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Abstract. We consider the family of those states which become asymptotically indis-
tinguishable from the vacuum for observations in far away regions of space. The pure states
of this family may be subdivided into superselection sectors labelled by generalized charge
quantum numbers. The principle of locality implies that within this family one may define
a natural product composition (leading for instance from single particle states to n-particle
states). Intrinsically associated with the n-fold product of states of one sector there is a
unitary representation of P, the permutation group of n elements, analogous in its role to
that arising in wave mechanics from the permutations of the arguments of an n-particle
wave function. We show that each sector possesses a “statistics parameter” 4 which deter-
mines the nature of the representation of P for all n and whose possible values are 0, +d !
(d a positive integer). A sector with 4+0 has a unique charge conjugate (“antiparticle”
states); if A =d ! the states of the sector obey para-Bose statistics of order d, if A = —d™*
they obey para-Fermi statistics of order d. Some conditions which restrict A to +1 (ordinary
Bose or Fermi statistics) are given.

1. Introduction

We continue here our discussion of the superselection structure of
elementary particle physics. The setting has been described in some
detail in [1] and [2] so a few remarks may suffice here. We consider the
net A of algebras of local observables ! as the basic mathematical object
in the theory, and we consider a set % of states over 2 as representing,
in an appropriate idealization, the states of interest in elementary
particle physics.

! This is a correspondence ¢— A(O) between finite regions in space-time and C*-
algebras. As in [2] we shall always take @ to be a closed double cone (the intersection of a
closed forward light cone with a closed backward light cone). The symbol ¢ denotes the
causal complement of @ i.e. the infinitely extended region containing all points spacelike

to @. The algebra (') is defined as the C*-algebra generated by all A(¥;) with O; any
double cone spacelike to @. The C*-algebra generated by all 2(0) is again denoted by U.
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Let us discuss first the criterion applied here to characterize <.
Recall the connection between states and Hilbert space representations.
Each representation has an affiliated family of states, the normal states
of the representation (given by vectors and density matrices in the repre-
sentation space). The pure states affiliated with one irreducible represen-
tation form a superselection sector in the sense of [3]; pure states affiliated
with inequivalent irreducible representations are separated by a super-
selection rule. Instead of describing & we may thus equally well describe
the “classes of representations of interest”. We do this here by:

1.1. Criterion. Let m, be the vacuum representation of W. We consider
as “interesting for elementary particle physics” all representations © which
are strongly locally equivalent to m, in the sense that

7| W(O) =y | (D) (1.1)

for sufficiently many double cones O 2. More precisely, A, the set of double
cones for which Eq. (1.1) holds, shall contain all translates of some double
cone. & is the set of all states affiliated with the representations satisfying
Eq.(1.1).

The physical meaning of the selection criterion 1.1 may be illustrated
by the following remark. Take a sequence of increasing double cones 0,
which exhaust space-time in the limit n—o0:

0,,4_13@”; U@n=R4. (1.2)

Then one has for we &

Jim [|(e = @o)g, | =0 (1.3)

where w, denotes the vacuum state and ¢|,, the restriction of a linear
form ¢ to the subalgebra A(0,).

The argument leading from criterion 1.1 to Eq. (1.3) will be given in
the appendix. There we shall also see how Eq.(1.3), supplemented by
some rather natural assumptions, leads back to the criterion 1.1.

Note the close connection between the relationship (1.1) of representa-
tions and the asymptotic coincidence of states in the very strong sense
of Eq. (1.3). We see from this that the selection criterion 1.1 is too stringent
for Quantum Electrodynamics. If it were applied there it would exclude
from consideration all states with nonvanishing electric charge because,
by Gauss’ law, a localized electric charge produces a constant flux of

2 In words: n and m, when restricted to the algebras of appropriate outer regions shall
be unitarily equivalent.
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electric field strength through any surrounding sphere, i.e. it gives rise
to an effect which is measurable in any @, and does not decrease as
n—o0. The selection criterion stated above is aimed only at theories
without long range effects, essentially at hadronic physics neglecting
electromagnetic or weak interactions. Within this limited regime the
criterion appears to be suitable. Thus the states considered in any con-
ventional field theoretical model for hadron physics satisfy the criterion
(essentially because they are generated from the vacuum by field operators
commuting with the observables at spacelike distances)>.

Let us now turn to the structural assumptions on 2 which, together
with criterion 1.1, constitute the input of this analysis. First note that as
in [2] we may identify the local algebras () with weakly closed
operator algebras on a Hilbert space 5, the space containing the state
vector Q, of the vacuum. This is possible without loss of generality
because of the local unitary equivalence of all representations of interest.
The symbol 7, then becomes redundant and we shall frequently omit it.
Thus

A(0) = o (W(O)) = 7o (W(O))" CB(H5) - (1.4)

The central assumption of our study is the duality relation in the
vacuum representation:

A(OY = A(O) for each double cone O . (1.5)

It expresses locality and, in addition, the impossibility of enlarging
the local observable algebras (¢) in the vacuum representation in any
way consistent with locality.

