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Abstract. The absence of strong interaction corrections to the axial anomaly in the
o model is proved in a cut-off independent way using Zimmermann's normal product
algorithm.

1. Introduction

In 1969, Adler [1] suggested that there are no higher order corrections
to the axial anomaly [1-37]. This suggestion was supported later by
Adler and Bardeen [4] with convincing cut-off dependent arguments in
the framework of spinor electrodynamics and in a simple version of the
Gell-Mann and Lévy ¢ model [5] coupled to the electromagnetic field.

In the case of the ¢ model the arguments proposed by Adler and
Bardeen are, however, much weaker than in the case of spinor electro-
dynamics. In fact, Adler and Bardeen do not prove the renormalizability
of the model and use Ward identities without being sure that they are not
affected by the renormalization procedure. Unfortunately the more
relevant case is actually the former because, using the Adler-Bardeen
result in the framework of the model, it is possible to compute the low
energy value of the n°— 2y amplitude.

Recently, Zee [6] and, independently, Lowenstein and Schroer [7]
have proved the absence of radiative corrections to the axial anomaly
using the Callan-Symanzik equation [8]. In particular the proof given by
Lowenstein and Schroer using the Zimmermanns normal product
algorithm (NPA) [9] does not involve any cut-off procedure. Using the
method of Lowenstein and Schroer we prove in this paper the Adler-
Bardeen theorem in the simplified version of the ¢ model in which the ©
is an isoscalar meson and only one fermion field (say, the proton field)
exists.

The paper is organized as follows. First we state the renormalization
rules for the ¢ model using the NPA (Section 2). Then we derive an
equation analogous to the Callan-Symanzik equation for our model
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using the method developed by Lowenstein [10] (Section 3). In Section 4
we discuss the consequences of the coupling to an external electro-
magnetic field and we prove the theorem.

2. Renormalization of the ¢ Model

The renormalization rules for the ¢ model are widely discussed in the
existing literature [11—137]. However, the ¢ model with spinors has never
been treated before in the framework of the NPA, therefore we have to
study it in some detail.

We consider a truncated version of the ¢ model which contains only
a proton field () a neutral pseudoscalar () and a scalar meson (o). By
definition of the ¢ model, an axial current j4(x) exists that satisfies the
Ward identity:

B ARXD = —eCr(WXD 1Y 6(x —x) rl) Xy +
=13, 00 -3) o)+ F) Xz —%{‘lika(x—z;) F75P* Xogmde

+ 300 2) <(y5w<x))a,X@>+} 1)

where { >, means the vacuum expectation value of the covariant time
ordered product, X is any product of fields:

X= H o(x) H (7)) n e If[kw(z;)ﬁk @)

and the symbols X;(z;, etc, mean suppression of the corresponding
field from the product.

We shall first show that the existence of the identity (1) is sufficient to
determine the parameters of the effective Lagrangian of the model in
terms of the physical parameters [12]. Afterwards we will show that in
the model corresponding to this effective Lagrangian, a current j% actually
exists that satisfies Eq. (1).

Let us begin to show how Eq. (1) determines the parameters of the
effective Lagrangian in terms of the physical parameters. Since we are
interested in deriving from Eq. (1) conditions on the proper vertices that
can be directly translated into relations among the parameters of the
Lagrangian it is convenient to recast Eq. (1) into an equation for the
generating functional of the Green'’s functions.

Let us consider the vacuum functional of the model S,[J,, J,, #, 7]
Here J,(x), J,(x), #(x), (x) are the external sources of the «, g, v, P fields
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respectively [14]. The functional generating the connected parts of the
time-ordered Green’s functions is:

Z[Jm Ja’ 1, ﬁ] =—i logSO[Jm Jaa 1, 7]] .

Integrating (1) with respect to the variable x we get the equation for the
vacuum functional:

3
[ dx {i(c +J,(x)) 55,09 F) 3)

0 0
— 4 7x ——S,+S 1 x)}=0
2(7’( )‘yS (37’](.)() 0 0 511(36) Vs ’7( )
and the equation for Z:

o 0
_[dx{J,:(x)<5J( ) Z+F) (c+J,(x))mZ

5 |
S o= 19409 (

. < ©
L (‘(x) 0 7470 (x))} —
A T R T R
It is now convenient to define:
0 0
I(x) 5T Z; X(x) 5T 2
5 5 ®)
Y(x)= - Z g_, X)=2Z——
8= G709 =25
and to perform the Legendre transformation:
W[z, ¥, ¥]
(6)

— [ dx(I1(x) (%) + Z(x) (J,(x) + ) + P(x) n(x) + 71(x) P(x)) -

+ [dxc Z(x) is the functional generating the proper vertices [15].

