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Abstract. We consider classical systems of particles in R? interacting by a
stable pair potential with finite range. We are engaged in subdividing every
particle configuration into clusters of interacting particles and studying the
cluster distributions corresponding to equilibrium particle distributions.

Introduction

Let us consider an interaction in the d-dimensional Euclidean space R given by
a pair potential @, i.e., the potential energy of particles located at x;,..., x,eR?
is given by

V(Xy,.0, X,)= 21 <i<jsn (p(xj_xi)s

where @:IR9»RU{+ o} is Lebesgue measurable with @(x)=®(— x) for xeR%
We suppose @ to have the following properties:

stability: there exists B=0 with V(x,,..., x,)= —nB for all n and x,,..., x,e R%;
finite range: there exists R >0 with &(x)=0 for |x|>R.

Because of the finite range property it is reasonable to introduce clusters of
interacting particles. Thus a configuration (xi,..., x;) is a cluster, iff each two
particles of the cluster interact at least indirectly.

This is a special type of physical clusters introduced in 1939 independently by
Frenkel and Band in order to discuss condensation phenomena (see [3]). Recently
Sinai [8] defined similar clusters — clusters in space-time however — for the
existence of the time evolution of particle configurations.

Every finite or infinite particle configuration can now be subdivided into
clusters with possibly infinite clusters defined in the same way. The purpose of
this paper is to study the distribution of cluster configurations corresponding to
equilibrium particle distributions in the sense of the DLR-equations in the case
of only finite clusters with probability 1.

In Section 1 we give the exact definition of clusters by means of cluster func-
tions and denote relations of these functions describing the subdivision of finite
particle configurations into clusters. These relations are used in Section2 to
derive the cluster distribution corresponding to a grand canonical particle
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distribution of a bounded region. The result is a distribution, formally the same
as a grand canonical distribution, if one introduces a certain measure on the
cluster space and a hard core potential forbidding overlapping cluster configura-
tions.

Section 3 treats the case of equilibrium particle distributions in RY. We give
sufficient conditions for the absence of infinite clusters with probability 1, the
essential condition being a low activity condition. In this case we show that the
validity of the DLR-equations of the particle distribution is equivalent to cluster-
DLR-equations of the corresponding cluster distributions with the above-
mentioned measure and hard core potential.

In Section 4 we reverse the point of view and start from cluster configurations.
We prove an existence theorem of cluster distributions satisfying the cluster-DLR-
equations under the low activity condition. As a corollary we get an existence
theorem of the corresponding particle distributions. Remark that concerning
the behaviour of the potential for small distances it only presumes stability. We
close in Section 5 with some remarks concerning the connection between the
uniqueness of the equilibrium distribution and the absence of infinite clusters.

Acknowledgement. 1 want to thank Professor J. Groeneveld for helpful discussions on the formal
resemblance of these clusters with the Mayer clusters and how to use it.

1. Physical Clusters

The notion of clusters initiated in the introduction is equivalent to saying that a
particle configuration is a cluster iff the graph obtained by joining interacting
particles is connected. We use this fact to derive an explicit expression for a cluster
function u defined on all finite non-empty configurations, which is 1 for clusters
and 0 otherwise.

For x, yeR? we set

1 for |x—y|>R

hlx, )= {0 for |x—y|<R

and for x,,..., X, Viseeer Ym€RY

WX 15y X2 Y15 Vi) = n?=1 H;'":1 h(x;, V).

This function is the usual function h as defined in the theory of the Mayer
expansion ([2]) related to the pair potential ¢ given by:

(x)= 0 for |x|>R
= +oo for |x]ZR.

The cluster function u is now defined on the topological sum )72, (R%
representing the space of all finite non-empty configurations in the following way:

Xy, X)) = ZGEC; n(i,j)eG (1—h(x;, xj)) n(a,b)¢G h(x, Xp) (1)

where C, is the set of all connected graphs G with vertices 1,..., .
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Obviously this is the desired function. It resembles the usual Ursell function U
related to ¢

Ulxpse.s X)) = Zcec, l—[(i,j)eG (h(x;, xj)_ 1).

