(Drn)

we get directly the following

s 1(23 @)l e, p S 2 LIz @) ey » (6.13)
HE}1+ 1(z; a)”cltD,.+ 2SK [haz; a)”cwn) > (6.14)
Waltas 125 Dllcip, . » S 2 LIVehAz5 @)l e, (6.15)
Vel 1(z: Dl 1o, 0 S K NVehz5 e,y - (6.16)

Now we have
Gn+1(2;0)= ’;;5 )"ja ej(Z)+Z k/1 5”) a)ej(z)+hrl+1(z a)+t,.4(z;a) (6.17)

where Ao,...,Ay are the eigenvalues of the operator L. From the invariance of
Hj, y it follows that L7 h,e H7 y but, generally speaking, h,.;¢H7, .
Thus, we consider the expansion

hus1(z3 a)= 33001 1 (@)tp, . (2)ej(2) + hyss(250), (6.18)



266 P. M. Bleher and Ya. G. Sinai

where h, ;. €Hy, y. From the Theorem 3.1
|1hn+ I(Z; a)“Lz(Rl;exp(—yzz))é 19 1 IIEn+ I(Z; a)”LZ(Rl;exp(—yzz))
” l7ahn+ I(Z; a)HLZ(Ri;exp(—yzz))é 19 1 ” Vahn+ 1(2; a)IILZ(R'I;exp(—yzz))

|5r(1]+)— l(a)l _S. 17 1 ”hn+ I(Z; a)”LZ(Rl;exp(—yzz))

O (@ = 1, LIV (25 @) 2o exp -~ y22) -
Let us introduce the mapping ,: 2, — R, putting
Wil os s Q1) = (Aot + 0% 1 (a), ..., A1y + 0% (a)) .
From the last estimates, from (6.13), (6.15) and from the condition v,,)
=y @l e (1—2¢/3)" (6.19)
lwa =@l er &7 (1 —2¢/3)" (6.20)

where w%ay,...,a,_ ) =(Aodq, ..., A 1a;_). Let us insert expansion (6.18) into
(6.17) and denote the vector y(a) by a:

Gur1(z3 @)= Y525 azef(2)+ Y- (409 (™ M (@) + 05 1 (v H(a))ey(z)
+hy(z " @)+t (2w Ha).
From (6.19) it follows that yp(2,) >, ;. Let us put
Ot (@)= 2,0 (0™ @)+ (v~ (@), by 1(25 a)
=hys1 (207 1), tya(zsa)=t,04(z3 97 (@)

Lemma 2 is proved.

§ 7. Proof of Lemma 3
In this section we assume n=n;
Rz;0)=3 "1 10 (@)ef(2) +hz; @)+ 1,(z: a).

We shall estimate firstly |R,(z; a)| for zeD,=[ —d,, d,]. From the condition v,;)
and the Theorem 3.1 we obtain the estimate

10 (@)e () < v "8 (1 = 2e/3) 2L

Hence
Y ke 110 (a)e () S e (1 —2¢/3)" (1= 3e/dy =™ YNy 1 27 (vy/(1 = 3e/4)) ™™
(7.1)
Let us show that for j>k
(v;/(1=3g/dy' a2t <307 0mo, (7.2)

Indeed:
vi/(1—3e/4)<cm207PB/(1=3e/4)<cU™YB p—n=[(w—1)n]+n,.
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The left-hand side of Eq. (7.2) does not thus exceed

¢~ B/BU=R@= 1)+ n0) g2j+ 1 < o= 3i=kino = (1/8) (=Rl =~ Drd+no) g2j+ 1
In order to prove the inequality (7.2) it is sufficient to show, that
¢~ A== Dnltno) 2N+1 o

From the definition of the numbers ng, ny,...,, d, we have

[(w—DnJz(0—n—12(0—n/w—1—(w—Dne/w,
¢~ W@ Dio (5o-lylegsaBo) < (1 gyt ) =(logsc)/320,
cmB<er p=(logsc)/50> A,

d,=4/1—c™H/Ine T +nin(l—g) 1= const]/lns“"—l—n In(1—¢)~*.

