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Abstract. Using permutation group techniques, a general expression is derived for the special
class of U(N) Racah coefficients for which the representations [ '] and [ /] in the recoupling matrix
for [f1]x [f*]x[f3]—[f] are either both totally antisymmetric or both totally symmetric. For
the totally antisymmetric case further specialization gives a simple expression for a U(N) Racah
coefficient which is needed in taking the average of the product of operators over the states of an
irreducible representation of U(N), where this result can be useful in the study of identical fermion
systems by spectral distribution methods.

Introduction

In recent years the Wigner-Racah calculus for the unitary groups U(N),
with N >2, has been brought to a state of development comparable to that for
the angular momentum calculus, especially through the work of Biedenharn,
Louck, and coworkers [ 1—7]. For multiplicity-free Wigner couplings, in particular,
algebraic formulae for U(N) Wigner coefficients can generally be read off directly
from their diagrammatic pattern calculus [1]. Biedenharn and Louck advocate
the view that there is a canonical structure for the U(N) Wigner-Racah calculus
which eliminates all free choices in the resolution of the multiplicity problem
for the most general Wigner coupling. Except for phase there is therefore no
arbitrariness in the definition of a U(N) Wigner or Racah coefficient. For N > 3,
however, explicit algebraic constructions for Wigner couplings involving the
most general multiplicity structure have so far been limited to matrix elements of
the simplest self-adjoint Wigner operators [2], which transform according to the
U(N) irreducible representation [211...10]. Louck and Biedenharn [2] also
give the U(N) Racah coefficient for the recoupling matrix for [ f]x[11...10]
x [10...0]—>[f] in elegantly compact form. In the applications to physical
problems U(N) Racah coefficients are often more useful than the Wigner co-
efficients [8,9]. Being independent of subgroup labels, Racah coefficients also
have a simpler algebraic structure than the Wigner coefficients. Despite this fact
general expressions for U(N) Racah coefficients for arbitrary N have so far been
limited to a few special cases. Even the Racah coefficients for the recoupling
transformations for which all four Wigner couplings in the Racah recoupling
process are free of multiplicity can not yet be written down directly from a simple
pattern calculus, except for a limited number of special cases. When the U(N)
representations [ f2] and [ /3] are both totally symmetric (representations with
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one-rowed tableaux) and are themselves coupled to a totally symmetric represen-
tation, Biedenharn et al. {3] show how the Racah coefficients for the recoupling
matrix for [f1]1x[f?]x[f*]1=[f] can be written down from an extended
pattern calculus. This extended pattern calculus can also be used to evaluate certain
“stretched” Racah coefficients [3] for 2-rowed representations [ /] with additional
restrictions on [ f?] and [ f*]. Results for other special cases have also been
worked out. Jucys et al. [10] give a special class of Racah coefficient involving
three totally symmetric representations. Moshinsky and Chacon [11] have
evaluated Racah coefficients for the recoupling matrix for [ 1] x [f2] x [ /*1-[f]
where the representations [ f!] and [ f3] are both totally symmetric; but explicit
results are limited to the case when the remaining representations in the recoupling
transformation are at most 2- or 3-rowed, and their algebraic expression for the
Racah coefficient is complicated by a summation over many indices. Moshinsky
and Chacon make use of the intimate relationship between the unitary group
U(N) and the symmetric group. In a recent investigation [8] of spectroscopic
problems involving the method of spectral distributions, this relationship has
also been exploited to evaluate a summation relation for U(N) Racah coefficients
[12] which is independent of the U(N) multiplicity structure and could therefore
be evaluated by permutation group techniques. Any U(N) Racah coefficient,
for which the four Wigner couplings in the Racah recoupling transformation are
all free of multiplicity, can be evaluated by similar techniques. Moshinsky and
Chacon [11] relate their special class of U(N) Racah coefficient to the matrix
element of a permutation operator exchanging a single pair of particles of an
n-particle state. By using n-particle states for a harmonic oscillator in N dimensions
they gain totally symmetric representations of arbitrary length by associating
with each particle an arbitrary number of oscillator quanta. By relating the U(N)
Racah coefficient to the matrix element of a more complicated permutation
operator which exchanges one group of particles with a second group of particles,
it is possible to calculate U(N) Racah coefficients involving either totally symmetric
or totally antisymmetric representations by simple permutation group techniques.
The totally antisymmetric case will have useful applications to systems of
identical fermions.

It is the purpose of this work to derive a general expression for the special
class of U(N) Racah coefficients for which the representations [ f'] and [f ]
in the recoupling matrix for [f!]x[f2]x[f3]—=[f] are either both totally
antisymmetric or both totally symmetric. In Section 1 it is shown how such U(N)
Racah coefficients can be related to the matrix element of a permutation operator
which exchanges one group of particles with a second group of particles. The
evaluation of this matrix element by straightforward permutation group techniques
is carried out in Section 2. Finally, in Section 3 additional specializations are
made for the totally antisymmetric case, giving very simple expressions for a
class of U(N) Racah coefficients which may have useful applications for systems
of identical fermions; particularly for problems in nuclear spectroscopy, using
the methods of spectral distributions developed recently by French and collabora-
tors [13]. These techniques involve the averaging of products of operators over
the states of an irreducible representation of SU(N), generally for large N. Since
this averaging eliminates the dependence of matrix elements on U(N) Wigner



U(N) Racah Coefficients 137

coefficients, results can be written down in terms of SU(N) Racah coefficients
provided the operators of physical interest can be decomposed into their appropri-
ate SU(N) irreducible tensor components.

