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Abstract. We consider quantum field theoretical models in n dimensional space-time
given by interaction densities which are bounded functions of an ultraviolet cut-off boson
field. Using methods of euclidean Markov field theory and of classical statistical mechanics,
we construct the infinite volume imaginary and real time Wightman functions as limits
of the corresponding quantities for the space cut-off models. In the physical Hilbert space,
the space-time translations are represented by strongly continuous unitary groups and the
generator of time translations H is positive and has a unique, simple lowest eigenvalue
zero, with eigenvector Q, which is the unique state invariant under space-time translations.
The imaginary time Wightman functions and the infinite volume vacuum energy density
are given as analytic functions of the coupling constant. The Wightman functions have
cluster properties also with respect to space translations.

1. Introduction

In recent years the mathematical construction of quantum field
theoretical models has made an impressive progress®. For the poly-
nomial interactions? in two-dimensional space-time all the Haag-
Kastler axioms for a quantum field theory of local observables have been
verified, as well as most of the Wightman axioms 3.

In particular in these polynomial models (and also for certain
2-dimensional boson models with exponential interactions [4]) the
existence of a vacuum state has been proven*.

This was sufficient for Glimm and Jaffe to build a theory in which
the Wightman functions exist and have some of the important physical
properties embodied in Wightman’s axioms.

The question of the uniqueness of the vacuum has not been tackled
yet. The vacuum state is only obtained by a compactness argument as

See e.g.#[l] and the references given therein.
See e.g. [ 1, 2] and the references given therein.
See e.g. [1-3]. See also footnote S below.

1
2
3
* This has been proven also for the two-dimensional Yukawa interaction [5].
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limit of a subsequence of space cut-off vacua, so that the possibility of
different subsequences giving rise to different vacua is not ruled out”.

In this paper we would like to remark that for certain non poly-
nomial interactions in n space-time dimensions with ultraviolet cut-off
but no space cut-off uniqueness of the vacuum can be proven for small
values of the coupling constant. Moreover the corresponding Wightman
functions can be constructed and studied. The formal Hamiltonian of
the boson models which we study has the form

Hy+4 | €*o®dy(s)dx,

[Rn—l

where ¢, is an ultraviolet cut-off, free, time zero, field and dv(s) is a
measure with bounded support on the real line (and dv(—s)=dv(s), —
meaning complex conjugate)®.

We first prove that the space cut-off Schwinger functions (imaginary
time Wightman functions) have unique limits when the space cut-off is
removed, provided the coupling constant A is sufficiently small. These
limit Schwinger functions are given explicitely in terms of Liouville-
Neumann series with known kernel as convergent power series in A.
Moreover they have cluster properties with respect to space and time
translations. For real A, with |] sufficiently small, the Schwinger functions
are analytic in the upper half planes of suitable time differences and their
boundary values are the infinite volume Wightman functions, which are
limits in the sense of distributions of the Wightman functions for the space
cut-off interaction. The infinite volume Wightman functions, which
satisfy the positive definiteness conditions, yield then the physical
Hilbert space #, with a cyclic vector Q and a representation of the field
operators by symmetric operators on an invariant domain and a strongly
continuous unitary representation of the space-time translations.

The generator H of the time translations is non negative and, due to
cluster properties of the Wightman functions, has zero as a simple lowest
eigenvalue, with eigenvector Q. Q is the only state in # which is invariant
under space-time translations. The Wightman functions are also proved
to have the cluster property with respect to translations in space. A
connection of the vacuum state with the limit, as the space cut-off is

* After completion of this paper we learned in a private communication from Glimm
that for the polynomial interactions in two space-time dimensions without cut-offs he and
collaborators (Dimock and Spencer) have solved the problem of the uniqueness of the
vacuum for small coupling constants. As far as we know this has been done by methods
different from the one we use in the present paper.

% These models are related to the bounded interaction models studied in [6]. They
are, in a sense, an Hamiltonian version of certain “non polynomial interactions” studied
in recent years from other points of view. See e.g. [7].
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taken away, of the space cut-off vacuum state on an algebra of operators
defined in terms of the time C*-automorphism is also given.

The limit & of the ground state energy densities of the space cut-off
Hamiltonians exists, is analytic in 4 for |A| small and concave in . It also
exists for arbitrary negative 4 and positive dv and £ is then negative,
decreasing for |4| increasing and concave in In(— 4).

The idea of the proofs is suggested by the analogy between euclidean
field theory and classical statistical mechanics, on one hand ® and, on the
other hand, by the relation between Minkowski quantum field theory
and euclidean Markov field theory as recently established by Nelson [9]°.

2. The Space Cut-off Models

Let & be the Fock space for free, scalar, uncharged bosons of strictly

positive mass m, moving in n dimensional space-time. Thus % is the
)

direct sum # = (P #, where #'” = C = complex number and F,
r=0
forr=1,2,...,1s the r-fold symmetric tensor product #F" = # ®---® #,
s S

A being the Lebesgue L2-space of (equivalence classes of) functions of a
(momentum) variable p running over the euclidean n —1 dimensional
space R" 1.

Let H, be the free Hamiltonian in . It is a self-adjoint operator with
domain D(H,) = D,.

For x in R"~ ! the free time zero fields are given by

_nd 1px

p(x)=2"2n) % | +[a*(—p)+a(p)]dp, (2.1)

pi-1 B(p)?

7 Note that, due to the presence of the ultraviolet cut-off, no Wick ordering of the
interaction is required. In fact our interactions

[esoe® dy(s)dx
and the correspondent Wick-ordered ones
[reise® dy (s)dx

can be made to coincide by choosing dv,(s)=exp(— 4 s> K) dv(s), where K is a constant
(equal to the value for x =0 of the propagator G,(x) defined below).

8 This analogy has been exploited from a different point of view particularly in the
references [8] (and references quoted therein) and [7b, c].

° See also [10], where a euclidean Markov field theoretical relation is exploited to
prove the uniqueness of the vacuum energy density and the van Hove phenomenon for
two-dimensional polynomial interactions. For further results on this infinite volume
behaviour, see [11]. For references concerning work previous to Nelson’s one, see [8].
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where u(p)=]/p*> + m?. a(p) and a*(p) are the usual formal annihilation-
creation operators for free scalar, uncharged bosons, normalized so that
La(p), a*(p")] = a(p) a*(p’) — a*(p') a(p)=4S(p—p').

Let ¥(x) be a positive symmetric C* function in R"~! with support
in the unit ball such that | y(x)dx=1.Set y,=¢ """ y(¢"'x), with £>0,
and define the ultraviolet cut-off free time zero field by

@ (x)= [ @(y) zlx—y)dy. (22

Then ¢,(x) are self-adjoint operators in F with definition domain
containing D, and they are essentially self-adjoint on D,. They are
bounded from Z " into ZF¢ V@ FD.

Let now v(x) be a real-valued function on IR, so chosen as to be the
Fourier transform of a finite measure dv of bounded support on the real
line:

v(a)= [ & dv(s) (2.3)

with | d|v| < w0 and v(—s)=v(s).

The interaction density is given by Av(¢,(x)), which is a well defined
bounded self-adjoint operator since v(x) is a bounded continuous
function.

We note that

v(p,(x)) = [ =2 d(s) (2.4)

where the integral is taken in the strong sense. This is of the same form
as the bounded interaction densities studied in [6].

The space cut-off interaction corresponding to this interaction
density is given by

Wik | vex)dx, (2.5

I« <t

where the integral is again to be understood as a strong one. This defines
AV, as a bounded self-adjoint operator on & for all I.