Since s s
S W= —J(x); 330 W= —J,(x); o
b 5 _
WW‘—‘ -n(x); Wm)‘:—’?(x)
we get, from Eq. (4):
0
.fdx{H(x) 5200 W—(2(x)+F)—=—— ST w o

i (= 0 0
+ 7(?’(X)V5WW+ SV Vs Y’(x))}
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If we assume that all the terms of the effective Lagrangian are Zim-
mermann’s normal products N,, then their coefficients are proportional
to functional derivatives of W.

Indeed let us consider the most general effective Lagrangian for the 7,
o and v fields:

. _ _ _ 1+b
Legg =Ny [;(1 +a)ip Oy — APy —ig, PysYn — g, Pyo + Tl(ﬁut)2

)
1+b B
ki 2(6 0)? 71n2~—%—02—21n20—2203—/13n4

-+

—Ag0* —dsmta?

The values at zero external momenta of the superficially divergent proper
vertices are given by the coefficients of the Lagrangian. If W is the
generator of the proper vertices, we have, for example*:

5 5
0p,——= W —
"oW(—p)  5¥(p)

} =1+a,
¢=p=0 (10)

%Trﬂ LA } }=_A.
5?’(-—1}) 5lP(p) e=p=0

We can solve globally Eq. (8) by using the method of Symanzik [12] and
we obtain for the ¢ model:

iTr {vu

P = [ 1+ a)pdy—(m+ AP (1 + A (imys+ (1 + d)o))tp

1+b f u+

+ ——((0,7)*+(0,0)") + > (0,0 — —5—(n*+7?)
(11)
B 52+C g2 9°+C g o + 07— 52+C 922 0>+ 1)
2 2 m

2 2
—ZDia"’——3Dg—zaz(nz-i-c'z)—Eg—za4
m m m

where m, p and |/ u* + 6% are the masses of the proton, n and o, F =m/g,
a, b, A, B and C are given by fixing the position and the residue of the

! We put
flase ™ [l wetmro(ia)
idxe ! i W=Q2n qi i
Y T 0p(x) 1 ) 1 549(‘11)

where ¢ is any field.
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poles of the proton and n propagators and the position of the pole of
the o propagator, and we have:

[52(0) (511(0)) W}

[(3 ( 6H<0)) ( 525(0>)2 - ( 515(0) )) W} = ~36D,f,—22,
n

g (52(0)) (517(0))2 W}

[(( ) (525(0))2<51'(15(0))2) WL:o = —(36D+24E)51—22,

m [6 p ) o o
g 8| 5H0) ShG) s5(=p)

m
g

d

p=¢=0

1 . ) o o o
[ “ — w =
8[6"“‘3” (62@) 55(—p) oIl 5H<—p)) } /s
i"-[(———fs )2Tr{ S w _g H
49 |\ 0II(0) oY% (0) 0¥ (0) =0

im [ ) ) { 1) 0 H
=—|—= —Tr = w
4g |60(0) 635(0) 1680 %0 | _,

1 ( { 5 5 5 s 5 5 H
= — TI' —_— = = +1 ~ = W ~

4 §2(0) sP©0) S¥O0)  SH(0) 5%(0) 'P(O)
=—%(m+A)d. (12)

The parameters D, E, d, f are proportional to the value at zero external
momenta of superficially convergent vertices, therefore they are known
functions of the physical parameters m, p, , and g.

We will now show that in the theory defined by the effective Lagran-
gian given in Eq. (11) an axial current j%(x) that satisfies Eq. (1) actually
exists.

