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Abstract. We generalize a theorem of Holley to include the case of continuous spins.
Holley’s theorem is itself a generalization of the inequalities due to Fortuin, Kastelyn
and Ginibre.

1. Introduction

In the study of correlation functions for the Ising and other lattice
models in statistical mechanics the inequalities of Fortuin, Kastelyn
and Ginibre [2] (the FKG inequalities) play a fundamental role. The
object of this paper is to give a proof of some generalized FKG inequalities
which include the case of continuous spins. Results of this type have been
obtained from the original FKG inequalities by using discrete approxima-
tions (see [5]); also a direct proof has been given by Cartier [6]. In this
paper we will in fact generalize a result of Holley [3], which easily implies
the FKG inequalities. Let A be a finite set and let 22(A) denote the set of
subsets of A. Suppose u;, U, :2(A)—1R are probability densities, i.e.
#; =0 and

Y u(A)=1 for i=1,2.

AC4
Then we have:

Theorem 1 (Holley [3]). If for all A, B € (/)

p1(AUB) uy(ANB) 2 py(A) o (B)
Y MA) pi(A)Z Y h(A) py(A)

AcA Ac4

then

for any increasing h:2?(A)— R (where by increasing we mean that
h(A) = h(B) whenever ADB).

Using the well-known result of Birkhoff [ 1] that any finite distributive
lattice is isomorphic to some sub-lattice of 2(A) for some finite set A,
it follows that Theorem 1 is true for any finite distributive lattice (where
we replace U by v and n by A). From Theorem 1 we get the FKG
inequalities.
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Theorem 2 (FKG inequalities). Let u:%(A)—R be a probability
density such that for all A, B e P(A)

WALV B) p(AnB) 2 u(A) u(B) .
Then for any increasing functions f, g : #(A)— R we have
Y fA) g uAZ Y fA)uA) Y, g(A) uA).

AcA AcAd AcA

Proof. By adding a constant we can assume that g>0. Define
M= pand

Y. gB)uB)| " gpu.

BcA

Hy=

Then p,, p, satisfy the hypotheses of Theorem 1 and thus

> f(A)Ml(A)=lZ Q(B)/J(B)]‘1 2 fA@gA)uAz Y f(A)gA).
AcA BcA Ac4A AcA
We will now state our generalization of Theorem 1. The setting will
be a finite product of totally ordered measure spaces. Let A again be a
finite set and for each te A4 let (X,, %, w,) be a measure space with w,
a non-negative o-finite measure. Suppose that X, is equipped with a
total order = that is #,-measurable, ie. {(x,y)e X, X X, : xZ y} € #, X &£,
Let us denote [[ X, by X and the corresponding product s-algebra

ted
[1# by #,andletw = [] w,. Suppose f}, f,: X >R are #-measurable
ted ted
with the properties (1) fy, £,20; (2)| fidw= | f,dwo=1. For i=1,2
let 4; denote the probability measure f,w on (X, ).

Theorem 3. Suppose f;, f, satisfy

fixvy) LxAap) 2 fi(x) () forall x,yeX

(where lf X= {xt}teA7 y = {yt}teA then XV yz{max(xn yt)}teA XNY
={min(x,, y)}ies)- If h: X—> R is bounded, % -measurable and in-
creasing (i.c. h(x) = h(y) if x, = y, for all t € A) then

fhdp = [ hdpy,.
X X

Remarks. (1) Theorem 1 follows of course from Theorem 3 by taking
X =1{0,1} for all te A and letting w, be counting measure on {0, 1}.

(2) Nothing would probably be lost if we replaced each X, by R;
we use the present set-up to emphasize that the result only depends on
the properties of a total order.
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2. Proof of the Theorem

The proof of Theorem 3 is based on a proof of Theorem 1 due to
Holley [4]. (Holley’s original proof of Theorem 1 in [3] was based on
the coupling of two Markov chains whose equilibrium distributions
were u, and p,.) The first step is to change the problem and consider the
following:

Proposition 1. Suppose f,, f, satisfy
fixvy) Lxapz fi(x) L) foral x,yeX.

