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Abstract. It is shown that K.M.S.-states are locally normal on a great number of
C*-algebras that may be of interest in Quantum Statistical Mechanics. The lattice structure
and the Choquet-simplex structure of various sets of states are investigated. In this respect
special attention is payed to the interplay of the K.M.S.-automorphism group with other
automorphism groups under whose action K.M.S.-states are possibly invariant. A
seemingly weaker notion than G-abelianness of the algebra of observables, namely G'-
abelianness, is introduced and investigated. Finally a necessary and sufficient condition (on
a C*-algebra with a sequential separable factor funnel) for decomposition of a locally
normal state into locally normal states is given.

§ 1. Introduction

The investigation of representations of the commutation relations
and anticommutation relations by Dell’Antonio, Doplicher and Ruelle [3]
has forced upon us the concept of a locally normal state. Due to this
origin, locally normal states have been studied on a C*-algebra which is a
C*-inductive limit of sub-C*-algebras, which in essence are irreducible
C*-algebras on suitably chosen Hilbert-spaces [14, 21].

In [12] the concept of a locally normal state has been generalized
for a C*-algebra that is a C*-inductive limit of a net of von Neumann
algebras. In the case where the net consists of factors each having a
representation on a separable Hilbert space, the net is called a funnel.
We shall use the word funnel for the net of von Neumann (or rather W¥)-
algebras that generate a C*-algebra U in the sense of [12], Definition 2,
even if the net does not contain only factors and even if the net contains
factors which are not of the same type.

It is the aim of this paper to investigate the locally normal character
of K.M.S. states on a C*-algebra U with a funnel whose components are
o-finite properly infinite W*-algebras. As a result we find then that
every K.M.S. state on U is locally normal. It then follows that w is normal
on every finite factor contained in U and on every o-finite properly
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infinite W*-algebra contained in . If we further specialize the funnel
that generates I, to a sequential funnel of properly infinite W*-algebras
with a separable predual’, then the cyclic representation induced by a
K.M.S. state acts on a separable Hilbert-space and consequently every
K.M.S. state is normal on every factor contained in U. Also here w
is normal on more general W*-algebras than factors in U, namely
on every o-finite properly infinite W*-algebra contained in L.

In the case of a sequential funnel of properly infinite W*-algebras with
a separable predual we prove that every non-primary K.M.S. state
admits a unique decomposition into extremal K.M.S. states under
suitable conditions on the K.M.S. automorphism, namely that the set of
K.M.S. states for a given K.M.S. automorphism at a given temperature
is compact in the weak*-topology on U*. In the course of the argument
we show that every weak*-compact subset of the set of locally normal
states is metrizable compact.

The simplex structure of various sets of states is investigated. For
example, we shall show that the set of K.M.S. states which are also
invariant under the action of an arbitrary group of automorphisms that
is different from the K.M.S. automorphism group is a simplex. Further-
more we shall investigate to what extent a locally normal state can be
decomposed into locally normal states.

§ 2. Notation, Definitions and Preliminary Results

Let I be a W*-algebra, then by definition I is the Banach-space
dual of a Banach-space M,,, i.e. W = (W, )* M, is called the predual of M
and consists precisely of those elements in t* (the Banach-space dual
of M) which are o(IM, IM,,) continuous.

Because M =(M,)*, the oM, M,,) topology on M is the weak*-
topology on M. Mt is said to be separable, whenever the Banach-space 9,
is separable. For 9t separable the unit ball in M is metrizable and since
it is compact in the o(M, M,,) topology it is separable; we can therefore
find a separable C*-algebra A which is (I, M) dense in M.

Let {IM,}, r be a net of W*-algebras in the sense of [12], Definition 2,
ie.

1) to all pairs IM,, M, in {IM,},. there exists M, with the property
W, UM, CIN,.
ii) Every I, contains the unit of U where U is defined in
i) U= { ima" ((_ )n is the norm closure of (-)).
aell
A C*-algebra U has a funnel {9 },.r, whenever {9}, . satisfies

1), ii) and iii) above. M, is called a component of the funnel. A C*-algebra

! For definitions see § 2.
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U has a o-finite (resp. separable) properly infinite funnel whenever it
has a funnel whose components are o-finite (respectively separable)
properly infinite W*-algebras. A W*-algebra It is separable (i.. has a
separable predual) iff there exists a faithful normal representation of 3t
on a separable Hilbert-space. Indeed, let 7 be a faithful normal repre-
sentation of M on a separable Hilbert-space $. Then =(IM) is a von
Neumann algebra on $. Let pen(I),, then the transposed map ‘n
of 7 is defined by (‘n(y), 4)=wy(n(A)) for all AeIM. ‘n(n(IM),) is the
image of n(IM), in M, because 7 is normal. Furthermore every ¢ € M,
is the image of some e n(IM), under the transpose ‘n of . Indeed:
o(A)=(p-n" ") (n(A) =(n(pon""'), A), A M, where p°>n~! is normal
because ¢ is normal and = is faithful normal. Therefore we have that
‘n(n(IM),) = M,,. In addition we have that |'z(p)|| = | for all y € (M),
namely:
I'n() = sup [(‘n(y), A= sup |p(r(A)=]w].
14l =1 [l (Al =1

We thus conclude that 9, is isometric as a Banach space to n(IM),
which in turn is isometric to B(9),/n(MM)*", where B(H), is the set of
trace-class operators on $ and 7(9)* is the annihilator of (M) in B(H),.
Since $'is separable and n(IM)" closed, B(H),/n(M)* is separable and
consequently n(9M), (and hence M, ) is separable. If we now conversely
consider the situation where M, is separable, then there exists a countable

dense set {¢,} in M. From this one constructs p =X “i;h @,, then ¢
(2

is normal, as a norm-limit of normal linear positive forms, furthermore
¢ is faithful on M and gives rise to a faithful normal cyclic representation
n, of M on a separable Hilbert space $,,. The separability of 9, follows
from the fact that the o(I, I, ) topology on the unit ball of Mt is metrizable
and therefore we can find a countable o(9, M, ) dense subset of I,
{x,} say. Let Q, be the cyclic vector for n,(M) in H,,. For every {9,
with the property (&, 7,(x,) Q,) =0Vx, M, we have that (¢, 7,(x) 2,)
=0Vx eI because w; o, is oI, M,) continuous and =, is normal.
Because Q, is cyclic for 7,(9) we conclude that {=0, and therefore
that {r,(x,) Q,} is a dense set of vectors in H, which then is separable.