The only other assumption used occasionally in the present paper
concerns a property which Borchers [4] derived from standard structural
assumptions of Quantum Field Theory :#

Property B. If E € (0) is a nonzero projection then, for any @, con-
taining @ in its interior, there is an isometry We (0,) with WW* =E,
W*W = I (i.e. within (0,) the projection E is equivalent to the identity).

We give now a brief survey of the results and sketch the line of
argument.

It is convenient to refer all representations of interest to the Hilbert
space #,. Consider one such representation = on a Hilbert space J,.
Due to the “strong local equivalence” of the representations we may
choose a double cone ¢ from J#, and a unitary operator ¥ mapping

3 Compare [1], Section VI.

4 These assumptions themselves, namely Poincaré invariance, positivity of the energy
and weak additivity will not be explicitly used in the present paper, although they will be
needed in a subsequent finer analysis.

15 Commun. math. Phys., Vol. 23
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onto #, so that (on )

T(A)V=VA, AeA{). (1.6)
Defining then for any 4
o(4) =V "tn(A)V 1.7)
one finds that
o(A)eA. (1.8)

It suffices to prove Eq. (1.8) for the case where A belongs to some local
algebra A(0,) with O, > O since such elements lie dense in A in the
uniform topology and by the definition (1.7) [|e(4)|| = || A]l. In this case
o(4) will commute with (0;) and hence, by duality, will belong to
A(0,). Thus

A—9(A) e A C B(H,) 1.9

gives a representation equivalent to 7.

The characteristic properties of the mapping ¢ are:

(i) it maps A into WA preserving the algebraic relations (multiplication,
linear combinations and adjoints).

(ii) It is “localized” in some region ¢ by which we mean that it acts
like the identity map in (¢’) (see Eq. (1.6)):

o A)=4, AeW0). (1.6")
In the following we shall call a map with these properties for short a

localized morphism of WU with localization region or support in ¢. We can
sum up the discussion of the last two paragraphs by

1.2. Proposition. The following two conditions are equivalent:

a) 7 | (O = 7y, | A(O) (1.10)

b) TXmeoQ°, (1.11)
where g is a localized morphism of W with localization region 0.

Among localized morphisms there is an obvious equivalence relation:
01 = 0, shall mean that the representations n, o 9, and 7, © ¢, are unitarily
equivalent. We denote the equivalence class of ¢ by ¢. One has

1.3. Lemma®. o, = g, if and only if 9, =00, withoe .

5 We have written 7,0 g rather than g on the right hand side of (1.11) in order to
distinguish the morphism @ from the representation it generates (Eq. (1.9)); the latter results
from the composition of the morphism with the defining representation =,.

6 Asin [2], .# denotes the set of localized inner automorphisms of . If U is a unitary
element of U then oy, is the corresponding inner automorphism oy(4) = UAU ™.
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The proof of this lemma is omitted since it is analogous to that of
Lemma 2.1 in [2].

The morphisms which concern us here have some further properties
because the representations of interest satisfy (1.10) not only for one
region but for all the translates of it. Thus we define a set 4,(0) of
morphisms saying that ¢ belongs to 4,(0) if it is localized in @ and if for
every region resulting from @ by translation there exists a morphism
localized there which is equivalent to ¢. The union of the 4,(0) as O
varies is denoted by 4,. Clearly equivalence classes 4,/.# are in one-to-one
correspondence with the equivalence classes of representations of interest.

The description of representations of interest in the form (1.9) puts
into evidence one essential property of this family of representations. They
have a natural composition law, corresponding to the multiplication of
the respective morphisms. It is easy to see that the product of morphisms
respects the class division; in fact we shall find that 4,/.# is an Abelian
semigroup. The physical picture relating to this structure is the product
composition of states which are localized far apart’. Take two mor-
phisms g;€ 4,(0;), i=1,2. Correspondingly we have two localized
states w; = w, ° 0; which are vector states in the representations 7, c g;.
The product state w, > ; g, is a vector state in the representation 7, ° ¢; ¢,
and has a simple interpretation when @, and 0, lie spacelike to each
other. It is a state which looks like w, with respect to observations in
¢, and like w, for observations in 0.