Consequently, if we denote x=¢*(1—e¢)", then
C—(1/8)(j—k)([(50- 1)n,-]+no)dr2’N+ 1 < constx ln(2N+ 1)/2x8_—)_50
the fact that should have been shown. Turning to the inequality (7.1) we can see
that
S 110 @)e(2)] < ¥R (1—2e/3)(1 = 3e/Ap MYy ¢RI R0
<83 (1 —=2¢e/3y" (1 —3e/d)y" "¢~ ¥M0/(1 — ¢~ F)
<gB3Floese(1 _Dg/3)m(1 — /by ™, (7.3)

_m
since ¢ "0 =5 2 loescglogse que to the choice of ng,. _
Let us estimate now the other terms entering into R,(z;a). From the con-
dition v,5) we have |t,(z; a)| <&”/*(1—2¢/3)". From v,,)
“hn(z; a)”Lz(R‘) é cXp (,ydf') ”hn(z; a)” L2(R1;exp(—7yz2))
Seyd%c—(2/3)(N—k)<rz—nf)88/3(1 _ 28/3)111' =S.
It may be shown now that S<e*(1—2¢/3)". The idea of proving consists in the

fact that by choosing the number N sufficiently large the increase of e™ "% will
be compensated by the decrease of the value ¢~ /3W-ht=m) We have

n—n=[w—n]+n,=(@—Dn+ny—1=(w—1/ow)(n—ny+1)
+no—12(w—-1)/wn+ne/o—2,
C—(2/3)(a)— 1)/m=(5w— 1)2(log5c)/(3w)§(1 —8))' , ;»2(10g5 C)/(600)), C—Zno/_’,w:gu ,
u=(logs)/(120), e =[(1—g)"e"'T", v=16()/c+1)/(}/c-1).
Hence
Ség—v+(N~k)u+8/3(1_a)n(—v-(—(N—k)}.)(l_28/3)11;6.2.

The required inequality for S is obtained, provided (N —k)u, (N—k)A=v+1.
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Let us estimate now |h,(z; a)| for zeD,. The discussion presented below has
been already employed in [2]. Suppose 0=z=d, and

0, u ¢[0, —2]
1+3u, uel0, —-2].

I(u)= {
From v,5)
Ih(u; @) > |h(z; )| IT(u—z)
and, therefore:
25 @)l < lIhy(u; @)l oy )| oy < s @) | ooy < €3 (1—=2¢/3)". (7.4)
Performing the summation of the estimates (7.3), (7.4), we obtain
IR (z; a)| < g8/3 THloese(1 — 2g/3)" .
Analogously the following inequality may be proved
[V.R(z; a)| <g/2**loesc(1 _ 5¢/8)" .
Let us turn now directly to proving the conditions (U,). We have
g.z; Q)= YhZb aje (2)+ 0 @eyz) + Roz5 ) (7.5)

It should be recalled that here e; are the eigenfunctions of the operator Ly,
We verify first that the function f, . (z;0)= f,(z; 0) satisfies all the conditions of
the Theorem 3.1. Suppose b¥=¢; o'y (... 0, 21(0)...)), j=n,...,n—1 where
@ U—-WU, . are the mappings constructed in Lemma 2. Then from v,,) for
ze D, we have:

a2 09% D)= filz: ) =gz bO) <7 (1 - 26337
‘Whence
|flz;0)— f,(z; b)) < 2¢73(1 —2¢/3)". (7.6)

Then, so far as || £, (z; a¥) — (1 — €G14(z; 7)) | c1pyy= O(*"*) the analogous equal-
ity is valid for f,(z;0) also. Thus, in the segment D, function f, satisfies the con-
dition of the theorem. From the conditions (V}) it also follows that it satisfies the
conditions of the Theorem 3.1 outside D, too. Consequently, Theorem 3.1 is
applicable, and we may introduce the eigenfunctions ej(z;fH D fie1= o (250),
j=0,1,...,N. From (7.5), v,) and u,3)

