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Abstract. We give a complete description of the states of the C.C.R. algebra for a finite
number of degrees of freedom which are invariant with respect to subgroups of the transla-
tion group of phase space. We make precise some well-known results of quantum mechanics
such as Bloch theorem.

§ I. Introduction

In this paper we shall deal with the algebra 4(G, &) of canonical
commutation relations (C.C.R.) introduced in [2] (see also [3]) where G
is an abelian group and ¢ a bicharacter [Definition (2.1)]; for G = R*N

and &((x,p), (x,p) = exp(— % Y x;pi—xip;], (x,p)eR*N, AR*M &)
i=1

is the uniform closure of the x-algebra of the finite linear combinations
of Weyl operators 6, ,. The interest of this algebra is that it has a large
number of states; namely, any normalized linear positive function on
the linear combinations of Weyl operators extends to a (unique) state of
4(G, &)

Translations by g in the phase space G are represented by a x-
automorphism 1, of 4(G, £) which is inner:

Igag’=5yég’5;1=€(9,9/)25g', 9.9'€G.

Let H be a subgroup of G and let H' be the set of elements g of G
such that (g, h)> =1 for any he H. Then the invariant states w of
A(G, &) with respect to the 7, (h € H) are those states for which w(d g) = 0
if g ¢ H' [Proposition (2.13)]; conversely, let w be a state of A(H, &)
where & is the restriction of & to H' x H'; then there exists an invariant
extension @ of w to 4(G, £) which is given by @(6,) = 0 if g ¢ H' [ Proposi-
tion (2.14)]. Moreover if A(H', ') is abelian and if w is pure, @ is the
unique (hence pure) extension of w to A4(G, &) if and only if A(H’, &)
is maximal abelian [ Proposition (2.18)].
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In Section 3, we specialize A(IRE, £), and show that we only need
consider closed subgroups of phase space as invariance subgroups
[Lemma (2.11)]. Hence except for the trivial cases which are easy to
handle, and up to isomorphisms there are three possible cases for ¢
abelian subgroups (i.e. for which H C H');

i) The subgroup of R? is R x {0}; invariant pure states w of 4(RR?, &)
for which x—»w(d, ,) is continuous are of the form

0,0, ,)=0 if p%0
wpo(éx,p):exp(ipox) pOGR'

These states are vector states of a representation of A(IR?, ¢) in a non
separable Hilbert space [Theorem (3.6)]. These are the analogues of
plane waves of the usual formalism.

ii) The subgroup of IR? is Za x {0} where Z is the group of integers,
a € R. Invariant pure states of 4(IR?, £) for which x—w(d, ,) is continuous
are of the form

2nm

®(d,,)=0 if p=*

inmx 2innx

cu(éx z,tm):e"""eTn};Zme “ f(n+m)

T a

0o 25| renm
[Bloch theorem (3.13)]. These states are vector states of the previous
representation.
ili) The subgroup of R? is Za x Z gg—, aeR. Invariant pure states @

of A(IR?, &) are of the form
wﬁy(éx,p) = 0 lf (X, p) :‘: (Vll,

2nm
A

")
nmeZ, [e[0,2n], yel[0A[.

They are vector states of a unique representation within a non-separable
Hilbert space; this representation is disjoint from the previous one
[Proposition (3.23)].

Finally we study the action of the group of linear non singular
transformations of phase space on the above states and give the conditions
of implementation of these transformations [ Proposition (3.27)].

2z
wﬁy(éna,ﬁ%ﬂ): exp (inmn-i— ifnd+iy
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§ II. Definitions and Elementary Results

Most of the results of this section are slight generalizations of the
corresponding results of Ref. [3]; hence they are in general given without
proofs (see also [4]).

The bicharacters we shall define now are of central importance in
what follows:

Definition (2.1). Let G be an abelian group: a bicharacter ¢ is a
function ¢:G x G— T (the group of complex numbers of modulus one)
such that:

tg.9)=¢(9,9) VY9.9'€G (2.2)
£(9,9,+92)=¢(9.918(9,.92) V9.91,9.€G. (23)

A similar procedure to that in [3] can be used to construct a x-algebra
A(G, &) for & a bicharacter.