We shall make use of this resemblance by introducing t-functions which satisfy
u—t- and t—u-relations. Comparing them with the corresponding U— T- and
T — U-relations ([ 2], Section IV.C) we finally get an estimation of u by U, which
we shall need later.

The ¢-functions are defined in the same way as the T-functions by replacing
U by u. For the special type of t-functions we only need one can take the ¢t —u-
relations directly as definition:

HX5 X ey X)) = — f(X5 Xppeer X)) U(Xp5ees X)) 2)
with f(x; X,..., X)) =h(x; x4,..., x)— L.
For the u—t-relations we use the customary abbreviation u(y)=u(x;,,..., X;)

for every finite set y= {i,,..., i;} of non-negative integers. Because of the symmetry
of u this is uniquely defined. The analogous abbreviation will be used for other
symmetric functions, too. With this notation the u—t-relations are:

u({1, 2., 1) = Y, t({1}: {2306) u({1}uy\0) h({2}0d;7\0) G

with y={3,..., [}.
The proof of (3) is almost the same as for the U-T-relations. Thus it is sufficient
to show how the difference between the definition of u and U leads to different

relations.
The T—U-relations are ([2], IV (39))

T X e X)=f(X; X150, %) Ulxy,e.., X))
and the U—T-relations ([2], IV (37))
UL 2., 1)= Ysc, T({1}; {2300) U({1}uy\0)

with y={3,..., [}.
The replacement of f by —f in the definition of u leads to the same replacement
in (2), and the additional h-term leads to the additional A-term in (3).
Comparing the t—u- and the u—t-relations with the T—U- and U—T-relations
there follows by induction on [, since u({1})= U({1}) =1 holds, the following lemma:

Lemma 1.1. For [=>1 and x, x,,..., x;cR%:
0= u(xy, X)) (= 1) 1U(xy,..., X))
0= 105 X1,y X) S (= D)PT(; X4se.0 X))
Let us introduce now the space of clusters. The space %, of [-clusters is given by
G ={(x1,.. ., X)): u(xy,..., x) =1} C(RY
and the space % of all clusters by
€= Zﬁ—ﬂ € =u"'({1}).
In the following we shall designate clusters by capital letters as X, Y, Z.
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For the subdivision of finite configurations (x,,..., x,) into clusters one easily
sees that

Yoz, w{130y) A({13uy; {2, n}\p)=1 on (R}

which implies
Z(n) et~ u(yy)...u(ye) H1 <i<jsk h(y:; VJ)E 1 on (]Rd)" > 4

where the sum ) ™ extends over all ordered partitions (y,,...,7,) of {1,...,n} into
an arbitrary number of disjoint non-empty subsets. Relation (4) relates to the
subdivision of n-particle configurations into clusters. The empty particle con-
figuration (R%° is attached an empty cluster configuration €°.

The h-term in (4) excludes cluster configurations which overlap in the sense that
at least two different clusters can be jointed to a new cluster. We define a corre-
sponding function H on the space ) ;2 , " of all finite cluster configurations by

H|go=1
Hl, =1
H((X g5 X0), (D155 YD) =H(X 10y X5 Ve Vi)
HX o X)= Y1 <icj<u HX, X)) for kz2.

)

It can be conceived as related to a hard core potential of cluster configurations
excluding overlapping clusters.

2. Grand Canonical Cluster Distributions

In order to introduce the method how cluster distributions are derived from
particle distributions we treat the case of the grand canonical distribution in
some detail.

