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Abstract. The non linear Boltzmann equation is studied and differentiable solutions
are shown to exist if the initial datum is suitably chosen

1. Introduction

In the present paper we study the initial value problem for the
Boltzmann equation in the spatially homogeneous case and obtain
an existence and uniqueness theorem which is a generalization of [4]
when the extrinsic force is zero.

This space-independent problem has been much studied; for instance
in [9] and [1] Povzner and Bodmer obtain a similar result by completely
different methods. We note however that our methods are much more
simple; moreover Povzner does not investigate the differentiability
of the solution while Bodmer considers a somewhat less general equation.

2. Preliminaries

We begin with some basic definitions and results which will be used
in the rest of this paper.

Let X be a real Banach space and X* its dual; by | | we denote
the norm in X and by {x, x*) the value of x* e X* at x€ X.

With each xe X is associated the set J|x| ={x*e X*, |x+y|
> [Ix]| +<{y,x*>,Vye X}; the application X —2*", x—d|x||, is called
the subdifferential of the norm.

Let f:D,C X — X and consider the initial value problem

du
=W

u(0) = u,

te[0, T]. (1)

A continuous function u:[0, T]— X is called a solution of (1) if it is
differentiable in [0, T] and satisfies (1).
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We will use the following lemma (see [7])
Lemma 1. Let u belong to CY0,T; X)'; then |u(-)| is differentiable
a.e. in [0, T] and we have

Hu(t)H = < du , u*> Yu* e dfu(r)] .

3. Properties of the Boltzmann Equation

We shall study the Boltzmann equation in the spatially homogeneous

case au(E,1)
ot

The bilinear function (u, v)— f(u, v) is defined as follows?

f(us U)=f+(u’v)~f_(uav)

_f( U) éemsztzo'

where 2m w2

fruv)=3%| f f [u(&) v(&1) +u(&) v(&)] BB, ¢, &) dOdad S,
and : 2n w/2

S, U)=%ﬂi (f) ([ [u(&) v(&1) +u(é) v(&)] B, &, &) dbidadl,

(usually the time dependence of u and v will not be written explicitly).
Here the variables &', £; depend on ¢, &, through
€,=é+a(a'(5_£1))a )
gGi=& —a@(€E—¢&y),
where o =(cosf, sinfcoso, sinflsing). For fixed o these formulae
represent a unitary transformation in the 6-space &, &, so giving

a(&, &/ag, &y =1. &)
Equations (2) mean in particular that
é+£1=é/+é(15 (4)

E+ei=02+¢2.
B, &, &,):(0,/2) xR® —IR is a given measurable function non negative
a.e. such that B(0,&, E,)=B(0,¢,,0), 5
B(0,¢,¢,)=B(0,¢,¢Y).
We recall that owing to (3), (4), and (5) f satisfies the following equalities
[flu,v)dé=0, [&f(u,v)d¢=0 (6)

1 C™0, T; X) is the Banach space of the m-times continuously differentiable functions
dﬂl

— u(t)|-

i)

2 Troughout this section by u and v we denote measurable functions.

3 For a more detailed description and proofs of the properties quoted in this section

see [2], [6].

3

u: [0, T]— X equipped with the norm |[[ul| = sup [lu()] +---+ sup
te[0,T] te[0,T]
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where u and v are any functions such that f(u, v) exists. From now on we
assume that the following hypothesis is fulfilled

H) sup ""2 B(6,¢,¢y)
taer o 1+]/E2+E
An immediate consequence of (H) is the following lemma.
Lemma 2. We have
FIf o)l dE<y [ (1+E) |ul dEJ (1 +E%) ol dC,
where y = 8nB,.

We now want to establish some basic properties of f which will be
used in the following.

Lemma 3. Let u be non negative a.e. We have
A+ flu,wdé<y [+ udl[(1+E)udé. (™)

Proof. Set B'(0,& E)=B(0,& &) (E2+&D); it follows from (4)
that B’ satisfies (5), then (6) is verified

& JTu@)uE) —u@)uE)]B0,¢,¢,) dododé, dE =0

(the limits of integration have been omitted for simplicity in notation)
and we have

[ fuu)dé=—[&* [ E[u(€) u(€)) — u(€) u&,)] BO, ¢, &) d0dodE, dE .
Now (6) implies
FUH+E)? flu,uyde=[ & f(u,u)d¢
=& [ & u(@) u(€,) —u&) u€)] BO, & &)
-dOdod&,d¢
=[(L+E) [ (1 +&D) [u@) uy) — u€) u(&)]
B@©,¢&,&E,)dOdedé dE
STA+E)u@) [t +E)uy) BO.&,¢,) dodedE de

and the conclusion follows from (H).

