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Abstract. It is shown for the Heisenberg model that the correlation functions are analyticin hand T
if Re(h)=#0 and T is positive.

Introduction

The analyticity properties of the Ising model, when there is no phase transition,
were established by Lee and Yang [6, 11] and by Lebowitz and Penrose [5]. The
theorem of Lee-Yang about the zeros of the partition function of the system plays
a prominent part in these papers. The generalization of this famous theorem to
the case of the Heisenberg model was made by Asano [1] and Suzuki-Fisher [10].
With the help of this generalization we obtain analogous results as those obtained
by Lebowitz and Penrose for the Ising model: the correlation functions are
analytic in h and T if Re(h)+0 and T is positive. The proof follows closely that
of Lebowitz and Penrose. We use essentially the theorem of Lee-Yang and the
technique introduced by Asano [1]. Our proof is only valid if the total magnetiza-
tion commutes with the Hamiltonian, and does not extend to the general case
considered by Suzuki and Fisher [10].

Notation and Definition of the Model

The model is defined on the lattice Z*. With each point of the lattice we asso-
ciate a spin — 1,2, which we describe by a Hilbert space #; isomorphic to €2,
and by the Pauli matrices d*, 6f, 6f. We consider first a system restricted to a
finite subset A of Z". The corresponding Hilbert space is #; = (X) #; and we

ied
choose the Hamiltonian as follows:
Hy=— Z H(,j)+h Z(O'iz+1) (1)
i*j ied
i,jed
with
H(i,j)=K(i—)) (670 + 07 a}) + J(i —j) o7 0} . 2

In this formula H(i, j) describes an interaction between two spins. The interaction
will be a ferromagnetic one:

JX)=J(=x)20, K(x)=g(x)J(x) (a)
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with
—1=gx)=g(=x)< +1. (3b)

The function g allows us to introduce some anisotropy in the coupling between
the spins. It is, however, very important for the rest of the paper that (4) holds:

Y. o, H] =0. @
ied

The constant & may be interpreted as a magnetic field. We impose also two
conditions on the decrease of the interactions K and J for large distances:

| |s>u1:iorv J(s)=u(r)—0, r—> o0, (5a)
NEy/Ad

Y J(x)< o0, Y IK(x)|<o0. (5b)

x*0 x¥0

Such conditions ensure the existence of the thermodynamic limit of the correlation
functions [4, 7]. When we take the thermodynamic limit, this means that we choose
a sequence of finite subsets of Z*, (A4,),.n such that A,C A, for all n and for
every finite subset 4 of Z* there is a number N(4) with the property that 4 is
contained in A4, for all p> N(4).

We denote the partition function by

P(h, T, A)=Try,exp(=fH,), P=kT)"", (6)
and the correlation functions by
(ot ooy (h, T, A)=Tr, (i ... oy exp(—pH,))/P(h, T, A), (7)
where x,, ..., x,, are msites of A and i;=x,y or z, 1 S j<m.

Remark. All finite subsets A4 which we shall consider have the property: If x
and y are two points of A, then there exists a set of points {x,, ..., x,} with x; € A4,
Xo = X, X, =y and where the spins at x; and x,, , interact with one another.

Results and Proofs

If A is a finite set, H, is a matrix and we may without difficulty consider com-
plex values of h. Asano showed under the hypothesis 3a) and 3b) that P(h, T, A)+0
if Re(h)+ 0. On the other hand it is easy to see that P(0, T, 4)+0. We may thus
define (al! ... a»> (h, T, A) if Re(h)# 0 or h real. Our first result is

Theorem I. For the model defined above [in particular if (3a), (3b), (5a), and
(5b) hold ).
1) If T is a positive fixed number

/}im ot ooy (h, T, A)y={a! ...aim> (h, T) (8)
converges locally uniformly in h, both when Re(h)>0 and when Re(h) <O.
2) The function {al' ... ai»> (h, T) is analytic in h and T in the region Re(h) >0
(and Re(h)<0) and T in a complex neighbourhood of the positive real axis.

Remark. 1f we introduce the variable z = e~ #", then the domains of analyticity
for the new variable become |z| < 1 and |z| > 1.
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Proof. We shall use the following result, which we shall prove later.