Hence H,= H, + 4V, is a self-adjoint operator, bounded from below,
with the same domain D, as H,.

Moreover we have from [6c¢] (Theorem 3) that, for arbitrary 4, the
bottom of the spectrum of H, consists of the simple eigenvalue E; with
(unique) eigenvector Q,'°.

From regular perturbation theory alone one has the additional result
(which we are going to extend, in a certain sense, also for [— o0) that for

19 F, and @, are obtained in [6c] as the unique (norm) limits of the lowest eigen-
values and respective eigenvectors of suitable approximating Hamiltonians (“piecewise
constant momentum approximation”).
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|| sufficiently small (depending on /) E, and Q, are analytic in 4. Moreover
E, is a concave function of 1 ie. satisfies Ej(ad, + (1 — o)) 2 aE (1)
+(1—o)Ef4y) for all 0= a1, 4y, 4.

3. The Associated Euclidean Markov Field

For any real Hilbert space 5 let @,(h), he # be the Gaussian
generalized stochastic process indexed by J#, with mean zero and co-
variance E(@ ,(g) @ ,(h)) = (g, h),''. So that @,(h) maps he # into
a measurable function (Gaussian random variable) on a probability
space (Q,,duy). Let L,(du,) be the I*-space over Q, with respect
to the measure dy,. L,(du,) is isomorphic [ 13, 14] with the Fock space

@ #" over A, where #™ is the n-fold symmetric tensorproduct of #.
n=0
Using this isomorphism we see that any strongly continuous unitary
group on J# induces, through a group of measure preserving transforma-
tions on Q,,, a strongly continuous unitary group on L,(d ).

Let 4 be the Laplacian as a self-adjoint operator in L,(IR"). Let 5
be the real Sobolev space, which is the completion of Cg(R") with
respect to the inner product in 3 given by

(/s 9= (f. (=4 +m?g), (3.1)

where ( , ) is the inner product in L,(R"), and m is chosen to be the
mass of the free field discussed in Section 2. For o < 0, 5 will be a space
of distributions.

The generalized Gaussian stochastic process @,,_:(h) is called the
free euclidean Markov field. Using ideas introduced by Nelson [9] in the
constructive study of models, we associate to the free time zero field over
R, o(g)= j(p(x)g(x) dx of Section 2, the euclidean Markov field
D1 (h).

For any open set U with smooth boundary in R" let ¢(U) be the
family of random variables generated by ®(h), with he #,” ! and support
of hin U. Let E{®(h)|O(U)} be the conditional expectation of ®(h) given
O(U). Nelson proved that @(h) has the following “Markovian property”:

E{@(h)|O(CU)} = E{@(h)|0(0U)} (3.2)

where C U is the complement of U and 0U is the boundary. The property
(3.2) is taken as the characterizing property of a Markov field.

The Fock space of the free boson field as given in Section 2 is just
the Fock space over #,_%, moreover the free time zero field itself ¢(g)

I See e.gf [12].
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is a generalized Gaussian stochastic process with mean zero and co-
variance function

E(@(N @)= (f.9) -4 (3.3)

Hence the free time zero field ¢(g) may be identified with the generalized
Gaussian stochastic process @ ,-: (g).

We define now a mapping W,: #, 4 —>#"' by (W, f)(x)
=0d(xo — 1) f(x). One verifies easily that W, is an isometry of #,_% onto
the closed subspace of #,” ! generated by elements of #,” ' with support
on the hyperplane x, =t.

The Fock space of the free boson field, %, is the Fock space over
H,_%, hence identified with L,(d . 1 ). Since W, is an isometry, we have
that the generalized Gaussian stochastic processes @,-: (g) and
®,,_1(W,g) have the same mean and covariance functions, hence may
be identified. This then identifies L,(du,, s ) with a closed subspace of
Ly(dpy, 1)

Let FeL,y(duy::,) be of the form F= f(Py-:,(g1)s ..., Pyt ,(g0);
where f is a bounded continuous function of k real variables. Then we
define Fie Ly(duy:2) by Fo=f(Pwy 1(Wg1), ... Py 1(W,g,)). Using
that W, is an isometry one gets that F — F, extends to an isometry of
Ly(dpy;+,)into Ly(dp,-1). Moreover in #,” ! the translation group acts
unitarily and strongly continuously. Using the identification of L,(d - 1)
with the Fock space over #,” ! we get a unitary and strongly continuous
representation U(x) of the translation group in R" on L,(dpu.-1). Since
F,=U(t,0) F,U(—t,0), we see that F, depends continuously on ¢ in the
L,-norm for any F in L,(dpy: )

One verifies that

Z (hnl’hnz)-l "‘(hnr_lahnr)-l

all partitions

E(Py-i(hy) ... Pyp-i(h))= 1) <n,, .. n._,<n, (3.4)
0 for r odd,
from which it follows that the distributions of r-variables defined by
E(®y-1(hy) ... Psy-1(h,) are the imaginary time free field Wightman
functions. Hence, for t, <t, ... <t,,
E(¢f,r1(vvtlgl) (p;f,; i(VVz,gr))
=(Qo, plgy)e” o g(gy)e” T L g(g,)Q0),

where Q, € Z is the vacuum for the free scalar boson field and H,, is the
free energy. Using now the identification of # with L,(du .+ ,) and taking

(3.5)
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sums and limits of expressions of the form (3.5) we get the following
lemma.

Lemma 3.1. Let FU, ., F" be in L (dpy-+).
Then, for t, <--- <t,,

E(Fr(llj Ft(:)):(QO’ FD e~ (2—t)Ho p(2) o= (t3—t2)Ho FMQO). 0

We will now consider self-adjoint operators of the form H=H,+ V,
where H, is the free energy and V is a bounded operator on % which
commutes with all the free time zero fields ¢(g). Since the L,(dpuy;:,)
is a spectral representation of & with respect to the maximal abelian
algebra generated by ¢(g), we see that,in L,(d -+ ), V is a multiplication
operator by a function, which we will also denote V.

Lemma 3.2. Let V be as above, and let F and G be in Ly(di,-3 ), then

—fV.dz

E(Foe 0 G,) =(Q,, Fe "M GQ),
where the integral over V. is taken in the strong L,(d i, -) sense.

Proof. The Trotter product formula gives us

e_f(H0+V) — S_lim(e~1/ane—r/nV)n )

n— oo

Now, by Lemma 3.1,
—tin ¥ Vien

(Q, Fe tinHog=tmV  o=tinHo o=tV G Q) )= E<F0e k=1 G,) . (3.6)
Since V is in L, (dpy:,) we know that V, is in L, (dp,-:) and is con-

n
tinuous in ¢ in the strong L,-sense. Hence t/n Y V,,, converges strongly
k=1

t
in Ly(duy-1)to | V,dt for n— .
0

The strong L,-convergence allows us to conclude that any sub-
sequence has a subsequence n; such that the convergence is almost
everywhere. The almost everywhere convergence together with the
uniform boundedness gives that

L
=t/ny; ¥ Vitn,
t

—}tht
E\Fye k=1 ——E\F,e ° G, .