A W*-algebra M is o-finite iff there exists a faithful normal state on
I [8]. From what was said above, it follows that every separable
W*-algebra is o-finite. A particular case is when the algebra U could be
thought of as generated on Fock space. The funnel then consists of von
Neumann algebras on Fock space and because this space is separable
every component I, in the funnel is also separable and of course o-finite.

Let U be a C*-algebra with a g-finite, properly infinite funnel then for
every I, and M, with M, € M, the embedding is normal ([34], Theo-
rem 7).
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A locally normal linear form on U is an element from U*, with the
property that its restriction to every 9, is normal (ie. o(M,, (M,),)
continuous). Because the embeddings I, CIN, for all ordered pairs
in the funnel are normal we can apply [12] (Proposition 6) and conclude
that the locally normal positive forms on U form a folium (i.e. they form
a uniformly closed convex subset in U* with the property that for
every ¢ in this set ¢ 4(-) = @(A4* - A) also belongs to it). We shall nowhere
assume that we have a full folium.

Let U be a C*-algebra with a sequential separable funnel. Then in
every M, in the funnel there exists a separable C*-algebra U, that is
o(M,, (M,),) dense in M, Consider the separable C*-algebra U, = U QI

Let V denote the set of locally normal linear forms on . Let S denote
the set of states on U; the set of locally normal states is then SnV.
By a(©nV, U) we denote the topology induced on SNV by the o (U* )
topology (i.e. the weak*-topology) on U*. By a(SnV, U,) we denote the
locally convex topological structure induced on €NV by the semi-norms
on V:p—|p(A),peV, Ae U,. We then obviously have that

a(SnV,A)<a(SnV,U,).

Let K be any a(SnV,U) compact subset of SN V. Whenever we can
show that (€N V,U,) is a Hausdorff topology then a(SnV,U) and
a(@nV,U,) coincide on K [23]. In that case we have, because U,
is a separable C*-algebra, that K is a metrizable compact in a(SnV, U).
This then is independent of the particular choice of U,. In order to show
that 6(SnV, U,) is a Hausdorff topology it suffices to show that a(V, )
is Hausdorff because a(SnV,U,) is the topology induced on SNV
by o(V,U,). Let poeV and ¢=+0, then @(4)=0Y4el, implies
o(x)=0Vx eI, n is arbitrary. This is because I, is a separable von
Neumann algebra and we can find a separable C*-algebra U, which is
a(M,, M) dense in I, . Indeed, let x € i, then there exists a sequence
xx in U, such that xgx—x o(W,, M,,) weakly. Since we assumed
¢(A)=0VA e, and ¢ is normal (ie. o(M,, M,,) continuous) on M,
we find that @(x)=0VxeIN,, n arbitrary. Therefore ¢ vanishes on
(J M, and because @ € U*, ¢ has to vanish on all of U, which is in

contradiction with the assumption @ %0. In other words to every
@€eV,p+0 there exists an element Aell, with the property that
@(A) *+0, implying that a(V, U,) is a Hausdorff topology.

§ 3. K.M.S. States in Connection with Local Normality

Let U be a C*-algebra and t — ¢, a representation of the additive group
of the real numbers into the group of *-automorphisms of .
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A state on U satisfies the K.M.S. boundary condition, at the inverse
temperature f, whenever the following two conditions hold:

i) w(Aa,B) is a continuous function of ¢ for all A, Bell.

ii) Jo(40,(B) f(t —if) di = [ w(a,(B) A) f (1) di
for every fe®, where D is the space of the Fourier-transforms of
functions in .

[Equivalently w satisfies the K.M.S. boundary condition, whenever
for each pair A and B in U there exists a holomorphic function F in
0 <Imz < f with boundary values

F)=w(s,(4)B) and F(t+if)=w(Bo,(4)).]
For details on the structure of representations induced by a K.M.S. state we
refer the reader to [11, 37, 40, 417.

A well known fact by now is that every K.M.S. state @ as defined above,
gives rise, by the Gel’fand-Segal construction, to a representation r,, of I
with the property that ()" has a cyclic and separating vector. r,,(Xl)"
is therefore a o-finite von Neumann algebra [8].

Theorem 1. Let U be a C*-algebra with a o-finite properly infinite
funnel, and w a K.M.S. state on U then w is locally normal.

Proof. Let (n,, 9., 2,,) be the representation, the Hilbert-space and
the cyclic vector obtained from the Gel'fand-Segal construction. As
already remarked @, is separating for x,(U)” and therefore =, (U)"
is o-finite. Let M, be a component of the funnel, then 7, | M, is a *-homo-
morphism of a o-finite W*-algebra into the o-finite algebra =, ()"
Such a mapping is normal ([34], Theorem 7). Hence w is locally normal.
q.e.d.

Remark. Since [34] Theorem 7 also holds for every ¥*-homomorphism
of a finite factor into a o-finite von Neumann-algebra, we see that
is normal on every finite factor in U and also on every g-finite properly
infinite W*-algebra contained in U whether or not contained in the funnel.
Of course Theorem 1 holds also if the funnel is a finite-factor-funnel. If we
specialize to a sequential separable properly infinite funnel® then we
have the following.

Corollary 1. Every K.M.S. state on a C*-algebra U with a sequential
separable properly infinite funnel, is locally normal, acts on a separable
Hilbert-space and is normal on every factor contained in U.

Proof. From Theorem 1 we know that =, |9, is normal. M, is sepa-
rable therefore [x,|9M,Q,] is a separable subspace of §, and thus
Do <= U (m, | M) Qw) is separable. By [10, 17,35] we know that every

representation of a factor on a separable Hilbert-space is normal.  g.e.d.

2 Everywhere in the following the reader can substitute for each properly infinite
W*-algebra a finite factor without changing the results.
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Corollary 2. For a C*-algebra with a sequential separable properly
infinite funnel the following statements are equivalent:

i) a state w gives rise to a representation on a separable Hilbert-space

i) w is locally normal.

Furthermore whenever 1) or i) holds, w is normal on every o-finite
properly infinite W*-algebra and on every factor in U.

The proof of corollary 2 is a straightforward combination of [34]
(Corollary to Theorem 7) and the arguments given in the proofs of
Theorem 1 and Corollary 1°.