Lemma 4. If u and v are any functions non negative a.e. then*

J(+ &) sgn(u—v) [f(w,wy— f(0,0)]1dE =2y [ (1 + &%) (u+v)de

8
JU+&)u—vlde. ®

4 sgnu is the function defined as follows

=1 if u>0
sgnuy=—1 if u<O0

=0 elsewhere
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Proof. We have
[ +&%) sgn(u—0) [f (w,u)— f(v,0)]d&
ST+ [ lu€y) =o€yl [u@) +v(€)] BO, &, &) d0dods, dé
—J (1 +&%) [ (@) = (&)l [u(€,) +v(€)] BO, &, &) d0dodE, dE
+ [ (148 [ lu(€) = v(@)] [u(&)) +v(&1)] BO, ¢, &) d0dad&, dE
+ (1487 [ lu(€y) — o(&))l [u(&) +v(&)] B, &, &,) dOdod&, dE
=2[ (1 + &) [u) +v(&) [ [u(¢,) — v BO, ¢, &) dbdodé, d¢

where we used (6). Thus the conclusion follows from (H).
For each ¢€[0,1] let f, be the bilinear function (u,v)— f,(u,v)
= fF(u,v)— f, (u,v), where

B, ¢,
£, 0) = ] [u(€) 0(E) +u(E) e ‘1+—21/§—£+L? d6dode,

and

B(G’ é, 61)

[ wv) =3 [u(@) v(&,) +u(€,) v(&)] Tre/B+B dfdodl, .

By definition fy(u,v)= f(u,v); moreover as B,(0,&, &)=B(,¢& &)
(1 +¢]/&* 4+ &3) ! satisfies (5) we have that each f, verifies (6), (7), and (8).
The following lemma establishes further properties of f,.

Lemma 5. For each ¢,ne[0,1] the following inequalities hold:
V1fous ) = f(u, w) dE < Ay(f (1 + &%) lul d&)? le —nl
FA+E S u)— £y u)l dE S dyle—nl (1 +E)? jul dE [ (1 + &%) Jul dE .
Proof. We have
§ 1w, u) = folu, w) d€
= [ If [u(€) u(€y) —u©) u(€)] [B,6, &, €1) — B,(0, &, £,)] dOdadly| dE
< JJ (@) (@)l + u(€) w(€ 1) 1B(0, & &) — B,(0, &, &)l dOdadE, dE

- (e—m}/&*+& B, & &) Q6. d
=2 [ [ lu(@) u(,)| 4/ BT D) (1 +n)/E+ D) dfdodfd&

<le—nl4nBof (@) [ u€)l (/1 + & +]/1+ &) d&,dE
<le—nl 16mB, [ (1 +&2) (@) dE | (1 +&F) [u(Cy)l &y,

where we used (6) and (H). The second inequality follows in the same way.
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We will be concerned with the following Cauchy problem
du(é, t)
0 { 9 fww
u(g, 0)=uy(¢)

and will prove that, under proper assumptions on the initial datum (I)
has a unique solution.

4. The Approaching Problem

Let us denote by X,(r=0, 1,2) the Banach space of the measurable
functions u: R —1R such that

lul, =1 +&)" |uldé <+ o0

equipped with the norm | ||, and by X* its dual. By 0| ||, we denote
the subdifferential of the normin X, (r=0,1,2)and by { , >,: X, x X* >R
the function (u, u*)—> {u, u*), = [(1 + E2) uu*dé.

Let Q be the closed convex cone Q ={ue X,,u=0a.e.}. For each
£€(0,1] we denote by f, the function f,:Q—X,, u— f,(u)=f.(u,u)
and by f, the function fy: QN X, = X,, u— fo(w)= f(u, u).

We prove the lemma.

Lemma 6. Let uc X, then sgnue dlu|,,(r=0,1,2).
Proof. It is known that sgnue X* (see [5]); moreover for each
veX, we have [u+ol,=<utv, sgn(u+ov)y, = u+uv, sgnud, = [ul,

+ (v, sgnu),.
The following lemmas follow from (H), (6) and Lemmas 3,4 and 5.