T

—fV.dt
This implies that the right hand side of (3.6) converges to E <F0 e ° G,),
which proves the lemma. [J
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The interaction of Section 2,
=1 ] v x)dx, (3.7)
x| st

is of the form considered in Lemma 3.2. Moreover the function V, in
L, (duy-1) of Lemma 3.2 may be given explicitely in this case:

Vi=4 | vo(®y-1(f. ) dx, (3.8)

lx| !
where f, .(y)=38(t — yo) z.(x —y). This follows from the identification
of p(g) with @,-1 (g9) and the definition of the mapping F— F, from
Ly(dpy:,) into L,(duye ). Since

U(¢.)?’,,' 1(fr,x)) = U( -7, — x) U(fo,o) U(T’ x) )

we see that the integrand in (3.8) is continuous in x as well as in 7 in the
strong L,-sense. Hence in this case Lemma 3.2 takes the form

Lemma 3.3. Let v(a) be as in Section 2. Then

HHot AV A/.j’E { 0(® () dx de
(Qg, Fe "m0 GQ ) = E\Fye ° = ),

where F and G are in Ly(dpuy 1 ), and f, . (y)=6(t —yo) x,(x —y). O

From (3.4)it follows that @ ,,_.(h) for he #, 'isinall L, for 1 <p < 0.
For Vin L, (dpy-+ ) we may therefore consider E (di(hl). .. ®(h)e ‘{tht),
where we have written ®@(h) for @,,_.(h). Take hy, ..., h, in C5(IR") and
set gi(x) = hy(¢, x).

Then hy(x,, x)= | d(x, — ) gi(x) dt and the integrand d(x, — 1) gi(x)
is strongly continuous in #,”!. Therefore if the support of h; is bounded
by the hyperplanes x, = a and x, = b, then

—JV.d

E (¢(h1) ¢(hn)e ¢ 1)
(3.9

b
—Vd

=n! [~ E (<1>(W,1g'1‘) DWW, gme « r) dt, ...dt

asti< - <t sh

ns

which by formula (3.5) and Lemma 3.2 is equal to
n! Q ’e"(tl_a)H 11y~ (2~ t)H )
ag,,‘!..g,"gb( 0 o(g}) @95 (3.10)
oplgime CTmHEQ A, L. dt,,
with H=H, + V.
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Let E be the infimum of the spectrum of H, and set H=H —E.
Since V is bounded we have

H(D(gﬁ‘)e‘“*“"')ﬁu §C“(FI + I)A;fe—(x,*wr,)ﬁ” . (3.11)

with C independent of ¢; and i. On the other hand for any positive self-
adjoint operator 4 we have

[(A+ 1)Fe " <sup(x+ D)e ™ =(21) e 2. (3.12)
x>0

Using (3.11), (3.12) and the fact that ¢(g}) is zero for t outside a bounded
interval, we get that

Qo e” T p(gye T p(grye” T WIQy) (3.13)

is bounded in absolute value uniformly in a and b by an integrable
function over t; <--- <t¢,.

Let us assume that H has a simple eigenvalue at E and let Q be the
corresponding eigenvector. Then e~ "9HQ ~as well as e ®""WHQ,
converge to (Q, Q,)Q as a— — oo and b— + 00. By (3.11) ¢(git) e~ t+ 17 H
is a bounded operator for ¢, <t, <--- <t,. Hence (3.13) converges to

2, Qo) (2 plgip)e @l emtnt-nB ) (3.14)

as a—» —oo and b— + o0 for ¢, <t, <.+ <t,.
From Lebesgue’s dominated convergence theorem we then get that

(Qo’e—(bAa)HQ0)~1
[0 Qe @ Mo(gy)...olgy)e " Q) dt, ... dt,

asty < Z2tnSh
converges to
[ ] (Qolgne @0F om0l (g Q) dy, ... dt

= St

n

as a— — oo and b— + oo. This proves the following Lemma.
Lemma 3.4. Let hy,...,h,€ CF(R"), then

t

( - f V,ﬂit))*l ( - ; V,dr)
1ir+n Ele -t J  -E\@h,)...dh)e ¢
t—=>+ow

=n! [ [ (@ olgHe @I om0l p@yoydr, . dt,. [0
S Sty
Remark 1. For V=1V, the interaction of Section 2, this lemma
holds since we know that H,= H, + 1V, has a simple lowest eigenvalue.
Remark 2. Lemma (3.4) shows that the limit is the time imaginary
Wightman function for the space cut-off interaction integrated with
hl(xl) hn(xn)'
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4. Connection with Some Quantities of Classical Statistical Mechanics

Let us denote the random variable @,,_:(f,, ,) by @,(x¢, X) = D(x),
where f. (¥) =0(xo — yo) x.(x — y), and define for any bounded measur-
able A CIR” and for any hy, ..., h, in Cy(RR")

“AJo(@e(x))dx
Z,=Ele 4 ,

5

— A Jo(De(x))dx
A

ﬁ%NWMEE@MJ“@Me

Gi(hys o) =Z5 Fi(hy, .. by .

From Lemma 3.4 we see that if we take A =4, ;= {x;|xo| £t/2, |x| £ 1},
then the G4, (h,....,h) converge for t—co to the imaginary time
Wightman functlons for the space cut-off interaction. In order to remove
the space cut-off we will therefore naturally be interested in taking the
limit as [ — oo as well as 1 — co in G}, . We intend, by using methods from
classical statistical mechanics, to prove that the limit of G¥ exists for A
expanding to IR". This will then give us the time imaginary Wightman
functions for the model without cut-off.

So let A be bounded. Since v(®,(x)) is a bounded random variable and
strongly L,-continuousin x, Z , and F, are entire functions of 4. Let us set

and

—AJ o(Pe(x))ydx

F,(h)=E (ei"’(")e a ) and G (hy=Z ;' F,(h).
Since v(®P,(x)) is a bounded random variable we see from the definition
k

of F,(h) that F, ( D Lh-) is k times differentiable with respect to ¢4, ..., t,
i=1

and that ai ; FA( Yot h) = (i) FX(hy,...,hy) for t; =1, =1,=0.
1 k i=1
Hence F,(h) determines F&(h,, ..., hy).
Since v(®P,(x)) is a bounded random variable, F4(h) is also an entire

function of 1. By expanding in powers of 1 we get

Falh)=E( (@,060) - o(,(5) T] dx

j=1

Using now that u(oc = je‘s“ dv(s) we get

[T E@E®P (D, (x))) ... v(P,(x,))) H

n

D)+ ¥ s;Pe(x,

- jAnjE<e ( i=1 )) l:—[ dv(s;) dx;

<b<h+ T s,ij)

=I---IE(e > Hdv(s)dx

An
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where f.(y)=0(xq — yo) x.(x — y) by the definition of @,(x). On the other
hand, for any ge #,*

E(eid’(g)) = 2691
and setting

g=h+ 3 s;fs
i=1
we get

n n

i®(h+ > s,ij) . -3 ¥ s5;Gu(xi—x;)— ¥ sjhi(x))
El\e J=1 / =E(e"p("))e S J=1 ,

Where Ga(x - y) = (fx’ fy)— 1 and he(x) = (hs fx)— 1
Hence the integral over A" above is
. 3 ; 5185jGe(x,—x;) n . n
E(ellp(h))j...j e 1,7=1 n [(e—*sj'h (x;) __ 1) + 1] l—[ dV(SJ) dxj )
AYK

j=1 j=1

Computing now the product and using that ) s,s; G,(x; — x;) is symmetric
i]
under permutations of x, s, ..., X, s,, we get this equal to

oy (N TE s Glny —s,hE(x,) -
E(e )z(’_).j-..je n(ef 2= [Taves) ;.
A"