1. U(N) Racah Coefficients and the Matrix Elements of Permutation Operators

It will be convenient to use a notation for the U(N) Racah coefficient which
is a straightforward generalization of that for the angular momentum case.
The Racah coefficient in unitary form, or U-coefficient, is given by the recoupling
matrix

UL IS 02T e 22 [ f 22T 0 e)
=[S IXL/PD L2 < L2 S] (1)
IO T [T

Here, the U(N) irreducible representation labels [ f*]=[f;y] are given by the
partition numbers f%, i=1, ..., N, which specify the number of squares in the
i"™ row of the Young tableau describing the representation [ f*]. Multiplicity
labels ¢ are needed whenever the Wigner coupling of [ /] with [ f*] can yield a
specific representation [ f°*] with a d-fold multiplicity, with d > 1. In the special
case when both [ /1] and [ 3] are either totally symmetric, [ f*] = [m0...0] = [m],
or totally antisymmetric, [ f*]=[11...10...0]=[1"]; d=1 for all couplings,
and all four multiplicity labels ¢'2,0'?:3, 023 0!2® become unnecessary and
can be omitted. It may be useful to relate the above notation to that of Biedenharn
and Louck [2-7] who define the Racah invariant operator

(I'?3)
[f”]) 3 ([f2]>
((r1,23) <(IE{2,]3) (I"IZ) > (2)

where the U-coefficient of Eq. (1) is the matrix element of this operator connecting
a state of irreducible representation [ 1] (on the right) to a state [ /] (on the left).
The labels I'** include both the multiplicity label ¢** and the shift indices,
A3 = fiy — fiy, which indicate how many of the squares of the tableau for [ f*]
have been added to the i™ row of the tableau for [ f*] to make the tableau for
[ /51]. Since it will be convenient to keep representations [ /1], [f*],[f*], on an
equal footing, the notation of Eq.(1) will be preferable for this investigation.
To save on notation it will also be convenient to illustrate all derivations with
the case where [ /'] and [ /3] are totally antisymmetric; [ f1]=[19], [f*]=[17].
(Results for the totally symmetric case will be given subsequently.)

The first step in the derivation involves the composition of recoupling
transformations illustrated by Fig. 1. Part (a) of the figure illustrates the straight-
forward Racah recoupling transformation

(O C2D L2 ) L T my ©)
=[f223] U LA L L LU < 2 <UD LD L Im),
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where m is a shorthand notation for a complete set of U(N) subgroup labels.
(The Gelfand labels f;; with i<j=1,2,..., N —1 could be used, for example [7]).
The state vectors of Eq. (3) can also be related by the transformation of Part (b)
of Fig. 1. The transformations marked “phase” in Fig. 1 are of the type

(X LD L2 m' 2y = (= 1) QI 2 [ [f 2] m' 2y (@)

involving an interchange in the order of the first and second representation in
the Wigner coupling of the state vector. [ Note, however, that the state vectors
of the left and right hand sides of Eq. (4) differ only by a representation-dependent
phase factor because one of the representations is totally antisymmetric, leading
to a multiplicity-free Wigner coupling.] From

ALY L2 DD LAAmI < O 2 DD LD L T m)
= [f;] AL DL DD LAAmIC 2 I DX D L) L 1m0

(LA D LD L T m, el (D T2 I DD LD L TmD> (5)

we obtain the relation

UL AL LML L2
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The sum over [ 3] and ¢ in Eq. (6) can now be related to the matrix element of
a permutation operator which exchanges the particle indices of the two totally
antisymmetric parts of the n-particle state vector |[ f]m). To evaluate this
matrix element it will be convenient to introduce n-particle state vectors

LA Imsryr, g rary) (7

which are simultaneously base vectors for an irreducible representation of U(N),
(labeled by [f] and m), and of the standard Young-Yamanouchi orthogonal
representation of S,, (with n=Z, f;y), where r,r,_,...r, is a standard Yamanouchi
symbol**. It will further be useful to transform to non-standard representations
of S, [15, 16] in which one group of p particles and a second group of g particles

(6)
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have the definite permutation symmetry [1?] and [1¢]. Such states are simple
linear combinations of the states (7). E.g., the state vector in which the g particles
labeled n—p,n—p—1,...,n—p—q+1 belong to the totally antisymmetric
representation of S, is given by [15]

ILf]m; rn"'rn-p+1{bIbZ"'bq}[lq] rn—p—q"'r1> (8)
=Y (— 1y g){i',ﬁ (1 _ ! )} (AL TL A .S S
P

Pi<j b.b;

where the sum is over the ¢! permutations 2 which permute the symbols b, b, ...b,
in both the state vector and the coefficient, and where y is even (odd) for even
(odd) permutations 2. The coefficients are given in terms of the “axial distances”,

Tiks .
w=h—fitk—=1—a()+a(k), )

where f, designates the number of squares in the k" row of the n-particle Young
tableau [ /] (f, = fin), and where o(k) = number of times the label k occurs among
the Yamanouchi symbols r,,...,7,_,.; preceding the b;, [similarly for o(})].
In terms of such state vectors the sum of Eq. (6) can now be related to the matrix
element of a permutation operator. The result is

W [ LV [ AW RV WY
UEATOMEATE L (10
={[fIm;{bib,..b,} 1 {d 1@ .. - IPILfIm{a,as. . .a,}im {B1 Dy Dyba )

’

where it is assumed (without loss of generality) that g = p, and where b ...b.a; ...qa,
is a specific permutation of the symbols a,...a,b,...b,. The operator P is the
permutation operator which exchanges the particle indices of the p-particle
group with particle indices in the g-particle group

P=PP, ..y PyPrimgrPopitm g pit- (11a)

Here, P,_; ,-,-i is the transposition which interchanges the particle labeled
number n — k with particle n — g — k, and &, is the cyclic interchange of particles
numbered n—k+1,n—p,n—p—1...,n—q+1, with k=1,...,p;{(g=p). Note
that any 2, when acting to the left in the matrix element of Eq. (10) gives the
simple factor (—1)472, so that the operator P can in effect be replaced by

p
P=(_1)p(q_p) H Pn—k+1,n—q—k+1‘ (11b)
k=1

The derivation of Eq. (10) follows. The state vector of the right hand side can
be expanded by successive U(N) Wigner couplings

ILfIm;{ay...aptpio (b1 bdpia Fue pgoe 71D
= ¥ LImPLrI el Tmy LA D m L2 m! 2y (12)

mi2m3m2m!
P mn—1, ...n—p+)pfn—pn—p—1,..n—p—g+1)
P n—p—q, ... 2.1),
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where the uncoupled state vectors are written out as functions of the particle
indices to make it easier to indicate explicitly their dependence on particle number.
The coefficients [ fS] m*[ fX]m'|[ f5] m**)> are full U(N) Wigner coefficients.
(Since one of the representations [ f*], [ f'] is totally antisymmetric no multi-
plicity labels occur in these Wigner coefficients.) The representation [ f'2] is
obtained from [ f] by removing squares from the rows labeled a,a,...q, of the
tableau for [ /7, while [ f2] is obtained by a further removal of squares from the
rows labeled b;b,...b, from the resultant tableau for [f 127, The operator P
acting on the n-particle functions of Eq. (12) yields