Lemma 1. Let A be a finite subset of Z*. Then the inequality below is uniform
in A 1 +7 2m
i r) , If lzZlEr<ti,r  fixed. 9)

|<<7,‘;‘1 of;'; (z, T, A)| §(

This lemma means that the family of analytic functions <di! ... ain> (z, T, A,)
with peN is a normal family [2] on the unit open disc E = {z||z| <1}. On the
other hand it has been proved by Ginibre [4] that for every finite interval I of the
positive real axis there exists a complex neighbourhood U of z=0 such that

lim {a}! ... aim> (z, T, A,)
po o

converges and defines an analytic function of z and T if ze U and Tel. (The
Hamiltonian in [4] is slightly different, but the proof of the above statement with
our Hamiltonian is the same except for minor changes. The difference between the
two Hamiltonians is a boundary term for the finite systems.) We apply then the
theorem of Vitali [3] and we obtain the first result, the second one follows directly
from the theorem of [5, p. 104]. Details of the proof may be found in the paper of
Lebowitz and Penrose [5]. We obtain the same results in the case where |z| > {
using the symmetry of the model (see e.g. next section).

Let us suppose that there exists an arc y of the circumference of the unit circle
{z]|zl =1}, on which, if p is sufficiently large, P(z, T, 4,) is non-zero. Without loss
of generality we consider the case where y is given by the inequalities — ¢ < arg(z)
< +¢ with 0< ¢ <z. Under such assumptions the free energy is analytic in z
if zey in the thermodynamic limit. We extend this result to the correlation
functions.

We consider the situation just described and we denote by 61 the circle which
passes through the points e* and e~ '¢ and which is orthogonal to the unit circle.
The open set which contains the point 1 and which has the boundary 61" is denoted
by I'. Then we obtain:

Theorem II. The first conclusion of TheoremI is true if we replace the unit
disc E by I. The function {a}\ ... ain> (z, T) coincides with that of TheoremI if
|z| =+ 1.

Proof. If we use the notation of Theorem I we can prove

Lemma 2. The family {cl ...aim>(z, T, A,), peN, is normal in I' when p
is large enough, i.e. when P(z, T, A,)+0if zey.

With this result the proof follows as before.

Proof of the Lemmas 1 and 2
Introduction

We discuss here the technique used to prove Lemmas 1 and 2. In these proofs
the position of the zeros of some polynomials, and also their symmetry properties,
take a prominent part. In this section we define these polynomials and give some
of their properties. We prove the lemmas in the next section.
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We consider polynomials of N complex variables. It is convenient to use the
notation of Ruelle [8]. We introduce a finite set Q of N elements denoted by

letters x, y, ... . We associate a complex variable z, to each x of Q. If X is a subset
of Q, then z is the set of variables {z,|xe X} and z¥= [] z,. We put z’ = 1. Let
xeX

&(Q) be the set of all complex-valued functions f defined on the subsets of Q.
[ XCR—f(X)eC.

Let 2(Q) be the set of all complex polynomials with N complex variables, linear
in each z,. Clearly there is a one-to-one correspondence between &(Q) and 2(Q):

fe8Q—Pzg)= Y f(X)zXe2(Q).

Xce

On the set £(2) we define the transformation D(x, y) when x =+ y:
0 if xeX and yé¢X
D f)X)=40 if x¢X and yeX (10)
f(X) otherwise.

The corresponding transformation on #(Q) is

(D( Zxs y)Pf) (zo) = PD(x,y)f(ZQ)‘ (11)

This last operation is not exactly the contraction of Asano [1,8,9]. If we write
explicitely only the variables z, and z,, then we obtain

Rf(zg):azxzy+bzx+czﬁ—dwaz z,+d. (12)

The class L(R2) of polynomials, which interest us, consists of all polynomials of
2(Q), which satisfy the property E

E: P(zg)=0 and |z|<1, VxeQ implies |z,|=1, VxeQ. (13)
as also a symmetry property S:
S: f)=fQ-X)*, VXCQ, (14)

where * represents complex conjugation.
Remarks. The property E is equivalent to:

if P(zo)=0 and [z|J=1 VyeQ—{x} andif Iy eQ—{x} (15)

such that |z,| < 1, then z, is such that |z, > 1.
The property S means:

(Przo))* = ng Q= X)*F 222" X =% Py((%)o ). (16)

Proposition. The class L(S2) is stable under the transformation D(z,, z,).