From this it follows that

i 0 1 0 )L)n+r —3 ¥ 585G (x;—xy)
Fyh) = E(@ “)[ D L
= n= . An+r
r . n+r (41)
T e — 1) [T dv(s)) dx;,
j=1 =1

where we already have used that the expansion for Z , is given by

n
°e) -3 ¥ si5,Ge(x;—x;) n

L=t l—[ dV(Sj) dxj. (42)

n=0 j=1

Z,=

We remark that G,(x) is a bounded real positive definite function, which
1 . . o i

tends to zero as Tl—e""’"" for |x|— oo. Since G,(x) is positive definite,
X

we have that |G,(x)| = G,(0). We notice that, for negative A, Z , is in fact
the grand canonical partition function for a gas in n-dimensional space
with variably charged particles and activity z= —A. The interaction
energy between a particle at x; with charge s; and a particle at x, with
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charge s; is s5;5;G,(x; — x;), and the self energy of a particle with charge s
is given by 3 s* G,(0). So the charge s is an internal degree of freedom for
these particles, and s may be discrete or continuous, depending on dv.
We are going to exploit this connection with the grand canonical ensemble
of a gas of variably charged particles, by introducing the corresponding
correlation functions and we shall see that G,(h) can be expressed
explicitely by these correlation functions'?. The correlation functions
4(x1 81, ..., x,5,) are defined for x;e R and s, in the support of dv by

Qlft(x151’ coes XpcSg)

nth

. 0 (__/j)n-H\ =3 ¥ 55;Ge(xi—x;) ntk (43)
=Z," ) e [T dv(s)dx;,
n=0 n. An j=k+

for all x, e A and zero elsewhere, for those values of A for which Z , +0.
Since )’ s;5;G,(x; — x;) = 0 we see that the series converge for all complex 4.

tLJ
From (4.1) it follows that G (h) is given in terms of g% by

G (h)=e 0h (4.4)

r

i Z ——j - H (e — 1) 0y (xy 51, 00 X, 8,) H dv(s;) dx;| .

=1 ' AT j=1 =

As in classical statistical mechanics '® we shall now introduce the Banach

spaces B of sequences y = {9 ez 1 = x50, s XSz of
bounded dx dv-measurable functions. The norm in B; is given by

z=n

lwlle=sup< efssgplw,.(xlsl,--.,x,,sn)l,

Si--Sn

where ¢ is a positive number.
In B, we define the projection operator P, of norm one given by

(P4 ) (x5), = 4 (x), 9 (x5), , (4.5)

2 The correlation functions of similar “euclidean gases of charged particles” associated
with field theoretical models have been introduced. in another context, in Ref. [7b] and [7¢].

3 These spaces have been introduced in classical statistical mechanics by Ruelle in
order to study the infinite volume limit of the correlation functions in the grand canonical
ensemble. Here and in the rest of this section we shall follow closely the lines of classical
statistical mechanics as given in Ruelle’s book, Ref. [15], Chapter 4. This reference contains
also bibliographical notes on previous work on the infinite volume limit of correlation
functions.
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where y,(x), = x4(x{) ... x4(x,), with y,(x) equal to the characteristic
function for the set A. Also in analogy with statistical mechanics we
introduce an operator K on B, given by

m

= ¥ s18:Ge(x,—xy)

(Ky)(xs),,=¢e '=2 e G“O’{/ D 1 (X3 S50 ey Xy Sn)

1 hn o
e LT e = )y (46)

1 e j=1

! (XZSZa coos XSy Y ly o Y n) n d\’(l d.} }
ji=1
For m =1 the first term in the curly bracket is set equal to zero.
Let « be the sequence x,(x;s;)=¢ 1% and #(x,s,...... x,s,)=0
for n> 1. We then verify that the sequence g, given by the correlation
functions @%(x, ... x,) satisfies the equation

04=—APja—AP,Ko,. 4.7

Since the correlation functions @%(x,s;, ..., Xx,s,) are symmetric, we
find from (4.7) that ¢, will also satisfy the equation

o= —APja— P, 1IKg,, (4.8)
where IT is an operator of the form

(Hw)n ('xl Sl EIRRRE] X"Sn) = wn(x(r(l)sq(l)y LR xa(n)sd(l)) ’ (49)

o being, for each n,a permutation of 1, ...,n which may depend measurably
on xy,...,x, and sy, ..., s,.

We note that such a IT will have norm equal to one.
Since G,(x) is positive definite '* we have that

M:

Z?SG(X X)) = 2G(0)

iFj

Let B= G,(0) sup {s?; s € supp of dv}; then

H
—

Z 5;8;Gy(x;—x;) = —2mB. (4.10)
i*j
It follows from (4.10) that for any x,, ..., x,, and sy, ..., s,, there exists an
index i such that

ZssG(x x)z —2B. (4.11)
ji=1
j*i
14 U“sing the analogy with classical statistical mechanics this can be interpreted as
the fact that the total interaction of our gas in IR” satisfies the “stability condition™ of [15].
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For any m and any x,, ..., x,,and s,, ..., s,, we now choose a permutation
o of 1, ..., m such that g(1) =i, where i is the index i of (4.11). ¢ is then a
permutation depending on the x’s and the s’s, and let IT be the corre-
sponding operator on B, defined by (4.9).
We now estimate the operator norm on B, of the operator IT K of (4.8).
From (4.6) and (4.11) we have

lHKlp(xS)ml éeZB[SB?|Wm~I(x1 Si, --‘>xm—lsm—-1)|

z 1
+ Z W o sxusp|wm+n—1(x151? cos Xmdn—1s Sm+n—1)l
n=1 1 ,

with
C=sup{fle %™ — 1|¢~ GO gly| (¢) dx; s € suppdv} .

It follows from the exponential decrease of G,(x) that C is finite'°.
Using now that S;JSp]tpk(x1 Sis e XS = E¥ [l o, we get
I(IT K p),, (x5),| S €271 e5C.
Hence
[MTKpl.=& eyl (4.12)
so that |[ITTK|| < Ce*2*! if we choose ¢ = C™?!, which is seen to be the

best choice of £ This proves that (4.8) has a unique solution for
|Al<C~'e 2871 which thenis g ;. From this we also get that the correla-

tion functions @*(x,sy, ..., x;5,) are analytic in A uniformly in A for
[Al<C~'e 2B~ Moreover we may define o*(x,s,, ..., X;5;) by
o= —Aa—AllKg (4.13)

for |A|<C te 2871

Lemma 4.1. For |\ <C e ?B~! the infinite volume correlation
functions ¢*(x, sy, ..., x;s,) defined as the unique solution of (4.13) exist
and are analytic in *®. Moreover they satisfy

4

0 (x 1 815 oo X8l éC‘kW>

are CoOntinuous in Xy, ..., X, and s, ... s, and translation invariant in the x’s.
The finite volume correlation functions @%(x,s;,...,x,s,) converge to
0" (xysy, ..., x,5,) as A—IR" such that d(x,CA)—co for any xeR" and

'> This can be interpreted as the fact that the interaction of our gas in IR” satisfies the
“regularity condition” of [15].

6 Their expansions in powers of 1 are given as Liouville-Neumann series with known
kernel: see Remark at the end of the Section 4.
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d(x, CA) is the distance from x to the complement of A. The convergence is
such that

[Qﬁ(x151a --~,xk5k)“0k(x15n e XSl §C*k11(d),

where 1 is a function that goes to zero at infinity and is independent of A, k
and Xy ... X, Sy ... S, and d =min{d(x;, CA)}.

Lemma 4.2. For |4| < C~'e™ 28~ we have the cluster property for the
correlation functions:

k+1
Q (x1S15“~’kak>yl+a>tla”'ayl+a5tl)

= 0" Xy 8y, X 8) 0 ity L i)

pointwise as a tends to infinity in R".