We shall start by showing that the current

— m
JRx)=Ny[o0,n—7n 0,0 +5Py,5w] (x)+ " 0, m(x)
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satisfies the corresponding integrated Ward identity. Indeed, using the
method developed by Lowenstein [15], we have:

0= [ dx 6, ()X =i 3 () X +

3 {Zk (P

+ [dx <{N4

—fon+(6*+ C)no +

m
).

p
5)’3"X'p(/z\,;)m(>+ + ;1 sv(z)y X@>+}

82 +C
2

LA
m

n* +a?)

(13)

2

2
+ 6D%n02 + 6D%7w(n2 +02)+4E—5-12—037T+ im+A)pysy

m+ A _ .
+ gdp(n—iyso)y|(x)—N; (6 + C)no
82 +C
; %n(nz+02)+6D%n02+i(m+/1)¢)’5w (x)

—%(u2+B)n(

0fx) .

In the right-hand side of Eq. (13), terms of the kind | dx 0,{0*(x)X)
have been forgotten. Denoting by S,(x) the polynomial in the fields
which is N5 in Eq. (13) (that is the proper source of the = field), we have

by Zimmermann’s
degree:

“ dx{N3[S ] (x) X}, = f Ax{N,[S,+c;no+c,m0

identity [9] relating normal products of different

3 _ . (14)
+eyoint e, pyn+icsPyswo] (X)X,
where:
____Lln_ u 4 0 o
‘=78 10O SH ) STHG) S5 (=p) }
m([ & o \*
=" %4530 (517‘ (0)) W}
mi/ & \° o \?
€= G_(az«») (617(0)) W]
“as) 5r ¥ sial
Cp=—— =~ Tr = =~ 5
4g |\ 811(0) 5P©0)  0%(0)l,_0 s
im[ s S { B 5 H (15)
Cs=—|—= ~— Tr{—= =——7s .
4g [ 5110) 520) L6%©) 6% fl,—o
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Let us assume for a moment that ¢, = cs then, choosing for d, f, D, E
the values given in Eq. (12) and taking into account Eq. (14) and Eq. (15),
in the last term of the right-hand side of Eq. (13) everything cancels

except — (—Z}) (4> + B) [ dx{n(x) X ), and we obtain:

0= [ dx 3,GOH) X, =i 3, (nx) XD+
S o 2P
1 g +

) » (16)
- %{;k a0 Xatzped+ 3 s Xm>+}

W B [

Thus the integrated Ward identity is proved.

Suppressing the integration and bringing to the left-hand side all
the new terms appearing at the right-hand side which have the form
—0,(J"*(x) Xy, we obtain Eq. (1) with j& ="+ jDx

It remains to prove the c, =cs.

If the integrated Ward identity is verified this happens order by
order in % (i.e. in the loop number). The Feynman diagrams corresponding
to ¢, and c4 are superficially convergent, thus to a given order in # they
contain renormalization corrections of lower orders. Now it is easy to
convince oneself that if the integrated Ward identity is true to n'® order
in 4 then ¢, = c¢5 to (n+ 1) order, this implies that the Ward identity is
true to (n+ 1)™ order. Since the integrated Ward identity is valid to 0
order (a=A=d=b=f=B=C=D=E=0) we can conclude that
¢, =5 to any order in 7.

3. The Callan-Symanzik Equation

We now study the Callan-Symanzik equations for the model defined
in Section 2. Lowenstein [10] has shown that in the framework of the
NPA a class of generalized Callan-Symanzik equations for the ¢* model
and for a massive vector meson model [7] can be obtained in a straight-
forward manner. Indeed the differentiation of a Green’s function with
respect to the parameters of the theory is equivalent to the insertion of
new vertices in the corresponding Feynman diagrams. The independent
vertex insertions (DVO’s) correspond to the different terms in the
Lagrangian. If there are more differential operations than DVQO’s, one
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gets directly linear relations among the differential operations (these are
the Callan-Symanzik equations). Since our Lagrangian contains 13 terms,
we have to exploit the content of the Ward identities in order to use this
method.

We will show that six “differential operators” exist that leave un-
changed the integrated Ward identities. They will thus be expressible in
terms of symmetric linear combinations of the 13 DVO’s.

Then we will show that the symmetric DVO’s are only five and
furthermore that only one symmetric vertex insertion of degree smaller
than four exists (the actual degree being two). From these results the
existence of two independent generalized Callan-Symanzik equations
immediately follows.