Corollary 3. For a C*-algebra W with a sequential separable properly
infinite funnel (respectively a sequential separable factor funnel) the
following statements are equivalent :

1) w is locally normal

i) w is normal on every a-finite properly infinite sub W*-algebra of U
(respectively every subfactor of U).

We want to conclude this section with a few remarks.

Remark 1. Let U be a C*-algebra U with a sequential separable
properly infinite funnel {3k, }. Suppose furthermore that {I,} is obtained
by some sort of “resummation” of a factor funnel {{,} where a is an
arbitrary index set. The existence of a locally normal state w on U
implies then that every component of {§,} is separable. [This is true
since $,, is separable and hence 7| &, is normal and faithful, because &,
is a factor].

Remark 2. A C*-algebra U with a funnel of which at least one com-
ponent is not a finite W*-algebra, does not admit a representation of
finite type and in particular it does not admit an infinite temperature
K.M.S. state. The latter statement holds because an infinite temperature
K.M.S. state gives rise to a finite trace on U, which does not vanish on the
components of the funnel. (Every component contains the unit of 1I.)

Remark 3. None of the algebras that admit a central state can have a
funnel structure of local W*-algebras, with at least one properly infinite
component. Not surprisingly, this is the case for the C.A.R. algebra and
the algebra of a Quantum-lattice gas. It is also the case for the C.C.R.
algebra considered in [22]. The fact that this algebra has a central state
has been shown in [38].

Remark 4. Let U be the algebra of all bounded operators on an
infinite dimensional, separable Hilbert space $. Let H be a selfadjoint
operator on $ whose spectrum is not totally discrete, with finite multi-

3 Corollaries 1 and 2 hold also for C*-algebras with a sequential separable factor

funnel. Corollary 1 for a C*-algebra with a sequential separable factor funnel was shown
in [12].
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plicities. Then there exists no K.M.S. state on i with respect to the auto-
morphism group:

Ael—o(A)=U,AU_,, U-=expiHt.

To see this, suppose one had indeed a state w that were K.M.S. with
respect to o, at a certain value of f§, which we take 1 for simplicity. Then
because of Theorem 1 w has to be normal, i.e. w(A4)=Tr(p A), A€ .

Thus 7, is faithful. Also w(4*4)=0 implies =,(4)=0 and hence
A =0. The latter fact means that g is invertible i.e. ¢ =exp(— H’), where
H' has a totally discrete spectrum with finite multiplicities. From the
standard construction [11,41] we know that w is also K.M.S. at the
temperature 1, for the automorphism group y,:

A-y(A)=VAV_,, V,=exp(iH'?).
Since w is a faithful state on U we have then [32, 37] that
Ut(A) = yt(A) .

This equation implies that U, V_,e B(H) = {41}, ie. U V_,=expia(t)
where t —a(t) is a real function on the real line.

Furthermore i) expia(t) is a continuous function of ¢, ii) expia(t, +t,)
=expila(ty) + a(ts)].

Applying Stone’s theorem in a 1-dimensional space we conclude
that a(t) = At where 4 is a real constant. This, however, means H = H' + A,
which contradicts our assumption about the spectrum of H. q.ed.

§ 4. The Simplex Structure of Various Sets of States on a C*-Algebra X

Our ultimate goal in this chapter is to make statements about
various possible decompositions of states on a C*-algebra . In order
to do so we will first make some statements about the lattice structure of
various sets of functionals on a C*-algebra.

Let K be a convex set of states on 2. Denote by K the positive cone
generated by K, i.e. for every ue K we can find p,e K and >0 such
that 4= Au,. For the moment we do not assume that K is closed in the
a(U*, ) topology [Since the a(U*, ) topology is Hausdorff, closedness
of K would imply compactness of K]. Consider K — K endowed with
its own order, i.e. for

2,6 K—K(i=1,2)z,<z, means 2z,—z€K.
For we K we define

S()={eeK:34,>0 with i,w—90eK}.
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Every ¢ € S(w) defines a positive operator T, in 7,(i) with the property
that:

o(A)=(Q,, T,n,(A) Q,) = wriq (4), Aell.
Define for every w € K, Csw) by:

Csw) =T, €(m,())" : wriq, € S(w)} .

The map ¢ € S(w)— T, € Cy,, is order preserving and one-to- one onto if
we endow Cg,, with 1ts own order, i.e. T, = T,, means T,, 5 € Cs(w)
and S(w) with the order induced by K. The order on S(w) mduced by
K coincides, however, with S(w)'s own order. We shall be interested
in the lattice properties of K in its own order (or equlvalently in the
lattice properties of K — K when its positive cone is taken to be K).
One easily proves the following:

Theorem 4.1. The following statements are equivalent:
i) K is a lattice in its own order

i) for every we Ig, S(w) is a lattice in its own order

iii) for every we K, Cg,, is a lattice in its own order.

Suppose that K is a lattice in its own order. Then from the fact that
we have a one-to-one order preserving map

Cs oy S(w)

we cannot expect that Cg,, is the positive portion of an abelian algebra.
It is just a lattice isomorphism. To illustrate this remark let us consider
the following:

Let 2 be the C*-algebra of 3 x 3 matrices and let

110 1 -1 0
0 0 1 0 00

Let V be the two-dimensional subspace of U consisting of all aa + fb;
«, f# € C. Making use of the trace we can consider 2 itself as the conjugate
space of 2, because U is finite dimensional. Let K be the intersection of V
with the state space S of 2, i.e.

K={weS:wx)=Tr(@axa+pfxb),xeW,fora, fcR*}.

Since the functional: x e W—Trxy e is positive iff y is positive as
an operator, w, 4(x)=Tr[x(xa+ pb)] is positive iff aa + Bb is positive;
this is only true if & = 0 and f = 0. Therefore, the self-adjoint portion of V,
which is the real-linear span of a and b, is a lattice the order being the
natural order on V derived from the natural order on positive operators.
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But we can easily see that a-b¢ V. (This example is adapted from the
example in [31].)

Suppose K were a compact convex set in U*, then the equivalent
statements of Theorem 4.1 would mean that K is a Choquet-simplex.

Before discussing examples of sets of positive linear functionals that
satisfy one of the equivalent conditions of Theorem 4.1 we need some
lemma’s and definitions.

Let UM be a C*-algebra, and let G be a group that is represented as a
group of *-automorphisms of . Let I;(U) denote the set of invariant
states under the action of G, ie. I5(U) = {w e SQAU): w(x,(4)) = w}.

