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Abstract. In a previous paper, “strong” decrease properties of the truncated correlation
functions, taking into account the separation of all particles with respect to each other,
have been presented and discussed.

In this paper, we prove these properties for finite range interactions in various situa-
tions, in particular

i) at low activity for lattice and continuous systems,

ii) at arbitrary activity and high temperature for lattice systems,

iii) at ReH +0, f arbitrary and at H =0 for appropriate temperatures in the case of
ferromagnets.

We also give some general results, in particular an equivalence, on the links between
analyticity and strong cluster properties of the truncated correlation functions.

1. Imtroduction

A. Strong Cluster Properties of the Truncated Correlations
for Finite Range Interactions

In [1], strong cluster properties of the truncated ! correlation func-
tions, which “take into account the separation of all particles with respect
to each other”, have been presented and discussed. For simplicity we
first consider lattice systems, with two-body potentials, the case of
classical continuous systems being treated in Section VI

The strong cluster properties have then been stated in the form:

loxCers x| = Y T u(d) (1
T leT

! Also called connected parts or cluster functions of the correlations.
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where the sum X runs over all connected trees J (i.e. graphs without
closed loops) of (N — 1) lines joining the points x,,..., Xy, d; is the
length of line [ and u is a positive function, decreasing at infinity, which
depends on the interaction ¢, the reciprocal temperature  and the
activity z.

It was proved that, when u is integrable, these bounds yield the
existence and analyticity of all (infinite volume) correlation functions
with respect to z at all points (8, zg) where they hold.

If the function u is of the form C - e %', (where C and § depend on ¢,
B and z), (1) takes the form:

05X 1, .. X SCV Y e~ E Lr ) 2)
Va

where L ,(X) is the length of tree 7, i.e. the sum of the lengths of its lines.

In the present paper, we are going to prove, in the case of finite range
interactions and under appropriate conditions, bounds which are slightly
better: the term )" e~ %' L7 ™ will be replaced by the unique term e~ 2 LX),

T
with L(X)=InfL-(X) when the points x,, ..., xy are all different from
g

each other; when x;, ..., xy occupy only p different positions occuring
respectively Ny, ..., N, times, the term obtained is Ny !... N,!e™#L&X),
The corresponding bounds are:
lo%(xs, ..., x| SCV Ny ! ... Nl e # LD, 3)
[The right-hand side of (3) is indeed always smaller than the right hand
side of (2) since the number of trees joining N; points is larger than N;!.]
Finally it is also useful, as in [1], to introduce the minimal length
L(X) of all connected trees joining X, ..., Xy and poss1b1y arbitrary
vertices yi, ..., y,. An example of the lengths L(X) and L(X) is shown in
Fig. 1 for N=3:

X3

X3 dy

X1 i Xy ds
i “ y
ds
X2

X2

L(X)=d,+d, L(X)=d; +d,+d,
Fig. 1

In view of the inequality 1 L(X) < L(X) < L(X) which holds for all X
and N (see [1]), it is equivalent to prove (3) or:

lok(xy, ..., X)) SCY Ny ! ... Nl e” ¥ EX) 4)
where C and y are independent of 4, X and N.
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This is the form in which we are going to derive the bounds for lattice
gases, analogous bounds being derived in Section VI for continuous
systems.

Remark. Since the bounds (3), (4) are slightly better than (1), (2),
they also provide the analyticity of all correlation functions at all points
(Bo> zo) where they hold. We recall that decrease factors which would not
take into account the separation of all particles with respect to each other,
such as those described in Subsection B (or constants growing “faster”
than CV¥ N, ! ... N,! with N) would prevent one from deriving analyticity.

However, in the various cases where the bounds are derived in the
present paper, the analyticity with respect to z is already known or
assumed (see Subsection C) and therefore no new information about
analyticity is obtained. But it seems to us that the strong cluster properties
have their own physical interest. Besides, the combined results of [1]
and of the present paper allow (in a sense made precise later) to obtain
an equivalence between analyticity and strong cluster properties which
also seems to be an interesting result. Finally, the fact that the strong
cluster properties have been proved in certain domains reinforces the
underlying physical ideas and work is in progress to prove these
properties in more general cases.