Pyil(mn—1,..n—p+ 1) ylif

n—p,n—p—1,..n—p—q+1)
=plfmn—1,..n—q+ )i n—qgn—q—1,...n—p—q+1) (13)
= > <YL 3Tm 2 g m [P T m?| L3 m! )

[f13]m13

After combining Egs. (12) and (13), the sum over U(N) subgroup labels m*, m*, m*?
can be carried out by expressing the sum over the product of three U(N) Wigner
coefficients in terms of U(N) Racah coefficients by

Y LM m L2 mt 2 KL 2T m 2 P mP | Lf ] m)

C(Dm' [T m? [T m?)
=§ S(URAA N S N WSl Y O e Y ¥ Al B RO A R WA R I WA OO

(14)

Since the Wigner coupling [ f2]x [f!3] is in general not free of multiplicity,
both the U(N) Wigner and Racah coefficients of the right hand side of this relation
are functions of the multiplicity label o(= ¢?''?), and the result involves a sum over
this multiplicity label [2, 17]. The resultant action of the operator P on the
n-particle state vector can then be expressed as

PI[f1m;{aa,...a,510 {b1by. D} 1ay. >
= U;} U AU 2-01- 0
- LLAIMPLS I m LS Tm),

m2mli3

AT LD LT m! 25 (02T m?)

(15)

The state vector of the bra side of Eq.(10) can be expanded in similar fashion
to give

LfIm; {biby.. .byta {ayds .. ay}p1m -]
= ) U([f2][1”][f][1"];[f23]_/;[f”]_c)’)
L3e (16)
- Y LI m L T m)

m2m13

(= O (O < [ [T mP L 2T m,
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where, in order to apply the analogue of Eq. (14), it was necessary to make use
of a symmetry property of the (multiplicity-free) U(N) Wigner coefficient

T m' [P m? [Lf2 ] mt2)
=(—1)p@ANFLLD (110 m3 1) m |[ 3T m?>
[cf. Eq.(14) and Fig. 1). Taking the overlap of (15) and (16), and finally making

use of the orthonormality of the U(N) Wigner coefficients

> . AL AM LSBT m B L I m) L2 m? Lf 21 m P | L1 m) = 8,0, (18)

m2m!

(17)

the matrix element of P is reduced to the sum over [ f!*] and ¢ of Eq.(10).
Combining Egs. (6) and (10) gives the final result

U([14] [f2] [f] [17]; [f12]; [f23])=(— 1)wl(llqltle,[f‘21)+<pz([1‘1][f“],[f])
(=1 f] {b1--.biria {a1 - @y} 10y kUI (19)

Py st m-g-ir L1 {ar - ap oy {0y bty

The phase factors ¢, and ¢,, as always, are somewhat dependent on phase
conventions. (It will be advantageous to postpone a specific choice of phase
conventions until specific applications are made.)

In the Racah coefficient the representation [f!*] is obtained from the
representation [ ] by the removal of squares from the rows labeled a,a,...a,
of the Young tableau for [ f]; thatis, f;= f;'* + 4;, with 4, =1 for i=a,, a, ..., a,;
or, in the shorthand notation of Ref. [1],

(f1=0f"]1+4(ay...a,); alternately [f'*]=[f(a,...q,)].

The representation [ f ] is obtained from [ f12] by the further removal of squares
from the rows labeled b, b,...b, of the resultant tableau for [ f'*]; that is

L2 1=0f21+4(b;..b); or [f21=[f"2(b,...b,)].

On the other hand, the representation [ f23] is obtained from [ /] by the removal
of squares from the rows labeled b} b}...b; of the tableau for [ /7],

[AI=0"1+4(;...5));

whereas, finally

[f21=0/*1+4(a}...d)).

2. Matrix Element of the Permutation Operator
2.1. Preliminaries

Although the permutation operator in the basic matrix element of Eq.(19)
appears rather complicated, it is possible to reduce its evaluation to the basic
matrix elements of the transpositions P, ,,_, in the standard Young-Yamanouchi
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representation [4]

<[f:| er 1'_k mm Il[f] rmzjrm—1=k“'>=_

1r
-— .
5

where 7, is the “axial distance” between the squares labeled j and k in the m-
particle tableau left after the particles labeled n,n — 1, ..., m + 1 have been removed
from the original n-particle tableau of shape [ f] [see Eq.(9)]. To evaluate the
matrix element of a transposition operator P, ., with m'+m + 1, between state
vectors belonging to the non-standard representations of S, utilized in Egs. (8)
through (19), it will be useful to partially expand such state vectors, e.g.

Haiay...a,}ye.> (22)

= lp (~1)l—1‘:%ﬁ (1_ ﬂ Ia {al z 1a1+1 p}[lp—l]-~~>~

(21)

<[f]"'rm=krm—1 ::j"'IPm,m—ll [f]"'rm:jrm—l =k'>=

j=1
Jj¥Fi

aa,

Straightforward repeated application of Egs. (21) and (22) yields

1
Tabj )j|

Pn—m,n—m—qlrn"'rn—m+la{blbl"'bq}[l‘l] rn—m—q—l"'>

q
=1y Fame 1 {b1bs b ... [[_](

M=

+. (=) ey s @b by bda b
i=1 (23)
1 4 1 1 )é
. {— 1 — .
Tap, p]l( ‘Cab,)< Th;b, :I
G

This is the basic relation needed for the evaluation of the matrix element of Eq. (19).