Definition (2.4). A(G, £) where G is an abelian group and & is a bi-
character is the set of finite linear combinations®:

N
a:‘zlj'iégi iieq:agiec;

endowed with the following product and =-operation:
59511 =¢(g, h) 5y+h (2.5)
05 =¢(9.9)0-,. (2.6)

As shown in [3] there exists on A(G, ) a completely regular norm
(ie. one satisfying ||a*a| = ||a|?)

la| = su? w(a*a) aecd(G,§) 2.7

where &g is the set of positive normalized forms on 4(G, &).

Moreover it is the unique completely regular norm on 4(G, &) when
£ is non-degenerate (see below for definition).

We denote by 4(G, &) the completion of 4(G, &) with respect to this
norm.

Any positive linear form (resp. #-representation) of 4(G, &) extends

to a positive linear form (resp. #-representation) of A(G,¢) ([3], 3.4).
Let us mention the following lemma:

Lemma (2.8). Let G be an abelian group, H a subgroup, £ a bicharacter
on G; denote also by & the restriction of ¢ to Hx H; then

4(H, ) € 4(G,9).

Moreover if HG G, then A(H, &) § A(G, ).

1 Notice that the unitary elements é, are linearly independent (see [2], 2.2.2).
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We shall need in the sequel of the notion of commutant of a subgroup
of G. So we define

Definition (2.9). Let H be a subgroup of G. We define H', the com-
mutant of H, as

H={geG; (g h?*=1YheH).

H will be ¢-abelian if and only if HC H' and maximal &-abelian if and
only if H=H'.

We shall say that ¢ is non-degenerate if and only if G’ = {0}.

One can easily verify the following properties of the commutant
operation:

Lemma (2.10). Let G be an abelian group; & a bicharacter, H, H, and
H, subgroups of G. Then:
i. H' is a subgroup.
ii. HCH".
ii. H'=H".
iv. HHCH,=H,CH; .
The next lemma will be of some importance in the last section.

Lemma (2.11). Let G be an abelian topological group; let & be a bi-
character such that the function g —&(g, g') is continuous V g' € G.

Then if H is a subgroup of G, H' = (H) where H denotes the closure
of H.

Finally we denoted by t the canonical injection of the group G into
the inner #-automorphisms of 4(G, &)

74(0) = E(g, h)* 5. (2.12)

An easy generalization of the previous results can be made for a general
group (non-abelian), but in view of the applications of the last section
and of the simplification of the notations we just mention it.

Now we shall give some easy results about extensions of states on
subalgebras. Proofs are standard or even simplified by the topology
(viz. the discrete topology chosen on G) so in general they are not given.

Lemma (2.13). Let G be an abelian group, & a bicharacter, H a subgroup
of G, T the canonical injection of H into the *-automorphisms group of
A(G, E); then if o is a state of A(G, E),

wety,=w VheH=w(,)=0 Vg¢H.

The next result ensures the existence of an invariant state.
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Theorem (2.14). Let G be an abelian group, & a bicharacter, H a
subgroup of G let w be a positive linear form on A(H, £); then & defined as
@0(0,)=w(,) VYheH
®(d,)=0 Vg¢H
gives a positive linear form on A(G, §).

Using the remark before Lemma (2.8) one has the following corollary.

Corollary (2.15). Any state w of the subalgebra A(H, &) of A(G, &)
can be extended to a state @ of A(G, &) in the following way

(@)=w(a) if aed(H,E)
®(6,)=0 if g¢H.

The next theorem gives an explicit realization of the representation
associated to the extension @.

el

Theorem (2.16). Let G be an abelian group, ¢ a bicharacter and H
a subgroup of G. Let w be a state of A(H, &), (#,,, Q,,, 1) the corresponding
Gelfand-Naimark-Segal (G.N.S.) triplet. Let @ be the extension of w
to A(G, &) previously described. Let S be an application of G into G such
that

S0)=0
Sg+h=Sg) VgeG, VheH
9-Sg)=T(g)eH VgeG.
Let A7 be the Hilbert space 1,(G/H)® #,,, [g] the function of 1,(G/H)

which is one on the class of g and zero otherwise.
Then 7@ defined as the linear transformation such that

7(0k) [S(9) @7, (07(p) 2, = E(k, 9) [S(g + K] ® 7, (57(g+1) Lo

where

E(k,g)=<¢(k, 9)<(S(9), T(9)) E(S(g + k), T(g + k)

extends to a x-representation of A(G, &) in I>(G/H)® #,, with cyclic
vector [01®Q,; and it is unitarily equivalent to the representation
constructed from @ by the usual G.N.S. procedure.