We now study how the differential operators change the Ward
identity (8). Taking into account explicitly the parameters of the model,
we can write Eq. (8) in the symbolic form

R(F) W(g, m, i, 8) =0 (where F= %) (17)
if we multiply g by 1+ % we have to first order in 4:
R(F(1—n) W(g(1+n),m, p, 6)=0. (18)
Comparing Eq. (17) and Eq. (18) we get:
—F(0xR)W+R(g0,W)=0. (19)
From: s 5
F(0pRY\W=F |dx ——— W= —R|F |dx W)= —R(FA,W
ORI =F TS (Fias 5 )= R b
we have:
R((gd,+F4,)W)=0 (21.a)
and, by the same method, we get:
R(mo,—FA,)W)=0, (21.b)
R(uo,w)=0, (21.¢)
R(©0;W)=0. (21.d)

The operator

0 0

multiplies each vertex by the number of the corresponding boson legs.
Since:

[RN; — N;R]JW=RN, W=F | dx 0

SII(x)

W=—RFA,W. (22)
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We have:
R(Ng+FA,)W)=0. (23)

In much the same way we can show that the operator Np which multiplies
each vertex by the number of proton legs satisfies the equation:

R(N,W)=0. (24)

For s=m, u, 6, g Lowenstein has shown that:
13

so,W=Y,(sd,c) 4, W (25)
1

where the ¢; (j=1... 13) are the coefficients of the 13 terms of the
Lagrangian and the DVO’s 4; represent the insertions of the correspond-
ing vertices.

It is also easy to see that [10]

13
1

13
NeW=Y,p,4,W (26.)
1

and by Zimmermann’s identity:

13

FA,W=Y,f,d;W. (26.)
1

By Egs. (2l.a—d), (23), (24), (25), (26), we know that the operators
mo,—FA, pd,, 60; go,+FA4,, Ny+FA, and N, correspond to
linear combinations A of the 4;s such that:

RASW=0. 7)

We now determine the number of independent 4. Suppose we change
the coefficients of the effective Lagrangian in such a way that the
generators of the proper vertices W(f,...,[,) corresponding to the
new Lagrangian

LurlBrr s )= LG+ Z BN [OS] (28)

satisfies the equation R(F) W(f, ..., ,)=0 to first order in the f3,S".
Then to each O there corresponds a 4! since

[aij W(By, ..., ﬁv)]ﬂ=o = [R(aﬁ, W(By, ..., Bv))]ﬁ=0 = R(A}S) W)=0. (29)

We know that, at fixed F, all the coefficients of the Lagrangian are
known functions of five parameters (those which are fixed by the nor-
malization conditions) hence we can infer that the number of independ-
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ent As is five. An alternative procedure to find the A{s is to use the
equation: '

0= [dx 0, GP*(x) A0 XY, = —c [ dx{n(x) 4D X, — ;[ dx<{n(x) X >,

+i Y {n(x) AP Xy + =i ;0 () + F) 45 X + (30)
1 1

p —
- %{Zk <(1P(Z;)')’5)BkA(S) Xeeom>+ + Zz Vs ’P(Zl))a,A ti(z,)ul>+} >
T

where A% =i [ dx N,[0{®] (x), which is equivalent to Eq. (29). Indeed if
Z(By,..., B, is the generator of the connected Green’s functions for
the Lagrangian % . (f,, ..., f,) it turns out from Egs. (4) and (30) that
Z(B, ..., p,) satisfies the integrated Ward identity (4) where c is replaced

by ¢(By,.... B)=c+ Y, c;B;. Then we can perform the Legendre trans-
1

formation given by Egs. (5) and (6) [replacing again ¢ by ¢(f, ..., )]
and we obtain a new functional W(f,, ..., B,) satisfying Eq. (8) and
consequently Eq. (29). [It is easy to show that

W(By, ... B)+ [ dxc(By, ..., B) Z(x)

generates the proper vertices.]