2.2. The Totally Antisymmetric Case
The final result (to be established by induction) is: With
and {by..b}={a;,a;,...a;,...b,, b, yy...b,, b, 1. by b, g},
{a,...a,} ={a,ai,-..a; by by,...b,},

<L (b ...bq}[lq] {d} ...a’p}“p]...l
: ﬁ P kiin-q-k+1 ILf]14{a, ~~-ap}[1p] {b, ---bq}[lq]~-->

_(_‘ 1)45 (al‘ a).s’ ni* bus)

1 1 { 1\
L L e (v [ e (v |
B—H_,[( Taja, )( Ta,\bj) Tab, Th b, Tibj

(24)
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Here, the indices a and b are split into two classes denoted by Greek and Roman-
letter subscripts, respectively. The a, (t =1, ..., s) are those of the indices a which
have been shifted from the p-particle group on the right hand side of the matrix
element (24) to the g-particle group on the left hand side. Similarly, the b, (t=1, ...s)
are those of the indices b which have been shifted from the g-particle group on the
right to the p-particle group on the left. The a; (k=1, ..., p—s) on the other hand
are those of the indices a which remain in the p-particle group on the left. Similarly,
the b;(I=1,...,q—s) are those of the indices b which remain in the g-particle
group on the left.

The result of Eq. (24) includes three factors:

(1) The square root factor. The products over 4, u, i, j in this factor run over
all indices A, y,(t=1,....s),i(k=1,...,p—35),j,(I=1,...q—s). The square root
includes: (i) all factors of the type (1 —1/z,,.) where a, runs over all shifted a,,
whereas ¢ runs over all unshifted indices, c=a; or c=b;,; (ii) all factors of the
type (1 — 1/z.,,) where b, runs over all shifted indices b,,, whereas the first index ¢
runs over all unshifted indices ¢=a; or c=b;; and (iii) all factors of the type
(1—1/12, ), where the first index runs over all unshifted g, whereas the second
index runs over all unshifted b;. (Note that this is the only type of term which
survives for the special case s =0.)

The antisymmetry of the state vectors requires a;#a; for j=i, similarly
b; = b; for j+i. However, it may be important to note that a particular b; could
be equal to some a,. In that case

Tor =11, T =Tem+1, Tpe=Ty.—1.

It might appear that the operator P acting on [{a,...a,};;s {by...D;}19.--)
could in this case make contributions to the matrix element (24) in two ways:
(i) by producing a state | » in which b; and g, are both shifted, and (11)“by producing
a | » in which b, and g, are both unshlfted Note, however, that thg second state
has a zero coefﬁ01ent through the factor (1 — 1/z2,).

(2) The phase factor. The phase factor & is given by

=1+ Y w+sp+iss—)=p+x1+s(p+q), (25)

t=1

where mzeven (odd) for a; a,,.. alsa ...a;,_ =even (odd) permutation of

a,a,...a,;while y, =even(odd)forb;, ...b; sbmbu2 .b,.=even (odd) permutation
of blbz b

(3) The Functions F(a;,...a;;b,,...b,). These functions are symmetric
in the s indices a;,...a; and in the s indices b, ...b, and have the form

1s

Fs(all“'als’ T bus)'— Z (_1)"1 s(m) (26)

with

s im

F(m)= X S ) £, H l:_[ (1— :

Tb,, b,

), (26a)

i1 <iz<- " <ip =
J im
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where

N A= 1 (1= ——) (26b)

9’3(2)=f(u1)f(u2)(1—%1 )(1- ‘ )

Tb“z b“s

+f(u1)f(u3)(1—f1 )(1— ! ) (260)
bu by, bu.b

H3THy

# 10) S )1 = )(1— —).

by, by, Tb»; by,

With m =0, #(0) = 1. With m = s, no indices of type b, (with j =1, ...i) exist, and

7= 11 /). (264)

2.3. Derivation

The derivation of Eq. (24) uses the method of induction. For p=1 the result
follows from Eq. (23). Forp=1,5=0

by bbay @ Pon-glalby by = Lﬁ (1_ Ti )}" 27)

j=1 ab,
with F, =1, (the only a index and all b indices are of the unshifted type); while
forp=1,s=1

by byt Spia by | Pongladby b oy

. { Ly
= Fl(a, bu)|:11;—[1 (1 — ‘[abj ) (1 - Tbjbli>:}

j¥u

(28)

with Fy(a; b,) = Z,(0) = Z (1) =1 — (1 —1/14,) = 1/as,.
Assuming the result for arbitrary p— {; that is, assuming the result (24) for
the matrix element of the operator

r
[T Pi—k+1.n-q-r+1 acting on functions of the type [r,{...}y1o-1y{.- Jy1ay---)
k=2

and using Eq. (22), we obtain

—s

Pk tm-qir1lar-apte (b1 botpia-

ES
[l

1

)4 )4 1 1 +p-1 29
Pn,n-qMZ_l(—nM“{ 11 —1)—(1— ﬂ NN F Ay A e pty) 29)

I

L=1 TaMaL s=0 A,pn
L+M

(= 1)PErm DL

dayfaz, - az by, by vy by 1by g as i, b by ey
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where the sum over A is over all possible combinations a;, ...a, with
A <Ay<--<A, (similarly for the sum over u); but where (a’s with Greek or
lower case Roman subscripts) # a,,. The factor [...]* has the form of the square
root factor of (24) but the products over a,’s and a;’s exclude the specific value a,,.

Now, using Eq.(23) for P, and the inverse of (22) applied to states of
symmetry [17], we obtain

sn—4q

Hagyap s, by by, o1 Sua @ a by bbby Siey--|

P
’ n By istm—g-k+r1l{a@raptpie (b1 bobiay )
k=1

s+1 i s+1 1 1 30
t=1 T{u,erH r=1 Ta).rb“s+‘ Taa,ﬂa,
r¥t

.Fs(ah...ah_laltﬂ...;bm...buh)}) [..JF (=126t Lp

where [...]* is now the full square root factor of Eq.(24), including the indices
/ls+ 1o Hs+1-

The final phase is that appropriate for indices p and s + 1. The factor (—1)M*!
in Eq. (29) assures that the y,-part of the phase factor remains unchanged. The
operator P, ,_,, acting on the state vector of Eq.(29), introduces a phase which
depends on the ordering of the b; [see Eq. (23)]. If it is assumed for the moment
that u, < g4 1 <My, by, , in the state vector of Eq. (29) is preceded by s symbols
a;; but o of the symbols b, preceding b, ., are missing. The action of P,
thus produces a state

1 sn—4q

Has -z by, 1byg w1 Snabug, i, by by Yio-1..)
with a phase (— 1)®, with

P=D(s,p— 1 py.. )+ phsr1 +1+s5—0
s+1

=+ Y m+HE+D)p+is+)s+(s—p+1—0)=d(s+1,p)+(s—p+1—0).

