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Abstract. A closed quantum system % is considered which is described by a micro-
canonical ensemble. % consists of two rather weakly interacting subsystems %, .%;. In
a rigorous way, the additivity of the entropy is proved by deriving an expression for the
entropy density of & in terms of the entropy densities of .} and %,. “Rigorous” implies
that the thermodynamic limit is taken. In the second part, it is shown how a micro-

cal stat e 1 Tré4(H(A)—E) A
canonical state w,(A4) = Jim Trod(H(1) — E)
limit exists — gives rise to a “canonical” state w”, when restricted to %}, provided %, is very
“small” as compared to %,; " is defined as a limit of Gibbs states. This yields a definition
of the equilibrium temperature 7.

of the composite system — provided this

I. Introduction

The concept of temperature can be introduced in statistical me-
chanics in several ways. Up to now there does not exist a general proof
of the equality of time averages and ensemble averages of observables;
it has to be taken as an axiom that there are suitable ensembles. One
can start with canonical or grand canonical ensembles with partition
functions depending on a parameter § and show that everything works
if B 1s the inverse temperature. A more satisfactory way of introducing
the temperature is to consider several microcanonical ensembles repre-
senting closed systems, provide them with a — however weak — thermal
interaction and show that there is a parameter govering the equilibrium
between them, which is to be defined as the temperature (or a function
thereof). A third possibility is, to deal with a “large” system in thermal
contact with a “small” system and show that the “small” one can be
described by a canonical ensemble with a parameter § depending only
on the “large” system, the heat reservoir. This is well known; in this
paper, we aim at giving new proofs considering quantum systems from
the very beginning and working in the context of rigorous statistical
mechanics as developed by Ruelle and many others.

* On leave of absence from the Institut fiir Theoretische Physik, Universitdt
Gottingen.
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Our starting point is the following axiom:

(Ay) A closed system in equilibrium is described by a microcanonical
ensemble which is defined by the requirement that all energetically
allowed quantum states of the system have equal probability.

(Normally, by using the word “states”, we mean states over an
algebra of observables, but here, of course, we mean eigenstates of the
Hamiltonian of the system.) We shall specify this axiom in the next
sections because we want to perform the thermodynamic limit.

As a first step, we have to prove the additivity of the entropy, i.e.,
prove that the whole entropy of several systems in thermal equilibrium
with each other is the sum of the entropies (apart from mixing entropy)
of the systems, provided the thermal interaction between them is very
weak. Since we are going to take the thermodynamic limit, we shall give
a formula for the entropy density of the compound system as an ap-
propriate sum of the entropy densities of its members. This will be done
in Section II. In the third section, we shall give a first definition of the
temperature based on the result of Section 11, and prove some lemmas
which are necessary for establishing our main theorem in Section IV,
where we shall show, starting with a microcanonical state for the com-
pound system, that the “small” system #; can be described by a limit
A— 0 of Gibbs states w,%, defined by density operators

e_é'AHl(A)/TI' e~ SaHi () ,

where H,(A) are the local Hamiltonians of the regions A, describing ;.
Section V contains supplementary remarks.

I1. Additivity of the Entropy

We consider a system & composed of two subsystems &, and %,
defined as thermodynamic limits of sequences of finite systems & (A,),
F(A,) and F(A), respectively, with finite regions A,

AnA, =0, Aud,=A. (1)

The finite systems are described by Hamiltonians H,(A;, n;), i=1, 2, and
H(A, n), where

H(A, n)=H (A, n))+ Hy(A,,n,) + AW(A, n), (2

operating in a Hilbert space #(A) = #,(A,)® H#,(A,). ny and n, denote
the number of particles in ¥, and %,

n= nl + n2 . (3)
The H, are of the form H, ®1 and 1® H,, respectively.
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Our basic statistical assumption is the following specification of the
axiom (Ag):

(A,) The entropy density of a closed system in thermodynamic equi-
librium with density ¢ and energy density ¢ is given by

s(@, &)= lim V(A)™" S(4, n, E);

whenever this limit exists; here “lim” means A— oo in the sense of

Fisher [1], with V(A) 'n—g, V(A/)ij;OE——»a, where
V(A) = volume of the region A,
S(A,n, E)y=1logQ (A, n, E),
Q7 (A, n, E) = number of eigenvalues of H(A, n) below E
=Tré (H(A,n)—E),
1 —owo<x<0
0" ()= {0 x>0

According to Ruelle [2], we can as well define S(A, n, E) by

1 O0<x<4

logQ4(A, n, E)=log Tr 6*(H — E), 6(x) = ,
0 elsewhere

without affecting the result of the limiting procedure.

We have to make further assumptions in order to ensure the existence
of the above limit for the systems &}, %, and &:

(B) Hi(A;,n), i=1,2, are defined by stable and tempered potentials:

H;(A;, n;) = Friedrichs extension of (T;+ U,),

where the kinetic energy may be represented in Hilbert spaces (A,
of suitably symmetrized or antisymmetrized square integrable functions

(cf. [2]) by

ni 1
T.= Z (— A4 ) A4, = Laplace operators,
k=1 2Zm;

the potential energy U; by stable, tempered potentials,
Ulx; ... x,)= Y, PMx, ... X)) X, E A,

k22 1sp2ps. gcsn
(C) W is given by tempered potentials in such a way that
(i) W is a symmetric operator,
(1) U; + U, + W is stable,
(i) (U, + Uy)C2(W), where Z(A) denotes the domain of
definition of 4.
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(D) The potentials defining U; and W are translationally invariant.
According to Ruelle, (B) is sufficient to guarantee the existence of
51(01, &) and s,(0,, €,) as defined in (A,), if A;— co (Fisher),

n; V(Ai)_1 -0, E; V(Ai)_l—’gi’ i=1,2,

provided g; and ¢; have suitable values. To be more precise, the density
has to be =0 and smaller than some closest packing density, which may
be finite or infinite, depending on the potentials; ¢; have to be larger
than ¢;4(0), i=1, 2, respectively, where

eio(0) = im V(A) ™" E;o(A;, ny),

E,, = ground state energy of H(A;, n,). @)
According to Ruelle, these limits exist. Whenever we speak of “suitable”
densities, we refer to these conditions.

In Appendix A, we shall give two examples of how (C) can be ful-
filled. Due to (C) we can define H(A, n) as the Friedrichs extension of
H, (A, n))+ Hy(A,, n,) + AW(A, n). Denote the number of eigenvalues of
H below E by Q; (A, n, E). We are interested in the limit A — co which,
in the following, always means

Ay, A,—co in the sense of Fisher, maintaining condition (1); (5a)

A=A,uA,—>cc in the sense of Fisher; (5b)

V(A V(A)=k;, k,=const>0, k; +Kk,=1; (6)
n/V(A)—o, and thus n/V(A)=n, +n,/V(A)+ V(A)—0e; (7)
E/V(A)—e. (8)

(As to the case of different ¢, and ¢, and to the case of intersecting
region A;, see Remark 2.6 at the end of this section.)

Assumption (D) is needed so that (5a) can be fulfilled. Given (5a),
a necessary and sufficient condition to guarantee (5b) is the following:

AA, Ay)= inf  |x—y| =< const-(d(A;)+d(A,)),

xedy, yeds

where d(A,) are the diameters of A;, i=1,2 (see Appendix E).