Then there exists a probability measure v on (X x X, & x &) such that
V(A x X)=p(4) forall AeF (1)
V(X x B)=pu,(B) forall Be% 2

v({(x, )€ X x X :x=y})=1, (where x= y means that

©)
x, 2y, foral teA).

(1) and (2) say that the projection of v onto the first (resp. second)
factor is p, (resp. p,). Theorem 3 is an immediate consequence of
Proposition 1, since if h: X >R is as in Theorem 3 and if we write
E={(x,y)e X x X : x = y} then we have

g{hdul—)j{hd;tz: | (h(x)—=h(y)) dv(x, y)

XxX

= [ (h(x) = h(y)) dv(x,y) =0,

E

because h(x) — h(y)= 0 if (x, y) € E.
We will prove Proposition 1 by induction on |A|, the cardinality
of A. The following notation will be useful: for 4 C A let

XH=11x, ZA@=I1%, o=][lo.

teA teA teA

Suppose for the moment that |A4|>2, let te A and put A'=A—{t}.
For i= 1,2 let o(u;) denote the projection of y; onto X (A’). Then we have
o(p)= g;w 4, where g;: X(A')— R is given by

gi(x)= ){ filx, & dwy(&).

Lemma 1.Suppose that for all x,y € A

fixvy) HLx Ay Z fi(x) L0).
Then for all X',y € A’ we have

9:(x' v ¥) g.(x' A ¥) 2 9:(x) 9206 -
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Proof. Let G={&meXxX:¢>n), E={EmeXxX:E=n},
L={(¢neX x X :&<n}. Then
g1 (X' vy g (X AY)= ([ [ixX'V Y, 8 fi(x AY,n)dw,)do,H)

GUEUL

= 5Ej HE VY, O L(X Ay, 1) do() do,n)
+ fo {1V Y, 8 LAY m+ fi(xX v y,n) [L(X AY, O} do() dom).

Similarly

9:(x) 9,0 = | bj Ji(x,8) f,(0', ) dw, (&) dv,(i)
+ gf 1,9 L0, m+ f1(x 1) £,00, )} doo (&) deo,(n) -

But by hypothesis we have
S vy, 8 HL(x Ay, 92 f1(x, ) L0/, 0)

and thus we can ignore the terms involving integrations over E. The
proof of the lemma would therefore be complete if we could show that

SV Y, O LAY m+ [V Y. n) LXK AY, )
2 f1(x, 8 L0 m+ f[i(x0) £20/59)

whenever £ > 5. Let us write
a=fi(x' vy, Lolx' ~ny,n),
b=fi(xXvy,n) fL(x Ay, 8,
c=fi(x, 8 L(/sn),

d=fi(x,n) 200, 9.

It is easily checked that if £ ># then by hypothesis we have a=c, a=d
and ab = cd. We want, of course, to show that a+b=c+d, and this
follows from Lemma 2.

Lemma 2. Let a, b, ¢, d be non-negative real numbers with a= c,
azdandab>=cd. Thena+b=c+d.

Proof. If a=0 then ¢=d=0 and the result is true; thus we can
assume that a>0. Now (a—c)(a—d)=0 which gives aa+ cd=ac+ ad
and since cd <ab we get aa+ ab = ac+ ad. Hence dividing by a gives
the result.

At this point it is worth outlining how the proof of Proposition 1
will proceed. Suppose the proposition is true for all sets with cardinality
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less than |A|; then from Lemma 1 there exists a probability measure
v on (X(A) x X(A'), F(A') x F(A')) such that

V(A X X(A)=0(u,)(4) forall AeFA); (1)
y(X(A)x B)=o(u,)(B) forall BeF(A); @)
VX, y)eX(A)x X(A):x'zy})=1. 3

Now we can write wu;(x',&)=F,(x, &) o) (x) x w, () where F(x,¢)
as a function of ¢ is the conditional density (with respect to w,) of u;
on X, given the event x’ on X(A'). (Equivalently F; is the Radon Nikodym
derivative of u; with respect to g(;) x w,.) We will show that if x' = y’ then

Fi(x, Evm B, EAan 2 Fi(x, ) F,(/,n) forall &neX

and thus from Proposition 1 for the case of cardinality 1 we have there
exists a probability measure M(x', y') on (X, x X,, #, X &,) such that