Suppose that I;(U) =+ @ (the empty set).

Define for w € I;(¥) on $,, the projection operator Py’ as the projection
operator on {w € 9,,: Ulp =1}.

We have then the following:

Lemma 4.2. U is G-abelian iff Py is an abelian projection in
(7, YO UY"  forall welg(2).
Proof. As one easily verifies
(7, (W)U P§ Jpy = [P57, (M) P5]pg - (4.1)

Since by definition [21], U is G-abelian when for all we I;(X) {P§= () P§’}
is abelian, we conclude that G-abelianness of U implies abelianness of the
right hand side of (4.1) and hence Py is an abelian projection in
[m,()U P5]", but this algebra is the same as [x,,()u U;]". This proves
the only if part. To prove the if part suppose that Py is an abelian pro-
jection in [m,(M)u U;]” then it is also an abelian projection in
[n,)U Pg]". Furthermore since [Py, (M) Pylpe is *-isomorphic to
Py [Py m(U) P5']pe we see that [Pg'n,(U) Pg'] is an abelian set of operators
and hence U is G-abelian.  q.e.d.

Definition 4.3. Wis G'-abelian when for every w € I;(Y) the projection
on [n,)uLU;S] 2, is an abelian projection in [z, ()L US]" (or
equivalently for every w € I;(!), [n, ()L U;’]" is abelian).

Lemma 4.4. U is G-abelian implies:

i) Wis G'-abelian,

ii) Py = P® (where P® projects onto [rn,(0)L U] Q).

Proof. 1) is immediate from the proof of the previous lemma, if we

observe that [x,(U)uU P§1p. as an abelian algebra on P§$ has a cyclic
vector, namely 2, and hence

(oW P e = (MW U Py Tpp = [1,(M) 0 U Ty -

Furthermore the abelian von Neumann algebra [z,()u U] is
x-isomorphic to [, (X)u Uy 1pe. Hence i) is proven.
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To prove ii) we observe that P® < Pg and since Py’ and P both belong
to [#, (M) U;]” and Py is abelian we have that P® = Py'G where G is a
projection in [, ()L U] N [x,)o U]

We have that P°Q, =Py GQ, this implies Q,=GQ, and hence,
because G € 7, (U), G=1 implying P® = P§.

Lemma 4.5. Let w € I;(N) be separating then P® = Py. The proof can
be found in [15], Lemma 2.2. It is perhaps worthwhile to mention that
this lemma holds independently of whether Ul is G’ (or G) abelian or not.

We now want to give a few examples of cones that are lattices in their
own order.

I) Let as before I;(U) be the set of invariant states under the action of
a group G and let U be G'-abelian. Due to the fact that invariance of a
state is linear (i.e. g, ¢, invariant implies ag, + fo, is invariant) Cg,)’s
own order is the usual order on self-adjoint operators on §,,. Furthermore
G’-abelianess of U implies that Cg,, is the positive portion of a com-
mutative von Neumann algebra, namely the set of invariant elements
in 7,(")". Therefore Cg,, is a lattice in its own order and hence I;(X)
is also a lattice in its own order. Since for an algebra U that is G-abelian,
it follows that U is G’-abelian we recover the fact that I;(!) is a lattice
in its own order for a G-abelian algebra.

II) Let K, be the set of K.M.S. states a certain temperature . Then
K is a lattice in its own order because Cgq, is the positive portion of the
centre of =,(U)". Indeed for we K;,0€ S(w) we have not only that
T,e(n,(M))" but also that T, e (r, (M)’ Nx,(U))*. This is true for the
following reasons:

o) The K.M.S. condition extends to the von Neumann algebra
()", ie.

[(Q,, AUBQ,) f(t—ip)dt=[(Q,, BU_,AQ,)f(t)dt feD, (42

A,Bemn,U)".

B) Since g € S(w) we have, independent of the fact that w satisfies
K.M.S., a positive operator in 7,(U) such that w;¥, =g. Since ¢
satisfies K.M.S. we have

{Q,.T,AU,BQ,) f(t—if)dt=[(RQ,, T,UBU_,AQ,) f(t)dt .
Let A=1 then, by the invariance that follows from the above equation,
we have UT,Q,=T,Q,>UT,U_,=T,.
y) The involution J that follows from (4.2) has the properties
JT,J=K,en,U)'n(U) .
JT,JQ,=K,Q2,-JT,Q,=K,Q,.
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Since K, is invariant we have J T,Q,= T K ,Q, where T =exp —f/2H
(U, =expiH?1).

From this we conclude T,2,=JTK,Q,=K}Q,=K,2,. [From
K.M.S. follows that JTAQ, = A*Q VA e, (U)"]. If we now substitute
K, Q,=T,2, in the K.M.S. condition for ¢, we have

[(Q,, K,AUBQ,) f (t —if)dt = [ (Q,, K ,BU_,AQ,) f (1) dt .

The left-hand side equals | (Q,,BU_,K,AQ,) f(t)dt because w satis-
fies K.M.S. We have thus obtained:

[(Qy, BU_K,AQ,) f(t)=[(Q,, K,BU_,AQ,) f () dt .

This implies
(Q,,[B,K,]4Q,)=0 VA,Ben,N)".

Hence [B, K] 2, =0=-[B, K,] =0, because 2, is separating for r,(1[)".
Therefore K, e n, )’ nn,(U) and since JT,J=K, we have that
T,=JK,J=K}=K, en, )" nxn, ).

Conversely, due to the pointwise invariance of n,(U)"N=, )
under the action of the modular automorphism, every T, € 7,(1)" N7, (U)
gives rise to a functional ¢ = wyiy, € S(w).

The reasoning displayed above implies also that weExt K, is
equivalent with w is primary.

IIT) Let G be any group and let ge G— 1, be a representation of G in the
*-automorphisms of U. Suppose that I;(2) (i.e. the set of 7, invariant
states) is not the empty set and furthermore that K,nI;() =+ @. (The
latter fact in the case of a simple algebra implies that t, commutes with
the K.M.S. automorphisms [32].)

In this case one easily checks that Cg,, is the positive portion of the
von Neumann algebra of 7, invariant elements in =, (1) N7, (d) and
therefore K;nI(U) is a lattice in its own order.

In example I) we have that I;(U) is o(U*, U) compact and hence
I; () is a simplex for a G’-abelian algebra U.

In examples II) and III) we will also have simplices provided K, is
compact.