Proposition 2.1. Assume (A,), (B), (C), (D); then
(i) for all 2. <1 and for suitable g, there exists the thermodynamic limit

s;(0, €)= lim V(A) ' logQ; (A,n,E);
(i) lin(l) Alim y! logQ (A n,E)= hm limV 'logQ; (A, n E).

A= i—0
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As long as we are not interested in problems of the approach to
equilibrium, we may consider arbitrarily weak thermal interactions, i.e.,
arbitrarily small A. Furthermore, it is clear that we cannot expect strict
additivity of the entropies unless we let the interaction vanish; hence
our interest in the second part of the above proposition.

Proof. Due to (B) and (C), U,, U,, and U, + U, + W are stable:
Uz-mB, UyzZz-—mB,, U+U,+W=—-nB.
With B, = max(|B,|, |B,], |B|) then follows
U+ U, + AW =1 =) (U, + U,)+ AU, + U, + W)
=z —(1—=A)(n +n,)By—inBy=—nB,,

the lower bound being independent of A. Hence H(A, n) fulfills the same
conditions as the H,, thus we have only to cite Ruelle [2], in order to
establish (i). The proof of (ii) is accomplished by a close inspection of
Ruelle’s proof of the existence of the limit. It rests on the stability and
temperedness of the interaction. The corresponding inequalities for
U,=U, + U,+ AW are fulfilled uniformly in 4, i.e., the constants ap-
pearing in those inequalities are independent of 4 for 4 < 1. This is trivial
as far as the temperedness is concerned and, as to the stability, it is
ensured by (C) (i1). Looking carefully through Ruelle’s proof, one realizes
that everything goes through uniformly in A, since the only other
inequalities which appear are estimates for quantities like E(Ay, 1, 0),
E(Aq,0,0), E(Ay, 1,log V(Ay)), referring to zero- or one-particle expres-
sions; clearly, the latter are defined independent of any interaction.
Hence we can interchange the limits 1 —0 and A— co. Q.E.D.

Remark 2.2. (B) and (C) are more or less technical assumptions which
we do not want to put much emphasis upon. (B) is not a necessary con-
dition for the existence of the limit s(g, ¢). Given any proof of the existence
of this limit, one has to modify (C) appropriately in order to make sure
that the limit for the composed system exists uniformly in 4. It is to be
expected that this can always be achieved, for instance, by the use of
a thermal interaction W which is given by the same type of potentials
as those defining U, and U,.

Due to Proposition 2.1, we can study /}Lngo V(A) ™t log Qg (A, n, E)

instead of 1in(1) s,(g, €), which enables us to prove the following

Theorem 2.3. Let us assume (A,) and make further appropriate
assumptions which guarantee the validity of (i) and (ii) of Proposition 2.1.
Then, with the definitions (5) to (8), we have

g e—¢
Ky Sy (Qa T) + Ky, (Qa p )] , 9)
1 2

lims; (g, &)= sup
2=0 cel(e)
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with
I(e) =[x &10(0), e = K2850(0)] - (10)

The ¢;, are defined in (4). Again, ¢ and ¢ have to be chosen suitably.

Proof. We want to compute the number Q, (4, n, E) of eigenvalues
of Hy(A,n)=H,(A;,n)+ Hy(A,,n,). These eigenvalues are sums of
eigenvalues E,, and E, of H; and H,. In the following, we shall suppress
the arguments A, n and A,, n;. For fixed E, we can find a 6 >0 such that
the eigenvalues E,, which are smaller than E, differ from each other by
more than J. Define

E*=E, +k8, k=1,2,...,

then there is at most one eigenvalue E,, between E* and E*"!; and we
can write Qg (E) as

Qo (E)= Y (7 (EN—Q (B ") Q;(E—E)).
k

The sum is finite, since Q5 (E — E¥)=0 for E*>E — E,,.
Now let us choose a 4 (which may be large compared to J) and
collect those terms with energies between E,;,+(I—1)4 and E o+ [4:

Q_(E)=ZO'1,
. 1
with . R .
0= > (Qp (EY)—Q(E* 1) Q; (E—EY.
k
‘ Eio+(l—1)A<E*<Eio+14

Taking the largest possible value for the second factor, we get
0, S (Q7 (Eyo+14)— Q7 (Eyo+ (1= 1) 4) Q; (E—Eo—(1—1) 4)
=Q(E;o+ (1= 1) 4) Q5 (E—(Ejo + (- 1) 4)).
Similarly,

0,2 (Eo+(1—1) 4) Q; (E—(E; o+ 14)).

Here we have slightly overestimated the first factor, if 4 is not an exact
multiple of J; but as E—co and A— oo we have to choose smaller and
smaller §’s, whereas A will be kept fixed; so let us assume that A is a
multiple of 4. The above estimates imply

ZQlA(EIO—i—(l——l)A)Q; (E—(E10+(l—1)A))gQ‘(E)
]
2 QM E o+ (=1 A)Q; (E—A4—(Ejo+(—1)4)
I

>Q (E—4).
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A is fixed, hence V(A) '(E—4)—e¢ and limV !logQ (E)=limV !
-log Q™ (E — A). Therefore we can find a correction factor £(A) such that

Q7 (E)=E&(A) Y. Qi “(Eyo +kA) Q3 (E —(Eyo +k4)) (11)
. k
with 0SEMST, VA" logé()—0.
Denote the right hand side of (9) by s°(p, ¢); we want to prove our theorem
by showing that liﬂn inf V(A) " logQ (E)=5°(0,¢), E=V(A)e, and

1i§1n sup V(4) ™" log Q™ (E) < 5%g, ¢).

We have to care only for ¢ € I(c), since otherwise the arguments of
s; are not larger than ¢,4(¢) and ¢,(0), respectively.
(i) Choose an arbitrary 6 > 0. There exists an interval I; = (¢;,¢,) € I(¢)
such that for ¢ €
¢ e—¢
Ky Sy (Q, )+K252 (Q» ” )>SO(Q,8)—5~

Ky 2

We approximate s, (g, ;—) by V(A) ' logQ,4(A,,n,,E}) and 5, (g, 8;8 )
1 2
by V(A4,) ! logQ; (A,, n,, E}), with
E{=V(4) — =V,
Ky

e—¢

E;=V(4,) =V(A)(e—¢),

K

[where we made use of (6)], and get
Kk, V(A log QA (EY) + K, V(A,) ™ logQ; (ES)
=V(4)" (logQ," (E}) + logQ; (E}))
>5%0, ) — 26

for sufficiently large A. (The s; are continuous functions, thus &' varies
over a compact set, and the convergence of V! logQ~ is uniform on
compact sets [2].) Put E=V(A)e in (11) and adjust & € I; such that

V(A)e' =E,o + k4 for a suitable k (which is always possible if A is large
enough), then

AT (V) e) 24 (V(A) &) 2, (V(A) (e —&)

> exp V(A) (s°(0, €) — 20) ,
and therefore

li;n infV(A4)~! (logQ ™ (V(A) &) — log&(A))
e 12
= lim infV(A) "' logQ~ (V(A) &) = 5%, ¢) - 12