Proof. The property S is evidently conserved [see (10)]. The property E is also
conserved (Proposition 3.3, [8]).
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We note also two simple facts:
I) If Pi(zq) € 2(R), we associate to Py a polynomial Q  in one complex variable z
by setting

N
Q,(2)=Py(z,....,2)=ao [] (@ —2),N=|Ql.
i=1
We notice immediately that
N
QD(x,y)f(Z) =4y l_[ (Gi—2).
i=1

IT) If Py(zp) € L(€2) and if we associate to each x € Q a complex number w,
of unit modulus, then we can introduce new variables z, =w,z, and define
P/(Zg) = Pr{(zg). Then N y

07 =ao( [ o) [1 @-2=a [ @2
xe2 i=1 i=1

and

TX)=7/X) [] o, (17)

yeX

In particular Pr(z,) satisfies the property E and the symmetry property S,,:
X =of@-XF, o=]]o,. (18)

xef2

Proof of the Lemmas 1 and 2

Lemma 1. We consider the explicit case i; = x and i, = y; the generalization
to other correlation functions is immediate. The fact that A is a subset of Z’ is
unimportant. Therefore A is here a set with N elements {1, ..., N} and we write 1
respectively 2 instead of x,; respectively x, etc. We must show

14+7r\*
1—r ) '

swﬁ@@@nmg( (19)

|z|sr<
The proof consists of expressing (o5 03> (z, T, A) as a sum of four terms; each term
is a quotient of polynomials, which possess the properties described in the last
section. Then we use Remarks I and II in order to obtain the desired result.

A. Definition of Four Polynomials

In #, we introduce the vectors |{s;})> =1[s;)® - ®|syy defined by of|s;>
=s;|s;> with s;= + 1. These vectors form a basis in 2, and we index them by the
subsets of A:

[{si>=1X>:ie X<os,= +1. (20)
The partition function becomes
Pz, T, A)= ) <Xlexp(=BHYIX),p=(kT) !, z=e""". (21)

XcAa
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The operator M= ) (o7 + 1) commutes with H, = H, + hM. Therefore

exp (——ﬁzh—M) exp(— f Hy) exp (M) ' X> (22)

is a polynomial in z. Trotter’s formula allows us to write

exp(—pH,) = lim (1—[ exp (% H(, j)))n = ango A, (23)

iFj

Pz T, A)= Y <X

Xca

with H(i, j) given by (2). We make now the connection with the previous section:
Let 4 and A’ be two copies of the set {1, ..., N}. We distinguish the elements or the
subsets of A" by ". We define then Q as the disjoint union of A and A" and we
write the subsets of Q by the pairs (X, Y') with X C4 and Y'C A" Let f, be the
function of £(Q2) defined by

[uX, Y)=<KX[A4,]Y"), (24)
and the corresponding polynomial
Pf,.(ZQ) = Pf,.(ZA» Z4)= Z fon(X> Y')ZY, (25)
ver
we first define g, € £(Q2):
=D(3,3)...DIN,N) f, ; (26)

then we construct two polynomials in four variables z,,z,, z,,z,,, and one
complex parameter w:

Pnl (21522521, 22,3 W)=D(z2y, 2,,) D(25, 2)) Pgn(zm z,) (27a)
and we put z;=z3 = - =zy=zy =W,
Pnz(lezZ’Zl’a 22’;W):Pg"(ZA72A’) (27b)
and we put zy =z = =zy=zy =W.
Finally we introduce
4
Qu(z;w) =P, (2,2, 2,23 W) =ao(w) [] (§:(w)~2), (28a)
i=1
4
Qr%(zz W) = PnZ(Za Z2,z,z; W) = aO(W) l_[ (ql(w) - Z) (28b)
(cf. Remark I). o
B. Relation between the Polynomials (27a), (27b), (28a), and (28b),
and {oya3) (z, T, A)
We see immediately, comparing (22) and (28 b), that
P(z, T, A)=lim Q}(z:2). (29)
because
N 0 if X+Y
X,Y)=
,lz—[ Il )= {f,,(X,X) if X=Y. (30)
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On the other hand we compute the expression