The set K; of K.IM.S. states, for a given K.M.S. automorphism
group and a given temperature, is a convex weak x-compact subset of S
if o, is a strongly continuous automorphism group (i.e. |o,(x) — x|| —==5> 0)
of U. A situation like this occurs in the case of a Quantum lattice gas [26]
and in the case of the C.AR. algebra, if the relevant automorphism
group is a so-called quasi-free evolution [27]. In both these cases, under
suitable conditions, K, consists of one point only and is therefore
trivially compact; this one K.M.S. state is primary [21, 27, 32].
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We shall not assume the strong continuity of the automorphism
group o,: U— U but rather we shall assume the compactness of K, in the
weak*-topology. In order to illustrate this assumption let us firstly
recall a result from [18]: Let I be a o-finite W*-algebra with no type
11, portion, and let o, be a group of automorphisms of I with the
property that |o,(x)— x|/ -=5>0,x€ M. Then [0, — 1| -=5> 0, where 1
is the identity automorphism of 9. From this follows [16], that the
automorphisms o, are inner automorphisms implemented by a unitary
group in I with a bounded generator. Let now 9t be a non type 11,
o-finite factor, w a K.M.S. state on I, o, the automorphism. Suppose
[o,(x) = x|l -=5> 0, then from what we said above o,(x)=Ux Ut
U,eI. U, has a bounded generator, ie. |U,— 1f w55 0. From [37],
Theorem 14.1 and the interpretation of [5] and [25] presented in [40],
we conclude that 9 has to be semi-finite and consequently there exists a
faithful normal semi-finite trace T on IR. Furthermore w(x)=t(xh),
where h is a uniquely defined positive operator in L' (M, t) and furthermore
o,(x)=h""xh™" [37]. Since we assumed that M is a factor (for the non-
factor case an analogous reasoning can be given) h''=e'*'U, where o
is a real number and consequently ||h" — 1| —5> 0, i.e. log h is a bounded
operator. In particular h is then bounded, belongs to I, has a bounded
inverse and because h belongs to the defining ideal I, of = we see that
the unit in 9 belongs to M,. Hence M is a finite factor.

If we now take a o-finite, properly infinite factor, then we know from
the existence of a faithful normal state ¢ and Tomita’s theorem that
this state satisfies the K.M.S. condition with respect to the modular
automorphism group ¢?. Furthermore we know [37] that for this
automorphism group & is the only K.M.S. state at the appropriate
temperature for of. K, is therefore compact and [o?(x)— x| -%5>0,
from what we said above. 4, by no means general, example of this
situation is the finite volume K.M.S. state as considered in [11,41].
Before embarking on the decomposition of a K.M.S. state we would
like to mention a possibility where the K.M.S. automorphism is not
strongly continuous and K is not compact either. Let 3t be a o-finite
properly infinite W*-algebra with a non-atomic centre 3 (i.e. 3 does not
contain minimal projections). Suppose o, is a K.M.S. automorphism
group and & a K.M.S. state with respect to o,, then &
is of course normal. (We are considering here the trivial funnel
MM =M, =U) Whatever topology we equip it with, K, will never be
compact. The reason being that, although x—a,(x) is g-strongly con-
tinuous if x € s(®) M(s(P) is the support projection of ), every extremal
K.M.S. state @ has to primary, i.e. s(®) has to be a minimal projection
in 3, which is excluded by assumption.
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As remarked at the beginning of this paragraph our ultimate goal is to
exhibit unique decompositions of a state @ into others which still have
properties the original state had.

The “cleanest” decompositions of a state w € K, where K is the base
of a cone K which is a lattice in its own order, are obtainable when K is a
compact subset of S(U) (i.e. when K is a Choquet simplex) and the set of
extreme points of K is nice enough.

Indeed if K is a Choquet simplex and ExtK is a Baire set, an F,
or a K-Borel set one obtains a clean decomposition theorem [2,24].
(Given a Choquet simplex this does not exhaust all possibilities of
obtaining a unique decomposition; we shall, however, not insist on this
any further.)

From now on, we shall assume that K is a o(1*, 1) compact subset
of S(U), and as remarked before in all three cases (I, II and III) we have a
Choquet simplex. Furthermore the set Cg,, is the positive portion of a
commutative von Neumann algebra in =, (1) in all three cases, which
we denote by B, the order on Cg,,, which makes it a lattice in the usual
order on positive operators on §,,.

From the fact that K is a Choquet simplex we know that there is a
unique maximal measure y, on K that represents w [2]. To exhibit
this unique maximal measure, one “diagonalizes” the appropriate,
depending on the case at hand, commutative subalgebra B in 7, ().
For completeness we sketch the essential points of such a diagonalization
procedure.

Let, for the moment, B be an arbitrary commutative von Neumann
algebra in 7, (U) and let furthermore P=[BL,]. One then observes
the following facts:

i) Pe B’ and, therefore, since [B], is a maximal commutative von
Neumann algebra on P$,, (it has a cyclic vector!):

[EBIJP = [Qﬂp . (4.3)

i) From (4.3) we have that for all A€ %’ there exists a uniquely
determined element &(4) € B such that

PAP=Peg(4).
In particular, since 7, () C xr,,(U)" C B', we have
Pr (A)P=Peon,(A) Ael.

i) (Q,, Pm,(A) PQ,)=(Q,, Peom,(A4) Q,)=(L,, e°1,(4) Q).
iv) [B]p is x-isomorphic to B and therefore we have for all CeB:

(Q,,CR,)= li C) dv,(y)
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where I is the spectrum space of B and C— C(-) is the Gel’fand iso-
morphism of B onto C(I') (the set of continuous functions on I'). v, is
the spectral measure on I" determined by @, . Since B is a von Neumann
algebra, I' is hyperstonean and [8]:

CH=L*(T,v,).
v) Combining iii) and iv) we obtain:

(R, m,(A) Q) = ; (e mo(A)) () dvy(¥) -

vi) By (g°7,(4)) (y) = w,(A) A €U, one defines for every ye I, a state
w, on U.

Indeed w, is linear and normalized to one. Positivity follows from
the fact that firstly =, (A4* A) is positive and secondly that B is *-iso-
morphic to PB. Therefore from (4.3) ¢- n(4* A) is positive and hence
also w,(A*A)=0.

From vi) we have w(A)=ja)y(A) dv,(y). I' is compact and the map

r

¢:y—w, is a continuous map of I into S(2) (S(U) with the w*-topology).