There remains to be studied how many independent vertex insertions
A® =i[dxN[0®](x) with d<4 exist in the model which satisfy
Eq. (30). For 6 =2 we consider:

49 = %f dx N,[E(n? + 6%+ (0?] (x). (31)

By Zimmermann’s formula, we obtain:

[ dx{(N3[S,1 () = Ny[S,] ()48 XD+ = [ dx{<{N,y[c;n00 +cyn°a
+e30°n+ ey Py +icsPyspa] ()4 X) . (32)
+(d; $+dy ) <N, [o7m] () XD, }

[compare with Eq. (14)]. Then we get in the same way as Eq. (13):

Jdx 0,9 49X, =13 ) 4 X
(LR )"(S)X"‘”> H% P Ko
1
) ] ) (33)
+3 <(v5w(z,>)a,A5§)Xm>+} — 4 4 B [ dx () 45X
1

- % £ dx{m(x) XY 4 +(L(1—dy) — d; &) [ dx{N,[o7] () XD .
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In order to obtain Eq. (3), we have to put £(1 —d,) —d; £=0. There is
thus only one 4 for § = 2. In much the same way it can be shown that
there is only one A for §=23. It then follows from Zimmermann’s
reduction formula that the two symmetric insertion with 6 =2 and 6 =3
are proportional.

We can conclude that only one symmetric insertion (4$) exists of
degree 6 < 4.

Now it is easy to obtain the generalized Callan-Symanzik equations.
Indeed, using Zimmermann’s identity, we can write:

5
AP =% 1,4 (34.a)
1
and by Egs. (21.a~—d), (23) and (24)

5
1
5
k= S,

5
5 65 = Z] uJAﬁs) N
; (34.b)
go,+FA,=Y% 0,49,
1

A

5
Na+Fd,=Y,;w,49
1

5
— (S
1

There are consequently two independent linear relations among the
quantities (34.a—b) which we may take to be:

(D+tNg+uNp)W=(1—1—h—0)FA,W+vAS'W, (35)
D'+t Ng+uU N )W=(1—=1I—W —t)FA,W+0 ASW (36)
where
D'=A0,+hgo,+I(u 0,—m0a,)
and
la/l:mam-l"/.iau—i-éaé. (38)

The values of the coefficients h, I, t, u up to second order in g are com-
puted in the Appendix.
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Before concluding this section, it is convenient to see how Eq. (30)
transforms if we suppress the integration. The new terms which appear
in the left-hand side have the form

=0, {0 AP XD 4 + (L) XD 1}
where i=0,..., 5; bringing them to the right-hand side we obtain:
0, {5 A XD 1 + (LX) XD 4 )= —(cm(x) A XD 1 + (X)X )

+i ii 0(x —x) {n(X) A X550 + — 1 ijé(x —y)e(x)+F) 4 X755+ (39)
1

1
2

»—M'q

1 {00 —2) KB(x)ys)* 4 Xm y+ + 0 (x —2) {(ys (X))o, 4 X0+ )

where 0 . 5 s 5

. . . . . /

JA=jO"+jO; 4= Zi B4 ¢'= Ziﬁici
0 0

and

5
j;u = Zi ﬁz]ls!f .
0

We now write Eq. (1) and Eq. (39) more compactly in functional form.
Let us consider the Lagrangian:

L& Bos ... Ps) = L5 + Z Bi N[0T+ Bo N2 [0G] + .5 (Bos -5 B5)

(40)

where j5(Bo., ..., Bs)=j5 +js and «, is an external axial field. If the

corresponding generator of the connected Green’s functions is Z[o,, f]
we have by Eq. (1) and Eq. (39) up to first order in the fs:

2081 = 010957y

0
0p——— 50,09 Z[oc#,ﬁ]+F>

_(Jv(x)+c(507318 )) Z[O(”, ﬁ] (41)

<_

( )

$
0J(x)
i

0
5 10 s 200 B+ 2000 B 5

. pona).

4. Proof of the Theorem

We shall now discuss the coupling of the ¢ model to an external
electromagnetic field. We will first study the changes of the Ward
identities due to the electromagnetic field. Then using the modified Ward
identities we shall show that the proper vertices containing photon legs
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satisfy the Callan-Symanzik equations (35) and (36). Finally, using
Eq. (35), we shall prove the theorem.

Taking into account the vector current conservation we add to the
effective Lagrangian the coupling term:

e(1+a) N;[$y,plA*=j, A" (42)
where A* is the vector potential.