First notice that [S(g)]®mn,(5,) 2, =[S(9)]®n, (074 2, Where
=S(g)+h,geG, heH.
Hence 7(6,) is defined over a dense set of vectors; moreover 7 is
well-defined since if

@:[S(g)]@)(‘; ity (B, )szo
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then

6 0 = E(k S0) 130+ M@ Brisres) | 4mul6i)] 2,

the representation character of 7 follows from an easy but tedious
calculation.

Corollary (2.17). & is reducible if n,, is reducible.

The restriction of 7 to 4(H, &) is given as one can easily compute by

(04 [S (@)1 @7, (07() Qo = E(h, S(9))* [S(9)] @7, (3n) 7, (07 g) Ry

for he H.

The next results are connected with the uniqueness and irreducibility
of @.

Theorem (2.18). Let G be an abelian group and & a bicharacter. Let
H be a subgroup of G such that H C H'; then if w is a pure state of A(H, &),
@ is the unique extension of w to A(G, &) if and only if H=H', and con-
sequently is pure.

Proof. Since 4(H, &) is abelian, w is a character, hence

lw(0p)l =1.
Moreover let® be an extension of w to A(G, &) [see Corollary (2.15)]
then:
D(0,0,05) = £(g, h)> ©(34) .

Let (Q, 7, #) be the G.N S. triplet associated to @; then from the previous
relation

T TS Q=¢E(g, b w(WT(SH) Q,
hence

hence the result. Notice that from ([6], 2.10.2) there exists at least one
pure extension of a pure state.
From the previous construction we have the following result:

Corollary (2.19). The representation space corresponding to @ is
separable if and only if #,, is separable and G/H is at most countable.
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§ ITI. Applications: Invariant States of the C.C.R. of a Finite Number
of Degrees of Freedom with Respect to a £-Abelian Subgroup
of the Phase Space

In the following we shall be interested in G =IR*" considered as
RN x IRY; a typical element of R*Y will be written as

X =(X{,... Xy Py>--->Pn) X Di€R.

Moreover we shall deal with the following bicharacter on R*¥

£k i ) = 3P = 0%, X))

l_ L (3.1)

_ exp(~ —(XIJX'))= exp(— iy xip;~x;pi)
2 7 4

where (X | X’) denotes the euclidean scalar product on R*N and ¢ and J
have obvious definitions:
J(x;, pi) = (pis —x)) - (3.2)

This bicharacter is continuous with respect to the natural topology of
IR?¥ hence by (2.11) we only shall consider closed subgroups of R*".

For the sake of physical applications we have in mind, we shall
consider only &-abelian subgroups of IR*N; moreover we shall treat
only the case N = 1; the general case can be dealt with by the following
lemma which uncouples the different degrees of freedom.

Lemma (3.3). Let I' be a lattice in R*N and I'' its reciprocal lattice,
viz. I' is of the form

N
ael<a= ) ma mel

i=1

i

N
del'sd=)Y no, nel
i=1
with
ola,a)=0o(w,a)=0 Vij=1..N

o(a;, o) =2n0;; Vij=1...N

(I'uI" defines the most general E-abelian discrete subgroup of R?M).
Then there exists a linear non-singular transformation M such that

cMX,MY)=0c(X,Y) X,YeRN
(Ma,-)z(O,... {,...0, O,...O)

. N
i-th place N times

N —
N times i-th place

(Moci)=<0, ...0,0,...27{,‘..0).
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The existence of M is ensured by the isomorphism of symplectic
spaces of the same finite dimension. For the sake of practical applications
it is worth while to give an explicit form of M

M, =—(a), if i>N
i=—a), : (34)

1 o s
Mj:i;t—(‘]ai)j if léN

Classification of closed subgroups of IR? is well-known; the next table
give the ones for which the restriction of £ is +1, except for the trivial
subgroup.