These two Lemmas are proved as in classical statistical mechanics [ 15]
by using that s;5;G,(x; — x;) corresponds to a stable and regular inter-
action in the language of classical statistical mechanics. The proofs
require only a slight modification of the proofs given in Ref [15],
Chapter 4, and will therefore not be given here.

Lemma 4.3. For |A]<C ‘e 287! the limit

1
§=—lim—1InZ,
A-rr | A]

exists when A —R" in the sense that d(x, C A) tends to infinity for all x e R".
Moreover &(2) is analytic'” in A for |\ <C e 287! and

8A) = — f %g‘(xs; Aydidv(s),
0

where o'(xs, A) is the correlation function with one argument. For A <0
and dv a positive measure we have that @' is positive which gives us that &
is negative. Moreover in this case & exists also for all A <0, decreases when
|4] increases and is also concave in In(— 4).

17 For all 4] < C~*e™ 2871 (and all dv) the expansions of ¢! and (—&) in powers of 1
are the Mayer series X(nb,) (— A)" resp. Zb,(— 4)" for the “density” respectively “pressure”
of our “gas” in IR". Hence information on the expansion coefficients is readily available
(see e.g. [15], p. 84-86).

Note that the well known virial expansion (of the pressure in powers of the density)
corresponds in our case to an expansion of —# in powers of g', expansion which can be
obtained by inverting the expansion of ¢! in powers of 1 in a neighborhood of 1=0

1
(which is possible since lim Qf + 0>.

AmO A
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Proof. From the expansion of Z 4 (4.2) and the expansion of g} (4.3)
we find that

d )| ,
EanA =7 /jlg}l(xs; A)dv(s)dx .

1 . .
From Lemma 4.1 we have that TQj(xs, A) is uniformly bounded and
analytic in 4 for |A]<C le 28715, for any &>0. Moreover

lok(x, 55 7) — 0 (x, s; )| < C~ 'n(d), and hence it follows that

1 ‘1

—— [ dv(s)dx [ =ol(x,s;7)d]
a7 L PO eatos A
converges uniformly for [A| < C te 2871 —§to

1 N N
0 (x,s; A)dv(s)dA,

{

O = N

~

. o . 1
since ¢! (x, s; A) is independent of x. This proves that W InZ , converges

as A—1R" and that the limit—Z is given by the formula of the Lemma.
That o' is positive for dv =0 and 4 <0 follows from the fact that o} >0,
which one sees from (4.3). The existence of & for all A <0 in this case
follows from the identification, possible in this case, of Z , with a grand
canonical partition function for a system with stable and tempered
interactions (see [15], p. 157).

The decrease of & as |A| increases follows from the increase of Z .

Remark. All the series expansions for the ¢"(x;s;,...,X,s,) and
therefore also for £ in powers of A can be explicitely obtained from (4.13)
and are given by

0= —A(1+0K) 'a=—2 Y (=4 (IK)'x. (4.14)

n=0

5. Removal of the Space Cut-off for the Imaginary Time
Wightman Functions and the Vacuum Energy Density

Let A4,,=[—1/2,1/2]x {x||x| <[} CR" and set Z,,=Z, , and F,,
=F,, ,and G, ;= G, . It then follows from Lemma 3.3 that

Z,,=(8,, eftHlQO), (5.1)
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with H=Hy+4 | v(p,(x)dx. From (3.8) and (3.9) we have, for
|x| =1

hy, ..., b, with support in 4, ;, that
Elfl(hly LR hk)

= k! Jj (Qo,e—(tlth/Z)Hz(p(x )e"(lz_tl)Hl(p(xz).Hgo(xk)e'(t/Z‘tk)HIQo)
=Stk x (52)
'hl(tl,x‘). [k,xk I:I dtjdx},

and
Gt,l:Zz,_llFt)fl . (53)

By Lemma 3.4 the limit as t — + 00 of G, exists and is given by

Gi(hy, ... )

= k! jj (Qb (p(xl)e—(tz—tx)ﬁz e’*(!k—tk~1)ﬁlqo(xk)gl) (54)

1= Stk X
Syt xy) (s x) [ degdx;,
j=1
where €, is the unique normalized eigenvector with eigenvalue E; and
E, is the infimum of the spectrum of H,, and H, = H, — E,. The integration
over dx;in (5.2) and (5.4) is to be understood in the sense of distributions.
k

After integrating with respect to [ | dx;in (5.2) and (5.4), the result is a
j=1

function of t, ..., t, that is translation invariant, continuous in t, <--- <f,

and integrable over ¢; < --- <t,. This follows from the proof of Lemma 3.4.

We see from (5.4) that G¥(h,, ..., h,) are the imaginary time Wightman

functions (also called Schwinger functions) for the space cut-off inter-

action.

Theorem 5.1. Let |4 <C 'e 28" and hy, ..., h, be in CJ. Then the
G¥(hy, ..., hy) converge as |— oo to G*(hy, ..., h), where G*(h,, ..., h,) are
translation invariant in t and x and given by

k k L (iy
GHhys oo ) = Gy, o ) + (Y, '
r=1 1" ptq=k .
k 1 qzr,pz0
Y Gilhan o) Y
7€ Sk Lot tlmg bpeeei byt
" (5.5)

L

j II:—[ H 0’(p+ll+~~~+llvj+l)(xi)}

r

QX1 Sy, .en X, l—[ v(s;)dx, .

j=1
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S, is the set of permutations of 1,...,k and the Gi(h,, ..., h) are the

imaginary time free Wightman functions: G§(hy, ..., h)=E(®(h,) ... ®(h))
1

= 3,7 Z (hoiry o) =1 - (hgap—1) haap) -1 for k=2p and zero

for k odd. ¢"(x,5y, ..., X,8,) is the infinite volume correlation function of
Lemma 4.1, and hi(x)= [ G,(x—y) h(y)dy and G,(x) is the G(x) of
Section 4, which is given by

pr 2
| (p)

G,(x)= dp,
+(%) p2+ p

with 7,(p) = [ €P*y,(x) dx.

k
Proof. 1t follows from (4.4) and the fact that G A( Y tih,-) is analytic
i=1

inty, ..., t, that the formula (5.5) with G% (h,, ..., h,) instead of G*(h, ..., h,)
and w1th 0 (xy sy, ..., X, 8,) instead of ¢"(x, s, ..., x,s,) holds. Choosing
now A =4A4,, we have by (5.4) that G} ,(hy, ..., h;) converges to the limit
G¥(hy, ..., h)ast— co. On the other hand by Lemma 4.1 0, (xy8,...%,5,)
is uniformly bounded in x,, ..., x,, ¢, | and tends to a limit ¢’ (x, 5, ..., X, s,)
uniformly on compacts as t and [ tend to infinity. Since hi(x) i=1, ...,k
are all bounded integrable functions we get by dominated convergence
from (5.5), with G}, = G%_  and ¢% | instead of G*and ¢', that G (hy, ..., )
converges to the limit G (hy, ...,h) given by (5.5), as ¢ and | tend to
infinity.
Consider now the inequality

|G;((h13 ey hk)_ Gk(hlﬂ 9hk)!

élG}l((hl’ R hk)'_ Gf,l(hla ’hk)l + lG:(,I(hl’ ”'ahk)- Gk(hl, 7hk)| .