A=
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(i) For ¢ el(e) and for arbitrary §>0, we have for sufficiently
large A

$°00.6)+ 6 2 V(A) ™! (log 2y (V(A) &) + logQ; (V(A) (6 — ). (13)

The summation in (11) extends from k=0tosome k<A Y(E—E,,— E,,);
let the largest term of the sum be given by k,, then

E—E,,—

0 (E)<é) B20 0B g+ ko M) Q5 (E— (Eyo+ ko). (14)

- A
Combining (13) and (14), with &' = V(A4)” Y(E,, + ko 4), we conclude
5200, 8) + 0 Z V(A) " 1og Q" (Ey o + ko 4) Q5 (V(A) & — (Ey o + ko 4)

2 V() og(E(A) A7 (V(A) e — Ejo— Eqo) 1 Q7 (V(A) &),
and sir}ce V(A)" M ogé(A)—0, V(A) ' (logd+ log(V(A)e— Eyg— E, )0,
we arrive at
5%0,8) = lile_'sotlp V(A) ' logQ (E). (15)

(12) and (15) together with Proposition 2.1 prove our theorem.

Remark 2.4. The ground state energy E(A, n) of Hy(A, n) is given by
Ei oAy, n) + E; (A5, n,), thence

lim V(A)ﬂ Eo(A,n) =¢4(0) =K £10(0) + K2 €50(0) -

We are interested in the case ¢ > ¢y(g), and this implies that I(¢) is not
empty.

Remark 2.5. I(¢) is a closed interval, thus there exists an ¢, for which
the supremum in (9) is achieved:

€ e—¢
lims, (o, &) = s0(0, &) = 0, | +x,5, 0, . 16
Jm (0, 8)=50(0, &) =Ky 5 (‘ Kx) K2 2(@ X ) (16)
Remembering that s,,s,, ¢, and ¢, are densities, one realizes that the
additivity of the entropy is adequately expressed by (16).

Remark 2.6. The condition A, A, =@ was used in order to avoid
mixing entropy: the essential point is that we wanted to use the Hilbert
spaces H(A)=H (AR H>(A,) without additional symmetrization.
A, and J,, of course, have to contain appropriately symmetrized wave
functions. The non-symmetrization does in no respect affect Ruelle’s
proof of the existence of s(g,¢). The same holds true, if we consider
different sorts of particles in %] and .%,, respectively. In that case, we
can distinguish between them without enclosing the systems in non-
overlapping regions of space, and can hence drop the above condition.
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We might, for instance, consider a system %, consisting of nuclet with
a weak spin coupling to an electron gas representing %,. We may choose
different densities g; and g, as well. In that case, one has to adapt Ruelle’s
proof in order to show the existence of

hm V(/l)_1 lOgQA(/L nb n27 E) = S).(Qla QZ! 8) .

A=

The theorem remains valid:

. & e—¢
}LH}OSA(QDQZaE): Sub K181 |er - T K28, Q2 — )

g'el(e) 1 2

I(e)= [, 610(01), € — K2820(02)] -

I11. Discussion of the Additivity Equation, Properties of s(g, ¢)

This section is devoted to a short discussion of the additivity Eq. (9)
which leads — at least in some cases — to the definition of the tempera-
ture as derivative of s, and to a summary of properties of the entropy
densities needed in the next section. In this section and in the following
one, we shall always suppress the arguments ¢ and g;; the densities will
be kept fixed.

Remark 3.1. Tt is well known that the entropy densities are con-
tinuous, concave, increasing functions of the respective energy densities
[2]. This implies

(i) their left and right derivatives s, s exist everywhere;

(il) si(e)=s’(e);

(iii) left and right derivatives are equal almost everywhere.

For the proof see for instance [3]. (The essential point is the con-
cavity of s.)

(iv) Moreover, because s is increasing, the number of exceptional
points where s| s’ is at most countable.

Remark 3.2. Define
¢ e—¢
)= s (] e (5, (1

1 K;

so that Eq. (9) reads
s(e)= sup g,,(&).

e'el(g)
We have to discern three cases:

(i) The supremum is reached at an inner point of I(g);
(i) the supremum is reached for &' =k, &,¢;
(iti) the supremum is reached for ¢ =¢—kK,¢,,.
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Since the s; are concave functions, g,, is concave too, and can have
at most one maximum which in case (i) is given by

9e)+ € =0, (9i)l (€,) 20,

or, equivalently, by

e e—¢ 3 e—¢
Sy 4 (—m) S50 (‘ m>7 syt <i"‘> =S54 ( m) (18a,b)
Ky Ka Ky K2

! 8 !
{Here St (—f) means s, 1 (&), =4, /x,0 etc.}.
1

If the left and right derivatives of s; and s, at the respective points are
equal, (18a) and (18b) go over into

i) =537 “

In this case, we can define a unique inverse equilibrium temperature by

s[5

The maximum of g may be a plateau. Egs. (18a, b) then fail to determine
¢, uniquely. We shall later remove this ambiguity by taking the largest
or the smallest solutions of (18a, b).

It is easily seen that corresponding equations hold also for three or
more systems in equilibrium with each other.

In case (ii), we have only Eq. (18a):

i1 (610) =85 (im)
K2

This means that the system .| is in its ground state even for tempera-
tures larger than zero. Whenever such a system exists, the notion of
temperature is meaningless for it in this state. Therefore, we shall exclude
this case. Case (iii) can also easily be excluded, if we consider x; —»0
and if ¢>¢,. We would then get

&— KZSZO

’ 14

S1- (H 25,4 (620) -
Ky

But as x; —»0 the argument of s, ” increases, and we know [2] that the
lower limit of the slopes of the tengents on the graph (g, s((¢)) is zero,

’

hence s; . must finally become smaller than s, | (¢,,), thus violating the

E— K, 8 K€ .
If e = ¢,, then 2720 _ 71710 would not increase.
Ky Ky

above equation.
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From now on, we are interested in a system in contact with a heat
reservoir which has to be infinitely large compared to the system &
considered. The relative size of ¥, is given by k, therefore, we shall
consider the limit x; —0.

If we perform this limit, the temperature 1/f turns out to be uniquely
defined (apart from a special case), even if the left and right derivatives
of s; and s, may differ at many points: f=s, | (¢) or f =35, (¢), depending
on the functional shape of s, and s,.

For the next section, we need some information on the behaviour of
en(iy) f kK —0. ¢ is henceforward considered as a fixed parameter.