Let z>0 be the activity and >0 be the inverse temperature parameter. Then
for a bounded Borel set ACIR? the grand canonical partition function is given by

F(M)= Yo on! 2 [ e PVEmgy dx

ne

Since there is no interaction between non-overlapping clusters relation (4)
yields:

with V(y) defined in the known way.
Thus:

ZM)=1+ Y n!7 2 L YO kT u(yy)e YO0y e PV
‘H1§i<j§k h(Vi;Vj)dx1-~dxn
=1+ Y 2 [ f e YO R g eyl )T uly e POV Ly e Ve
Tligi<ju bz y)dx, .. .dx, .
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The prime on the sum indicates that it only extends over the ordered partitions
of {1,..., n} into successive non-empty sections. If we now set

Ap={X=(xy,....,x): x;ed for i=1,.,1;1=1} (6)
and define the measure u on 4 by

dpg (X1, x)=11712 7PV gy L dx, )
then we finally get

F(M)= Yo k! o f e HX e, Xdp(X ). dp(X )= 3(4,,)
with J3(A) defined for every Borel set AC% by

3A)= Yo k! e HX e, X dp(X o). di(X ) S o (8)

The distribution of the cluster configurations corresponding to the grand canonical
distribution can now easily be derived in the same way. The only problem is that
to a fixed particle configuration there belongs no unique labelling of the clusters
and thus no unique probability measure on ) ;. A% as cluster distribution. We
naturally take the symmetric version® with restriction on A% given by:

3(A) T KIT H(X e X)dp(X ). du(X) . ©)

This distribution is formally equal to a grand canonical distribution by
replacing the Lebesgue measure by the measure p and introducing the potential
of cluster configurations mentioned at the end of the last section. It also has an
interesting meaning from the point of view of stochastic point processes. If H is
replaced by the constant 1, we would get the Poisson point process with respect
to the measure p restricted to A,. The function H however excludes certain con-
figurations. So we can conceive the distribution as “the Poisson point process with
respect to the measure u, and exclusion function H”. It is in fact the conditional
distribution of the Poisson point process under the condition of non-overlapping
configurations.

We finish this section with some properties of 3.

Lemma 2.1. Let A, BC% be Borel sets. Then:
(i) 1+mA)=3(4) e,
(ii) ACB=3(A)=3(B).
(i) AnB=0=3(AUB)< 3(A)3(B).
(iv) AnB=@, n=p (An{X:H(X, Z)=0 for at least one Ze B})
=e "3(A)J(B)= J(AUB).

Proof. (i) and (i1) are trivial.
(iii) and (iv): For AnB=§ we have:

3(AUB)= Y7o k11 [ fsom HX e X)du(X ). du(X )
=Y Y i o o[ H(Yseo, Y Zo, o, Z)
du(Yy)... duY)d(Zy)...duZ;) .

! Another possibility is to go over to the symmetrized spaces, which we shall do in the next section.
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The inequality H(Y,..., Y, Z,,..., Z)SH(Y,,..., )H(Z,,..., Z)) yields (iii).
In the case An{X:H(X, Z)=0 for at least one Ze B}=@ we have

H(Yls'“a Yis Zl:"" Z}):H()q,a X)H(st Zj)

from which there follows 3(AuUB)=3(A)3(B).
In the general case we set A, =AnN{X:H(X, Z)=0 for at least one Ze B} and
A,=A\A,. Then we have:

3(42)3(B)=3(4,VB) = 3(AUB)

and
(A £3(4)3(4) £ 4 3(4,)
which yields (iv).

3. Equilibrium Cluster Distributions

We briefly state the notions concerning infinite particle configurations and
equilibrium distributions satisfying the DLR-equations.

Let % be the set of all locally finite labelled configurations in RY, i.e. the set
of all finite and infinite sequences (x;) with elements x;eIR? such that every compact
subset of IR? contains only finitely many members of the sequence. Setting two
such sequences to be equivalent, if they only differ by a permutation of their
indices, we denote by [Z7] the set of all equivalence classes as the set of all locally
finite non-labelled configurations in R%. The equivalence class belonging to (x;)e 2’
will be denoted by [(x;)]. The set [Z7] is equipped with the weak topology with
respect to the set of all functions ); f(x;), f running over all continuous functions
with compact support. In this topology [Z] is a Polish space ([5]).