Let us consider how the Ward identities [Egs. (1) and (39)] change
in the presence of the electromagnetic field. We develop in the usual way

the divergence 0,(j#X Y), when Y= [];j,(w). Since j, is formally
1

chiral invariant each term of Eqs. (1) and (39) can be multiplied by Y
(within the vacuum expectation value). In addition new terms coming
from the reduction of N5[S,] to N,[S,] in the presence of the vertices (42)
must be introduced. [ Denoting

CN3[S:] = Na[S: ) XD+ =<AXD.,
CN3[S: ] = Ny [S: DX YD =<AX YY), +<BX),,

we are just considering the terms {BX),.] Because of vector current
conservation and charge conjugation we see that:

(i) no proper superficially divergent diagram exists in the model that
contains N,[S,], one, three or four currents j, and any product of the
insertions 45 (i=0, ..., 5);

(i) the only proper superficially divergent vertices with one N,[S,]
vertex and two currents have no external leg except the two photons
and contain no 4§ insertion.

Comparing with the discussion at the end of the preceding section
we can immediately write the Ward identity:

Zlo,, A, 1=, (x)( Zla,, A,, ] +F>

0
= (o) +c(Bos -, Bs) <7 57,0 Zoy, Ay B

0 0
REere) 57,09
< @)
= (T8 s 200 Ay B+ 2L A ] 5 5000

F1(Brs oo Bs) 0 F, (X) Fyp(X)

where Z[a,, A,, f] is the generator of the connected Green’s functions
corresponding to the Lagrangian

LM =LH0+ A" Fy=0,4,~-0,4

uv ity T Uy iy
and

5
r(Brs..s Bs) =1+ ;i riBi
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1 . s
=gy ¢ 104 O XNs S, ] (0)/,(a) j,(k)>5 1 =g =0 » (44)

- e [0,, 01, <N3[S,.1(0) 45 j,(9) ,(DFRF] = gm0 - (45)

841
The last term in Eq. (43) is the axial anomaly. Performing again the
Legendre transformation (6) we obtain the new generator of the proper
vertices W(a,, A,, B] which satisfies the equation:

0 1
-0, 52,09 Wlo,, A,, B1=(Z(x)+F) SII(x ) Wla,, A,, B]
é
109 Wl Ao B = 5 (P05 s W B 46
+ Wla, A“’B]Eg@ )) By ..oy Bs)e" OO F, (X) F,y(x)

up to first order in the f;s.
We now come to the Callan-Symanzik equations for the proper
vertices with v photon legs which are generated by:

v

b
1’[ e W0, 4,,,0]

Moo py ®
A,=0

(47)

In this discussion we never consider the vacuum polarization vertex.
Following the procedure used in order to obtain Eq. (25) and
Egs. (26.a—b), we get for s=m, u, o, g:

SO Wy, . p—V(sOslog(l+a) W, ., = Zj(sﬁ W.ou,»(48.2)
Woi Z,bA Woso (48.b)

13
( 2V) K1 Py ZJpJAJ Hpeeefy ® (480)

Zimmermann’s identities (26.c) and (34.a) are modified in the following
way:

FAW, .y~ vy.(1+a)” ‘W, Wiooon = ZJfJ W, oty 2 (49)

A((SS)WM--.MV vys(l+a)” W, W= ZJVAS)Wux Sy (50)
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where:
=1F4 {Tr{ —5— ——r—5 W0, A Oj—H (51)
Te= e85 54,00 080 T 6 (0) 4o’
ys=3% 49 {Tr{y —75— ;L w[o0,A4,,0] —~——} . (52)
" 5A4,00) 5%(0) P 8Y(0) ) a=e=0
Since the vector current is conserved, we also have:
ydziFA,[Tr{ﬁ’p Oy 0 H , (53)
0¥(—p)  0¥(P))ly=p=0
5 L3
ys=4% 49 {Tr {5}, - w ~5 H . (54)
5?(—[)) 50{/(1)) p=¢=0
By applying Eq. (35) to the vertex
[Tr{ﬁp “5 114 ~5 H =14a
0¥(—p)  S¥(P))lp=p=0
we obtain:
Dl+a)+2u(l+a)=1—1—h—1t)y,+vys. (55)

Comparing Egs. (48.a—c), (49), (50) with Egs. (25), (26.a—c), (34.a), we get
the Callan-Symanzik equation for W, corresponding to Eq. (35):

1.0y

(D+tNg+uNp)W,, . —v(Dlog(l+a)+2u)W,, .