Lemma 3.3. There exists an ¢, such that

K110 = EplKy) <Kjy 3
hence

. . e—g,(Ky)
lim e, (x,)=0 lim —2—~ =¢
k1—0 m( 1) ’ x1—0 Ky

Proof. As already mentioned, the lower limit of the slopes of the
tangents is zero, hence

$;2(6) <852 (8) (20)

for a sufficiently large ;. We may assume ¢, > ¢, and thus

8"“7{18 Kl
=g— — (g —g)<e.
K2 K
This implies
, [ET K€ ,
Sa+ ( ) =5, (¢)
Ko

(see Appendix B). According to (20), we can find a 6 >0 with s, (¢)
<5, (e) — 0. But then

, , L[ e—KE
(Gx) - (ry &) =51 (e) =554 (_-‘Ll‘> <0.
K2
Thus the maximum condition (g,,)- (¢,) =0 can only be fulfilled if
¢, <K& (notice that g, is concave). The lower limit for ¢, is trivial
because ¢,,(k) € I(¢). Q.ED.
Let us define
Em(Ky) & — Em(K1)

o) =" He)=e— i) == P21

Then we can rewrite the supremum conditions:

syt (M) Ss2 2 (F(ky))s s L(n(ky)) 2854 (E(ky)) (22a,b)
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There are three cases:
Case () s,0(6) 55" (), 52 (6) 2551 (8);
Case (¢,): the first of these inequalities is violated:

sy (e)>s,7(¢); (23)
Case (¢,): the second inequality is violated:
sl (e)<s,i(e). (24)

We can add two further inequalities to (23) [see Remark 3.1 (it)]:
5102500 (0)> 5, (25,4 (0),

thus showing that the second inequality of case (¢) is fulfilled. Similarly,
in case (¢,) the first inequality is valid ; hence all possibilities are exhausted.

Case (¢) implies that we can choose 7(k;)=¢, hence &(x,)=¢, for
all x,. This means that &, and .%,, when in equilibrium with each other,
always have the same energy densities, irrespective of their relative “size”
Ky/Ka;

Lemma 3.4. Given case (&) (resp. case (¢,)), then

(1) y(rky)>e (resp.n(x,) <e) for all Ky ;

(i) 324/:(5(“1));“:)’ s, (&) (resp. s, (e)).
This result already indicates that s, | (¢) or s, _ (¢) will be the temperature
defining quantities in the limit x, —0.

Proof. We consider case (g;), case (e,) can be treated completely
analogously.
(1) Suppose there exists a «; with

<e¢. 25
then nik)=e (25)

. K

) =e— 1 () —6) 2 ¢ (26)
2

and hence

Sy 4 (n(ry) =54 (8)> 55 (6) 25,2 (B(ky)) s

in contradiction to (22a). [The first and the last inequalities are due to
(25) and (26), the second one due to (23); cf. Appendix B.]
(i) Clearly, n(k;)>¢ implies &(k;)<se. According to Lemma 3.3,
&(xy) 7= ¢ and thence s, . (&(rcy)) —3 522 (e), (see also Appendix B).
Q.ED.
Up to now we need not assume that #(k,) is uniquely defined by
(22a, b). In order to get uniqueness, let us define

n,(x;) = max {n(x,); k, fixed, n(x,) solution of (22a,b)}, (27a)
n:(x;) = min {n(k,); x,; fixed, n(x,) solution of (22a,b)}. (27b)
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Min and max of the above set {...} exist because g,, 1s continuous.
Accordingly, we write
~ K . K
(k) =¢— b (ny,—e) and &(k)=¢e— b (n;—e).
K Ko
Lemma 3.5. (i) Case (¢,): y,(x,) increases with decreasing i,
case (g,): n{xy) decreases with decreasing k.
(i) Define
K= {r;;5,1 (Er) =5, L (E(x1))}

where & means & in case (¢,) and & in case (¢,). In both cases, K contains
sequences k;,—0.

The proof will be given in Appendix C.
Part (i) together with Lemma 3.3 implies that limon(K,) exists, i.e.

the energy density of & is well defined for k; =0, as is to be expected
if the limiting procedure makes sense.

IV. Systems in Contact with a Heat Reservoir and Transition
to Canonical Ensemble States

In this section, we are interested in a system &, in thermal equi-
librium with a heat reservoir, i.e. with a system %, which is large com-
pared to & ; the systems are the same as in Section 11, but now we take,
in addition, the limit x; —0.

The basic assumption of this section is the following:

(A,) The equilibrium states of a closed system which is described
by a microcanonical ensemble are given by

wc(A) = }%wAE(A) ’

g Tro*(H(A)—E) A
Oa A= T Sa A~ B)

where A is an element of a suitably chosen observable algebra U, and
54(x) is the function defined after (A,) in Section II.

Part of this axiom is a further specification of axiom (A,) of the
introduction, part of it is an additional assumption: the existence of the
above limit. We are not going to answer the question under what con-
ditions this limit exists. Consequently, we cannot show, that the limits
A—0 and A - oo can be interchanged for the states, as they can for the
entropy density (Proposition 2.1). We shall therefore put A =0 from the
beginning, and start with Hamiltonians H(A)= H,(A4,)+ H,(A,), oper-
ating in Hilbert spaces #(A) = #;(A,)® #,(A,). To &, &,, and & we
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ascribe observable algebras U, A,, A with some local structure. We
need not make detailed assumptions; the essential point is that we can
embed A, into A in the form A, ®1. w, restricted to A, ®1 can be
considered as a state over ;. Our aim is to show that, in the limit x; -0,
this state is a “canonical” one, more precisely: to establish the following
theorem:

Theorem 4.1. Let (A,) be fulfilled for all k,, more precisely, we assume
the following: l/ilm Wa,on, (A) exists, in whatever way the limits
Ay, A3~ 0

Ay— o0 and A,— o are coupled, provided they are accomplished in the
sense of Fisher. If the limiting procedures are classified according to their
respective values Kk, = , liAm OV(AI)(V(A1)+ V(A,))~", then limiting pro-

cedures of the same class yield the same state .. Furthermore, assume
whatever is suitable to ensure the result of Theorem 2.3.

If e> max(slo,szo), then exists a sequence £, of real positive num-
bers with lim &, =, and

AL 0
. Tre eaiitdn 4
lim TTre G Hi AT Aegjﬁll(Al),
1

0 4@ = lim
B is given by
s, (e) in case (g)
B =145,1(e) incase(s,)
sy(e)  incase (g), if s,5(e)=s5,"(¢).
The different cases are defined as in the preceding section after Eq. (22).

The rest of this section is devoted to the proof of this theorem. Due to
the condition &> max (g, o, &50), We can exclude the cases ¢, (k) =, &0
and ¢, (k) =¢— K, &,9, and can apply the results of the preceding section.
By v, ,, i=1,2,..., r=1,2,3,..., we denote the normalized eigen-
functions of H;(A,) with the respective eigenvalues E; ,. (We omit further
indices A, indicating the 4;-dependence of y; , and E; ,.) Then we can write
('UAE(A®1)=(QA(A5 E))_l Z (wlraAWIr) (wZSr lsz)

r,s

ESEi,+EySE+4 (28)

= (QA(As E))_l Z QZA(Ab E - Elr) (V)m Awlr) .

From now on, we also omit the arguments A, A, of Q, Q2,,and the
index 4. Our task is to give an estimate for Q,(E—E,,) in terms of
const - e "*Et" with an appropriate & In order to do so, we first look for
an estimate for s,(¢5).

We treat the cases (g,), (¢,), (€) with s,/ (¢)= s, (¢) simultaneously;
accordingly, &(x,) means Z.(x,), &(x,) or &(x,) =e¢, respectively.
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Now define
Eo (k) =551 (B(xy)) (29)

In the following, we restrict ourselves to those x; for which &, (k)
= (k) = C(xy).