B. Previous Results about Cluster Properties

The results previously proved about the decrease properties of the
truncated correlations are, as far as we know, weaker than (1) to (4);
in the case of finite range interactions, let us mention:

i) Those derived from factorization properties of the (non-truncated)
correlation functions when two (or more) clusters of points are separated
from each other, give at best:

—x-Maxd(X1,X2)

leA(X)| <Dye xvx &)

where X, X, is any partition of X in two clusters, d(X,, X,) is the
distance between X; and X,, and where Dy = N !CV.

Property (5) has been derived in [2] from the decrease of the two-
point function when there is a gap in the spectrum of the transfer matrix
and when FKG inequalities are valid.

We note that besides the fact that Dy is worse than CY N, !... N,!
— xMaxd(Xy,X>)
the decrease e  *r %2 is also much weaker than e *2%): for instance
_ L(X)
in the case of equidistant points on a line, (5) leads to ¢ © ¥ rather
than to e~ *L®),
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ii) Property (5) has also been derived in [3] at high temperature and
arbitrary activity for lattice gases, by using the analyticity which is known
in this domain and an explicit form of the truncated functions (at low
activity).

iii) A stronger decrease of the type e *P® where D(X) is the
diameter of the configuration X has been derived in [4] for Ising ferro-
magnets at Re H + 0, and for gases with non negative interaction potential
when >0 and |z| is less than the radius of convergence of the Mayer
z-expansion. It has also been proved in [1] as soon as there is a gap in
the spectrum of the transfer matrix, for sufficiently small range. This
coincides with e *L™® for lined up points but is still weaker otherwise.
(The constant in front of e”*P® js also worse than CY N, !... N,!))

C. Results Proved in the Present Paper

The methods and results of this paper are in a large measure exten-
sions of methods and results of Ref. [3] and [4].

In Sections II to V we consider for simplicity lattice systems, the
case of continuous systems being described in Section VI.

Some basic formulae and results on the expansions of the truncated
correlations of lattice gases at low activity are described in Section II,
at the end of which we mention various equalities between truncated
functions ensuring i) that the results obtained for lattice gases imply
corresponding results for spin lattices and ii) that the results obtained at
low activity, resp. at ReH > H,,, imply corresponding results at large
activity, resp. at Re H < — H,,.

In Section III, the strong cluster properties are directly derived at
low activity i) in the Kirkwood-Salzburg region |z| <e 2fB~1C(B)~!
and ii) for positive potentials, when |z| is less than the radius of conver-
gence of the Mayer z-expansion of the pressure.

In Section IV A, the strong cluster properties are derived in larger
regions of the complex z space if the functions % (X) remain analytic
and satisfy the bounds |[pf(X)|<C¥ N,!...N,! in these regions for all
sufficiently large A. It is shown that these properties hold in particular
when the partition function Z,(8;z4,...,zy,2), (Where zq,...,zy are
specified activities of the points x;,...,xy) does not vanish for any
Zy,...,Zy, Z in appropriate domains.

Using these results, the strong cluster properties are derived in
Subsection B for general potentials and arbitrary activity, at high
temperature. They are derived in Subsection C for ferromagnets i) at
ReH 0 and arbitrary f, and ii) in the neighborhood of H =0 at high
temperature. As a matter of fact they are derived, for any >0, in any
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complex neighborhood of H =0 where Z ,(f, H) does not vanish for all
sufficiently large A.

In Section V, some general results on the links between analyticity
and strong cluster properties, which extend those of Section IV A, are
described. In particular, an equivalence is obtained between i) analyticity
with respect to z plus the bound |} < CV N, ! ... N,! and ii) the strong
cluster properties.

Finally the results obtained for continuous gases are outlined in
Section VI, as already announced.