Choose ¢ > 0; then there exists a N, such that for any t = N, and any
[ = N, the last term is smaller than /2. Choose an /= T,. Then for this
value of [ we may choose a t = N, and large enough so that the first term
is smaller than ¢/2. Then for [ = T, we get |G} (h,, ..., h) — G*(hy, ..., h)| Se.
This proves the theorem.

Theorem 5.2. Let |A|<C Ye 287! and let hy,...,h, ¢,,...,g, be
in CZ(R").

Let gi(x)=g,(x —a) for aeR". Then we have the following cluster
properties:

GHl(hp w9, wg‘tz)—*Gk(hb s hy) Gl(gb )

as |a|— oo.
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Proof. 1t follows from (5.5) that for any he C§(R")
Ghy=1+ ) % .., h) is defined
k=1

and the series is absolutely convergent. Remembering that (5.5) was
obtained by means of (4.4), we get

. 0 1 r .
G(h)____e_‘z‘(h,h)~l 1+ z _,.Tjj H (e_sjh («\J)_l)
=1 Tt j=1

(5.6)
QX185 005 X, 8, H dv(s dx
Therefore
Gh*+g ) =e 2Nt p=2@0)-1p=g" -
< 1 . £ E( v
1 + Z _,_‘. jj H (e'slh (x;—a)~s,;g%(x,ta) _ 1) (57)
Loor! i1

0" (xy Sy, n X, 8 H dv(s;)d

We observe that (b, g~ ) _; — 0 as |a| — oo. By writing each of the integrals
over x; as the sum of the integrals over x; - a <0 and x, - a 20, we get that
the r’th term of the series above is equal to

r B LS o e
o (e syhe(x;—a)—s;9%(x, a)__l)
rl S:ZO S/ x;-az0 j; gjo jl;ll
: (e-tﬂl‘()’,"d)”l,gg(y,‘f'a)___ 1) Qr(xlsl xsss? yl tl yr*str~s) (58)
j=1
s r=s
T dvispdx,- T1 dv(t))dy;.
j=1 j=1

From the definition of h*(x)= jG (x—y)h(yydy we get that |h®(x)|
< Ce ™™ from which we obtain that

,he(y*a)l§CeAEIal'e~ 20 for y-a<0

and similarly

Tl =T xl

lga(x+a)|§Ceizi for x-a=0.
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By the substitution x;—x;+a and y;—y; —a we get

I
? Z (’) j j j. j H (e s he(x)) = s;9%(x;+ 2a) __ 1)
*s=0

N x;raz —a? yy;rasa? j=1
r—s
’ n (e*tghg(l'f‘20)_11!15(“)) - 1) QZ(XJSI o X Sss yltl "'yr‘str-s) (59)
i=1

-Idv(s) dx; I1dv(t)) dy;,

where ¢} (x, ..., X, Vi oo s Yomd) =0 (Xy+ oo, X+ A, Y — 4y ey Yoo — Q)
Let F,(x, s) be any measurable function uniformly bounded in «; then

[ (emsr s 2a ) F(x, ) dx dv(s)

e 5.10
— | (e 1) F,(x,s)dx dv(s) -10)

converges to zero when |a|—oc, because the absolute value of (5.10)
1s bounded by

[ e M et 20 | |F (x, s)| dx dv(s)

N az —a?

<A | e T2 —qldx dv(s)
<B | |g(x+2a))dx=B | |g(x+a)dx
x-az —a? xaz0

= Tlal o = il

<B-Ce e *Max

Therefore for any ¢ > 0 there exists an R, such that, for |a| > R,, (5.9) will
differ from (5.11) by an amount smaller than ¢/2:

S E Ll e T

s=0 x,-a i‘az yyra

(5.11)

S r—s

'Q;(xlsh'ﬂ’xsssvyltl?' o Ve — sr s H S)dx Hdv dyl

By dominated convergence and Lemma 4.2 we have that (5.11) con-
verges to (5.12) as |a| — oc:

1 " r s _ . ) N
T ; (s) [ j]:—[1 (757D — 1) %(x, 8,5 ..., X, S,) l—[ dv(s) dx;

© 5=0

rF=s

jj [T (e 9900 — 1) 0" " 5(yy tyy ey Yoty 11 dv(t)dy;.
i=1

j=1
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From (5.7) and the translation invariance we now get that
Gh+g)—>GHh) Glg) as l|a|—oo. (5.13)
Since G (Z th+ Z S gj) is analytic in t and s and converges to G (Z t:h, )
(Z S;g J) we have only to use that the convergence of analytic functions

implies the convergence of the coefficients of their powerseries to prove
that G**!(h,, ..., hy, g4, ..., g¥) converges to G*(h,, ..., h) G'(g,, ..., g)- (]

Theorem 5.3. Set
G*(hy, .oy = - G*(xpo ooy x) hy(xy), oo () dx o, . dx,

then G*(x, ..., x,) is locally integrable and continuous for x;+ x;, for all
i%j. The singularities at x; = x; are of the same form as the singularities
of Gb(xy, ..., x;). Moreover the G*(x,., ..., x,) are translation invariant and,
for y.(x) rotational invariant, they are also invariant under rotations in
R"" 1. The G*(x,, ..., x;) depend analytically on J. for |\| < C e 287118

Proof. This follows from (5.5) and the analyticity of the
0" (xy, S84, ..., X, 5,) as proved in Lemma4.1. []

Theorem 5.4. For all |A| < C~"e” 27! we have that the vacuum energy
density
£= llim 1B~

exists, where |B)| is the volume of the n — |-dimensional ball of radius I.
Moreover this limit is equal to the & of Lemma 4.3 and is therefore analytic
in J for all |2 < C~Ye 2871 and its power series is given in terms of the
powerseries for " by
A 1 N N
A= —[ =o' (x,s;A)dAdv(s).
0 A

b}

The power series for all ¢, hence also for &, are explicitely given by (4.14) .
&(4) is a concave function of 2.
For dv a positive measure and all . <0 (not necessarily > —C e
the limit & exists, is negative, decreasing for |A| increasing, concave in A
and In(—2).

—28—1)

8 The coefficients in the expansion of G¥(x,, ..., x,) in powers of 4 can be obtained
from those of the expansions of the ¢’s in powers of /, using (5.5). The latter are known and
given by (4.14) (see also footnote 17).

9 The expansion for (—&(4)) is the Mayer power series expansion Xb,(— )" for the
“pressure” of our gas as a function of (— 2). Hence the coefficient are the quantities b, of
footnote 17, which can be computed explicitely.
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Proof. By Lemma 4.3 |4, | ' InZ,  converges to & as t and [ tend
to infinity. We observe that |4, |=t-|B). By (5.1) Z, ,=(Q,, e "7 Q,).

1
E, is a simple lowest eigenvalue of H, so that —ln(QO, Q- —E,
as t— oo. Therefore

|Az,1|ﬁ1 anr,l‘* —Ile” - E,

as t— co. Since |4, | "' InZ, , converges to & for t and [ tending to infinity
it now follows that |B,|~' E, converges as [— oo to the & of Lemma 4.3.
That £ is concave in A follows from & being the limit of —|B,| ' E, and
the fact that E,, being the lowest eigenvalue of H,= H, + AV, is concave
in A. The rest of the theorem is contained in Lemma 4.3. [

6. The Vacuum, the Interacting Fields and the Wightman Functions

Let o} (A) = e~ "H! 4 ¢"Ht for any bounded operator A4 on %, and let o
be the corresponding one parameter group of C* automorphlsms
defined with H, instead of H,. Let .«/J (), for any open domain Q in IR* ",
be the W*-algebra generated by all a(e'?’), for all te [~ T, T'] and all
f € #,~% with compact support in €, where ¢(f)= | ¢(x) f(x)dx, with
@(x) given by (2.1). Let 7, be the smallest C*-algebra containing
all «£7(Q).