For each Borel set BCIR? let %' be the subset of sequences in 2" with elements
in B and [Z5] be the set of the corresponding equivalence classes. Then the
mapping ng:[2]—[% 5], which cancels all elements of a configuration outside B,
is measurable with respect to the o-algebra B resp. B of the Borel sets of [Z7]
resp. [4'z]. The mapping

g X Mg [Z]=[ X 5] X [X (8]

yields an identification of the measurable spaces ([Z],B) and ([Z], Bp) %
([Z 5], Bp). If BCR? is a bounded Borel set then #'p= Y2, B" and [Z5]=
rgtO=O (Bn)s mm*

Furtheyrmore we use the following denotation: Let BCIR? be a bounded Borel
set and 1, be the Lebesgue measure on B. On Z 3= ) ., B" we have the measure
whose restriction on B" is n!~! A®". Then we call the corresponding measure on
[#Z] the non-normalized Poisson measure z(4p).

For every bounded Borel set ACIR? and every configuration [(y;)]e[2 ;] the
conditional Gibbs distribution of particles in A under the outer configuration
[(»)] is the probability measure P 4, on [ 4] with the density

PA|[(y,»)]([(X1a- 0 X,)])
=Z(A)D 2" exp { = BV(Xpseess ) = B 2 D= 1 Py — X} (10)
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with respect to the measure (4 4). Evidently this expression for the density does
not depend on the representatives of [(x;,..., x,)] and [(y;)] and thus is uniquely
defined.

Z(A|[(y;)]) is the obvious normalization factor, called the conditional partition
function.

An equilibrium particle distribution is now defined as a probability measure P
on [Z] which satisfies the DLR-equations ([7]):

For every bounded Borel-set ACIRY and every feL[Z], P)

j[zr]fdP f[erc,n dre AP)([(vi)] f[m] dPA][(y,)]f([(xl, x)] x [(v)]) (1)

holds with the above mentioned identification.

The DLR-equations signify that P, is one version of the conditional
distribution of particles in A under the outer configuration [(y,)].

We now pass over to cluster distributions corresponding to equilibrium
particle distributions.

The subdivision of infinite particle configurations into clusters can only be
performed in the space of non-labelled configurations. The formula resembles (4)
with the sum extending over all non-ordered partitions and without the factor
k!~ We shall not use it explicitely, however.

Let us first treat the problem of the absence of infinite clusters with proba-
bility 1. It will turn out that the essential condition is the following. If we set for
every Borel set 4 CRR*:

A*={X=(xy,..., x):x;€A for at least one i;/=1} (12)
then the condition is
wA*)< oo for every bounded Borel set ACIRY. (13)

Because of Lemma 2.11, (13) is equivalent to
3(A*)< oo for every bounded Borel set ACIRY. (13)

We shall show below, that the radius of convergence of u(A*) being a power
series in z does not depend on A and is strictly positive. Thus (13) holds for
sufficiently small z. Before that we prove the following theorem.

Theorem 3.1. Let (13) be satisfied

i) If P is a limit of grand canonical distributions, then there exist only finite
clusters P-a.s.

ii) For a non-negative potential ®=0 there exist only finite clusters P-a.s. for
every equilibrium distribution P.

The proof of this theorem uses the following lemma, which we shall need
later, too.

Lemma 3.2. Let (E, &) be an arbitrary measurable space, and let v be a symmetric
measure on (Y 7= o E", 6() 7 o &™) with restriction n!~ ' v, on (E", &"). Let Ae & and

A*={(x,...,x,):x;€ A for at least one i; n=1}.
Then

Lo+ v, (AXESv(4%) = Zﬁo=0n!_1 Vas 1(AXE").
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Proof. Call

AF={(x(,..., X,): x;€ A for at least one i}
=i {xpen x) i x€ 4)

A*)= Yol n ! v, (A7)

vn({(xl" LX) xn): Xl EA})é V,,(U?:. 1 {(xla' “ey xn): xiEA})

é Z:‘l= 1 vn({(xl" LR} xn): XiEA})z n- vn(A X E" 1)
which yields the result.

Proof of Theorem 3.1. We first prove Part ii).