II. Preliminary Results (for Lattice Systems)

The following expansions valid at low activity for lattice gases, at
finite or infinite A, will be useful:

(X B z2)=2" Y 2"C,(X; P) (6)
with 1 nz0
CalXiD= 7 T oY), )
X
e(X;p)=Y [ (e ?¢@—1), (®)
I'e lerle

where X in (8) runs over all connected graphs I'* joining the points of X

and d, is the length of line . For a proof of these formulae see e.g. [5].
For a potential of finite range A, the following crucial result can be

checked in view of the definition of L(X) given in the introduction:

L(X
Cyn(X;0=0 forall n<~%—)—N+1. ©)
We below denote ny(X) the first positive integer larger than (or
L(X .
equal to) ; ) _ N + 1, and we may therefore write:
aX;p2=2" Y 2" CuX;B). (10)
n2ng(X)

In view of a well-known isomorphism [6], analogous results hold for
spin systems, in which case g ,(X) is the distribution function of spin + at
all sites of X. The truncated correlation functions <o, ... o, >} are related
to o%(X) by:

{oph=204(X)~1

(G o E=2VGEX) (N> 1) (“)
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where ¢(X)=o(X), and X =(yy,...,y,) denotes the set of positions
occupied by x4, ..., xy; ¢(X) is identical to g(X) if all points x,, ..., xy
are different from each other. The bounds that we are going to derive
will apply to ¢%(X), but it can be checked? that similar bounds can also
be obtained for ¢%(X), and therefore on (g, ... o, >}.

Finally, the following formulae hold under the symmetry H— —H,
where H is the magnetic field, or correspondingly z—z~* ef4:

o X, —H)=(—1)" ¢5(X, H) )
(O - O s (—H) = (= 1" (o, ... 0, >} (H)..

Therefore, the strong cluster properties in some domain will imply
analogous strong cluster properties in the domains obtained by the above
transformations.

II1. Strong Cluster Properties at Low Activity
A. Results in the Kirkwood-Salsburg Domain
Let C(B)= Y, le #¢®@ —{|, and r(f)=e"2PB~1-C(B)" ! where B is

. xeZv
the stability constant.

Theorem 1. For |z| <r(f), the following bound, where o is an arbitrary

r(p)

real number such that 1 <a< NEE and A is finite or infinite, holds:
z
LX)

) e *Br(p) 1 )
05X B2 SNy ! ... N,! R (a r(ﬁ)) . (13)

r(B)
This bound is clearly a strong cluster property of type (4), with
y— L 1og 7D
A alz|

Proof. The following inequality on the Ursell function ¢ holds [5]:

—2BB

Y I<P(x1,x2,-..,xm;ﬂ)l§(m—1)!—rizﬁm—.1. (14)

Since:

Y ICaXBIS Y X, Y;p)

X250 XN X2, XN

2 This is not completely trivial in the case of identical points since ¢%(X) is truncated
with respect to all N variables x, ..., xy and is therefore different from % (X).
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it is readily checked that:

. (N+n—1)! e 2FB
|CA,n(Xoﬂ)|§N1'Np' n'(N—i)' r(ﬁN+n—1 *

(15)

Then, by using the identity:
! k no+k
Y (k+nm)! d (t )

nt df\1—t

n=no

1
and a Cauchy formula, we get for {1 <o < —

]
5 pap DL gy D ( : >k
n! = '

1—oalt] \a—1

nzng

The inequality (13) is readily derived from (10) by making use of this
oz

B’

formula with ¢t =

B. Results for Positive Potentials (or Antiferromagnets)

Let Z(p) be the radius of convergence of the Mayer z-expansion of
the pressure p. Then:

Theorem 2. For positive potentials, the following bounds hold at
|zl < R(B):

LX)

1 N 2
|Q£(X;ﬁ,z)l§CyN1!...Np!N(a~1> (;T(lg) (16)

%)

where o and vy are arbitrary real numbers such that y>1, 1 <a< R

and where C,= M;}({ﬂ) 1Bp(B; 2)I.

<26)
Jz) <25

Proof. The following result holds (for general potentials):
a m
Y ot = (5| Bp e (07
X250ty xmeA

where A is finite or infinite.
Now, for positive potentials, it turns out that [7]

P15 s X3 B = (= D" (X1, .., X3 Bl (18)
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and therefore:

m

xz’uﬁzxmeAlqo(xla X25ees Xms ﬁ)l é Cy @')(}B)m

The proof of (16) then follows by the same methods as in Sub-
section A.

m!. (19)

IV. Strong Cluster Properties Derived from Results
on the Zeroes of the Partition Function

A. General Theorems

The strong cluster properties can also be derived from formula (10)
in larger domains by making use of the following theorem inspired from
Ref. [3] and [4].