=(1—=l=h=0F AW, . +0vAQ W, ., (56)
V(I =I=h—=t)yp,+oys) (1 +a) " W,, .
which, by Eq. (55), becomes:
(D+tNg+uNp)W,, . =(1—1—h—0FA,W, , +0d®W, . . (57
Recalling that r is proportional to
Fe |, a"“ﬁi_(qT W Sgn A R

and applying Eq. (57) to r, we obtain:

Dr=(DlogF)r+FD— =(1—I—h)yr—tr+(1—l—h—t) FA,r +0ASr.
F (%)
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To recast Eq. (58) in a simpler form, we remark that, from Eq. (46),
we have:

v sy 5af(x) 5Ai<y) e W[““’A“’OJLA:(,,:(,
- [jdw 525<w) 5119 5Ai<y) 5A5v<z) W[O’A“’OJL,,,;() )
{Mfm 5Ai(y) i A”’OJL=¢=0
~fows 5af(x) 5A(z<y) e e A ﬁ]LW:A:w:o ”
F 2 37159 5Ai(y) 6A5v<z) W[O’A“’ML=A=¢=O'

Applying to the left-hand side of Egs. (59) and (60) the well-known low
energy theorem for the vacuum expectation value of the time ordered
product of the divergence of the axial current and of two electromagnetic
currents, we obtain:

o é 0 o

uveo %%
Hm &4 g, O, [F 52(0) OM(—k—gq) 0A,(q) 04,k [0, 4, 0]
" 5 5 5 (61)

+ - WI[0,4,,0 l =0,

S(—k—a) A0 oA A0l
é 0 o ]

lime**2°g, 0, |0 WI[O0,4,, =0.
k—>08 e ka[ bo 5H(—k—q) 5Aﬂ(q) 5Av(k) [ # ﬁ] A=B=¢=0
ko (62)
From Egs. (61), (62), we obtain FA4,r= —r and A r=0. Then Eq. (58)
becomes: Dr=0. 63)

For reasons of dimensionality  is a function of g and of the mass ratios.
In terms of the variables g, x=(6%/m?) — V%q, y=(dm/u?), Eq. (63)

becomes: (H(g, x)g ag + L(g, X) av) r(g’ x) =0 (64)

where the fixed parameter y is omitted. From the Appendix, we obtain:

0

H(g, x) = gg;x) Z,,,Z wnd" X", with Hyo=1, (65)
(&)
1 , X © ©
Lg.0)= — 2 D= 5 T L™

4 (——) o 0 (66)
4z
with Ly =0 and L,,= ]/4_16
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since H, L, and r are formal power series in g whose coefficients are
analytic functions of x around x =02, we put:

©
r=ry + Zm Zn rm,ngmxn
1 0

and we obtain, from Eq. (64):

m’ m

o8
»—-MB
OMS

©
" Zn m+m’xn+n'+Lm,,n,ngmﬂ-m'xn-?-n’—l)rm’nzo (67)
0

which implies that for any M and N:

M N
Zm gn rm,nHM—m,N—n+(n+l)rm,n-i-lLM—m,N—n):O' (68)
1

For M=1, N =0, Eq. (68) gives r; ¢Hy (=0, for M =1, N =1, we have
r1,1(Lo,1 + Hy o) =0 and taking into account the relations obtained from
M—luptoN N—-1wegetforM=1 N= erN(H00+NL01) 0.
If we now increase M, we obtain for arbitrary values of M and N:

(MHy o+ NLg )y n=0 (69)

(since of course M H, o+ N L, ; never vanishes). Equation (69) implies
that » = r, which does not depend on y. Thus the Adler-Bardeen theorem
is proved.

5. A Comment

The proof of the Adler-Bardeen theorem for the ¢ model is analogous
to the one given by Zee and by Lowenstein and Schroer in the case of
spinor electrodynamics with some differences which are due to the
structures of the models.

Indeed a “true” Callan-Symanzik equation does not exist in our
case. By “true”, we mean an equation which does not contain derivatives
with respect to mass ratios. It is interesting to point out that in the case
of the ¢ model without fermions a “true” Callan-Symanzik equation does
exist. The basic difference between the two models is that in the symmetric
limit the proton is massless.