Let ACIR? be a bounded Borel set and [(y;)]1€ [ ,]. We regard the conditional
Gibbs distribution P 4y, subdivide every particle configuration in A into
clusters regardless eventual clustering with outer particles. The result is the
probability measure Q 4y, On Y oL A% with density

i (X 15eees Xk)])zg(/l*u:(yi)])— YRUTTH(X e X [ =y l—[i e~ Wy

(14)
with respect to the non-normalized Poisson-measure 4(u,,) defined in the same
way as s(4p). We used the notation

W(X, y)= Z€=1 P(x;—y) for X=(xq,...,x)

and the normalization factor 3(A,/[(y;)])-

Let £>0 and N be such that w(A%y)<e¢ with A% y= [ )72y A*nE,. This is
possible because of (13). Furthermore let ACA'CIR? be a bounded Borel set and
let [(y)1e[Z ¢4 ].

Then using Lemma 3.2 there follows:

0 oo {l(X 5., X)1: X ,,€ A% y for at least one m, k=1})
ég(/l;[(yz')])_l ZI?:O ket jA’;NnA.' fwj/uk H(X g, Xy5ee0s X))
m=o | [i e PP EmMdp(X o)dpu(X ,)....du(X,)
S 3N ™ Yo k! [ §oofane HX 1o, X
D=1 [T e PPEm2du(X g)du(X ). ..du(X )
=uAL ynA)=Z¢.

This holds for all such A" and [(y)]e[% ;4] Fix A" now with dist(A4, CA)>
(N —1)R. Then no particle outside A’ can interact with a particle belonging to a
cluster of A% y:=A*n | N2 4,

Thus the DLR-equations and the just proved inequality yield:

P({all particles of A cluster only with finitely many other particles})
= P({all particles of A cluster with at most (N — 1) particles})=1—e¢.

Since this holds for every ¢ >0 there follows:
P({all particles of A cluster only with finitely many other particles})=1.

Taking an increasing sequence A, T R? the result follows.
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Part i) is proved in the same way. Let P be a limit of grand canonical distribu-
tions P,, belonging to an increasing sequence A,, T R%

If we take for a bounded Borel set A and m such that AC A, in the proof of ii)
P, instead of P, . then we get the result similarly.

Proposition 3.3. The radius of convergence of W(A*) as a power series in z
does not depend on A and is the same as of the following series not depending on x:

Yo I [ ey e PV E e y(x xy L X)X (15)
It is 2(ePP*1RIV) ™! with V) being the volume of the d-dimensional unit ball and
for non-negative potentials even (e f<g e "*dx).

Proof. According to Lemma 3.2 we have for every bounded Borel set A4 CR?

AR S Yo N [ gy e TPV oMy (x, x L X

=2 MA) Y 2o 1T [ ey T YRy (x, XL )y X

since the series (15) does not depend on x because of the invariance under trans-
lations of u and V' and

WAF) 2z MA) Y 2o U+ D)2 [ f ey @ PV ox b y(x, X X)Xy
The upper and the lower bound are up to a factor A(A) power series in z with the
same radius of convergence. Thus the first part of Proposition 3.3 is proved.

For the second part we use the known results of the radius of convergence of the

Mayer series ([6], Theorem 4.3.1).
Lemma 1.1 and the estimation

e—BV(x,xh‘.‘,xl)éeﬁB(l‘*' 1)
yield the result for stable potentials.

From (1) there follows

e PVt (x LX)

= Y6ecie: L wpea (1 =hx;, x))e PP T o6 hlxg, x) -

For #=0 we can define a potential ¢’ and the corresponding function i’ by

(1= hx, pe P =1 — I = 1 I (x, y).
Since h<h' holds, there follows

e POty LX) S (X, X))
with ' defined by replacing h by #' in (1). The proof of Lemma 1.1 applies to this
case, too, yielding

u/(xlv' T xl) é(_ 1)1_ ! U/(xlr cey xl)
with the Ursell function U’ with respect to ¢’. From this the sharper result for
non-negative potentials follows.