For the cases (g) and (¢,), Lemma 3.5 ensures that the set K of these
K, contains sequences x,— 0 so that we can indeed adopt this restriction.
In case (g), this is trivial as long as s, (¢) =15, (¢).

Because s,(¢,) is concave, the tangents

t(ea; 10y) = $,(E(1y)) + E(xy) (£, — E(xy))

are always above s,(g,). Now let us choose a ¢ >0 and define

Ly, ={e251(e25 K1) — 6 <s55(82)} (30)

This set is a non-empty interval. Hence we get with ¢, = i

K

< glry)
52(B(1)) = == (' = nl1y) = 0
Ka
’ ¢lry) G0
e—¢ N Ki) .,
<52 (P25 ssafeta) - S =),
Ko 2

’

the first inequality being valid for 78 ¢ Is .-
K2

Remember that Alim 0,(A,, V(A,) ¢')=0, where
02(A2, V(A,) &) =s5(e5) = V(A,) "' logQ,(4,, V(A4,) ey) .

Multiplying (31) by V(A,) =, V(A),and putting E = V(A) ¢, E,, = V(A) ¢,
¢ =V(A) " E,,, we find

Q,(E — E,) ¢5bm o5Etr ¥ (42102042, B~ En) = 02042, E=Er )] o=V (4)5
SQ,(E-Ey)

< Q,(E—E,,) ¢5Fm ¢~ $Eir oV 4200242, E= ) = 62(42,E = Ep)]

with the abbreviations
CAZ = et Em eV(Az)tsz(Az,E—Em) Qz(E _ Em) ,
d(A29 Elr) — e“V(Az)éz(Az,E—Elr) ,
this reads
CAz e_V(A)é e_éElr d(AZ:‘ Elr) é QZ(E - Elr) g CAZ e_éE” d(AZ’ Elr) . (32)

The first inequality is valid for

—V(A)'E
Elrej(é, Kl’ A): {E’; -8—(*)—““6 Ib,Kl}'

K2
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According to Ruelle, §,(A,, V(A4,)¢e,)—0 uniformly in ¢, on compact
subsets of the region of convergence. We are interested in energies E
such that E—E,, = E,,, since otherwise Q,(E — E,,)=0; furthermore,
E,,Z E,,, hence

- 1 "
€r0— 0 ZV(A,) 1(E—-E1,)§K—(8+K1(310+5))
2
< 2(e+3(g0+0") forall k<3,

0" and ¢” being finite correction terms independent of A,. This is a
compact interval, thus we can find a 4(A,) with

A(A)Z10,(A E—Ep)l.  A(A) =0, (33)
independently of x;.
It suffices to consider w,f(A®1) for positive operators A. Our

assumptions ensure the existence of ) e ¥ (p,,, Ay, ,); due to (33),

0<d(A,, E,,) < V42442)
and hence, Z e Ev(y,,, Ay,,) d(A,, E,,) exists and, because 4 =0, can

be written as

Z eﬁéElr(wlrﬁ Alplr) d(AZ’ Elr) = dAz z e—éElr(w“, Alplr) (34)

with an appropriate constant d,,.
Now we define

K, =Q(E) ! Tre sxvmdoC q,. (35a)
(K4 is also k,-dependent through ¢ and E,), and
. Tre™ ¢H1t40 4 CeHo— -
02 (A= g = (Tre M7 Re ™y, Ay ) (35D)

r

combining (28) with (32), (34), and (35) we then get
Kye Vg S(A) — Ry(A) Lo, F (AR S K w, 5(A), (36)
RA(A) = Q(E)‘l Z (CvAszze_V(A)(S e——:Elr - QZ(E - Elr)) (lplra A‘Pu) .

rest

Y means summation over those r’s for which Ej, ¢.7(d, k,, A). Our

rest
aim 1s now to achieve

(a) V(A)6—0,
(b) R,(4)—0,
(c) K;—1
by performing the limits § >0, A — o0, x; =0 in a suitable way.
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We need some more definitions:

Q(Ah é) =Tr e_ng(Al) o Z e_éEn ,

Qrest(Ab é) = Z e <P >

rest

04y, &= ¥ e e,

E .>E

o) such that
Q(Ala g)—l QE(A,,a) (Al, lf) h

We divide the summation interval of Q(A;, &) into three parts:

Clearly, for arbitrary o« >0 there exists E(A,,

S Eo(A)ZELSE,,
fZ: Em<E1r éE(Ab O‘)a

Iy E(A), )< E{, < 0.

We want to show that #(J, x;, A) increases rapidly enough to cover
S0 S,; then follows Q(A;, &)7* Q.. <o, and, because

RAA)SQE) ' Cyydy, eV M2y e ¢E(ypy,, Ayy,)

rest

Orest (A4, €) 7
<K e—V(A)a A rest\<11» ,
=K, Al 0L
we then would have
RyA =K, e " | A4] . (33)

We proceed by estimating the lengths /(.#,), /(#,) of #, and #,. We
know that

0,(A)= V(Al)HIEIO(Al)_‘glOA—I_,_OgO: (39)
hence, using Lemma 3.3, we can find an upper bound of £(.#,):
(I =V(A) &, — V(A (e10 + 0,(4)))
S V(A Ky e — 1 V(A) (e10 + 0,(A))) (40)
=< const i, V(4).

A similar estimate can be given for /(4,):

Lemma 4.2. Let E, (A, S;) denote the inverse function of S;(Ay, E;)
=logQ, (A, E,). We can choose

E(A,, 0)=E, (Al, V(A) —Z?—)
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in order to get

QA1 O™ Qe (A1, O S

for all & in a finite interval (¢, &,). so is a constant which depends only

on (61, 62)
Proof. We define

[, 9= =& V(A) " ogQ(4,, ),
0
w(O=8 5 f(41.0).
It is well known that lim f(A,, &) exists if s, (¢) exists [2], and that s,,()
is bounded by a finite function p(&) [4] (see also Appendix D). Let s, be
given by so = sup p(&), thus

ge(&y,&2)
$a, (&) =50,  C€(&y,¢0). (41)
Consider
0 1 A
V) 5=~ 57 "—”%ﬁ
£ 0
=logQ(4,, &)~ m EC— 0(4,,8);

therefore,

Q4,8 V(Ay) SAl(é) = z (lOgQ(An &)+ éEn) e sk,

r

The terms on the right hand side are positive, because Q(4,, &)>e™ ¢ .
Restricting the summation to E,, > E(A;,®) we get

Q4,8 V(A)54,(6) = (log Q(A,,8) + EE(A0) Qg .0 (A1, €) - (42)
Furthermore,

0(4,9)= z é’wéE"291(/11,E(Al,a))e*éﬁt/iw"
EA,a)

Es

logQ(4, &) = log @, (A, E(A;,0)) — EE(Ay,0) = Sy (A,, E(A,,0)) — EE(Ay,0).

According to the choice of E(A,, o) in Lemma 4.2, we have

Sy (Ay, E(Ay, ) = V(4y) 57

log0(A, 9 1) 5, (A, ). 3)
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Inserting (43) into (42) we find

V()
o

QALY V(A 54,8 2
hence, according to (41),

(A1, 8) ™ Qpa, o (A1, O S i Ee(&,Ey). QED.