Lemma 7. We have
(1) if ueQnX, then for each e€(0,1] f.(u)e X, and < f,(u), sgnu), =0,
(ii) if ue QN X, then for each ¢€ (0, 1] f,(u) e X, and < f,(u), sgnu),

=y lully lull,
(i) if w,veQnX, then for each ¢€[0,1] f.(w), f.(v)e X, and

{few) = f(v), sgn(u —v)) S2pllu+ vl lu—vl,.
Lemma 8. For each &,1 € [0, 1] we have
W) 14— £l =4yle—nl lult, VueQnX,,
(i) £ — L@ S4vle—nl ully lull,, Yue@nX,.
Lemma 9. For each u,ve Qn X, we have f,(u), fo(v) e X, and

[ fow)— fo@llo =yllu—vl,.
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Let us consider the initial value problem

du e>0

(1) {W =L 0,17
u(0)=u,

In [4] we proved the following theorem®:

Theorem I. Assume that uge Q. Then for each T>O0 there exists
a unique ue C'(0, T; X) solution of (1,); moreover for each te [0, T] we
have u(t) € Q, [u(®)llo = lluollo-

The following theorem establishes further properties of the solution
of (I):

Theorem II. Let uye QN X, and let u, be the solution of (1,); for
each te [0, T] we have:

(i) lu (@)l = lluoll 4

(i1) ()] 2 < Mol fug |5 .

Proof. (i) and (ii) are an immediate consequence of (i) and (ii) of
Lemma 7.

5. Existence of the Differentiable Solution

In this section we will investigate the existence of the solution of the
following Cauchy problem

du

(1@{%‘ fo® o
u0)=u,,

We begin with two lemmas.

Lemma 10. Let uy € QN X, and let u, be the solution of (1); then there
exists ue C(0, T; X;) such that lirr(} u,=uin C0O, T; X;).

Proof. 1t follows from Lemma 1 that for each ¢,1€(0,1] and a.e.
te [0, T] we have

d d
00 =0l = {4 o= g sl 1))
= )~ ). S8, ~ )3 + L)~ ). sE0 s, — )
<, =ty €10 g+ ) — £l

where we used (iii) of Lemma 7 and Theorem II.

4
dt

5 For a sketch of the proof see the appendix.
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By Lemma 8 we obtain
d

7y e~ gl = 4yl — vy 4 e Mol Jlug ||, +dyle —nl fuolly €M ug I, -

Set 0, ,=4yTle—nl| luolly lluoll> e'lliT: we have limo 0.,=0 and by
Gronwall’s lemma o
1,0 = 1, (1) S,y 7T 00T
The proof is complete.
Lemma 11. Let u, be the solution of (1,) and u=lin3 u, the function
given in Lemma 10. Then 11_1}3 f(w,) = fow) in CO, T; X,).

Proof. We have u(t)e Qn X, for each te[0, T] and:
I fo(ue) = follo = Il felu) — foue) o + |l folu) — fo@llo

Sdyellu, |+ lu,—ul,
Sdyeluollt +yllu,—ul,,
where we used (i) of Lemma 8, Theorem II and Lemma 9. The conclusion

follows from Lemma 10.
We can now prove the following theorem:

Theorem III. Assume that uy € QN X, ; then for each T > 0 the problem
(o) has a solution ue C(0, T; X,). Moreover for each te [0, T] we have
u(t)e Q and:

lu@lly = luolly s lu@®)], = el fluy], .

Proof. Let u, be the solution of (I,); by Lemmas 10 and 11 we have
ling u,=u in C(0,T;X,) and lir%fg(us)=f0(u) in C(0,T;X,); thus

. d . o
hng —d_?_g_ = llr% f.(u) = fo(u). This implies ue C*(0, T, X,) and Z—:’ =fo(u).

Moreover we have u(0) = lir% u,(0) =uy and |Ju(t)|, = lin(} llu. (Ol = llugll1-

To prove the second estimate we use Fatou’s lemma, |u(?)l,
< ety |1, and 11}13 u,=uin C(0, T; X,) to conclude [u(t)], < e?llwoll:t
llugllz-

Lemma 12. Let uy,vo€ QN X,; if ue CH0, T, X,) (respectively
ve CY(0, T; X,)) is a solution of problem (1,) with initial datum u, (re-
spectively v,) and u(t) e Q (v(t) € Q) for each te [0, T], then

(¥ lu@ly = lluolly » lo@lly = llvolls
(ii) lu@, < e MM ug |y, @), e 1l v,
(i) )~ 0Ol < llag — vl 2 heollzer b Hlealzereivotsy

for each te [0, T].
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Proof. It follows from (6) and Lemma 3 that (i) and (ii) of Lemma 7
are formally satisfied by f,; thus the assertions (i) and (ii) have the same
proofs of Theorem II.