[£,(250) = £ 25 D)2 exp 3oy < (4/)/7)67 (1= 26/3)"
125 6" = 125 @M L2Rssexp( = 1220 S $UP IV i (25 )
B — a V) <& (1— 2¢/3)"
where a'© is introduced in u;). Thus,

123 0) = £(23 @) | aqsexp( —yzay <(5/)/7)E73 (1 —2¢/3)".
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From this inequality, using the consideration of the Theorem 3.1, it is easy to
derive the estimates

”ej(z;fi—!- 1) - ej(z;]-;')”Ll(R‘;exp(—)'zz)) <89/4(1 - 28/3)n
for j=0,1,...,N. From here
ei(z: )= Y=o+ Cimen(z: fir 1) +R(2;0),
where &}, is the Kronecker symbol,
'cjmla ”Iin(Z;a)“C(D,,)<811/5(1—28/3)n’ RNn(Z;a)erwhk'

Inserting this expansion into the equality (7.3), and performing the substitution
of the variables similar to the identical one in the space of the parameters
a=(agp,...,a;—,) we obtain the condition (U,) at n=n;, ;. Lemma 3 is proved.

§ 8. Derivation of Formulas for Indices

In papers [2, 8] there have been obtained results concerning the indices of the
asymptotic hierarchical models under the condition 1/;<c<r. As it will be seen
in what follows the cases [/;<c<r and c=]/;—s differ essentially. For the sake
of simplicity we consider the case r=2.

The values of the critical indices we derive by studying the asymptotic be-
haviour of the recursive relations (1.2) when n—oo. Function f,(z; f) in (1.2) is
defined on the discrete finite lattice of points M, = {c¢"*(— 1 +i/2"~1)}2., with the
step A,,=2(]/;:/2)”, since ) .y, u(x)is an even number, which does not exceed 2"
in modulus. The summation is carried out in (1.2) so, that z/l/E—_FueM,,.

As in the papers [2] and [8] we obtain the critical indices for a.h.m., their
initial distribution f, (z; p) satisfying some relations of the inequality type for a
sufficiently large value of n, These inequalities determine the open set Q which
is deliberately non-empty in the space of all a.h.m. In this way we show that the
branch g,, is thermodynamically stable.

Let us suppose ¢ be fixed, and ]/E—c>0 is small. Let fO(z; B)= const be the
solution of Eq. (1.3) constructed in the Theorem 1, and e(z; ) are the eigen-
functions of the operator L jo (see the Theorem 3.1) with the eigen numbers A;.
The eigenfunctions are considered to be normalized by the condition

lezs Bl zatrsexp — ey = /m%) - (20)12/2) - (29)/(2))

so that e,(z; f) for z~]/Ine”" has the asymptotics z*/. The set Q consists of the
families of the probability distributions f, (z; f)=exp(—ao(B)z*)p,(z; f) de-
pending on f, which satisfy the following conditions (the number n, is large, it
is enough for it to exceed 107¢™?):

The condition (U). There exists a segment of inverse temperatures [, f7]
and C*-function b(B) defined on [B~, 7], such that

Puo(z; B=p(z; B+ 21°b(Bes (z; pV) + R(z; ) @&.1)
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and in this case
uy) Aeb(BE)= T2 p(BI>)/e for Pe[p.p*]:
u,) |R(z; Pl +|0R(z; f)/0P| +|0R(z: p)/oz| <&?
for |z|<4p)/Ine”", pe[p~, 71 ;
us) 0<p,(z; B)< exp(—(Be//2)|z") ;
10P4o(23 B)/02] < |2|* exp(— (Be'/2)|2I%)
10P4(23 B)/BI <217 exp(—(Be'/2)|z") ;
102 Dao(2; B)/020B| < |2° exp(— (Be'/2)|2]")
for |z/>4)/In(1/e), Pe[p.p*].

Theorem 8.1. Suppose the value ]ﬁ—c is sufficiently small, and the condition
(U) is fulfilled. Then inthe segment [B~, B there is one and only one critical point

Bew for which f,(z; Be)=> f7(z; Bes).