Theorem 3. Let 9 be an open connected complex domain in z-space
containing z =0, such that i) ¢%(X; B, z) remains analytic in & at some
given >0, for sufficiently large finite A and all configurations X and
ii) o%(X) moreover satisfies the bound :

loh(X; B, z)l <CY Ny !...N,! (20)

where C is independent of A, X and of z in 9.
Then the following strong cluster properties hold for A finite or
infinite and z in 9 :

N,!...N,! L)
loh(X; B, z)léC”i—_lt(jlt(z)l * (21)

where |t(z)| <1, t is a conformal mapping of & onto the interior of the
unit circle such that t(0)=0.

Proof. Using the conformal mapping z—t(z), a series expansion
analogous to (10) can be written in t-space:
X B o=t Y "y4uX;h). 22
nZno(X)
Owing to the analyticity of ¢’ with respect to ¢ in ‘the region |¢| < 1,
v L] ddX5 B0
we get |y.4,,(X; fl =5 §W dt
Using (20) and integrating over a circle of radius as near as wanted
to 1, one gets:

DanX;PISCY NI N,! 23)
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from which (21) immediately follows. (The limit of infinite A is obtained
as a consequence of Vitali’s theorem since the convergence is known at
small |z|.)

Remark. We notice that the best value of |¢(z)] for a given z depends
on the precise domain of analyticity of o%(X; B, z) with respect to z and
therefore on the reciprocal temperature j.

Besides the cases already studied in Section III, the hypotheses of
Theorem 3 can also be checked in other situations, in particular by using
the following result:

Theorem 4. Let Z (f;z,,...,2y,2) be the partition function, where
Zyy...,Zy are specified activities of points x,...,xy, and let &'
be an open complex domain in z-space such that for some [>0
ZB;z45...,25,2) F0 for sufficiently large finite A, when z, € D', ..., zy
€D, zed'.

Then o%X; B,2) is analytic in &' and satisfies the bound
lof(X; B, 2)l <CV N, !...N,!, where C is independent of A, and z in any
set KC9' whose distance to the boundary of &' is strictly positive, and
also of N and X if 9’ is.

Proof. In the case when the points x,, ..., Xy occupy only p different
positions yy,...,y,, we shall denote by zy,...,z, the corresponding
activities at y,, ..., y,.

The following formula holds:

X B2 M L

= 108Z (B3 215 s Zps Dgymomzy=z
bl oz ozh» 4 1 » 2| > o
NN 0gZu(i 20, 2pD) 4
(2im)? |zi—z|=a (Z1‘—Z)N'+1 ...(Zp—z)NP'*'1 1---%4p
i=1,..., P

where ze€ Z’, and « is choosen such that the circles |z;—z|=0 also
belong to 2.
By writing Z 4(B; zy, ..., z,, z) in the form:

ZuBszy, .25 2)=Py(B; 25, ..., 2,,2) + 21 Q4B 22, ..., 2, 2)

(25)
=048z, ..., Zp, 2)[z, — CI,A(ﬁ; Zyseees Zps 2)]
formula (24) can also be written:
0i(X; B, 2) _ (N;—1)!N,!...N,!
zN (2im)? (26)

dzy ...dz,

|zi—z|=a [Zl - CI,A(B;ZZ’ --- Zps Z)] (Zl _Z)Nl (ZZ _Z)N2+1 (Zp_Z)NP+‘
i=1,...,p

from which the theorem easily follows.
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B. Strong Cluster Properties at High Temperature
and Arbitrary Activity

It follows from Ref. [8], that at sufficiently high temperatures the
partition function Z ,(f; z,, ..., zy, z) of a lattice gas has no zeroes when
all activities z,, ..., zy, z lie in some open domain of the complex z-space
containing the positive real axis z = 0. As a consequence of Theorems 3
and 4, the strong cluster properties are therefore proved in this domain.