Subgroup  &-commutant  Interpretation  Property of H' Corresponding
of H invariant state
R x {0} H =H"=H Translations Max-abelian Plane waves
Z x {0} H =RxZ Discrete Contains R x {0} Bloch waves
H'=H translations which is max-abelian
VAY/ H=H"=H Max-abelian Zak waves

We shall study these three cases separately.

1st Case: Plane Waves

Proposition (3.5). Let {t,; a€ R} be the group of %-automorphisms of
A(RZ, &) such that
: 1,0, ,=¢ “Pd,, VaeR.

Every pure state w of A(IR—Z,é) such that
x—=w(d,,,) s continuous
and invariant with respect to 1,(¥ a€R) is a state w,, defined by
®,,(0,,)=0 if p=*0
= e if p=0.
The proof is obvious and we shall give in the next proposition the
structure of the representation.
Proposition (3.6). Let w,, be a state defined as
®,,(65,,)=0 if p*0
=eP* if p=0.
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Let #,,, m,,, and Q, be the canonical Hilbert space, representation and
cyclic vector constructed via the G.N.S. theorem. Then
i. #,, = I*(R) is not separable.

il. 7, is irreducible.

iii. Vp'eR  w, is a vector state of .

iv. 7, is disjoint from any Weyl state.

Proof. i. Is obvious from Theorem (2.16); ii. is clear from (2.18); to
prove iii,, let us consider |g) € l,(IR) such that |[¢g)(x)=0 if x+¢g and
@) (x)=1if x=¢q. Then let S and T be:

S(x,p)=(0,p)
T(x,p)=(x,0).
Consequently according to Theorem (2.16)

Tpo (0 ) D@ R, = ™ TP F2DXP¥ g L PR Q. (3.7)
Hence

@y (0 p) = (1o — P)® Ry |y, (0 ) [P0 — P) @ L,,.) - (3.8)

Moreover w,, is disjoint from any Weyl state; indeed if it is not disjoint
it is unitarily equivalent to any Weyl pure state, since it is pure, but the
usual Schrodinger representation acts within a separable Hilbert space.

Proposition (3.9). Let w,, be as previously.

L. 7,(VaeR) is unitarily implemented within 1, by m, (0, o) which is
strongly continuous in a; its spectrum is purely discrete and is the set
{exp(ip’a); p' e R}.

1. Let {o,},.x be the group of x-automorphisms of A(R?, ) such that

octéx,p=5x+%p’pm>0, telR;

,, IS o, invariant; o, is unitarily implemented within n, by a strongly
continuous group of unitaries whose infinitesimal generator has a discrete
2

spectrum from — 25 46 0.
2m

Proof. 1. Is obvious. In order to prove II we have that
('on ‘ TCPO(athl) npo ((Xtéxz,Pz) on)

=0 it py+—p, (3.10)
2

. it .
= exp (1(x1 +Xx,) (Po + %) - (pop+ %)) if pp=—p,=p

which shows that {U,, teR} the group of unitary operators which
implements o, is continuous; moreover that its spectrum extends from

2
Po

— ——to 0.
2m



38 R. Beaume et al.

2nd Case: Bloch Waves

In this case we shall deal with discrete translations; the invariance
group I is generated by a *-automorphism t, such that

1,0, ,=e€ “Po, .
I'={(na,0);neZ}. (3.11)

A classical theorem [7], due to Bloch, states that if the hamiltonian of
one particle is invariant by discrete translations of the type na, neZ,
one can find eigen-solutions of the Schrodinger equation as

p(x) =€ U (x) (3.12)

Hence

where ¢ €0, —2a£

and %,(x +a) = %,(x). Let us state the same result in

our formalism.

Theorem (Bloch) (3.13). Any pure state w of A(R?, &), invariant with
respect to I' and such that x — w (5, ,) is continuous at x = 0 is of the form

w(d,,)=0 if p#E’Z—"l, meZ

inmx 2intnx
w(5 2,,m)-——e““‘e “Y fme ¢ f(n+m
x7a neZ
where q € O,I—?'al and f is in L,(Z) with || f |, = 1.