Since V(A,)"'E (A, V(A,) 6,)—¢,(0,), where ¢ (o) is the inverse
function of s, (¢), we have

SO QE(A],@) )

~ S
02(A) = V(A) " E(d.0) &, (f) =20,

and thus

/(I,)=E(A,,0)—E, S V(A,) (51 (3;) +0,(A,) — 810) <constk, V(A4).
‘ (44)
This is the point where the necessity of taking the limit x, -0 arises:
The length 7(I; ) of I5 ., [defined in (30)] decreases, if 6 —0 as is neces-
sary in order to have V(A)0—0. Therefore, the length of #(J, k, A)
which is given approximately by V(A)/(;,,) increases more slowly
than V(A); [however, an increase of /(.#(9, k;, A)) can be achieved]. If
we want /{F(J, x,, A4)) grow faster than const - k; V(A), we have to take
the limit x, —0.
By definition of # (4, k,, A), E,, € #(J, k;, A). Let us write #(9, x;, A)
as J(0, ky, A)=F* (6, k;, AU I (6, k;, A) with
IO, k1, A)= I, k;, )V{E;E 2E,};
I (0, k1, A)=F(0, k;, A)N{E; E'<E,}.
If we can show that
(IN)zl(S), Iz, (45)

then we know that .#, U.#, is covered by .#(4, k,, A). We divide I; ., in
a corresponding manner:

L=L0lg . IF=In{ese, 28k}
Denote the lengths of I}, by /.. (3, x,), then
LIS, 1y, A)) = 1y V(A) £+ (3, 1,) . (46)
Lemma 4.3. For both signs,

07t inf /4(8,K;)55g 0.
0sk1S4
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Proof. From Lemma 3.3 we conclude that, for 0<k, <1, &(x,) is
contained in a finite closed interval; application of Lemma B2 of Ap-
pendix B then yields the desired result.

Therefore, we can find a function v(5) with

v(d) w0, 000)5;30, 0(d)e(0)— 0,

350
where 7y(0)= min(inf/, (0, k), inf/_ (0, x;)). Define d, by v(d,) = V(A),
then

V(A) o, 1o 0, /(I 0y Ky, ) =1, V(A) /504 K2)

2 V() (684 152 o0

A=
uniformly in x,, 0 <k, £3. Now we have to choose x; as a function x,
of A in such a way that
Ka
S A=
£0(0,)

This is always possible because V(A)Z,(d,)— co. Consequently,

K,—0, V(A)=1x,V(A)

A— 0

m 9

—_—
A=

L(F) o constry
(I (04, Ky A)) - £o(0,) 177

(H5) < const' i,
NI Oura )~ 40, 477

5

L}

and (45) is fulfilled for sufficiently large A; this in turn implies (38), if
we insert k, and J .. Now we define £, by (k) whenever V(A;) =1, V(A).
According to Lemma 3.4,

i B=s1() or s,:(), 47
depending on the case under consideration. Combining the above results
with Eq. (36), we finally arrive at

Kye (o, (A~ 4] ) S0 (AR NS K 0,5 (4),  (48)

where o, and o are positive numbers which can be chosen arbitrarily
small, if 4 is sufficiently large.
With 4 =1 we get
Kpe (1—o)=1=K,,

hence K, —— 1. According to the assumptions of Theorem 4.1,
lim w,f(A®1) exists, yielding o' ~°(4®1), if we couple A, and 4, in
A=

the above way. Again using (48), we conclude that Alim 4,71 (A) exists

and equals @’ =°(4® 1), which completes the proof of our theorem.
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Remark 44. At a first glance, it may seem that the choice of the
tangent at &(x;) in seeking a bound for s, is arbitrary. One might think
of taking directly the tangent at ¢, if s, | (¢) and s, (¢) happen to coincide.
But then one encounters difficulties in showing that .4, U.#, is covered
by #(9, k;, A,). A comparison of their lengths is no longer an argument
since one can no longer exhibit in an easy way a common point of
F 0 S, and S0, ky, Ay).

V. Concluding Remarks

For the study of the equilibrium of two systems, the special kind of
the heat transferring wall and, equivalently, of the energy transferring
interaction does not matter as long as one does not ask questions about
how and when the equilibrium is reached. Therefore, it is a legitimate
procedure to make suitable assumptions, as for instance (C), about the
interaction in order to arrive at Proposition 2.1. The same arguments
yield at least some plausibility that it is reasonable to assume a similar
proposition for the microcanonical state, which amounts to starting
with 2=0, as we did in Section IV. We consider this to be the point
which to improve is most desirable; but in order to do so, one would
have to exhibit more or less general conditions entraining the existence
of the limit }grgo w,E — which, of course, is a hard task —, or confine

oneself to fairly simple models.

Given the statement of Proposition 2.1, the proof of Theorem 2.3
does not depend on whatever assumptions are made in order to guar-
antee the existence of s(g,¢). Of course, one cannot do without the
assumption of stability of the Hamiltonian itself, which is a basic one.
It was also used to conclude that the summations in the expressions for
Q7 (E) are finite.

The same holds true of Theorem 4.1. For its proof we used Theo-
rem 2.3 and the properties of the entropy density as a function of the
energy density. As was pointed out in Remark 2.6, Theorem 2.3 also
holds for systems with different densities g,, ¢,. In Sections III and IV,
the densities enter as fixed parameters only, and consequently, we can
state Theorem 4.1 for different densities, too. If we are solely interested
in system %, and not in the special kind of heat reservoir, we can omit
the case not covered by Theorem 4.1: Case (¢) with s, (g) £ 5, (¢), e.g.
by a suitable change of g,.

In view of the fact that &, may undergo a phase transition at the
temperature 7', it is a satisfactory feature of Theorem 4.1, that the
resulting “canonical” state is defined as a limit of Gibbs states with
converging temperatures &, ': ¢, ' —> B! either from above or below,
depending on the case in question, if we temporarily disregard case (¢).
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Given the possibility of a phase transition, this is precisely the procedure
which one expects to result in a well defined state. This leads to the
conjecture that there are two different limiting states describing pure
phases, corresponding to the cases (g,) and (g,). Then one may ask how
the mixture states could emerge. To answer this question, a good guess
would be that these states can come out in the case (¢) when g, (&)
[defined in (17)] has a plateau. We then may, but are not forced to, take
eq(K) =1 & and, according to the actually chosen sequence, one could
possibly get mixture states.
There is a conjecture stating that

. TroMHAM)—E)A . Trebua4
lim Y] = 1im T SFHGA)
A- o Tr5 (H(A)—E) A— Tre

. 0 a .
if one takes f= a s(o, &) = e lim V(A)™! log 84(H (A) — V(A) ¢).

E A-w
Proving this would be the most direct way of showing the equivalence
of microcanonical and canonical ensembles. But one has to assume that
s (¢)=s’(e) and that no phase transition occurs at the temperature .
Moreover, such a proof would certainly require more detailed assump-
tions about the underlying observable algebra than those employed in
the above treatment.
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to Professor Borchers for a series of stimulating discussions. Furthermore, I wish to thank
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Appendix A

We want to give two simple examples of how assumption (C) of
Section II can be fulfilled.