Note. It follows from Theorem 8.1 that the value of the critical index =0,
2

log,2/c” =

Theorem 8.2. Suppose the value ]ﬁ—c is sufficiently small, the condition (U) is
fulfilled, and Be[f 4, B..). Then

(c/2)" flz(c/2)"? ; f)=(2ma () ~* exp(—(a(B)/2)2%).
For f— .. asymptotically o,(B)~|Be—BI™7, y=1—log,,(cA,/2). |
Theorem 8.3. Suppose the value 1/5— c is sufficiently small, the condition (U)
is fulfilled, and e[ _, B.,). Then there exists a sequence of the numbers 0< M {(f)<
My(B)<..., lim M, (B)=M(p) such, that (c/2)"* £,(z(c/2)"*; p)— G,(z; p)=-0, where
G,(z; B)=3(2m05(B) ~* (exp(— (z—2"2 M, (B))*/25(B))
+exp(—(z+2"2M,(B))*/20(B))) -

For f—f., the asymptotical formulas

M(B)~1B—Bal”,  o=3log; c;  oxf)~If—Bd’, y=1-log, (c2:/2)

provided the dimension of the model is d,=

are valid.

Refinement of Theorem 8.3 (calculation of the correlation radius). In the
assumptions of the Theorem 8.3 there is a number N = N(f) such that for n< N the
condition |(¢/2)" f,(z(c/2)"; B)— folz; P)l <& is fulfilled, and for n>N the con-
dition |(¢/2)" f,(z(c/2)"; B)— G (z; B)| < &> is fulfilled; the value &= &(f)=2NFa js
the correlation radius, and for f— B, &(B)~|B— Bl " v=13log,, (2/c).

Let us consider the Gibbs distribution in the volume V, at the external field
value H and at the inverse temperature f§ and put

1423 B H) =2V ¢V'/Z) Yerars.ernat=2XP(— BH,(0)+ H Y ey, 0(x)) . (82)
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Theorem 8.4. Suppose the value 1/5——0 is sufficiently small, the condition (U) is
Sulfilled, Be{B~,B"], and |H|<e|f" —p~|, H+0. Then there is a sequence of
numbers M ,(f, H )RM (B, H) such that

(c/2)" fi(2(c/2)"; B)—(2ma(B, H))* exp(—(z+2"* M, (B, H))*/20(B, H))=0.

Theorem 8.5. In the assumptions of Theorem 8.4 we have:
a) M(P, H) is the monotonously increasing function of H,
b) HlirEOM(B, H)= + M(f3) (see Theorem 8.3);

c) function H=H(f, M), which is an inverse one to the function M(f, H),
permits for f, M—0 the expansions;
¢y) in the region [M|/|t|*>Ine™", 1=(f—fe))/Be,, @=73log,,C

H=(Ly(Bee— B)IM|" + Ly [M|” + .. )5gnM (8.3)
where 5, =1—2log.(cA,/2), §,=3+2log.(2/c?), L, >0, L, >0 are constants, ... are

the terms of higher order in the expansions; for c—>]ﬁ Li~1, L2~(ﬂ—c);
c,) in the region |M|/|t|°<(Ine™ ")™Y, B<f.,

H=Lyf.,—p) "M+... (8.4)
where y=1—log, (cA,/2), L; is a constant; for c—>]ﬁ Liy~1.

Note. The presence of two asymptotical expansions in different regions of the
equation of state H(f, M) in the neighbourhood of the critical point is a very
important phenomenon. It shows the type of the expansion H(fS, M), when the
Landau theory cannot be applied.

The Theorem 8.1 is derived in the same way as the proof of the basic theorem
(see also [2]), and we shall omit it. The proofs of the remaining theorems also
involve essentially the technique of paper [8]. We present two lemmas without
proof which elucidate the derivation of Theorem 8.3. These lemmas are proved
analogously to the corresponding lemmas in paper [8], and we shall omit it too?;
Let us denote N = N(B)= min{n : A1 b'(B.,)| - 18— Berl > (4/5)Ber/(2/c — 1)}, eo(u) =&/
for |/In(1/e)<|ul <&~ 23, go(u)=¢'[e*Pu| ™13 for ¢~ 2P <fu| <72/ Ing™ 1.