M(x,y) (A% X)= [ F(x,&dw() forall AeZ; (1)

M(x,y) (X, x B)= [ F,(y,n)dw,(n) forall Be#; )
B

M, y){(EmeX, x X, :Eznh)=1. (3)

Then if we define a probability measure v on (X X X, # x &) by

v('x,’ y” f’ ’1) = v,(x,7 y,) M(x,7 yl; é’ 11)
it is not difficult to show that v has the right properties. Of course, the
above recipe for a proof raises some problems, the most serious of which
is whether the measures M (x’, y’) can be chosen to depend in a measurable
way on x' and y. We get round this problem by giving an explicit
formula for M(x', y').

M(x', y") comes from the case |4]|= 1 of Proposition 1 and since we
need to solve this case anyway to start the induction we will now look
at it. Let « be a non-negative o-finite measure on a measurable space
(Y, %) and suppose that Y is equipped with a #-measurable total order =.
Let h,, h, be the densities with respect to a of probability measures

¥1,72 on (Y, %), and let o be the measure on (Y x Y, # x %) got by
projecting o onto the diagonal of Y x Y; thus if Be # x 4 then

aB)=a({ye Y:(y,y)€B}).
Define a probability measure 6 on (Y x Y, % x %) by
8(x, y)=min{hy(x), h,(y)} @+ [ H(2) dau(z)] ™1 hy (%) By (y) a x o,
where b} (x) = [hy(x) — hy ()17, hy(y) = [h(») — b ()] .



238 C.J. Preston

(Note that since h} + h, = h), + h; we have

[ 1o(2) da(z) = [ 1y (2) da(z) ,

thus if | h3(z) da(z) =0 then h, = h, =0 and we will leave out the second
term in the definition of 4.)

Lemma 3. Let 6 be as above. Then we have
(A X Y)=y,(4) forall AeZB, (1)
(Y xB)=1v,(B) forall Be%. 2

Proof. This is a simple calculation.
Lemma 4. Suppose for all x,y € Y with x =y we have

hy(x) hy(y) 2 hy(y) hy(x) .
Then 6({(x,y)e Y x Y:x=y})=1.

Proof. 1t is sufficient to show that h}(x) h,(y) =0 unless x =y, thus
suppose there exist x,y with x>y and h’(y) h3(x)>0. Then we have
hy(y)> hy(y), h,(x) > hy(x), and hence

hy(x) hay(y) < hy(y) hy(x)
which contradicts the hypothesis of the lemma.

Together Lemma 3 and 4 give us Proposition 1 for the case |[A4|=1;
also the explicit expression for § will enable us to complete the proof in
general. Let ¢: X,—»R with 420 and [q(¢)dw,(&)=1 and for i=1,2
define

F(x, &) =1 | fix',n) deo,(n)
q(¢) otherwise.

if [ A n)dom>0,

Thus F, (resp. F,) is a version of the Radon-Nikodym derivative
of py (resp. p,) with respect to o(u;) X w, (resp. o(u,) X w,).
Define Q, R: X(A')x X(A)x X, x X,—R by

Q(x,9 Vs 6’ '1) = min{Fl (x/a é)a FZ(y/7 7])}

R(X, ', &m =[S, )1~ [Fi(x, &) = Fy (', 17 [R(v, m) = Fy(x, 1™,
where S(x', )= [[F,(y',n) — F;(xn)]* dew,(n), and as in the definition
of & we have S(x', y')=0 if and only if F,(x', &)= F,(y', &) (for v, —a.e. &)
and in this case we define R(x',y’, &, #)=0. Let @, be the measure on
(X, x X,, #, x &) got by projecting w, onto the diagonal of X, x X, and
define the probability measure v on (X(A) X X(A), F(A) x F (A)) by

v=0V x®,+RV xw,xw,.



FKG Inequalities 239

Lemma 5. v satisfies (1) and (2) of Proposition 1.

Proof. This is a straightforward calculation.
Finally we complete the proof of Proposition 1 with:

Lemma 6. v satisfies (3) of Proposition 1.