We shall prove the necessity of the previous formula through a
number of lemmas. The sufficiency will be much easier to prove.

Lemma (3.14). Let o be a pure state of A(R?, &) invariant with respect
to I'; wl, its restriction to A(I", &), is still a pure state.

I'= {(x’2_nnl); mel}.
a
According to Lemma (2.13)
w(@,,)=0 if (x,p)¢l".

Moreover if w} is not pure it has a non-trivial decomposition

wb=ag +(1—-a) 0,
and w = @} has a similar decomposition
w=0ag, +(1—“)§2

since the invariant extension of wb is given by Lemma (2.15).
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Lemma (3.15). Let w be a pure state of A(I", E). Then there exists

0,277{{ such that Q(gy,lm)=€_2“”w(5iy “qm) for any ye[0,a[

a

qe

is a pure state of the algebra A(T xZ,() with 9(5%,0)= 1. Here
2
TxZ= {(y, T:Im); ye [O,a[,mel} is the abelian group of the torus

multiplied by integers (with its natural topology) and
((TXI)Xx(TxZ)-»T
defined by

2nm)\ [, 2mm'\\ 2im ,
(622 ) el 2

a
is continuous bicharacter of T x Z.
_Conversely, if ¢ is a (pure) state of the algebra A(T xZ,{) with
Q(éa ) =1, then co((s 2,,,,,)= e“”g(é y 2,,,,,) is a (pure) state of AT, &).
y y 2mm

7’0 > a 2’ a

This lemma is of central importance in the proof of Theorem (3.13).
Let us define ¢. Since w is pure, it is a character when restricted to the
center of A(I", £) which is generated by the 9, ,, neZ.

Hence there exists g € |0, 277[ such that

@(0p40)=e€Xp(—igna) neZl. (3.16)
According to [3], Proposition (3.4) we have only to prove the {-positivity
of g; given 4, €C, y;€[0,a[,meZ i=1...N

) 3 71 S N i = i L=
]uizj Z }‘i)’jg<5-}’i+a5i,ﬁm_'5yj, 21tmj) 61 0 if Vi 0

ij=1 2 =1 if y,>0
N 2in 0,;=0 if y,—y+ad;<a
=L iixfeXp(T(y"mf‘yfmi)) — 1 if y—y+ad=za

~yity;+adi—adiy, 2L (m, —ml))

I

A 2in )
Jz= Ailjexp( a (y"mi_yfmi)—zl‘I(—Yi+yj+a5i—a5,.j))

i 1

g

< —2(—yj—ad +adiy), %(m',—m,)> ’
using (3.16) the previous expression is reduced to

N
L
sJ=

4

Iiij e—2iq(yj*yi) exp (%Tn (mjyi — miyj))
1

-w (o =0
( —2y.+2_vj,%(m1—m,))—

by positivity of w.
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By a similar computation, it is easy to prove that if ¢ is a state of
A(T xZ, {) with (64 o) =1, then w is a state of A(I", {). Then it follows
that ¢ is pure if and only if w is pure.

Lemma (3.17). Let @ be a pure state of A(I'',&); then g, defined in
Lemma (3.15), is continuous with respect to the natural topology of T xZ
if and only if x—+w(5x .M_m) is continuous at x = 0.

The proof is obvious.

Lemma (3.18). Let ¢ be a pure state of A(T xR, () continuous with
respect to the natural topology of T xZ and such that ¢(0s o) =1, then
there exists fel,(Z), | f||, =1 such that

2intmy 4inny

Q(gy‘izﬂ)=eTZ fme ¢ f(n+m).

neZ

This lemma follows from Theorem 1 of [9] (also see [8, 10]). Collecting
these results one can see that the formula in Theorem (3.13) is a necessary
condition; the sufficiency is almost obvious.

The correspondence of our result to the usual one is obvious; the
f(n) in Theorem (3.13) are nothing but the Fourier coefficients of %,(x)
in (3.12).