Theorem 6.1. «! as well as o are one parameter groups of C*-auto-
morphisms of <f,. Moreover o converges strongly on <4, to a one para-
meter group of automorphisms o, of </ as |- co. We also have that «° !
and ola®, converge strongly to o° o, and o,a°,, uniformly on an open
interval containing t =0.

The proof of this theorem is entirely similar to the proof of the
corresponding theorem in Ref. [6d]. The only difference is that we do
not assume that «? is strongly continuous. As mentioned in [6d], p. 31,
this can be overcome by taking, as we have done, the local W*-closure
in forming the algebra .<7,.

The conclusions of Theorem 6.1 are, however, weaker than those of the
corresponding theorem in [6d], in as much as we can not say that o,
is strongly continuous ?°. [

Let now Z,, F, and f, be as in Section 4, where we have also defined
D (x)=D(f,), ®=P,_. being the generalized Gaussian stochastic
process indexed by the Sobolev space #, '. Then

i Y s;Pe(x)) —va((b (x)dx

(—wzz‘n(i f)—( Wz, E(e“ e )) (6.1)

9 For additional results on the & see [6b], Lemma 4.
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where E is the expectation in the probability space of the generalized
process @. If we now expand with respect to 1 we get that this is equal to

k-1 v (=A)" (ijgls’(pt(xﬂ)
CVIEEDY Tf"‘fE e
n=0 . An
k+n
((I) (xk+1)) Xk+n n dx
j=k+1

k+n
)n+k iy s,dk(x,)) k+n

Z =47 [T dv(s;)dx
=0 An j=k+1
( ){)n+k -1 ngk 5,8;Ge(x,—x,;) ktn
=Z,;! Z f je Bt [T dvis)dx;,
n=0 j=k+1

which by (4.3) is equal to ¢%(x;s;, ..., X 5,).
This proves the formula:
Qﬁ(x151,---,xk5k) .

( —Af v(tbe(x})dx) -1 ( i Y 5;Pelx)) Aljv(dh(x))dx) (62)
=(=AE\e 4 Ele =1 e )
Choose now A=A, ;= {(xq, X); [xo| S a, |x| = l} Then by Lemma 3.2, for

—ast; <=t =a, where t;=(x;)o, i=1,...,k:
( —AIv(dk(x))dx)
Ele = = (Qp, 7210y, (63)
and, with ¢,(x) given by (2.2),
( i ; S;De(x;) —ASIJ(G):(x))dx)
E\e- -t e “

(6.4)

= (QO e~ mita Hy jisigo(xy) o= (2 -t H  Liskes(xk) p— (@— 1) Hi QO) .
Since E, is a simple isolated lowest eigenvalue, the limit as a— oo of the
expression obtained dividing (6.4) by (6.3) exists and is equal to

(@, @i510ex0) o= (2=t 1 = (= te- D H skt Q).

We have the following theorem:

Theorem 6.2. The functiqns Q’Zﬂ,l(xﬁu ..., X S) converge pointwise
as a— o to the finite volume correlation functions of(x,s;, ..., Xy Sy
where, for t,=(x;)oand t; <--- <t

Q,l((xl S1s e Xk Sk)

- (—-;t)k(.Q,, ei81%(x1)e*(tz~tl)l‘_lz e—(tk—tk~1)Hleisk<ﬂz(xk)Ql)’

with H = H,— E,.
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Moreover Gi(h,,....h) is given in terms of of by (5.5), where of is
substituted for o*.

Proof. All but the moreover part is proven above, and the proof of
the moreover part follows from the proof of Theorem 5.1. [J

From Theorem 6.2 it follows that oF is analyticin &, = t, —t,, ..., &,
=t,—t,_, for Re& >0, i=1,...,k—1, and uniformly bounded for
Re¢&; 2 0. Asin the proof of Theorem 5.1 we have that, for |A| < C~'e 287!
and real t,,....t, f(x;5s,, ..., X5, converges, uniformly on compacts,
as [—o0, to g(x;sy,...,x.s,). By the analyticity and uniform
boundedness, for real / with |} <C ‘e 2871 in the region Reé, =0,
i=1,....k— 1, this implies that g%(x, s,. ..., X, 5,) converges for Re¢&, >0
pointwise to a function analytic in Reé, >0, i=1,...,k—1, which is
the analytic continuation of ¢*(x; s,, ..., x;s,). Moreover the boundary
values, i.e. the values on the set where all ¢; are purely imaginary, con-
verge almost everywhere. This gives that

T (X115 s XiSy)

(6.5)

=(—-i/l)k (Qla is19e(x1) i =ty e”l(tk“tkv1}Hlei5k‘?a(xk)Ql)

converges almost everywhere in the s as [ — oo, for all real 2 satisfying
A< C le 2871

Consider now the imaginary time Wightman functions G*(x,, ..., x),
given by the relation

G*(hyy oo h) = [ GH(xy o x) hy(xy) o () dxy oodx, .
We then have:

Theorem 6.3. For real i with [A]<C 'e *B71 the imaginary time
Wightman functions G*(x, ..., x,) are analytic functions of all the variables
Ei=ty—tyyees &y =t —ty_ in the domain {Re&;>0,i=1,...,k—1},
where t;=(x;), for i=1,...,k. Their boundary values on the imaginary
axis, W*(x,, ..., x,) are the Wightman functions. W*(x,, ..., x,) satisfy the
positive definiteness conditions for Wightman functions and are translation
invariant in space and time. Moreover they are rotation invariant in space
if x.(x) is chosen rotation invariant.

Proof. From what is said before the theorem, we know that
0"(xy sy, ..., x;5) is analytic and uniformly bounded for Re¢; >0,
i=1,...,k—1. It follows then from (5.5) and the fact that G.(t, x) is
analytic for Ret >0, that the G*(x,,...,x,) are analytic for Re¢&;>0.
Their boundary values W¥*(x,....,x,) for Reé; =0, i=1,... k-1
satisfy the positive definiteness conditions because they are limits in the
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sense of distributions?! of the finite volume Wightman functions, which
are themselves boundary values of the functions G¥(x,, ..., x,), analytic in
Re¢, >0, i=1,...,k— 1, satisfying for t,=(x;), and t; <+ <1,

Gr(xys s X)) = (€, Cp(x1)‘3_“2_mﬁl el e ”I-il(p(xl\)gl) (6.6)

and converging as [— o to G*(x,,....x,). The invariance of the
W¥(x,,...,x,) follows from the corresponding invariance of the
G*(xy, ..., x;), which was proven in Theorem 5.3. []

Since the infinite volume Wightman functions W*(x,, ..., x,) satisfy
the positive definiteness conditions, we can construct a Hilbert space #
with a cyclic vector Q in the usual fashion??, such that ¢(f) for f
smooth ?3 are symmetric operators on an invariant domain of . Due
to the translation invariance of the W¥*(x,, ..., x,) we have a strongly
continuous unitary representation of the translation group on J#, with Q
as an invariant vector. From the analyticity properties of G*(x,, ..., x;)
it follows that the infinitesimal generator of the time translations, H,
is non negative, i.e. H = 0. This canonical construction is such that

WH(xy, ey Xy) = (Q p(x,) e’ gp(xy) ... el Mo(x)Q). (6.7)
Hence we have the following theorem:

Theorem 6.4. For real /. and |} < C~* e 28! there is a Hilbert space
A which carries a strongly continuous unitary representation of the
translation group in space and time, with an invariant vector Q, and such
that the polynomial algebra generated by @(f) with f smooth?3 is
represented by symmetric operators on an invariant domain of #. Q is
cyclic with respect to the representation of the translation group and the
algebra spanned by o(f); and H, the infinitesimal generator of the time
translations, is non negative, H =z 0. Moreover, fort, <--- <t, and (x;)o =t;
i=1..k:

GH(xy,y oy x) = (Q p(xy) e @ WH om0l (5 (3 ) Q)

Proof. All but the formula follows from what is said above. The
formula follows from (6.6) and the fact that W*(x,, ..., x,) was taken to
be the boundary values of G*(x,, ..., x,). O

Theorem 6.5. For ). real and |A| < C~ e 2B~ Qs the only translation
invariant state of A, and zero is a simple eigenvalue of H with eigenvector €.