_Bh _
oo} exp (#) exp(— f Hy) exp (#)}

Try,

(31)
—BhM —
=lim Tr,, |of 0} exp (%—) A, exp (#)]
with the aid of the basis
Hs)=151>"®15:)’Rs3) @ - Qlsn) (32)
=|51,55, X) with XcA=A-{1,2}.
We have used the following vectors
1
|Sl>x:W(sl'1>+[_1>)a sy==x1
) (33)
s207 = 1/2 (—is; 11D +1=1)), s, =+1,
which satisfy
orlsi T =s11s10%, 03ls;07 = 5,15, (34)
Hence we obtain
—phM —pBhM
Tr, |07 03 exp —ﬁ— A, exp ﬂ—
4 2 2
=Y (LL,X . LLX)— Y (-, LX]...|-1,1,X) (35)
xXcd XcA
- >, —-LX[. L -LX)+ Y (=, -1, X|...]-1, -1, X)
xcd XcA

[... represents the expression between the square brackets on the left hand side
of (35)].
Using (33) and the definition of P? we see that

4Y (1L, LX]| . |11, X)= P2z, —iz,z, —iz;2) (36)

XcA

and the three other terms in (35) have analogous expressions.

C. Estimation of {oid3) (z, T, A)
We use now the result proved by Asano [1]:
P (zo) e L(Q).
We thus obtain using Remarks I and II

P2(z, —iz, z, —iz; w) = Gy (W) 14—[ (7:(w)—2). (37
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Hence the n'* approximation of {aya}) (z, T, A) is the sum of four terms of the
following type:
1 ay(2) ¢ ‘_1
— x ) 38
¥ al e %
If [w| £ 1, then |g;(w)| = 1, |§;(w)| =1 and if ]wl =1, then |g;,(w)| =|g;(w)| = 1.
Consequently

2 do(z) qi(z)—z‘
lzl<r<1 44 ag(z) i1 qi(z)—z| ) )
< 1 gi(w)—z <i<1+r>
Tlesr<t 4 2y [ qiw)—z|T 4\1—r) "

wl=1
This last expression does not depend on n and A. Hence the lemma is proved.

Lemma 2. We use the same notation as before. Let P, and P, be two interior
points of the arc y and k be the closed disc whose boundary is the circle passing
through P, and P, and orthogonal to the unit circle. We introduce two subsets of
k:k,={ze k|lz|>1} and k,={ze k||z|< 1}. By the transformation zt>(z*)"!
we have k,—k,. Let us take now any interior compact subset k' of k and we put
d(k',0k)=d >0, where d(k', k) is the distance between k' and the boundary ok
of k. Let us consider {o;d}) (z, T, A,). By assumption it is possible to find an
integer N(p, k) such that if n> N(p, k) Q}(z; z) £ 0 for ze kny. On the other hand
Pl(z,,z,)#0if all |z;] <1 or all |z > 1. We may apply the proposition p. 268 of
[8] and hence we find

Plzy,25, 20,25 3w) 0 if z;,25,2,,2,, and wek. (40)
In particular Q}(z; w)+0 if z and we k therefore
min|g;(w) —z| = d(k', k) =d. (41)
wek
This estimation is independent of p and n. If w € k,, we know that |g,(w)| = 1; hence
I»P;}(flqi(w)_zl <Pp(Evk)=3, (42)
zek’

where ¢p(EUk,) is the diameter of EUk;.
Finally we obtain

sup Koiob) (- T, 4,) 54 (j) . 3)

zek' nky

We extend the validity of this last estimate using the symmetry properties. The
symmetry S of P!(z,, z,, z,., z,; w) allows us to write

(000 TT @2

. (44)
=P a0 T] (@)=
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and the symmetry S_, of P2(z,, —iz,,z,,, —iz, ;W)

(45)

Hence (43) is valid for all z in k' and the lemma is proved.
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