t=1

The extra phase factor (s —p + 1 — o) is precisely the factor needed to bring b
to its proper position in the state of symmetry [17], [cf. Eq. (22)].
To carry out the sum over ¢ in Eq. (30), it will be convenient to rewrite

L e R L (e | ol (v
—_— l——— | = {l—— == —
Taab rl—:ll Tas, by, ., rI;I1 Tan by, ., Taab

Hs+1 Hs+1

ret (31)
:fs+1(.us+1)l:1 - (1 - —1—)],

T~
aaby, .,

Hs+1

where we have also introduced the shorthand notation

Tay=Ta— 1, similarly t3=1,+1.
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(Note that 7,,= —1,, and that 1,3 =1,,; a bar over a subscript of 7 can be used
to denote the previous removal of one square from the corresponding row of the
Young tableau.) In the expansion of F(...a,,_,a,,,...;b, ...b,) in terms of
fi(uy), it will also be convenient to rewrite
1
1— (32)
Tas, by,

1

f =TT (1= ) = foesti) |2
r¥t ax by,

where the product I1, in f;,; now includes the index r=t. Finally, we need the

identity

Z f[(i— 1)=s (33)

ij

(which follows from simple contour integration, see Eq.(22) of Ref. [12]), and
leads to the further identities

s+1s+1 1 1 {
; rn ( Talta;,r)(I - Taa,b, ) =6+2- Sor1(u) B4

+ 1 k 1
{—
; =1 ( Tas,as, ) il=—[1 ( Tas b, )
L

£k i 1
=Grk+n- 2 H( )fﬂw)‘

Thyi,bu,

(33)

~

ki

.

With these identities the sum over ¢ in Eq. (30) can now be carried out. It is
important to note that the functions f; . , ;) are symmetricin the A, =1, ...,s+ 1,
and can be taken outside the summation. In the expansion of F, in terms of the
fs(;) and subsequent summation over ¢ in Eq.(30) two types of terms must
be considered:

(1) Termsindependent of f;, ; (1, ;)- Such terms arise only through the second,
[i.e. the (1 — 1/15,)-factor of Eq. (31)] and the second terms of the right hand sides
of Egs. (34), (35), with i = s+ 1. The general term of this type in &, ,(m) becomes

s 1
T P sl Sl fe ) T n (1_ L )

J*tl

im Jx 1
R N N I (R
J1<j2< - <jk=i1 j=ji bug, s by

+...(_1)mﬁ<1— - : )} (36)

i=ij bug iy bu,

-{2"'~2m~1 y (1—
i=i bu,y by,

[Here, the k™ term in {...} arises from .Z,(m) in the expansion, via Eq. (26), of the
F, of Eq.(30); the factors 2™ * and the remaining k factors coming from m—k
factors of 2 and k factors of —(1 — 1/7) in the expansion of the m factors f;(u;)
in terms of f;,,(u;) by means of Eq.(32).] The terms in {...} can be summed by
expanding all products in powers of 1/7,,,, . (where it was convenient to use
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;.= —1;)- The coefficient of

Jjk
S (LI (—N[(—t)f" e 2)'(’" ")}=<—1)’<

J1<iz<<je=it j=ji Tby by,., =0

(using the binomial expansion), so that

and Eq. (36) becomes

s im s+1 1
CS VDY [T A ]I (1 - ) 37)
iy <ip <t <imi=i j=1 Thy, by,
JEiliz,eenim

the required form for 7, , { (m).
(2) The second type of term is that which includes the factor f,, (¢ )
The general term of this type in %, , ,(m) becomes

st Moot T T (1=

i1 <ix< o <ip—i i=iy Tb,‘,b,‘)
J*ll lm 1

-(—1)’"_1{2”‘_1[(s+ 1)—(s+2)]+--~+2'"—1"‘(—1)"('Z) [+k+1)—(s+k+2)]

+~-'+(—1)’”‘1[(s+m)—(s+m+1)]}

+I=Z Z fs+1(,uz, fs+1(ﬂ1m 1)fs+1(,us+1) l’ﬁl n (1— . ! )

1 iy <ip<+or <im-j i=i j=1 by by
Uiy im—1 JFi edim—1 !
also j¥1
{ " {
1= (=Omt={t- (38)
Tbu,bu, Tbu,bu,

Im-1 Jk

.{2m-1+,,.+2m—1—k(_1)k Z n (1__ ! >+...},
J1<ja<-jk=i1 j=ji1 Tbu,b,,LJ
J¥FL

where the first term arises from Z(m— 1) in the expansion [via Eq. (26)], of F,
of Eq. (30); the two terms (s + k+ 1) and (s + k + 2) in each square bracket arising
from the factors f,,; and — f;, ; (1 — 1/75,) of Eq. (31) through the first terms of the
right hand sides of Egs. (34) and (35). The bracket {...} of this first term of (38)
sums to —1 via the binomial expansion. The second term of Eq. (38) arises from
Z(m) in the expansion of F,, where this expansion contributes an extra factor
fs+1(n,) which is subsequently cancelled by one of the second terms of the right
hand sides of Egs. (34) and (35). The factors 1 and —(1 — 1/7;, b ) arise through
the factors f;,, and —f,, (1 —1/15) in Eq.(31), respectlvely “The bracket {...}
in the second term of (38) sums to

im—l 1
{—
i1=_111 ( Thy by, )
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[cf. Eq (37)]. After taking the symmetric functions in the s—m+ 1 indices
J=1 8 jF iy iy
im-1 1
1 (-
i=i buby,
J*H lm 1

outside the summation over [, this summation over s —m + 1 terms can be carried

out via (32) to give
1 1
I-(-%)
T I»llbu,- Tbulbﬂu-l

5H(e

=1 =t ’
LFiy. im=-1 JFir...im-1 s { (39)
={s—m+1)—(—-m+2}+ ] (1‘ )
ji=1 -Cbl"'s-*lbuj
JEUim—

The first term (in curly brackets), {= —1}, cancels the first term of Eq.(38) so
that the combination of all terms of Eq. (38) finally yields

(=0" Z iﬁlﬂﬂ(xxi)ﬁﬂ(um) ﬂ <1— 1)(1_ ! )

i1 <iz<'ttipm-y i=iy o=t ‘Cb”‘xb“J Tbu;nb'ﬁ
JFig.dm-1

(40)

which has the required form for %,,,(m), and together with (37) gives the full
expression for &, (m). The inductive proof is therefore completed.