Acknowledgements. 1am deeply indebted to Professor R. Stora for constant encourage-
ment and help. I wish also to thank Professors J. S. Bell and V. Glaser for interest and
discussions.

2 For x =0and y~ 1, all the particles of the theory are stable.
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Appendix

To compute the coefficients of Eq. (35) we apply it to some simple
vertices. To zeroth order in g we immediately obtain:

I=h=t=u=0,
52
=— — Al
b= u? (A1)
To second order we start considering the vertex:
1 [ 0 1)

— 0, Opp—~—r—~ —=——W =1+b A2
R e (42

where b~ O,,,. Since A0,(1 +b)=0 we have, from Eq. (35)

hg d,b+ 15 85— md,)b+2t(1+b)

FA ) )
PR P P w A3
( " S[WPammanem wa (A3)
) )
[apuap“ 5H( ) 5H(—— ) A(S)W] st

selecting the terms which are O we obtain:

Zt-i[aa 0 0 (FA +(5_2_#2)A<s>)w] (A4)
8| 7" sM(p) S(—p)\" "7\ 2 ) pmpmo

which can be written in the form:

dg 0,0, 52
2t=—i[j (2:)4 B (FA ( > ;12)A‘(,S))I(q,p)} (A.5)

p=0

where I(g, p) is the integrand corresponding to the sum of Feynman
diagrams in Fig. 1:

| |
| T | T | T
A L
AN
// \l 3 K
L@ g
\ / i
\ / "
N4
i
| 1
i T 1
D D, Dj
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A, represents the addition of a ¢ leg and 4% the insertion of a (n? + ¢2)/2
vertex. Up to one loop the Feynman integrands satisfy the equation:

2
(FA +(5 uz) ABS’) 1(q,p)=10,1(g, p) - (A.6)
Thus 2
i dq
2t=— [“ (2 )4 lal Pu pﬂl(q>p)Jp—0 (A7)

¢ is completely determined by the non-integrable part of 0,,0,.1(q, p)
(for the integrable part we can extract J, from the integral and obtain
zero). Thus the only contribution to ¢t comes from D :

1 1
mamap”apﬂ Tr{y5 — Vs — }

1693 o
) (A.8)
ig?| 1 _mo ! =21,
J (271.)4 m (qz _m2)2 47
In much the same way, applying Eq. (35) to
1

4

P

Tr{ﬁp _6 w ~5 H =1+4+a
59:’(_17) 5!}7(17) r=¢=0

we obtain to second order in g:
dgq

i
U= —
f 2my*
where I'(q, p) is the integrand corresponding to the sum of diagrams in
Fig.2

40, Tr{8,I'(q, p)} (A.9)

Y T i4 4
D, Ds
Fig. 2
Thus
_ 1o, dg 1 1
y 2 Y f(2 ) m*[ {ﬁ (M—m > —p* =9
1 1
— A.10
[ ———— YS)HFO (.10
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Then considering

{rdnsmo 550 ¥ 550
oI10) 6¥(0)  6¥(0))l,=0

we obtain: R
h+t+2u=0 and h=4<49—n) (A.11)

since the divergent parts of the two diagrams in Fig. 3 cancel.

Finally we consider the vertex

3Vl —lsesol
oI1(0) 0=0 m?
Taking into account the diagrams in Fig. 4:
AN 4 7z, ”\\y i J(\\X S
/ \\\ T
! :
4 '\\n //I ‘ :,:"
\J/ o
~7£/ \\'7[ ;(//)(\\_7( _;r//A \\.7(
Da Dg Dlo
Fig. 4
we obtain: ‘
5292 5292 . d 1
(h+21+421) 2 =2l =g [(2 7 l@l[Tr{( P )}
& 9 1 + 1 1 _3 g*
m*\ 4 (®—p> 4 (P-4’ -0 (4n)?

It then follows:

2 5 52 m2
=) (545 N
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For (52/m2)=[/§l =0 because the divergent parts of Dg, Dy, and D,
cancel.

Thus we have up to second order in g

g\’ 5.,
D=ial+4<ﬁ) (gag+<7«: —4)65)

where ¢ = (62/m?).
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