Concerning (iii) we have for a.e. t [0, T]:

d
=7 = vl =<fo@) = fo(v), sgnlu —v)p, = 27llu+vll; u—vl,
where we used Lemma 1 and (iii) of Lemma 7.
Now
[4(0) = v(0) |y = lluo — voll4
thus the conclusion follows from (i), (ii) and Gronwall’s lemma.

As a consequence of Lemma 12 we get the following result:

Theorem IV. Let uge QnX,, then for each T>O0 the problem (1)
has a unique solution.

Combining Theorems III and IV we obtain an existence and
uniqueness theorem for problem (I).

Theorem V. Assume that u, satisfies the following hypothesis
up(£)=0 ae., [(1+E) udé<+o0.

Then for each T >0 there exists a unique u: [0, T]— L"(R3), u(t, &) =0
a.e. E€R3 for each te [0, T], solution of problem (I). Moreover we have

U+ u, & dé=[(1 + E»ue(&) dé,
FA+ED ult, ) dES[ (1 + E2) up(E) dE e T emdey e [0, TT.

Appendix

For the completeness of our work we shall give an outline of the
proof of Theorem I. This result is obtained in a more general case in [4]
and requires the results of [ 7]. Two lemmas precede the main arguments.

Lemma 13. Set Q,={ueQ, ||lul|o=r}; for each ¢€(0, 1] there exists
N.(r) such that
[ f:)— fi@)o SN, () lu—vllo, VYuve,. )

Proof. The estimate (9) is an immediate consequence of assumption
(H) of Section 3.

Lemma 14. For each r >0 there exists n(e, r) such that the following

equation
nu— f(u)=v, €€(,1], veQ,

has a unique solution u e Q, for each n = n(s, r).
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Proof. Set

v+ £, () ‘
n+ %kﬂ_ ()

It is easy to see that u,eQ, and that for n=n(e,r) there exists
klim u,=ue Q,. As f, is locally lipschitz continuous the conclusion follows.
= 00

By Lemma 14 we can define the “local resolvent” function in the
following way:

Ro,(n, f)=(m—f)"':Q,=0Q., nznler)

it is not difficult to see that

() IRg,(n. f)ullo < - lullo,  VueQ,,
() 1Rg,,(n 1) nu—Ro, (1 f)nolo = o lu=vlo

for each u, v e Q, and n = max {n(g, r), N,(r)}.
For each fixed r >0 and any integer n = n(e, r) we define the Yosida’s
approximation function

fe':n = ”RQ,.,(n’ fon—n= feRQ,.r(na fon.
From the local lipschitz continuity of f, for each »>0 we have

(i) lim () = f,(u)
uniformly in Q,.
Now consider the integral equation
t
L) uO)=uo+ | £, w)()ds, te[0,TLuo€Q,.
0
The following lemma holds:

Lemma 15. For each uy € Q, and n> max {n(e,r), N,(r)} there exists
a solution u,(t) of problem (1,) such that |u,(t)|lo < |luollo for each t € [0, TT.

Proof. Set Y=C(0,T;X,), K={ueY,ut)eQy,,, for te[0,T]}
and consider the function 7,: K— Y defined by

(T, (W) () =exp(—nt) ug+n f exp(—n(t —s)) Ry, (n, f,) nu(s) ds .
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Using (i) and (ii) it is not difficult to see that 7,(K)C K and that for
T =T, sufficiently small (depending on r and ») t, is a contraction
which maps K into itself. Consequently there is a function u, € K such
that t,u, =u, and it is easy to see that u, satisfies (I,). Moreover as we
have [lu,(To)llo = lluollo we can consider the same problem (I,) with the
initial point u, replaced by u,(7;) and this allows us to extend to the
interval [0, 2Tg] the solution of (I,) with initial point u,. [terating this
argument we extend the solution of (I,) to [0, T] with T arbitrarily
given; obviously we have ||u,(t)]o < l|ug|lo for te [0, T].

From (ii) and Gronwall’s lemma it follows that there exists ue K
such that }1}2 u,=u in Y; thus, using (iii), we obtain:

M u(t)=u0+_[tf5(u) ($)ds, te[0,T];ee(0,1].
0

Finally the uniqueness of the solution of problem (I) and its differ-
entiability are a straightforward consequence of the local lipschitz
continuity of f,.

The author thanks Profs. G. Da Prato and G. Gallavotti for stimulating discussions.
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