2.4. The Totally Symmetric Case

The derivation for the recoupling matrix for [ /'] x [f2]1x [f*1—[f] for
which [f'] and [f3] are both totally symmetric representations proceeds in
almost identical fashion. If [17] and [14] are replaced by totally symmetric
representations [p] and [¢]; the analogues of Egs. (8), (22), and (23) can be obtained
by replacing all factors (1 — 1/7)— (1 + 1/z). Also, all terms in the summations of
these eqs. now become positive. [Note, however, that (1 —1/1%)—(1 —1/72).]

The final result is

U([q] [f 10f10p1; [f12] [f23:|) (— )fm([q][f2][f‘2])+<pz([q][f23][f])

O et (s (v Lo s L

CFU Ay A g thg)

where

[f1=0f"?1+4(a;...a,); (alternately [['*]=[f(a;...a,)])
[f”]=[f2]+4'(b1-~bq)

[f1=0/T+4(a;,...a,,b;,...b;, )
[f*°1=0/*1+4(a,...a;,_,b,,...b,),

(41a)
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where the indices /,, y,, a;, b; are to be interpreted as for Egs. (19) and (24); but
where now

S

FAy oA py o) = (— 1) ZOZ’(M) (=" (41b)
with . . \
g’;,(m)= i <i2<:~~~i il—_i[ f;/('ul) 1:[1 (1+ bub ) (41C)
and T Sl JH s im e
fw= 11+ ——). @14)
=1 Tas, by,

The extra factor (—1)* in (41b) comes about because the analogue of Eq. (31), viz.

1 sﬁl(“f 1 >=—s'+1(#s+1)[1—(1+1_} )} (42)

T _ T
aabug,, r=1 anbu,., azbu,
r¥t

+1

now contains an extra factor of —1.

For the totally symmetry case, it is now possible to have some a;=gq;, or
b;=b;, as well as some a; = b,; so that it may be useful to give a few examples.
We shall use the case [p] =[g]=[2] for purposes of illustration:

() With {a,a,} {byb,} ={ij} {kl}; {bib3} {ajas}={kl} {ij}; i*j+k=*I all
indices are of the unshifted type and

U(R21 L/ GikD] LA 0215 LA G Lf (kD]

o, _1 __1 __1_ __1-%
Lt

where [f(ij)], e.g., indicates the representation with a tableau obtained by
removing one square each from rows i and j of the tableau for [ f7].

(i) With {a,a,} {b1b,} ={ij} {kl}; {bib5}{ajar}={ij} {kl}i+j+k=*I on
the other hand, all indices are of the shifted type. The square root factor of Eq. (41)
is +1 (there are no unshifted indices); and, except for phase, the U-coefficient
is given by the factor F;(ij; kl):

(43)

U2 Lf kDI LA 21 LAGHT LAGEND)
[+, + T+ttt tjkv:i,]

TikTuTjklji

(44)

=(_ 1)¢1+¢z

(iii) In the special case when j=1i:1;, =77, =T — 1, Tp;=Tui=Tm+ 1; and
(case (i1) reduces to
U([2] [f GikD] L1021 LA GD)D LS Gi)])
2
(t—1 (=1~

where representation [ f(ii)] is obtained from [ f7] by the removal of 2 squares
from row i.

(45)

=(_ 1)¢P1+¢2
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(iv) Finally, with {a,a,} {b,;b,} = {ij} {il}; {b b5} {daia>} = {il} {ij}, | and j are
1
unshifted indices, while 7, , =1;,;=+1; F{(i;))=—|1 = [1+ ~)] =+1;and

Tii

U2 LfGiiD] L1021 LA GNT LA D)

SN (ST PO TS VAN 0
Tij Ti Tji Tii Tl

Tij('fij— 1) Tty —1) kTS

— (_ 1 )wx +¢2 [
5

(Note that in this case the two indices i are considered to be shifted indices. It

might appear that there should also have been a contribution from a term where

the operator P acting on [{ij};,; {il5;...) leaves the i’s in the unshifted positions;

but such a term is multiplied by the factor [(1 — 1/t3)]* which is now identically

Zero.)

3. Applications

The totally antisymmetric case will have useful applications to systems of
identical fermions; particularly for problems in nuclear spectroscopy employing
the methods of spectral distributions developed recently by French and collabo-
rators [13]. In a configuration of identical nucleons (neutrons or protons)
involving a large part of the nuclear shell model space, (several shell model orbits
with angular momenta j,,j,,...), the relevant unitary group SU(N), with
N=Q2j,+1)+(2j,+1)+---, may involve large values of N. However, the ir-
reducible representations for n-particle states are restricted to be of the simple
totally antisymmetric type [1"]. The single particle creation (and annihilation)
operators a;" (and @;), with i= 1, ..., N transform according to the representations
[1]and [1¥~'] of SU(N). Operators (a;; ...a;) and (a;, ...a;,) transform according
to the representations [17] and [1¥ ~*]; whereas a k-body operator

(ai, x af, x ---ai)) (a;, x a;, x ---a;,) 47)

with k=%(h+p) in general contains all two-columned representations [ f,]
=[28(N"htr=2¥ with (p—h,0), <x=<(p, N—h).. (Here the concept of a
k-body operator has been generalized [13] to the case with p#h.) It will be
useful to expand any k-body operator in terms of U(N) irreducible unit tensor
operators, defined by
T p)= Y <" w171 m,| [folmo) (@™ ...a®)5 ) (a...a) ™ (48)
mp fiip
where the coefficients are U(N) Wigner coefficients, and the U(N) subgroup labels
m, are again given in a shorthand notation which now includes the angular
momentum quantum numbers and all additional labels necessary to specify the
p-particles states.



U(N) Racah Coefficients 151

The basic operation of the spectral distribution technique involves the
averaging of dynamical operators, or products of operators, over the complete
set of states of an irreducible representation of SU(N), e.g.