We therefore obtain a measure p, on S(U), by transport of structure,
when we define p,(f) for all fe C(SQ)) as:

vil) p,(f)= ; (feo) () dvy(y).

As one easily sees ,, is a probability measure on S(U) with its support
inwl)={reSA):1=w,,yeTl}. Sinceye I' ->w, € w(I') is a continuous
map of I' into S(U), and since I' is compact, w(I') is compact. Therefore
we obtain:

to()= [ fl@dul@= | f(Q)duw(Q)EI[ (fe@) () dvy,(y).

w(I) S

In particular we obtain

A(w)=o(4)= j’n o(A) dp,(0) (4.4)
w(
and . .
tolAy ... 4,)=(Q,, Pn,(A) P ... Pn,(4,) PQ,). (4.5)

From now on B is no longer to be an arbitrary von Neumann-algebra
in 7,() but B is {n, )L U’} in case I, B is n,,AU)" N7, (U) in case 11
and B is 7, (U)" N7, (U)Y N U in case I11. In all these cases we have:

vii) All elements from w(I'), i.e. all states w,, belong to K.

This follows from the following reasoning. B is a von Neumann
algebra hence the unit ball of its predual B, is ¢(B*, B) dense in S(B).
This implies that for C e B there exists a net {¢,} in B, with the property

(I)y(C)=li§n(pd(C), where  @,(C)=C(y).
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If we now choose C =¢- w,(A4) we have:
@,(4) = (e > mo(A)) (v) = lim @& ° 7, (4))

@4 as an element of B, is a normal state on B;; it is also normal on [B],
and this algebra has a cyclic and separating vector in P$),, and hence [8]
there exists a, € B such that we may choose

(Pd(g ° nw(A)) = (Qw’ a:iks © nw(A) ade)
Therefore we have:
w,(4)= lign (a,9,, e° 1, (A) a,2,,)
= lign(ade, T,(A) a,2,,) .

Due to the special choice of the algebra B we conclude that w, is a
pointwise limit of states in K. At this point the compactness assumption
on K, comes into play. Indeed from the compactness of K (in all three
cases) it follows that w, € K or equivalently w(I') C K. u, is an w-repre-
senting measure on K. Recall that:

po(dy ... A)=(Qy, PT,(A4)) ... PT,(4,) PQ,).

where A(w) = w(A).
By exactly the same reasoning as used in [28] in order to prove that

1A ... A)=(Q,, P¢T,(A}) P¢ ... POT(A,) P2 Q,)

extends to the unique maximal w-representing measure on I;(U) for
U G-abelian, one proves here

viii) u,, is the unique w-representing measure that follows from the
fact that K is a simplex.

If instead of a G’-abelian algebra we were to have a G-abelian U then,
since P$ = P® (Lemma 4.4), we would get that p, =1, for case L.

It should be noted that everything we have said up to now holds for
arbitrary C*-algebras U, in particular for those which are not separable
in the norm-topology. We are now going to specialize to a C*-algebra
with a sequential separable properly infinite funnel (cf. § 2) and for K
we consider from now on only cases II and III. (Such algebras are still
non-separable in general.)

Firstly, as we have shown in § 2 K; is a metrizable compact. Therefore
its extreme points form a G, [2] (hence a Borel set and since K is separable
it is a Baire set). The same is true in case III for K;nI;(U), where G
can be any group represented as *-automorphisms of U, with the pro-
perties that I;(2)n K, # 0. Therefore we have the following theorems.
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Theorem 4.5. Every K.M.S. state w on a C*-algebra W with a
sequential separable properly infinite funnel* can be uniquely decomposed
into extremal K.M.S. states (i.e. K.M.S. primary states).

Theorem 4.6. Every K.M.S. state that is also invariant for a *-auto-
morphism group ge G —a, on a C*-algebra with a sequential separable
properly infinite funnel* can be uniquely decomposed into elements that
are extremal elements in Ky I(N).

At this point we want to make two remarks, namely:

1) Given an arbitrary C*-algebra and a state w thereupon, choose an
arbitrary commutative von Neumann algebra B in n, (). Then the
measure u,, satisfying (4.4) and (4.5) is unique [30]. This, however, does
not guarantee that p,, is carried by the extremal points of K. It is the
simplex structure with additional “niceness” criteria on the set of extremal
points that provides the possibility that yu, is carried by the extremal
points.

2) Both Theorems 4.5 and 4.6 deal with decompositions of a locally
normal state into locally normal states. In § 5 we shall investigate under
what conditions a locally normal state can always be decomposed into
locally normal states.

We want to conclude this paragraph by describing the additional
structure that is obtained when the algebra M has somewhat more
structure with respect to its *-automorphism group {a,, g € G}.

Suppose that for a certain value of § one has that for all w € Kyn I (M):

(M) N U C o, (U) N, () (4.6)

Then we have the following

Lemma 4.7. Ext (K ;0 I;(20)) C Ext ().

Proof. Firstly recall that we assumed that K, was compact. Hence
K;n1;(M) is compact and has extreme points by the Krein-Milman
theorem. Let we KynI;(U) be decomposed as w=Aw; + (1 —4) @,
with w;(i = 1, 2) € I;(N). Then w; =(T;Q,, 7,(-) Q) with T; e 7, Uy N U
By assumption T; e n,(1)" N7, (U) and hence w;€ K;.  qe.d.

We will adopt the definition of a face as given in [9], namely:
a face of a convex set K in a vector space is a convex subset Q such that if
Aoy +(1 =21 w,eQ with w,(i=1,2) and 0<A<1 then w,(i=1,2)eQ.
It is then clear from the proof of Lemma 4.7 that we have:

Lemma 4.7'. K;nI;() is a face of I;(N) (provided K,nIg(WN) =+ 0)
iff (4.6) holds for all w e K0 I5(U).

4 or a sequential separable factor funnel.
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(4.6) is satisfied for {U, G} asymptotically abelian ([19] and [33],
Theorem 5.2) and in the case where M is M abelian with respect to
{t,,g€ G} [29]. (In this case G has of course to be amenable.)

Furthermore from the observation i) to vii) we have

Theorem 4.8. Let U be a C*-algebra admitting a group of K.M.S.-
automorphisms at a temperature =0, with in addition a group of auto-
morphisms g e G— o, such that:

1) K; is compact.

2) K;nlg(0) 4.