1. Consider a system . with stable U given by tempered potentials
¢ If we divide & into two parts restricting one group of variables, say
{x;}, to A, the other, say {y,}, to 4,, and define

Ul-:ZZd)k(X“...Xik, U2zzz¢k(yjl"'yjk)*
k... k...

WXy Xpo Voo V) = Uy X V1 Vi) — Uy %, ) = Uy vy s

then, of course, (C) is fulfilled.
2. Let us suppose
(CY (i) W is a symmetric operator given by tempered potentials.
(i) W is relatively bounded with respect to Uy(A, n)= U, (A, ny)
+ Uy(Ay,ny), n=ny +n,:

WA, n) yll =allyl +b[Us(A,n)wl, ypeA(4),

with constants a, b which are independent of A and n, b < 1.
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Now we use a theorem of Kato ([5], Theorem V.4.11), which gives
a lower bound yy .y of Uy + W:

a
Vuo+w = Vv, — Max (T——b ,a+ b|VU0|>

=—nB—max(1a

b ,a—l—an)

= —nB(2+ b) for sufficiently large n,
thus demonstrating that U, + W is stable.

Appendix B

In this appendix, f(x) always denotes a continuous, concave function
of the real variable x. According to [3], the left and right derivatives
fL(x) and [} (x) exist everywhere, and f}(x) < fL(x).

In addition, one can easily establish the following properties which
are not listed in [3]:

Lemma B 1.

(i) If x; <x5,a>0, then f(x,+a)— f(x; +a) < f(x3) — f(xy).
(il) If x; <Xy, then f1(x3) < fL(x5) = fi(x) = f2(xy).
(1i1) If x; <X, <Xz, then

f(x3)— f(x;) > flxz) = f(x,)

= fL(x3),
X3 — X X3 — Xy
and
f(x3)— f(xq) < flx) = f(x;) < fi(x)
X3 —X; = X, — X =

(iv) fL(x)is continuous from the left, f.(x) is continuous from the right.

(V) If >0, then lim f3 (x — &)= fZ (x), im 1 (x + &) = f2(x).
(vi) Let I be a closed finite interval. Then the limits

.1
lim — (/()— f(x =) = /(¥

and

fim (/4 0) ~ ()= 109
are uniform in x € L.

Proof. (1) Assume x; <X, < x5; concavity of f may be expressed as

Xy — Xq

X;:— X
flxy)=z ! : fx)+
X3—X; X3 —X;

f(x3). (B1)

Twofold application of (B1) to x; <x,<x,+aand to x, <x; +a<x,+a
yields the desired result.
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(i) We have only to show that f’ (x,) < f:(x,). Take a sufficiently
small 6 >0 and apply (i) to x;, x, —d,a=09:
J(x2) = flxy +0) = flx, =) — f(x1),
1 1
5 (f(xr) = flx;=9) = S‘(f(xl +8) = f(x1)
Taking the limit 0 -0 we get [’ (x,) =< f1 (X))
(i11) Due to (B1), we have

flx3)— f(x,) < ! (f(x3)— rhs. of (B1))

X3 =Xy X3 =Xy
_ f(x3)— f(xy) .
T xy—x,

|
hence 3( f(x3)— f(x3—0)) decreases monotonically as d—0, finally

reaching the limit value f” (x;).
The second part is proved analogously.
(iv) We consider x < x,, x—Xx,. According to (ii), f”(x) decreases
monotocially for x— x,, therefore exists h(x,)= lim f” (x), and clearly,
JLx)Z h(xo) 2 fL(xo) for x<xo. (B2)
Assume h(x,) > f(x,). Then we can find a ¢ >0 such that

J(x0) = f(x0—9)
0

h(xg) >

2 f1(xo) -

The second inequality is due to (iii). Moreover, due to the continuity
of f, we can find a §; with

Jf(xo=0) = f(xo=0—01) _ f(Xo)=[f(xo—0)
0 - 0 '

The second inequality is due to (i). But again according to (iif),

h(xg) >

o) > 5 (5 =8 = flxg =8 — ) 2 (xg=5.),

which is in contradiction to (B2). In the same way, we can demonstrate
the right continuity of f} (x).

(v) This assertion is a corollary of (iv); fL(x =& = fi(x—& = f (x)
and éijr(l)fi(x—é)=fi(X) imply gij{l)fi(x— &)= f1(x)

(vi) Assume the contrary. Then exist an g,>0, a sequence 0J,,
v=1,2,..., with §,—0, and a set {x,} CI such that

U= 15,8 = (%) 5o ®3)
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The left hand side of (B3) can be majorized by
filxy,=6) = fLx) S flx,—d) — fL(x,),

and this expression can be made arbitrarily small because f_ is con-
tinuous from the left, hence uniformly continuous from the left in the
compact interval L

Lemma B2. Let I be a finite, closed interval on the real axis. For
0>0, x; € I, define

F 00 xg) = f0) + fL0x) (X = xp),
FO:x)={x;f(xX)>tT(x;x) =86 or f(x)>t (x;x,)—5}.

Due to the continuity and concavity of f, #(6; x,) is an interval (y_(5; x,),
V4 (05 x,)), with

FR> 1 (sx) -3 for xe(y- (5 x0x),
J)>t7(x5x) =0 for xe(xy,y+ (05 %))
(05 x1) =1y+(0: %) — x4
Then exists £,*(8) = inf £, (5; x,) and

xyel

Define

o
0
£oF(0) 00

Proof. The cited properties of #(J; x,) are trivial. It suffices to show
that 6/, (d;x,) converges uniformly in x;. This then implies that
4o (8)% 0 and §/£,F —0.

We shall only give the proof for one sign. Suppose non-uniformity;
then there are an g, > 0, a sequence §,—0 and a set {x."} CI such that

..__i_..*,.‘ >e
le@ixy) T
Acgording to the definition of 7,
S5 +4.0,x)=t"(x +4,(5,;x]): x,)— 9,
=f(x7)+ fLx)) (045 x)) =0,
whence, with 7, (5., x )=/,

TR (L1

v

5,
<_....._.__
0= G

As v—co, d, and thus 7, vanish; and the right hand side approaches
zero uniformly in x, aaccording to Lemma B1 (vi), which is a con-
tradiction.
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Appendix C

Proof of Lemma 3.5. We restrict ourselves to case (¢, ), the other case
can be treated analogously.
(i) Suppose k; <k; and
Ns(iy) <nlry) - (Ct
Then 1) <Hs\Ky )

’

Ky 1
K)—¢) <
1—‘K1 (’13( 1) ) 1_K’1

[remember that #,(x,)>¢ according to Lemma 3.4], hence

g:'S(KI) > gs(K{) ’ (C 2)

(r]s(Ki) - 8) 5

and thus

Sy 4 (n5e0)) S 522 (E0ey)) = 554 (k) S 50 L) S 54 (). (C3)

[The first and third inequalities are due to the supremum conditions
(22a, b), the second and fourth ones due to (C2) and (C1).] (C3) implies
that we can put equality signs instead of the inequality signs. Furthermore,

Ky
1‘_‘K1

B(y) = 6=~ (y000) = ) >0 = (1) o)
1

=e*(k;) > E,(k}) (C4)
$22 (@Bs(re)) S 554 (% (1)) = 524 (B (1)) -
But due to (C3) with equality signs, we have
522 B (0)) = 5, (B (K1)).