Lemma 8.1. Suppose ny<n<N(p), |/Ine™ ' <[z <" 7" |/Ing ™", Then there
exist the numbers L,=L,(B, 2?), u,=u,(p, 2, s,=s,(p,z'%) independent on z,
such that

fulz; P)=L,exp(—p,(z—s,)*) (1 + R ,(2)) , (8.5)
where |R,(2)|=|R,(z; 2%, Bl <go(zo) for |z—z91<)/(1/p)In(zV/e) and the re-

cursive relations are fulfilled
fs 1(B. )/ €)= (ao(B)+(2/0) (1B, 2V) — ao( BN (1+ O(eo(z*)) (8.6)
S 18,1/ €2 =21/ ) 1B, 29Nt 1(B, /2Ny, 2V) (1 + Oeo(2 ). (8.7)
Moreover for |/lne~ ' <|z(©)| <2)/Ing™!
1B, 2 )= (ao(B)— Ly 21 (B— Ber)/Ber + Lo 2 1P) (1 +0(12 1), (8.8)
sulB. 2) = (Ls |21 /B, 2N (1 +0(2 V71, (3.9
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where Ly, L,, Ly>0 are independent on B and 2z, and for e—0 L, ~1, L,, Ly~z¢,
L,L3'—3. And finally, for 2@ =c""""2]/Inc™" and 2> 29+ |/(1/p,) In(z/e)

(1+R,(2)< L.

Lemma 8.2. For Be[f~, B..] there is a sequence of the numbers zyg, . 1(B)<
Zngy+ 2BV <., €70 <zyp 1 <e” %' such that all the statements of the Lemma

8.1 are valid for n> N(P) for the points 29,129 > u,(B)=z,(B)— |/ 1tn *(B,z,(B))Inz,(B)
and t=1z,(p) is the solution of the equation s,(f, t)=t. Besides, for |z| <u,(f) f,(z; )<
21 (B); B). For n—oo there exists the limit ¢~ "*z,(B)— M(p). _

Let us elucidate the derivation of the critical index, connected with magnetiza-
tion, and the equation of state in the vicinity of the critical point.
Suppose n>N(f). Using Lemma 8.2 we may show [8], that

||fn(25 B)_’ Gn(z; Zps :u'n)”C(Rl) < 8O(Zn) 5

where

Gn(Z; Zps ,un) = Ln [exp ( - Mn(z - Zn)z) + exp( - ,Ll.,,(Z + Zn)z)] >

z,=1z,(f) is the solution of the equation s,(f,t)=t, p,=u(z,(P)). Therefore, the
spontaneous magnetization is determined by the formula M(ﬁ)z}}ir{é c "2 z(p).

Denote M ()= z,()/c"* and consider such m, that |/In¢ ™' <> M,(f)<2]/Ine" ".
It may be shown that m < N(f) [8]. From the asymptotical formulas (8.6), (8.7)

it follows that
5By 2 BN = /) "™ (B> 2 1l B, 2 B 5B, V) (1 + O 3)), (8.10)
1B, 2(B)) = ao(B) +(2/c)" " (B, 2'¥) — ao(B)) (L + O(e')) . (8.11)
2= M,(B).

So far as |/Ine” ' <z®<2]/Ing”", we may use the formulas (8.8) and (8.9). The
errors in the relations (8.8)—(8.11) can be neglected. Then for M, (f) we derive
the equation:

Sp=2Zy,
HnSp= HnZp 5
(/) e ™t =(a0 + (/e ™"ty =g "2,
FoSn =ty — a0)2'?