3) we Kynlg(W)— 7, (M) n U C () N, ().

4) I;(W0) is a simplex.

Then the unique maximal measure that represents w as an element of
the simplex K;n I;(M) coincides with the unique maximal measure that
represents o as an element of the simplex I ().

Corollary 4.9. Let in addition to the assumptions of Theorem4.8,
U be a C*-algebra with a sequential separable properly infinite funnel
(or a sequential separable factor funnel) and Ext I;() be a u,-measurable
set. Then the decomposition of w e K;nIg(U) into elements of
Ext(K;nIs(!)) coincides with the decomposition of w e Ky;nIg(M) into
elements of Ext(I;()) or stated differently:

o (Ext (K 5 [(0) = po (Ext I D) = 1, w € Ky I6().

The conditions of Corollary 4.9 are fulfilled for all f0 in the case
of a lattice gas with the interactions given in [26]; the role of G is played
by space-translations, which act asymptotically abelian on . Therefore 3)
and 4) of Theorem 4.8 hold; furthermore |o,(x)— x| 55> 0 implying
that K, is compact; K;nI;(U) =+ 0. Since U is a U.H.F. algebra it is a
C*-algebra with a sequential separable factor funnel; furthermore U
is separable in its norm topology and hence Ext I;(Y) is u,-measurable.

§ 5. Decompositions of Locally Normal States into Locally Normal States

In this paragraph we shall restrict ourselves to C*-algebras with
a sequential separable factor funnel. This restriction, as we shall see,
is essential to the proof of the main theorem of this section; namely

Theorem 5.1. Let M be a factor on a separable Hilbert space. Let B
be a commutative Von Neumann algebra in W', and let Q be a vector in §
that is separating for B (for instance Q could be cyclic for M) and

wo(A)=(2, AQ) =£ du(y) w,(A) Ae M,

where I', p and w, are as before (cf. § 4i) to viii)).
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Then the following statements are equivalent
i) w, is p— a.e. normal on M.
ii) The natural *-isomorphism

M=

x;bi— Y x,®b;, x;€MbeB
i=1

i=1

extends to a x-isomorphism of
MUB)” onto MRV,

where M B is the tensor product of the Von Neumann algebras M and B.

Proof. Since M acts on a separable Hilbert-space, M, is separable
in its norm topology. It is known that under this condition the predual
(MR B), of MR B is isometric to the Banach space L'(I, M,, ) of
all Bochner integrable I, -valued functions on I' with respect to u
(see for example [30]).

Suppose (i) holds. Since M is a factor and B is in P, the bilinear map:
(x,b)eMxB—>xbe B(H) is extended to an isomorphism m, of the
algebraic tensor product M® B onto the algebra R, (M, B) generated
algebraically by Wt and B, (see, for example, [8] Chapter I, § 2, Excercise 6).
Furthermore, since B is abelian, [36] the map =, is extended to an
isomorphism 7 of the tensor product of C*-algebras M&,B, onto the
C*-algebra R(MuUB) generated by P and B. Let w be the state on
RMUB) defined by w(x)=(x2[Q). Put & ='n(w). Then & is a state
of M®,B. We claim that @ is o-weakly continuous on MK, B when
M®,B is imbedded in the tensor product of von Neumann algebras
M B.

By assumption, we have, for each ) x;®b;e MR B,

i=1
o (,Zl x ®bi) —o <~Zl xibi) = % [0, bi)dn ().

Therefore, & is nothing but the restriction of the normal state of M@ B
which is defined by the IR, -valued function in LN, p, M) yel > w,,
to M®,B. Thus @ is o-weakly continuous. Since the map 7 is nothing
but the cyclic representation of IM®,B induced by @, 7 is extended
to a representation 7 of M® B with the range (Ww B)". Since the centre
of MR B is 1 ®B and 7 is faithful on 1 ® B because it is just the identity
map, 7 is an isomorphism of M® B onto (MU B)".

Suppose (ii) holds. Let 7 be the isomorphism of M B onto (Mu B)”
which extends the map: (x, b)e M x Br—>xbe Ry (M, B). Let & be the
state of M B defined by (n(x)2|R2). Then & belongs to (MR B),.
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As we remarked above, there exists a Bochner integrable I, -valued
function: y e I'» &, € M, such that

o( 5 wob) = $ o, b0)du0) 8

i=1
for each Z X;®b; € M®B. Therefore we have, for each x € M,

- ox)=b(x®1)

(+5)
=[0,(x)du(y).
r
By equality (*) one concludes that the diagonal algebra for the decom-
position (x#) of w is precisely B.

Indeed the function y e I'- &, € M, is a Bochner integrable function
on I' (by the very definition of L'(I', u, MM,)) and hence &, is a strongly
measurable function on I' [13,30]. Therefore by ([1] Chapter IV, §5,
Definition 1 and Proposition 10) on every compact subset K of I we have
that @, is a strongly continuous function on K\N where N is a subset
of K of u measure zero.

Since Q is separating for B, u is a normal basic measure on I'; its
support is all of I' [8]. Therefore [4], there exists an open dense set G
in I with G = J G, where {G,} is a countable family of mutually disjoint

open and closed subsets of I'. Since G, is a closed subset of I', which is
Hausdorff, G, is compact. In the hyperstonean space I" a set is of y-measure
zero iff it is nowhere dense. Furthermore each set of first category is
nowhere dense, as is its closure [4].

Returning to @,, it is clear from what we said above that @, is
continuous on G — Wn, with N, C G, and N, nowhere dense. Let us

denote G — U N, by H. By Baire’s theorem H is open dense, indeed
H= GmU N or equivalently H° = GCUU N,, i.e. H, is a closed set

of first category

Let now w(A) = 13: du(y) w,(A)

be the decomposition as obtained in § 4 by diagonalizing B. Then

a)(Aa)=£d,u(y) w,(A)a(y) AeMaeB, (%%%)

where ,(4) is the unique continuous function on I' that coincides,
except on a set of measure zero, with @,(A4) [4]. Define

E(x)={yel:@,(x)+w,x)},
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then we }Ev_ecthat E(x) and hence E(x) is nowhere dense. It then follows
that HN E(x) is open dense, and hence

(HNE(x))nH=H.
For ye H, we can find y, such that liam y.=7 and 7y, eHmE—(;)C.

Since @, (x)=w, (x) and since @, is strongly continuous on H,
together with the fact that w, is continuous on all of I' we have that
o,(x)=w,(x)VxeM,yeH. qed.