hence the derivative of s, is constant between £ (x;) and Z,(x,),
and thus

21 (B (k) = 52 4 (6% (1)) = 5, L (%)) = 55 L (B(y)) - (C5)
Combining (C 3) (with equality signs) with (C5) and (C1) we get
st 4 (ns(kD) = 514 (k) = 5, - (% (xy))
st 2 (ny(k1)) = 521 (€% (1)) -
But these are the supremum conditions for x,, fulfilled by #,(k;), with
ny(xy)>n(x;) in contradiction to the definition of #,(x;) as being

maximal. Hence
ns(ky) Z n(kq) - (Ce6)

(i) &,(x,) is a continuous function of x; whenever #,(x;) is con-
tinuous. Now assume that #, has a discontinuity at a point k,. Without
loss of generality, let us suppose that it is discontinuous from the right:
there is an o >0 with

He(Ko + 0) <n(ko)+o forall 6>0.
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This implies a discontinuity for &(x,): for sufficiently small 6,

Ko+ 0

SS(K0+5)=8—m

(ns(ro + ) — &) > &Ko)+ o', o’ >0,
1.e. &(x,) jumps downward as k; decreases to k.

On the other hand, &(x,) goes to ¢ from below as k; =0, therefore,
there must be increasing parts where £(k,) has to be continuous. Thus
&,(x,) assumes a continuum of values as x; —0, and we can find sequences
ki, approaching zero, for which s, (&(k,) =5, ((k,,) because
s,. #s,; is only possible for countably many points.

Appendix D

The exact statement of Griffith, referred to in the proof of Theorem 4.1,
is that due to the convergence of the functions f(A,, &) which are concave
functions of &7, their derivatives also converge to the derivative of the
limit function wherever the latter is continuous:

Lemma (Griffith). Let g,(x) be concave, differentiable functions de-
fined on [a,b], and assume that limg,(x)=g(x) exists. Then we have
limg,(x) =g'(x) for all x where g'(x) is continuous.

g(x) 1s also concave, hence g'(x) has at most countably many jump
discontinuities. g ; and g’ exist everywhere. One can sharpen the above
lemma to get the following

Lemma D 1. Let g, be as above. For all x € [a, b], we have

g+(x) = lim infg,’(x) < lim supg, (x) =g (x).
k=00 k=00

The proof runs completely analogous to that one of Griffith’s Lemma
(Appendix A of [6]), if one takes into account that g’ is continuous
from the left and g is continuous from the right. Clearly, Lemma D1
implies the existence of a finite upper bound p(x) of g, (x).

Appendix E
Notations. d(A)= diameter of A = sup |x — y|;
x,yeA
A(Ay, A,) = distance of A4; and A, = inf |x—y]|;
xedy,yeds

V,(A) = volume of the subset of points of A with distance less than h
to the boundary of 4;

A c0: the regions A tend to infinity in the sense of Fisher, i.e.

(1) V(A4)—co,

(i) there exists a function n(x), 2 € R, o < 1, with li_x}% n(a) =0,

Ve D/ V(A) = (o). (E1)



220 H. Roos

Proposition E1. Let {A;} and {A,} be sequences of regions in IR,
Ajp 0, i=1,2. Then A=A, A, o if and only if

A4y, 4;) = c(d(Ay) + d(4,)), (E2)

where ¢ is an appropriate positive constant.

To be precise, let us introduce a real parameter T and consider A;(t),
Aft)p oo if 1o 00, i=1,2. Then A(r)= A (t)u,(7) is a well-defined
sequence.

Let us define
(4,(v)) _ d(4(q))

o()= —7———=. (E3)

vV
= v d(A,(1)

(A2(1)) 7
We need the following

Lemma E2. If Aip oo, i=1, 2, for 1 0, then there exist constants
ki, k, %0, co such that

o(7)"
e <k,. (E4)

Proof. A—> oo implies the existence of constants C, C’ such that

ky

IIA

Cd(Ay =V = Cd(A)y. (E5)

[V,a14)(A) contains a sphere of radius Fod(A), thence the first inequality. ]
Application of (E5) to V(A,) and V(A,) yields

C, _ Vidy) d(4) _ Cy

C/ ~ dAy V(a) T ¢
and hence (E4) with

ky=C,/C,  ky=Cy/Cy. QED.

Proof of Proposition Ef. We first show the necessity of condition
(E2). Assume that 4(A;, 4,) grows faster than d(A,)+ d(4,). Then, for
arbitrarily small «, we can find a Ay = A;,UA,, such that A(4,,, 4,0)

1
2 " (d(Ay0) +d(A,,)), hence
ad(Ag) Z ad(Ayg, Azo) 2 d(Ayo) +d(Ay0),
and therefore,
Vad(Ag)(AO): V(Am) + V(Azo) = V(Ao) s

which is in contradiction to the conditions for the Fisher limit.
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Now let us assume that A4(A,, 4,) = c(d(A4,) + d(A,)) and thus

d(A() 2 c(d(A, (1) +d(A,(1)) =0(r), '=c+1, (E6)
ad A (A) acG r)(Al) + Vazo 1) 2)
V((/)l) =0 ( (E7)

We consider the following three regions separately (o« < 1):

G, ={<a, 00> ﬁ}
Gz—{(“ 7); 7 = o( Zl/-}
Gy = {(0.7); /> 0(1)}

(i) (@ 7)€ Gy: then d(A,) <)/ ad(A,), ab(x) Sac'(1 + /=) d(4,), and
hence

a@(r)(A ) ac (1+V—)d(A1)( l) < ’
< 1 , E8
py S T S Ya), (EY)
because we suppose A; —> oo, i.e. the existence of m; () such that (E1) is
fulfilled. Furthermore,

V) _ V) _ 4 _ 3

< < <k v<k E9
) Sy S = ot sk B
according to the above Lemma. Insertion of (E8) and (E9) into (E7)
yields

Bt <), 200 =k a1+ V2. (E10
(i) (x, 7)€ G, implies —1}* d(A )2 [/d(/l ; therefore
o
1
af(t) S ac’ (1 + 7) d(4y),
o
af(t) Sac (ml/l-—w + 1) d(Ay);
o
aB(t)(A ) (a+l/“)d(/1,)( ) ’ .
vy = V(A) =m0 ), i=t2,
Ve (4)

7 <nP(@), 12 @)=mr(@+ /o) )+, @+ 0)c). (Ett)
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(ii) For («, 7)€ Gy we have d(A,) < |/ad(A,), thence
o 0(z) < e’ (/o + 1) d(Ay),

%%l < my(e' ([ + 1)),
and
K;T()il/)ll) éVI(/le;) =y(1) = Q](:)v = is
2 1 !

which yields

<

Vaau(A) _
VA =

From (E10), (E11), and (E12), it is clear that

13 (a), () = %2“ + 1y’ (1 + ]/&)). (E12)
1

n(e)= max 7n'(a 0
(o)  max ()-=0,

and

v A .

Yaaa(4) Sn(w) forall a<i, ie. A—poo. Q.ED.

V(4)
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