For the purpose of deriving cluster distributions corresponding to equilibrium
particle distributions without infinite clusters with probability 1 we have to

introduce the space of cluster configurations. The notions are the same as for
particle configurations. So we only have to state the symbols we use for them.
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We call % the set of all locally finite labelled configurations in € and [#/] the set
of all locally finite non-labelled configurations in ¥ with the corresponding
topology. Furthermore we have for Borel sets A C% the sets %, and [%# ,] and the
mapping 11 ,:[¥]-[% ,].

Let us consider now an equilibrium distribution P on [%7], such that there
exist only finite clusters P-a.s. We want to describe the corresponding probability
measure Q on [#] by its conditional distributions of clusters in 4, under con-
figurations outside A, by means of equations analogous to the DLR-equations.

We proceed from the DLR-equation (11) for a bounded Borel-set ACIR"
Let us first fix the configuration [(y;)]e[Z¢ 4] Then to the measure P, there
corresponds the measure Q , iy ON D (A*)Symm—[@ 4.] defined by (14). We
shall separate each cluster configuration of [# , ] into clusters interacting with the
boundary particles and those which do not.

We denote the interaction region of an arbitrary particle configuration

[(e)]e[2] by

i([e)]) = ;i {x:hx, x;)=0} CIR? (16)
and analogously for cluster configurations [(X,)]e[#]
I[(X )= e {X: H(X, X})=0}C% . (17)

If [(Xle[%] and [(x;)]e[%] is the configuration of the particles belonging to all
clusters X, then
I[X)D=i[x)D* . (18)

With this notion the above-mentioned separation of clusters corresponds to the
identification of [# , ] with

(Y suniaond % [¥ s,ntiqoone] (19)

as measurable spaces equipped with their Borel sets.

The distribution of clusters in A, interacting with [(y;)] under Q Adip0] 1S NOW
derived by regarding 0, (v ON (19) and integrating over the second factor.
The result is the probability measure O Adionr O [ ipon<] With the following

density G, With respect to /it 4, i)
Tn ol l(Z 15> Z)])
=3AID Y o kU [ ey HZ 1o Zi X 1 X3)
A= T e_ﬁW(Z’"’y")d,u(Xl). Sdu(Xy)

=3AJ0ID T HZ L Z) [T He"’W(Z'"’”)'Z“_O k1=t

oS mcioopy HX s X nm i =1 HZ,,, X, )duX,)...duX,)
=3AID T HZ e Z) [T ]_L e W Emyd

AN CULYID* N CIZ,o., Z))]) - (20)

Comparing (20) with (14) one gets Q Adioon b by 04 Lo On the first factor of (19)
and the following conditional distribution Q3 AN Z 10 Z)] on the second factor
for fixed [(Zy,.... Z)1: Qhooniizs,..zn has the density @2 jgopcziz; 1 With
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respect to /it 4, ciyips)-
qfl*ﬂ(y,')],[(ll ,,,,, Zj)]([(X17"'7 Xk)])
=3 L[ N CIZy,.... Z)]) kT H(X e, X)) 21

Until now we kept [(y;)]e[Z; 4] fixed. Now we return to the DLR-equation
(11). If we regard a particle configuration in IR? and subdivide it into clusters,
then the clusters in CA,, consist of the particles belonging to (A and those in A,
which cluster with particles in C A. Thus the distribution n(P ,) and the conditional
distributions Q—}” lead to the distribution I1¢ 4 (Q) of clusters in CA,.

If [(y)1e[Z ¢4 and [(Zy,..., Z)]1e[¥ 4 niq00p+] are composed in this way to
[(Y,)]e[% 4], then (21) can be simplified to

3 NCIIY)D) ™ kT HX ., X (21)

and we are led to the conditional distribution Q 4 v, on [# 4] with the density
9 . |1y, With respect to /(g ,,)

‘IA*|[(ym)]([(X1»- XD
=3(A NCI(Y )1~ YTV H(X . Xk)ﬂCI([(Ym)])k(Xl,..., Xy - (22)

1.denotes the indicator function of a set.