[the term (]/m)” "'"aon—_;O—gO, which is inessential in deriving the asymptotics, may
be omitted ]

Ly(z9) =(— L ATt + Ly(219)?) 2,

LiM2=—L(A/c)"t+ L,M?, (8.12)

M =Ly /0)"r,
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where t=(f—pf.)/B, L,=(L,—L3)/L,>0, since, as has been formulated in
Lemma 8.1, L,L3 "' —3 for ¢—0. Further |/Ine™' <c™?M,<2|/Ing”", whence it
follows that

(A JeY"=LsM; 210gc(/11/C), (VE—T)Zlogc(M/C) <Ls< (2] /Ine~ I)ZIOgC(M/C) .
Thus,

MrZ; — L6Mn— 210&:(11/6)1-, L6 =L4 . L5 ,

M, = [2(1 Floge(Ry/e1=t (8.13)
" .

As a result we have found the critical index f=[2(1+log.(4,/c)]~*. The neg-
lecting of errors in the formulas (8.8)—(8.11) is substantiated as it has been done
in the paper [8].

Let us derive now the equation of state. Suppose f,(z; f, H) is the density of
the distribution of the random value (]/c/‘Z)”erV" u(x) in the Gibbs ensemble at
the inverse temperature 5, and at the external field H. It may be easily seen that

filz; B H)=L,exp(BH(2/)/c)") f,(z; B, 0).

For large values of n the function, as may be derived from the Lemmas 8.1,
8.2 [8] is close to the Gaussian density with the average z,=z,(f, H) satisfying
the equation

su(zn)+(2¢ 7' BH/2u,(z,) = 2, -

Let us denote M,=M,(B, H)=c "?z,(B, H). It is clear that M (B, H) is an odd
function of M, thus, we may consider H > 0.

Let us consider such m that }/Ine™! <z <2]/Ine¢™", 29 =M, ™. It is easy
to show that m<N(f) for > f., [8]. Then analogously to (8.13) we obtain the
equation

H=(L7’EM1 —210gc(c11/2)+L8M3+210gc(2/c2))sgnM ) (814)

T=(f—~P..)/Per» L, Lg>0 are the constants, which gives the asymptotics of the
equation of state in the neighbourhood of the critical point in the region f=f
[M| = M(B).

At < B, the asymptotics (8.14) holds true, provided |[M|c¥®"?>]/Ine™ . Since

cr

N(B)=min {n - |210'(B)cl} > (4/5) (2/c— 1)~
this condition is equivalent to the following one
|M]| ||~ 3en < (Ing~ 1)L,

In fulfilling this condition the number m, determined from the condition
|/Ing”' <Mc™?<2]/Ine” ", is less than N(f), and therefore the asymptotics
(8.14) takes place.
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If the following condition is fulfilled
IM|/(17]*log;,c)<(Ing™ ")~

then m> N(f), and
Sl 25 B)= Ly exp(— p1,,2%) (14 O(e/20" = NP)12))

Thus, in this case the derivation of the equation state is reduced to the case of
the Gaussian fixed point studied in [8]. The asymptotics of the equation of state
in this case can be given by:

H=const.|t1| "M,

where y=1—log, (cA;/2) is the critical index calculated in Theorem 2.

Appendix 1
Calculation of the Number

a= jofwe'yzzGZk(Wz)n_%jfw e Gyl y/cz—ﬂzt)GZk(l/ yjez+1/yu)dudz

y=1-—c"t.

1
2

Let us make a substitution of z=ty
a=[* e "Gty P(t)dt
where

B(t)=(my) " *[* e " Golt/)/ c =/ yu) Goult)}) e+ )/ yw)du .

Using the equality e™” Gy (t)=(n* 252k) 1)~ 1 (d**e~"/dt**) and integrating by
parts, we obtain

a=(m* 252k) 1¥)71 2, e A(d**D(t)/deM)de = (nF 2K(2K) P (my)?) T P e T
(@A) [Goilt)) ¢ — |/ yu)Golt))/ e + 1/ yu)] dud .