Proof. For i=1, 2 let B;={x'eX(A):] filx, &) dow,(&)=0}. If
x' ¢B,,y' ¢ B, and x' = y' then

Fi(x, &) F,(/,m 2 Fi(x',n) F,(y', &)

whenever £=# and exactly as in Lemma 4 we have R(x,y,&,1n)=0
unless £=7n. Therefore we are finished provided we can show that
v(B; x X, x X(A))=v(X(A) x B, x X,)=0. But

v(By x X, x X(M)=p By x X)= | [ fi(x, &) dew,(&)dw(x)=0

B; X:

and similarly v(X(4) x B, x X,)=0.

3. Some Remarks on the Theorem

Remark 1. For the case |4 =1 there is a simple direct proof of Theo-
rem 3. Let (Y, 8), a, hy, h,, 74, y, be as before for the cardinality 1 case.
If for all x, y e Ywith x= y we have h,(x) h,(y) = h,(y) h,(x) then for any
#-measurable, bounded, increasing f : Y—>IR we have | f dy, = f dy,
because

ff dy,— § fdy,= %“ LA) = f)] [hy(x) hy(y) = Ay (¥) By(x)]
“da(x) do(y) = 0

(since the integrand is always non-negative).

Remark 2. At least for the case when each X, is a finite set we have
that Theorem 3 and Proposition 1 are equivalent, because of the fol-
lowing result:

Proposition 2. Let S be a finite partially ordered set, and let pi,, pt,: S—R
be probability densities. The following are equivalent :
(1) For any increasing h:S—1R ), h(t) p, () 2 Z h(t) py ().
teS

(2) There exists a probability density v:S x S— ]R such that
(a) > v(s,t)=p,(s) forallseS;

teS

(b) Z v(s, t)= pu,(t) for allte S;
(c) v(s t)=0unless s>t.
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Proof. This result seems to be quite well-known, but it is difficult to
find out where it first appeared. It can be found, for example, in Holley [4].
Clearly (2) = > (1); to prove the converse consider the following network
flow:

¢ ¢

\\

Myt) ey (t)

Fig.1

Here §' is a copy of S; for each te S there is an edge from the source
a to the point ¢ with capacity u,(t); for each t' € §' there is an edge from '
to the sink z with capacity u,(t), and for t € S, t' € §' with t = ¢’ there is an
edge from ¢ to ¢ with unlimited capacity. The maximum flow through
this network is clearly <1 and it is also clear that (2) holds if and only
if the maximum flow is exactly 1, [and v(¢, t') is then the amount assigned
to the edge from t to ' in some optimal flow]. But it is not difficult to
show that (1) implies that the flow through any cut is = 1, and hence
(1)= >(2) by the min-cut max-flow theorem.

Remark 3. In the case in which each X, is a finite set we can prove
Proposition 1 without explicitly writing down any measures. This is
because there are no measurability problems with a finite set and thus
for each x',y € X(A') with x'>y" we need only know that M(X', ')
exists with the right properties. But the existence of M (x', y') follows since
Proposition 2 and Remark 1 imply that Proposition 1 is true for |[4|=1.

Remark 4. The only property of a total order used in the proof of
Proposition 1 is that if x # y then exactly one of x=y and y = x is true;
the transitivity of a total order is never used. It is thus perhaps worth
writing down exactly what has been proved For each teA let
D,={(x,x): xe X,} and let E,C X, x X, — D, have the properties:

(a) E,e Z, x %,

(b) If x, y € X, with x # y then exactly one of (x, y) and (y, x) is in E,.

Let E,= E,u D, and for x, y € X, define

x if (x,y)eE,,
xTy= { Ve
y otherwise,

fy if (x,y)€E,,
xly —{x otherwise.
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Ifx = {xt}teAv y = {yt}tEA then deﬁne

X T y= {xt T yt}teA? X l y= {xt l yt}teA .
Suppose for all x, y € X (A4) we have

Six1y) fr(x L y) 2 fi(x) (0.

Then the proof of Proposition 1 shows that there exists a probability
measure v on (X(4) x X(4), F(4) x F(A)) satisfying (1) and (2) of
Proposition 1 and also v(E ;)= 1 where

E,={(x,y)e X(A) x X(A):(x,,y)€E, forall teA}.
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