C. Strong Cluster Properties for Ferromagnets at ReH %0,  Arbitrary
and at H =0 for Sufficiently High Temperature

In view of Lee and Yang’s lemma [9], Z ,(8; H,, ..., H,, H), where H,
resp. Hy, ..., H,, is the magnetic field, resp. the magnetic field at points
Vis..-» Vps 18 different from zero when ReH >0, ReH; >0, ...,Re H,>0.

The strong cluster properties of the truncated correlations
<oy, ... 0, >4 at ReH>0 and ReH <0 follow again from Theorems 3
and 4 and from the remarks at the end of Section II.

Now the result of Section B, which is valid for general potentials also
implies the strong cluster properties for Re H arbitrary and small |Im H|,
at high temperature.

As a matter of fact, in the specific case of ferromagnets the following
more precise result is obtained: if for some > 0, and sufficiently large 4,
Z ,(B; H)+0 when H belongs to a complex neighborhood 4" of H=0,
the strong cluster properties also hold in this neighborhood.

Proof. The result is already known at all points of .#" for which
ReH +0 (see above). Now, Theorem 3 of Ref. [ 10] ensures the existence
of an appropriate domain 4" containing all points of .#" for which
ReH =0 and such that Z,(B; H;, ..., H,, H) is also different from zero
for Hy, ..., H,, H in this domain.

Remark. By applying some results of Ref. [10] and [11], together
with Theorems 3 and 4, further results can also be obtained in the case
of antiferromagnets with nearest neighbor interactions, and possibly
in other situations.

V. Analyticity and Strong Cluster Properties: Further General Results

We first give a result which extends Theorem 3 of Section IV. It may
concern the gas and liquid phases and in fact applies to points (f,, z,)
where “the correlation functions are analytically linked to the Kirkwood-
Salsburg domain”.
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Theorem 5. Let (f,,z,) be a point of the real (B, z) plane. Suppose
that there exists an analytic mapping t— (B(¢), z(t)) of the unit circle |t| < 1
in C* with

1) B(0)>0, 2(0)=0

2) B(to)=Po, 2(te)=zo for some to, |to| <1,
such that the correlations (X ;t)= o%(X; B(t), z(t)) extend analytically
with respect to t in the unit circle |t| < 1 for any X = (x,, ..., xy) and finite A.
Suppose that moreover the following bound holds for |t|<1:

l0A(X; B®), z(B)) < Ay 27

where Ay is independent of t, A (and may depend on Ny, ...,N,).
Then the following strong decrease is obtained for A finite or infinite:

L(X)
t A
50X ozl < Ay 9
0

We note that this bound is a strong cluster property of type (4) if Ay
is of the form CY-N;!... N,!.

Proof. 1t follows from the hypothesis that the series expansion

aX;0= Y a(X)-t"
nz0
is absolutely convergent for [t| < 1.

For |t| small enough (B(t), z(t)) belongs to the Kirkwood-Salsburg

domain of analyticity with respect to both variables § and z. Besides:
X5 )=z2()" Y 2()" Cxu(X; B(8)). (29)
nZng(X)

Using the analyticity of C, ,(X; f) with respect to f in a neighbour-
hood of B(0), and the assumptions of the theorem, we have for |t| small
enough, and then also for |t| < 1:

eaX; 0=t Y t"y,.(X). (30)

nzno(X)
For the same reasons as in Theorem 2, it therefore follows that:

|t|N+no(X)

loA(X; 0| < Ay BT
which reduces to (28) when t =t¢,.

Finally it seems interesting to note the following equivalence theorem:

Theorem 6. Let (f,,z,) be a real point of the (B, z) plane. Then the
two following properties are equivalent :

1. There exist a complex neighbourhood O of 10, z,,] in complex z-space
and a constant C such that for any ( finite) A and any X = (x4, ..., Xy),
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0%(X; By, 2) is analytic with respect to z in O and satisfies:
l05(X; Bo, 2)| <CN-Ny!...N,!, Vze0. (31

2. There exist two (positive) constants C' and y such that for any
( finite) A and any X = (x4, ..., Xy), the following strong cluster property
holds for all real z€ 0, z,] :

07(X; Bo» ) <CV Ny 1. N, e XL (32)

Proof. The proof that 1. implies 2. is a straightforward consequence
of Theorem 3.