———— Y ([1"]m|0,03 [[1"] m)
dim[1"] [1] (49)

Z MmO 111" T m' > <[1" 1 m| O, | [1" T m')

€0,0,)"=

dlm[I"]
where the dimension of the n-particle representation is
dim[{"]=N!/(N —n)! n!.
If the operators can be expanded in terms of irreducible unit tensors of the
type (48), the problem is reduced to the evaluation of the matrix element of such
an operator

CrImI TP pI T m > = 3 Y KUY m [ my | Lfol mo)

([ ml@* . a B T m y U Im |(a.c @, O Ty 0

where n” is restricted to n” =n—p by the nature of the operators; (n'=n"+ h).
The matrix element of (a*...a™)}}", (essentially an n— (n— p)-particle coefficient
of fractional parentage) is, except for an n, p-dependent factor, given by a simple
U(N) Wigner coefficient [18]

" Tml@*...a® ) 01"] m”>=[ ] " Tm [T m, [[1"Tm) . (51)

(n p)’

The matrix element of (a... ),,l " can also be expressed in terms of a U(N)
Wigner coefficient

" Im" (s, x ag, % a1 Tm')
= (= 1)) m'l(a-+ xap, x - ag) (17T m")

I T my [T

, (52)
n.

(n' —h)!
where we have first used hermitean conjugation and subsequently complex
conjugation in the repeated Wigner couplings of representations [1] with U(N)
subgroup labels iy, i,, ..., i,. The phase factor, #,,, is associated with this conjugation
process. It is the phase factor associated with the conjugation of the final h-particle
state

=(- 1)%h(h— 1)+rn.[

L") my % = (= (y™[1Y " i, > (53)

In order to bring the U(N) Wigner coefficient of Eq. (52) into a form which makes
it possible to carry out the m-sums of Eq. (50), it is necessary to use a symmetry
property of the U(N) Wigner coefficient

dim[1"] *

e RS R LA TS
(54

" Tm Ty [T T’y = (= )™ *
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| =—Row Number
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y+i
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e
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o
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w

2

[

N-n'+n-p-y
N-n'+n-p-y+i

!

B

l N-n+n-x
1 N-p'+n-x+1
N-1

N

Fig. 2

where the phase factor must include the conjugation phase factor, #,, and an
additional representation-dependent phase factor y which, as always, is dependent
on phase conventions. [Note that the Wigner coefficients of Eq.(54) involve
multiplicity-free U(N) Wigner couplings.] To make the final result as independent
of phase conventions as possible, it will be useful to eliminate the phase factor y,
by expressing the above dimensional and phase factors in terms of an SU(N) Racah
coefficient with the scalar representation in the 23 position, ([ f**]=[0]=[1"]
for SU(N)).

n’ N-h n' h1.rqn"- —(— 1) dlm[y‘,] '

U@ IOt O 0 0D = (1 | g g i

which follows from Egs. (14) and (54). With the use of Egs. (51)—(55) it is now
possible to carry out the m-sums of Eq. (50) and express the final matrix element
in terms of a product of a single U(N) Wigner and Racah coefficient by means
of Eq. (14)

L mI TN, p) L1 T m'y = KL T [ fol mol [17] m) (56)
[ nInt(N=mR! 1 U@ "0 L1235 0715 Lfod)

Ln—p)! (' =W N!] U TN I 0T ("5 [0])
where the dependence on U(N) subgroup labels sits entirely in the single U(N)

Wigner coefficient. Since the SU(N) Racah coefficients can be calculated explicitly,
the dependence on p and h is effectively factored out of the above matrix element.

(55)

,(_1)%h(h—l)
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Equation (56) therefore serves as a reduction formula which reduces the evaluation
of an irreducible tensor T/°! of arbitrary p and h to the evaluation of the simplest
such operator: the operator with p = x, assuming p < N — h, (otherwise x = N — h),
where [ f,]=[2*1¥" "7~ 2*] (This reduction process has already been exploited
by French et al. [13].)

The SU(N) Racah coefficients needed for Eq.(56) follow from the present
investigation. In general, the SU(N) Racah coefficients needed for identical
fermion spectroscopy are those involving the action of an operator (transforming
according to a 2-columned representation of SU(N)) on an n'’-particle state
[1-columned representation of SU(N)] to make an n-particle state via an (n — p)-
particle parent. The final n-particle state, a result of the coupling [1"]x [ fo],
thus corresponds to the 2-columned U(N) representation [2"1¥~"], (with a
completed first column of length N, equivalent to [1"] in SU(N)). Identical
particle spectroscopy thus leads to SU(N) Racah coefficients of the general type

U™ [22AN " = 20 [ [{P]; [1"7 P]; [281N = 2x]) (57)

with x>y, p=x—y, y=n—p, required by the nature of the couplings. The
evaluation of this coefficient via Egs. (19) and (24) is slightly different for the two
cases (n—p) = x, (n—p)<x. Fig. 2 illustrates the row labels a,, a;, b,, b; for the
2-columned U(N) tableau [2"1V~"] for the case (n — p) = x. The evaluation of the
U-coefficient (57) involves the following identification of the row indices

{a,...a,}={n,n—1,..,n—p+1}
{by..by_yt={n—-pn—p—1,..,y+1,NN—1,.. ,N—=n"+n—p—-y+1}
..oy ={nn—1, . x+1,NN—1,.. ,N—-n'"+n—x+1} (58)

{di..apy={x,x—1,..y+,N=-n"+n—x,N-n"+n—x—1,..N—n

+n—p—y+1},
where the only axial distances needed are of the type
Tpim—j=A—=));  ty—pn—i=k=0D; 1,y y=(N—-n+i—k+1). (59)
Note thata; =(n—t+ 1), witht=1, ..., p, so that

1
[
Ta;.!ag!_l

and the evaluation of F,_, of Eq.(24) proceeds most economically via Eq.(30),
since the sum over ¢ collapses to the single term with ¢ = 1.