Lemma. [*_ (% e~ G(t/)/c+)/yu)G(t/)/c—)/yuydtdu=(2/c — 1)}/
Proof. Suppose i< j. We have (1/)/c)*+()/y)>=c ™'+ 1—c~!=1. Therefore,
the matrix
(1/1/ -1y )
Vi We

is orthogonal. Let us make a substitution of the variables in the integral

(=l
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We obtain
120 [20 e 7 GHW)G (= L+ 2/c)w+ 2}/ y/cv)dwdv
=% [ e TG (W) [2/c— 1) G{(w)+ Q(w, v)]dwdv

where the degree of the polynomial Q(w, v) with respect to w does not exceed
i—1<j, and, therefore,

[*,e " G(t)Q(t, v)dt=0.

Since [*, G;(1)G{t)e”""dt =5, the lemma is proved.
Let us use the known property of the Hermite polynomials:

(2)/dz'=1/2j(=1)...( =i+ DG;_(2).
In a combination with lemma this gives the following:
a=(m* 252k) 3 (ym)3) " Ch 24 ((2K) Lk e (= [ e T Gylz/) e —u)/y)
G(z/)/ ¢ +u)/y)dzdu=([(2k) 113 (k1)) (2/c* = 1) (m¥ (myp)t) 1 .

The number a is calculated.

Appendix 2

One of the authors (Bleher) has investigated the renormalization group trans-
formation for the hierarchical model in the case d=1, r=2, with the help of the
computer. As a result all the critical indices for all the values of the parameter
of the hierarchical model were found.

In the case under consideration the renormalization group transformation
can be considered as the nonlinear integral mapping:

Q: f(z)—const [2 e f(z/)/ c+u) f(z/)/ c—w)du

where 1 <c<2 is a parameter of the hierarchical model. The first aim of the com-
putations was to find all the thermodinamically-stable fixed points (TSFP) of the
mapping Q. From the mathematical point of view it means that we seek fixed
points for which the linearized mapping L,Q has explicitly one eigenvalue the
modulo of which is bigger than one.

It is one of the results of the computations that for all the values of the
parameter ¢, 1 <c< 2, there exists one and only one TSFP of the transformation
Q. For ]ﬁ<c<2 this is the evident fixed point f(x)=const. The graphs of the
TSFP for various values of the parameter c, 1<c<\/§, are shown on the Figs.
1-5. Probably for c—1 TSFP degenerates in a discrete measure. The branch of
nonconstant TSFP have been considered rigorously before for sufficiently small
= 1/5— ¢>0, where ¢=0 is the point of the bifurcation of TSFP. The numerical
computations show that there are not bifurcations of this branch of TSFP for
all e, 0<e< ]/_ 1.
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Fig. 1. The graphs of the TSFP (the continuous line), of the first eigenfunction (the interrupted line)
and of the second eigenfunction (the dotted line) are plotted for ¢ =243

Fig. 2. c=2'3

Fig. 3. ¢=2°2

Fig. 4. =201

Fig. 5. c¢=2003



Critical Indices 277

Fig. 6. The dependence of the first eigenvalue | | | | |
on the parameter log,¢ 0 01 02 03 04 O05logyc

A2
10}

08 —///
06|

0.4

02
Fig. 7. The dependence of the second eigenvalue | | | |

!
on the parameter log,c 0 01 02 03 04 0S5logye

Our second aim was to compute the spectrum of the linearized mapping L,Q
for TSFP. It is a very interesting problem because of as it was pointed out before
all the critical indices of the asymptotically hierarchical models can be expressed
via the first eigenvalue A; > 1 of the operator L;Q. On the Fig. 6 the dependence
of 1, on the parameter c is plotted. One can see that there is a good agreement
of this curve with the theoretical e-expansions A, =(1+¢/3 + 0(62))ﬂ forc= ]/5— €
and /11=1+]/E for c=1+¢ The last expansion is taken from the paper by
Kosterlitz [13].

Finally on the Fig. 7 it is plotted the dependence of the second eigenvalue of
the linearized operator L,Q on the parameter ¢. It is evident that 0<A,<1 for
all the values ¢, 1 <c< /2. This points out that the considering branch of TSFP
has not any other bifurcation for 1<c< ]/§ indeed.

On the Fig. 1-5 the two first eigenfunctions of the operator L,Q are also
plotted for some values of the parameter c.
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