The states we have defined in Proposition (3.5) are invariant with
respect to any translation, hence by I'; actually we have the following
result:

Proposition (3.19). Let o be a pure state of A(R?, &) invariant with
respect to I' and such that x — w(d, ) is continuous at x = 0, it is a vector
state of m,, defined in Proposition (3.6). More precisely

w((sx,p) = (¢|npo(5x,p) (D)

@ =; f(n) n0(50’~(q+%)) Q.

where

The proof requires an obvious calculation.

3rd Case: Zak Waves

As we saw previously there is a third type of closed £-abelian sub-
groups of (R?, ¢); namely those isomorphic to Z?; the corresponding
lattice is generated by two vectors a = (a,, d,) and o = (a,, &,), and the
abelianness of the generated group implies that

a0, — a0 =2m. (3.20)
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According to Lemma (3.3) we shall restrict ourselves to the case where

a=(4,0)

3.21)
oa={0 2n (
b i .
Definition (3.22). A Zak wave is a state w;, of C.C.R. such that
0, (0.)=0 i (x.p)# (nz, 2’;’")
. . 2mm . 2n
a)M((Sn/1 2,t_m)=exp ifnA+iy exp(inmn) fe O’T ye[0,A[.
>A
Proposition (3.23). Let ny,, #3,, Qp, be the G.N.S. triplet associated to

@py
1) wy, is pure; my, is irreducible.
2) Ay, is non-separable.
3) VB and y', wg . is a vector state of my,.
4) wy, is disjoint from any Weyl state and any plane wave.

Proof. 1) is obvious from theorem (2.18) and the maximality of the
subgroup.

2) Is a consequence of Corollary (2.19).

3) Let (x, p), (x', p') € R%; one has the following obvious calculation:

(Qpy 75, (0 p) Mgy (O p) gy (O, ) 2g,)
=exp(—i(xp' — px")(Q,175,(0x ) 24,)

=0 if (x| p’)#(n’)., 2’1’")
=exp(—i<x 271m —pn//l) +ifn A+iy sz +inm’n’>

lf (x/, p/) _ (n,i, 27';1’}1 )

= exp (in’/l(ﬁ+p)+i 27”/ (y—x)+ inm’n’) )

Hence the result.
Let us remark that there is an orthonormal basis of ;, which is

indexed by the points in the rectangle 4,
2n
0,— ;.
il

4, = {(i,ﬁ); %e [0, pe
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Let us denote by |X, p)y,, (X, P) € 4, this basis; one has
X, gy = 75, (0z,5) gy, -

4) Since the m,,’s are irreducible it is enough to prove the non-
unitary equivalence of n,, to the usual representation and to the pre-
sentation induced by the plane waves. This is achieved if one remarks
that unitary equivalence conserves the continuity properties of

2’ —Tn (5/1()(,17))
for the usual representation

x—1(0y,,)
for the plane waves.
The |X, p),, diagonalize the =;, (6, ) for

2nm
A

mm=@&

in the following sense.

>, (n,m)eZ?,

Lemma (3.24). Within the representation n;., one has

nﬁ7<5nl, 21;m> cha ﬁ)ﬁy

:exp(——i(n)bﬁ—- 27Zm fc)) exp (i (n/15+ E%niy-i-nmn)) 1%, P)gy -

Zak waves have the same relationship to the Zak k- g representation
[11] that the plane waves have to the usual p representation; that is the
reason for which we choose the terminology. In what we have done we
have considered special closed subgroups of (IR?, &), namely those whose
generators are parallel to the axis or rectangular lattices parallel to the
axis. As far as the existence and uniqueness, or the general features of
invariant states with respect to closed abelian subgroups of (IR?, &) are
concerned, this is sufficient to treat the general case as a result of the
Lemma (3.3) and the trivial:

Lemma (3.25). Let o be a state of A(R?*N, &) (resp. pure state) in-
variant with respect to some closed &-abelian subgroup of (R*M, &) T
Let M be a symplectic transformation of (R*Y, &) and t,, the corresponding
s-automorphism of A(R*Y, &), then we1ty is an invariant state (resp.
invariant pure state) with respect to the ¢-abelian subgroup of (R*Y, &)
M 'I'={M'a;ael}.