Let U be a sequential separable factor funnel and let w be a locally
normal state thereupon. It follows from corollary 3 that § is separable.
Consider [n,(U,)UB] 2, = 9" where B is a commutative Von Neumann
algebra in 7, ().

One then has the following structure

®) T,ly, is @ representation of the factor 1, on the separable space 9,,,
hence 7|y, is faithful normal [10,17,35] and hence =y, is a Von
Neumann algebra; but by faithfulness it is a factor. Let P,, =9
then P, e =, (U,) " B’;

B) [B]p, is isomorphic to B; m,(U,) is isomorphic to [, QL,)]p,
since [, (2,)]p, is the image of a representation of the factor 7,(2,) on
97 which is separable;

y) In $? we have the conditions of Theorem 5.1. Indeed Q is separating
for [B]p, [B]p, C[n,)]p, and [w,(U)],, is a factor.

d) Let o= j du(y)w, be the decomposition of w obtained by

r

diagonalizing B, then
©ly, = J du() @y, -
r

This equation can for 4 € n,(U,) be read as
(@, [A1p, Q) = | du(y) 0}([ADp,) (%)
r

where w] is the transpose of w, under the isomorphism of ,(2l,) onto
(7, )]1p, (e if Aen,U,)—>[A]p, then w)="'¢,(w,). Equation ()
therefore is the decomposition of a normal state on [x,(U,)]p, into
states on [7,(U,)]p,.

Since normality of w on [7,(!,)]p, implies and is implied by nor-
mality of w,|,, we have by applying Theorem 5.1 the following

Corollary 5.2. For a C*-algebra 0 with a sequential separable factor
funnel, a locally normal state w thereupon and a commutative von Neumann
algebra B in n,(NY the following three statements are equivalent :

) w =jd,u(y) w, with w, locally normal p almost everywhere, where

r

the decomposition is obtained by diagonalizing ‘B.
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ii) The natural *-isomorphism

Y xbir Y x®b;,  xie[,W)ls., biel[Bl,
i=1

i=1
extends to a *-isomorphism of

([mo L)1, 0[Bp)"  onto [, (U,)1p,@[Blp, .
iii) The natural *-isomorphism
Z xibiHZ x®b;, xeln,U)p,, b;e[Blp,
entends to a *-isomorphism of
([mo(W)1p,0[B1p,)"  onto  m,U)®B.

Because condition ii) in Theorem 5.1 is always fulfilled if 9 is a
type I factor on $ we have also

Corollary 5.3. For a C*-algebra U with a sequential separable type
I factor funnel a decomposition of a locally normal state w is always into

locally normal states for any commutative Von Neumann algebra B in
7, ()"

This corollary is also a consequence of [217] Proposition 4.3, because
any type I factor U, in the funnel contains the separable norm closed
ideal I of the compact operators, that is o-weakly-dense in Y, and a
locally normal state has the property that |w|,|| = [wly, | = 1, [6].

One might attempt to extend these results to general locally normal
states on a sequential separable factor funnel. This, however, is a rather
difficult problem if we do not have some additional structure like in
Theorem 5.1 and its Corollaries 5.2 and 5.3. As an illustration we want
to conclude with an example of a locally normal state on a sequential
separable factor funnel, whose central decomposition is not into locally
normal states.

Let G be a countably infinite discrete group such that every conjugacy
class C,={CgC':CeG},geq is infinite except for the trivial one C.,.
Such a group will be called an 1.C.C.-group ([8], Chapitre III, § 7.7, [30],
Chapter 4.2). Let I(G) denote the von Neumann algebra generated by
the left regular representation of G. (G) is known to be a II, factor.
Suppose G has a decreasing sequence {G,} of subgroups such that:

(a) Each G, is an 1.C.C.-group;

(b) ﬂ G, = A is an abelian subgroup such that 9(4) is a maximal
n=1

abelian subalgebra of each 9(G,).
If we take a free group with two generators o« and § as G and a subgroup

of G generated by a and %" as G,, then G and G, satisfy the above
conditions.
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Let $ be the Hilbert space 1*(G) of all square summable functions
on G. Each M(G,) acts on H. For each n, putting M, = IM(G,), we get an
increasing sequence {I,} of separable factors. Let U be the C*-algebra

ey

generated by () 9M,. Let Q, be the function in $ defined by
n=1
0 g=e;
Q =
o(9) {1 otherwise .
Then €, is a cyclic vector for U. Therefore, the identity representation

of U is considered as the cyclic representation 7, of U induced by the

tate defined b
state define Yy wo(x)z(xgo‘go)axeu'
Since we have ! ’ / )
u — m’en = EUI:,
(nL———Jl ) "Ol

= () M(G,)=MW(4),
n=1
7, 1s a type I representation of . The centre of 7, (U)”" =U" coincides
with I (A). If we decompose w with respect to the centre M (A) of =, ()",
then the restriction w|g, of w to M, is also decomposed with respect to
P (A). But M(A) is maximal abelian in M;, = PVi(G,), so that the restriction
of the components to M, cannot be normal because M, is not of type I.
Indeed IR, is a type II factor with (Ik,), separable; hence a normal state
on I, gives rise to a cyclic representation on a separable Hilbert-space
(cf. §3, Corollary 1) and this representation is normal and faithful
[10,17,35], and is therefore type II. This implies that the central
decomposition, in this case, cannot be accomplished in the frame of
locally normal states. To argue this last point, suppose that one would
have Oln, =] duG) O lm,= | dv(# 9",
r wn(l)

where ¢" is v-a.e. normal on M, (i.e. v(w,(I\N)=1 and ¢" € w,(I'\N
is normal on 9, with N the appropriate null-set).

Since M(A) is maximal abelian in M, =IM(G,) we know (cf. [30])
that (vo), (0,(I)\N) =0 (where (v,), is the inner Baire measure obtained
from the Baire contraction of the regular Borel measure v) because
w,(IN\N belongs to the hereditary o-ring® generated by the Baire sets.
(IM,),. is separable as a Banach space hence S(I,) is separable in the
a(PTF, M,) topology and therefore

(@, (I)\N) = v, (,(I)\N)=0,

where v, is the inner Borel measure. This means that we obtained a
contradiction because we assumed v(w,(I')\N) = 1.

5 ¢f. P. R. Halmos, Measure Theory for terminology.
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