Inserting the different distributions derived above into the DLR-equation (11)
we finally get the following cluster-DLR-equations:

For every bounded Borel set ACIR? and every Fe L'([#], Q)

5[@] FdQ= 5[@.; ] dil CA*(Q)([(Ym)]) j[@,,.] dQA*l[(Ym)]([(Xla- o X))
FOR)I X [(X g, XD (23)

Before we prove that conversely the cluster-DLR-equations (23) imply the
DLR-equations (11), we have to show that they imply cluster-DLR-equations
for more general sets.

So we define for a Borel set AC% with u(A)<oo and [(Y,)]e[# . ] the con-
ditional distribution Q 4y, on [# 4] with density g 4y, With respect to (u ):

QAI[(Y,,.))([(X1>~-~> XD
=3(ANCI[(Y,)])~ RI"PH(X .., X1 “([{Ym)])k(Xl,. X (22

The general cluster-DLR-equations are:
For every Borel set AC% with u(A4)< o and every Fe L'([#], Q)

§to1 FAQ = Jio .y AT QYD) 111 4D aprw, (X 1o, XD
CFUY))x [(X g, X)) (23)

Let Q be a probability measure on [#%] which satisfies (23). First we treat the
case of a Borel set AC A, for a certain bounded Borel set ACR?. Separating the
configurations in A, into clusters, which belong to A, and those, which do not,
the same procedure as above shows that (23') is satisfied for these A.

In the general case of a Borel set 4 C% with u(4)< oo we take a sequence of
bounded Borel sets A, T R%. Then (23') holds for 4,,,n 4 and a convergence theorem
for conditional distributions ([4]) yields (23') for A.
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Since (23') implies (23) as a special case, thus (23) and (23') are equivalent.
A probability measure Q on [#] satisfying (23) is called an equilibrium cluster
distribution.

Let us consider now an equilibrium cluster distribution Q. We dissolve the
clusters into particles and get a corresponding probability measure P on [Z]. Let
ACR? be a bounded Borel set. Since u(A% y) < oo for every N, (23') holds for A% .
We separate the particles of A% y into particles, which are in A, and those which
are not. OQur familiar procedure yields DLR-equations for the particles in A
belonging to a cluster of A% . The DLR-equation (11) follows from the limit N — co.

We thus proved the following theorem:

Theorem 3.4. Let P be a probability measure on [X], such that there exist
only finite clusters P-a.s., and let Q be the corresponding probability measure on [%].
Then P satisfies the DLR-equations (11), iff Q satisfies the cluster-DLR-equa-
tions (23).

The cluster-DLR-equations are formally the same as the DLR-equations,
when we use again the measure p and the hard core potential excluding overlapping
clusters. Likewise they suggest the notion of a Poisson point process with exclusion,
though Q cannot be written directly as a conditional distribution, since the
condition would have probability 0.

4. Existence of Equilibrium Cluster Distributions

The formal agreement of the cluster-DLR-equations with the DLR-equations
by use of a hard core potential suggests to transfer Dobrushin’s methods ([1])
for an existence theorem to our case.

For this purpose we need some preparations.

Lemma 4.1. Let (13) be satisfied and ACIRY be a bounded Borel set. Then
§ 1 asgerem = d asporemld At a) = O A* AL AI(Y2)D)

Jor p(A* NIV DAI[(Y,)1) 0.

Proof. Let [(Y,\"))], () ]e[% 4] and set IV =L([(Y,)])j=1,2)
In the case IV CI® we have

§ 1 s = dasiremld /i)
= 3 k1 o[ g [ BAFACID) Myl (X s X
— BA*ACI) ol X gy os X HX 1y n XJdp(X 1)....dp(X )
SY o k! [ oo | 3AFACTV) T = F(A*ACT®) ™
CHX 4y X 0d(X ). dp(X)
+ Yo kU [ asnaenio e Josacrope 3(A*ACIM) T
CHX, X e X )du(Xdp(X ). . dp(X ) (24)
<@ __e—u(A*m(I(z’\I“’))+M(A*m(l(2)\1(1))) ) (25)