Because of the uniqueness theorem of Stone-von-Neumann [§8]
such a x-automorphism is automatically implemented within the usual
Schrodinger representation: it does not change the continuity property
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of the state. This is no longer the case for the representation we have
considered in this section as we shall see. Firstly let us give an obvious
result.

Lemma (3.26). The group of symplectic transformations on (R?, &) is
isomorphic to the group of real two by two matrices of determinant one.

We can give now the following proposition.

Proposition (3.27). Let nt be the representation of A(R? &) induced
by a pure plane wave (or a Bloch state); let t,, be the %-automorphism of
A(R%, &) corresponding to a symplectic transformation M of (R%&);
the necessary and sufficient condition for Ty, to be unitarily implemented
within 7 is that M leaves the axis (x, 0) invariant or equivalently that M

is of the form
A o, feR
M—(O oc_l) a0

Proof. The sufficiency of the previous condition is clear. Indeed let w
be a pure Bloch state defined by the fact that it is invariant with respect
to some subgroup I, = {(na,0); neZ}. It is pure and x— w(d, ,) is
continuous [cf. Theorem (3.13)]; thus from Lemma (3.25) w7, is pure
and w e 1, is invariant with respect to

M, ={M '(na,0)=mno'a0);neZ}=1I, .,

Moreover @ Ty (0, ,) = @(8,x 1 pp.q-1,) and the function x — we 14,(dy, )
is still continuous; then, from Theorem (3.13) and Proposition (3.19),
we Ty, is a vector state of n, [cf. Proposition (3.6)]; hence (cf. [6], 2.4.6.)
T, 1s unitarily implemented within 7.
On the other hand assume that M does not leave the axis (x,0)
invariant
M(x,0) = (ax, yx)

and moreover that it is unitarily implemented within 7, so that there
exists an unitary operator U on 5 such that

U Ty (5x,p) U—l = nO(‘CMéx,p) .
Let us restrict ourselves to p =0
U Ty (5x,0) U_I =Ty (dxx,vx) .

The left hand side is (weakly) continuous for every x but the right hand
side has a discontinuity at x =0 which is a contradiction.

One has already encountered this fact in Proposition (3.9) for the
group of x-automorphisms associated to the group of symplectric
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transformations

M, =

(1 t/m) teR (3.28)

0 1 m>0"

Finally we are left with the study of relations between the Zak waves
corresponding to different lattices. We shall not treat the general case
but only the case of a rectangular lattice. The next result shows how the
equivalence classes of the representations depend in a non-smooth
manner on the shape of the lattice, which is a serious drawback for the
physical interpretation of the theory.

Proposition (3.29). Let w, and w, be two Zak waves corresponding to
two different rectangular lattices along the axis of basis a; respectively;
let y; the corresponding characters, let ;, #,, Q; the corresponding G.N.S.
triplets; then , is unitarily equivalent to ©, if and only if the ratio a,/a, is
rational.

Proof. According to Proposition (3.23) we can restrict ourselves
27:_m) = (—1)"" for m, n € Z. Then the nesessary

1

and sufficient condition for the equivalence of n; and =, is the existence
of a vector @ € #] such that

nl (52_,,,) S=(—1y"d nmel (3.30)

to the case where y;| na;,

(see [6], 2.4.6)) since by Theorem (2.18) the vector state w, is equal
to w,.
As we noticed previously, @ can be written

b= f(n,mm (s, ;)% (3.31)

with Z |f(n,m)|* <o and (%,, p,) € 4,, and the m (5, ;)L linearly

indepeﬁdent.

Up to a trivial phase factor, the 7, (J,,,, 2#m | permute the set of
ay

7y (0%, 5,) €1, hence in view of the invariance of @ and the normalizability
of @ the sum (3.31) has to be finite and given X; there exist p and q integers
such that
Xitpa,=X;+qa;;
hence the result
ajfa; =p/q. (3.32)

Consequently we have proved the necessity of (3.32). In order to
prove the sufficiency, let us consider the case where g =1 since the
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general case can be dealt by a repeated application of this reasoning;
the vector @ which satisfies (3.30) is easy to construct

oot
&= 75 -21 m (5 i O) Q. (3.33)
J= p ’
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