The proof that 2. implies the analyticity of the correlation functions
in a complex neighbourhood of ]0, z,] is a consequence of [1]. We give
here a direct derivation which yields at the same time the bound (31);
as a matter of fact a stronger result will be obtained, namely that the
bound (32) at a real point (f, z) implies an analogous bound in some
complex neighbourhood in z of this point.

We start from the formula, for real points (§, z):

o [oNX; B,z {
az,,(“ 3L ))= e T X YiB) (33)
YedAr

which is obtained from (24).
Besides, we have the two following inequalities:
LX,Y)=z(1—-¢) L(X)+eL(x,, Y) with O<e<1 (34
and

Ml M2 N L N In !, (35)

where the M;, N; and n, are respectively the numbers of identical points
of (X,Y), X and Y.
These inequalities, together with (32), lead to:

105X, Y; 8,2 SQCY N, 1... N1 e~ 0=91L®O 2y 1,y 1 g oxLenD)
(36)

Since the bound (4) is better than the bound (1), we can use the result
of [1] on the integrals of the right-hand side of (1), and the Egs. (33)

and (36) yield:
T GELIY < 2V w1 wypemtansen( 20V
z z

azn N

z
where A(¢g) depends only on ¢ [and (f,, zo)]-
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z

Now (29) implies for |z’ — z| < ,z€]0, 2]
Ale)
1
loA(X; B, )| SRC)N!... N,! 7= e~ (179 (38)
1—A(e)

which is the stronger result announced. It clearly implies property 1. of

Theorem 4, with 0 = ze}k({ﬁﬂ%(z;—;(—g)), where Q(z;ﬁ) is the disk

. z .
of center z and radius —— in complex z-plane.

Ale)

VI. The Strong Cluster Properties for Continuous Systems

In this section, we outline how the Theorems 1-3, 5, 6 apply also,
with slight modifications, for continuous systems with stable potentials.

Egs. (6) and (8) to (10) hold again for continuous systems with (7)
replaced by

CanlX: )= 57 [ 0(X. Vi paY (9)

and now:
C(p)= j le ™ _{|dx .
IRV

Let us introduce a partition of IR by the cells of any given lattice, and
consider the following averaged truncated correlation functions:

0 (X1 X)= [ @715 s ) 05, (01) - @4, () dyy ... dy,  (40)

where ¢, (i=1,...,n) is the characteristic function of the cell indexed
by x;€ Z”. ’

Theorems 1 and 2 now apply to the functions §%(X; B, z).

Theorems 3, 5 and 6 apply both to o%(X; f, z) and ¢%(X; B, 2).

As a matter of fact, more general test functions can be used in (40).
Then the results still hold, with N;!... N,! replaced by a multiplicity
factor depending on the support of the test function.

VII. Conclusion

As a conclusion, we would like to mention the following questions:

1. Theorem 6 states the equivalence between the strong cluster
properties and analyticity with respect to z, plus the bounds |o%(X)|
<C¥N;!...N,!. We do not know as yet whether this last condition
can be removed.
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2. In paper [ 1], strong cluster hypotheses on “generalized” truncated
functions have also been introduced and have been shown to imply
analyticity with respect to f and possibly other coupling constants.
Some converse assertions seem to be true, but there are some problems
which are being studied.

3. Concerning possible proofs of strong cluster properties when
analyticity is not already known or assumed, and which would therefore
give new information on analyticity, we do not know as yet what are the
actual possibilities in this domain.

4. In a recent work [12], J. L. Lebowitz and O. Penrose have shown
that if Z ,(B, z) % O for all sufficiently large A and z in an open connected
region & which contains z=0, then decrease properties of the type
mentioned in (5) (or of the type e~ *P) follow for all z in & : this is obtained
by proving the existence of a gap of the transfer matrix. This result seems
related in some way to Theorems 3, 4.

5. A coming paper will treat the case of infinite range potentials.

We are very grateful to Professors G. Gallavotti, J. Lascoux, E. H. Lieb, J. Slawny
and more particularly J. L. Lebowitz and D.Ruelle for helpful discussions or corre-
spondence.
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