We used for (24) Lemma 3.2 and for (25) Lemma 2.1 iii) and then i).
In the general case we introduce I=I“UI?. Applying the special case to
M T and I CI the result follows.
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Corollary 4.2. Under the assumptions of Lemma4.1 the set of all densities

Gariicr, With [(V)1€[¥ 4] is precompact in LN([# 4], fits) -

Proof. For e >0and N >0 we consider a finite e-net in {x: x¢ A, dist(x, )< N} C
RY. We subdivide every subset of it into clusters. Thus we get a finite set of con-
figurations of [#; 4»]. Lemma 4.1 shows that for 6 >0 there exist >0 and N >0
such that the corresponding densities g 4. form a finite J-net in L[ 4] it ge))-

Corollary 4.3. Under the assumptions of Lemma4.1 and for ACA, TR

sup {5 |‘1A*|[(Y<m1))] - QA*II(ng))]Idﬁ(ﬂA*) : HA;‘,\A*([( er.l))]) = HA;;\A*([( Yn(.z))})}"’o
for n—o0.

Proof. Clear.

Now the proof of Theorem 1 of [1a] can be transferred directly. Thus we
briefly outline the proof.

There follows from Corollary 4.2 that for a bounded Borel set A CIR? the closed
convex hull 2 4. of all densities g 4. in L*([¥ 4], fus) is compact. We equip
the set of all probability measures Q on [#/], such that IT ,(Q) has a density with
respect to (4. for every bounded Borel set A4 CIRY, with the projective topology
of the L'([% 4], /{1 4+))-topologies of these densities. Taking a sequence A, T R?
the intersection (), 2 4, is non-empty and coincides with the closed convex hull
of probability measures which are limits of Q, e, with an arbitrary sub-
sequence A 4 .

Because of Corollary 4.3 and by means of the separation method this is the set
of all equilibrium cluster distributions. The statement of Theorem 1 of [1a]
concerning translational invariant equilibrium cluster distributions is likewise
transferred, if we introduce on the cluster space 4 translations with elements of
R by translating all particles of the clusters.

Thus we have:

Theorem 4.4. Let (13) be satisfied. Then the set of all equilibrium cluster
distributions is a non-empty closed convex set coinciding with the closed convex hull
of the set of distributions which are limits of conditional distributions q 4. with
different boundary conditions with bounded Borel sets AT IR%. The set of all trans-
lational invariant equilibrium cluster distributions is a non-empty closed set, too.

Because of Theorem 3.4 we have the following corollary.

Corollary 4.5. Let (13) be satisfied. Then the set of all equilibrium particle
distributions P, such that there exist only finite clusters P-a.s., is a non-empty
convex set. The set of all such translational invariant equilibrium distributions is a
non-empty convex set, too.

5. Final Remarks

To derive uniqueness theorems for equilibrium cluster distributions there are two
possibilities. The first one is to transfer again methods for equilibrium particle
distributions (Theorem 6 of [ 1a]) the second one is to apply Theorem 3.4 and use
directly uniqueness theorems for equilibrium particle distributions, which are
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known for more general cases than existence theorems ([6], Section 4.2). The
second way leads to the uniqueness for small activity. Though this condition ([6],
4.2.33) and the condition of Proposition 3.3 for the validity of (13) are not com-
parable, we conjecture the following: The condition (13) is necessary and sufficient
for an equilibrium distribution P to have only finite clusters P-a.s. the passage
to infinite clusters thus occuring at the radius of convergence of (15). In the case of
finite clusters the equilibrium particle distribution and hence the equilibrium
cluster distribution is unique. The first conjecture is suggested among others by
the independent use of (13) in Theorems 3.1 and 4.4. Remark at this opportunity
that the proof of Theorem 4.4 does not work by replacing A* by A, because of the
influence of the outer configurations.

Note Added in Proof. After printing of the article we proved part of the conjectures in Section 3,
namely that condition (13) implies the uniqueness of the equilibrium cluster distribution (to be
published).
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