21 E.g.in 2'(R"), 2'(R") being the Schwartz’ space of distributions over Z(IR") = C¥ (R").
But the test function space can also be chosen to be more general, as can be seen from the
preceding proofs.

22 See e.g. Ref. [16], Chapter 3, 3.4.

23 E.g. in Schwartz space CZ(RR) or . (IR).
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Moreover the Wightman functions W*(x,, ..., x,) have also the cluster
properties with respect to space translations, i.e. for a=(0, a),

WES x4 a, X+ a, Yy )= W, o x) WL, - 0,

in the sense of distributions*', as |a| — co.

Proof. From the formula of Theorem 6.4 and the cluster properties
in the time directions of the G-functions as given in Theorem 5.2, we get
that Q is the only eigenvector with eigenvalue zero for H. The cluster
properties of the Wightman functions are a direct consequence of the
cluster properties of the G-functions in the space directions, since these
imply that U, converges weakly to the projection on @ as |a| tends to
infinity, where U, is the unitary operator corresponding to the translation
by a=(0, a). This proves the theorem. []

We shall now study the connection between the construction of the
infinite volume Wightman functions, as we have done above, and the
limit as [ — oo of the space cut-off vacuum state on elements of the algebra
generated by all finite linear combinations of operators of the form
o, (€519UY) o, (€?Y¥), o, being the time automorphism given by
Theorem 6.1.

As remarked in connection with (6.5), the quantities a7 (x, S,, ..., X; S)
converge, for real A with |A|<C~'e 287! and for almost all t; = (x,),,
as |— oo, to limit functions *(x, sy, ..., X, s,). Since (—id) % (xS, ..., X))
satisfy the positive definiteness conditions, the limit functions
(—iA) %o (x, sy, ..., X, 5,) satisfy also the positive definiteness conditions
and can therefore be used in the same way as the Wightman functions
to construct a representation space for the operators € *“=®, From the
construction it follows that e*?*® form a strongly continuous unitary
group with infinitesimal generator ¢,(x). Using now (6.6) we get the
identification of this representation with the one in Theorem 6.4. From
this it follows by (6.5) that we have the following formula for the limit
function *(x, sy, ..., X S):

G (X1 Sysenes X S)
= (—ll)k (Q’ eis1ou(x) gt —t)H - —ite— - ) H eiSk¢a(xk)Q) (67)
and hence correspondingly, for ¢, <t, <+ <1
P gly 1=0 k
k
0 (X1 515 +ves XicSy)
(6.8)

— (—/l)k (Q, gistve(x) p= 2=t H = (et~ OH Gisice(xi) Q).



Uniqueness of the Physical Vacuum 197

We have now, choosing y,(x) positive definite:

Theorem 6.6. Let o, be the time automorphism given by Theorem 6.1.
For any real 4 with |A] < C~1e 2871 there exists a strongly dense linear
subspace W of H#,_% such that for all f,,....f, in ¥ and almost all t,,
i=1,...,k:

(Qb all(emq)(h)) atk(ezsw(,/‘k))gl)
converges as |— oo to
(Q o, (eisup(fx)) o, (eisw(jk))g)’
5 Oy, e Oy

where Q is the unique infinite volume vacuum given by the Theorems 6.4,6.5.
Moreover the limit is also equal, for almost all t;,i=1,...,k to

(Q, eisxw(fﬂei(lz‘tl)ﬁ LetnT l)HeiSk(/’(fk)Q)

N

where H is the infinitesimal generator of the time translations given by
Theorem 6.4.

Proof. By the definition of o and the fact that ©, is the eigenvector
of H, to the eigenvalue E,, we have

1 isgps(xy) 1 i (x
(Q,, 00, (€1 2=%V) L af (€709 Q)
— (_Q“ eisntpe(xx)eﬂ(tz‘tn)ﬁz P AU O H; eiskq’c("k)Ql) ,

with H,=H, - E,.
By (6.5) this is equal to

(—12) ey sy oo XS
and converges, as [ — oo, to the limit functions
(-i/]“)_ko‘k(xl Sgsenes xksk) >

for all real A with |A| < C~'e 227! and almost all ¢;. By (6.7) these limit
functions are equal to

(Q eis;(pb(x;)e—i(lz’"lx)H e“l(lk_tk— OH elSkws(xk) )
, Q).
We have therefore

lim (2, o, (¢19:5) .. ol (& 0¢=) Q)

-0

(6.9)

— (Q, eis1ve(x) itz —t)H e—f(fk—lk-1)HelSk<Pa(xk)Q) .
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Introduce now the functions f;(y) on IR""', defined, for each x;eR""!
by: f,(y) = y.(x; — y). These functions belong to #,-% and one has

e.(x)= | o(y) fily)dy=o(f).
Introducing these identities in (6.9) we obtain:

lim (Q,, o (e17V7) Loy, (€Y ) Q)

=0

(6.10)
— (97 gistoUn p-ila—tH e—!(lk"lk—l)HeiSkw(fk)Q) .

On the other hand, because of the strong convergence on .«Z, of o,
given by Theorem 6.1, and because of the uniform bound Q| =1,
we have that

lim (Q, o (e °V) Loy (€U Q)

1= 0

= lim (Q, o, (€12 ..o, (€299 Q)

I—

This together with (6.10) are the formulae of the theorem, which are
therefore proven for fi(y)=yx.(x;— ), i=1, ..., k. The rest follows from
the fact that the set %~ of all finite real linear combinations of these
functions f;, for all x,eR""', i=1,...,k and all positive integers k is
dense in #,_7, since the f; run over the set of all translates of the function
%:(—y)=7.(y) for which 7,(p) (u(p)) * >0 for almost every peR"" ',
7.(p) being the Fouriertransform of the symmetric, positive definite
function y.(y). O

Remark. Theorem 6.6 connects the limit of the space cut-off vacuum
state on an algebra defined in terms of the time automorphism con-
structed by Streater and Wilde [6 d] with the infinite volume quantities
we have constructed in Theorems 6.2 to 6.5.

Remark. Since, by Theorem 5.4, for |}|<C te™? one has that
the vacuum energy density |B,| ' E, converges to £ as [ — co and moreover
the interaction V is bounded in norm by a constant limes |B,|, we obtain
the estimate

B-1

(€, Hy )l = C, Byl ,

where C, is independent of I.

This inequality and the fact that the Wightman functions tend, as
[— oo, to the translation invariant Wightman functions could be used
to prove, along the lines of [17], that the representation space in the
infinite volume limit is locally Fock.
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