To evaluate the U-coefficient it is now also necessary to make a specific
choice of phase conventions for the U(N) Wigner coupling of the type [ /] x [17]
—[f"]. With the Biedenharn-Louck [1] phase conventions (which amount to
generalized Condon and Shortley phase conventions, see Eq. (38) of Ref. [1]),
the phase factors o([ ] [19], [f']) of Egs. (4) and (19) become

N q
9@+ D+ T (fim f)i 3q(@+ 1)+ X be

(_1)¢(l.f][1q],[f’])=(_1) i=1 _(_1) Iy (60)
[f1=0f1+4(b;...b,).

where
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The final result for the SU(N) Racah coefficient of type (57) is
UL [22 4V e 2] [ [47]; L1705 [N 2))
=(_1)N(x+y+p)+p(n’+y)+x(y+1) (61)
' pl —n+p+y)!n—x)(N+1-=y)(N—n)!
x=Wp+y—x)tn—p—W(N+1—=x)!'(N—n+p)!

(N=n+n—x—p—Y!(N—=n'—=y)! [N+n—n—2x+1]]*
(N—=n—=x)!(n'—n+x)! (N+n—n'"—x—y+1)! '

[The derivation for the case (n— p) < x via Egs. (19) and (24) proceeds somewhat
differently, involving symmetric functions F, with s=(n— x) rather than s=p;
but the final result (61) is independent of the condition (n— p) 2 x.] It may also be
useful to note that a U-coefficient for a recoupling transformation for which
all four Wigner couplings are multiplicity-free is invariant under conjugation
of all SU(N) irreducible representations, so that

o (I R E A o E e N R Y N Y A i )
= U221 [ [P35 [P35 [2¥1°D)

which may be particularly useful for the case n’ < p.
The special case y =0, (with n’' =n — p + h), furnishes the U-coefficients needed
for Eq. (56), and leads to the explicit result

<[1n] ml T[fO](h, p)l[in'] mr> :(_ 1)(N+1)x+(N+n— 1) (p—hy+4+hth—-1)

(62)

"I L fol mo | [1"] m) (63)
pLALN + )V N —h—x)!nl (n—x)! (N —n)! [N +p—h—2x+1] ¥

x!(p=x)(h—p+x){(N+1—=x)(N+1+p—h—x)![(n—p)!]*(N—n—h—x+p)!
E<[1n] ’",[fo] mOI[1n] m> K(n’ N: h, D, X).

With this result the average of the product of two operators over the states
of an irreducible representation of SU(N) can be carried out. Since only the scalar
[SU(N)-invariant piece] of a product of operators O, 05 can make a contribution
to the average, (0,0,)", this average can be different from zero only if O, and
0, have pieces of the same SU(N) irreducible tensor character. If O, and O,
in Eq.(48) are operators of type T,Yl(h, p) and TR, p’), with [fo1=[f,]
=[2¥V P2 mg =mg; W —p =h—p,

1 ' ’ n 2
<0102>n=mm§l(<[1"]m[f0] mo|[1"] m) .

-K(n, N,h,p,x) K(n, N,h',p', x),

where the sums over SU(N) subgroup labels can be carried out [using symmetry
properties such as (17) and (54)], to give

0,0,)"= K(n, N, h,p,x) K(n, N, ', p', x). (64)

1
dim[fo]
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With

— - |
dim[fO]=dim[2x1N—h+p—zx]:(N h+p—2x+1)  (N+1)!

N+1 I(N+1—x)!
( ) x!( x) (65)
(N+1)!
his Teads (o N+t—h+p—x)t(h—p+x)!
CTYN i, p) TV, )y = (— 130 D300 (66)
n!(n—x)1(N—n)! PP RV (N=h—x)! (N=Hh —x)! |}

' n—p'!mn—p)Y(N—n—h+p—x)! p—x)!(p—x)! N!N!

This is a result which (in somewhat different form) has already been derived
by Chang, French, and Thio [13] without the detailed use of U(N) Racah algebra.
(Cf. Eq. (3.11) of Ref. [13]. To establish the connection between the notation of
Ref. [13] and the more conventional U(N) notation of this investigation, note
that the symbols v, u, and k of Ref. [13] are related to x, h, and p by x=v+ u;
h=k+u;p=k—p)

Although results such as (66) can be derived by the simpler methods of Chang,
French, and Thio [13], the detailed use of U(N) Racah algebra will make it
possible to generalize such results to matrix elements of more complicated
operators or to more complicated operator averages.

Consider, for example, the average

€0,0,0705)" = g T <L m|0, 051 L1y <1 ml 0501w
mm (67)

over the complete set of states of [1"]. If 04, 0,, ... are k-body operators of the
type (47), with k; =%(h; +p,), k, =3(h, + p,), ..., it will be convenient to couple
the operators in the order ([17]x ([1¥~™]x ([172]x [1"~"2]))), from right to
left, and define the basic tensor operators

TP T ALY (TY i, o))} LT
= Y ULl Y my (LT L T T my, Lol mo>  (68)

mp, mp, mom’
2y N-h
.(a+"‘a+)[ll ](a"‘a)gr}hl k Trr[l‘ZfZ](hZﬁPZ)a

np,

where T/>)(h,, p,) is an irreducible unit tensor operator of the type defined by
Eq. (48). Also,[ f,1, [ '], and [ f,] must be restricted to 2-columned representations
in order to have non-zero matrix elements between n-particle states which belong

to SU(N) representations of type [1"]; that is
[f]= [0V erem 2]y [f] =20 N i 2]
[ fy] = [250 - he - p2 s =20

with x' < x,, xo 2 x". Using the techniques outlined above, the matrix elements
of such an operator can be expressed in terms of SU(N) Racah coefficients and a
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single U(N) Wigner coefficient [which carries the dependence on the U(N)
subgroup labels]

M Im| T{ T = ALY "] < (TY(hy, o))} L BRI T ')
= (T Lol g | A7) my (= 1)2hath = 0% 3he0a =)
Wl nt " V(N —hy) hy V(N —h ) h! ?

(" =p)! (0 —hy)! (n—p)! (0" — hy)! NIN! (69)
@I I O 0 L LA UMM T LA [ DY M (T L)

U@ 001 0] [t=]s (7= "=15 [0D) U T 1Y ™1 [ (s [~ ™3; [0])
UL 10 0T L L)
withn”"=n—p, +h,,n' =n" — p, + h,, where the U-coefficients can all be expressed
as simple functions of n, N, h, p, x by means of Egs. (61) and (62). Operator averages
of the type <0,0,07 0%>" can therefore be carried out, provided operator

products 0;0; can be expanded in terms of appropriately coupled SU(N) irreducible
tensor operators.
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