The family of sectors studied in [2] is a subset of those admitted by
our present criterion. Let us call them here simple sectors. A simple sector
results from (1.9) if ¢ is an automorphism, i.e. if the image o(?) is the whole
of A. Clearly such representations are all irreducible. Taking the direct
sum of several such representations one gets a reducible representation
which by Lemma 2.5 again satisfies the criterion. Describing the latter
in the form (1.9) one is led to a morphism ¢ for which () =+ . If all
0 € 4, were to arise in this manner then the consideration of non-auto-
morphic mappings would hardly be of interest. We know, however, from
the discussion of the field-theoretical background in Ref. [1] that some
nets of observable algebras possess irreducible morphisms which are not
automorphisms 8. This situation arises for instance when the observables
are selected from a field algebra by a non-Abelian gauge group. We are
primarily interested here in irreducible morphisms and their products.

Consider now an irreducible representation n,°¢ and the n-fold
product composition of this representation with itself. To get a simple
physical picture, let us think of states w; = w,° g; With g; = ¢ as single

7 A state  is called strictly localized in @ if it coincides with the vacuum for obser-

vations in the causal complement ¢, i.e. if (w — @,)|e = 0.
8 S0 o(W =+ A but o(A)' = A" = B(HA,).

15%
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particle states involving the same type of particle and localized in mutually
spacelike regions 0,°.

Then w,° g,0, ... 9, is a state of n identical particles, each localized
in a region 0;. It is a vector state in the representation 7, - ¢". We shall
see (Lemma 2.7) that this representation is reducible for n>1, unless g
is an automorphism. Thus unless the single particle states belong to a
simple sector there will be many vectors corresponding to the state
W ° 0105 --- 0, Because, if V' is an isometric operator from ¢"(A) and ¥
describes this state, then so does V' ¥. On the other hand the state vectors
¥, corresponding to w; are unique up to a phase factor and we shall see
that, relating each g; to g, there is a natural definition of the product of
the state vectors so that one may write

V=Y, x¥,x--xY, (1.12)

with ¥ corresponding to wg ¢, ... @,- This product of state vectors is not
commutative in contrast to the corresponding commutative product of
states. In fact, canonically associated with the representation ¢" of A
there is a unitary representation &%’ of the permutation group P® com-
muting with the observables. The operator ¢J’(p) permutes the order of
the state vectors in the product (1.12) by p e P™. It is the analogue of the
operator in wave mechanics which describes the change of an n-particle
wave function under this permutation of its arguments. We shall therefore
call the collection of (equivalence classes of) the representations &% for
fixed ¢ and all values of n the statistics of the sector §. Analyzing the
representations in terms of the associated Young tableaux we find that
the statistics for ¢ is determined by a single number A. There are only
three possibilities 1°:

1) 1 =d™ 1, d integer. All Young tableaux occur whose columns have
length =d. This is para-Bose statistics of order d.

2) A= —d™!, d integer. All Young tableaux occur whose rows have
length <d. This is para-Fermi statistics of order d.

3) A=0, “infinite statistics”. All Young tableaux occur without
restriction.

° This should be regarded only as a qualitative picture since strictly localized states
in the sense of footnote 7 do not have a sharp particle number.

10" A similar classification has been given by Hartle, Stolt, and Taylor [5, 6]. Their
approach uses as the essential input the cluster property and the existence of “statistics” as
postulated in [7] (a pure n-particle state of one particle type is associated with some
irreducible representation of P™). There is also one difference between the classification
in [6] and ours. The “infinite order statistics” in [6] includes the mixture of para-Bose and
para-Fermi behaviour (compare our Theorem 6.9) which is excluded in our case when g is
irreducible.
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Ordinary Bose or Fermi statistics 1 = +1 arises only in the case of
simple sectors, i.e. when ¢ is an automorphism. Parastatistics arises in
examples constructed as in [1] where the interesting representations of A
are associated with representations of a compact, non-Abelian gauge
group '*. This structure is reflected in the general setting because we have
defined a product on the set of interesting representations of U and it
turns out that the product of two irreducible representations with finite
statistics can be decomposed into a finite direct sum of irreducible
representations with finite statistics. This parallels the decomposition
of the tensor product of irreducible representations of a compact group.
There are no known examples of infinite statistics and it appears hard, if
not impossible, to construct such a model even allowing fields with an
infinite number of components. But on the level of our present paper we
have no arguments against its occurrence.

We denote the set of superselection sectors by 511, (the “physical
spectrum” of ) and use the term “charge quantum numbers” for para-
meters which label the elements of QI This termmology is not only
suggested by looking at the physical s1gn1ﬁcanoe of QI in traditional
field-theoretical models but can be justified to some extent directly in the
present context. We note that the property which distinguishes between
states from the sector ¢ and those from the vacuum sector may be localized
in any finite region O € . This “local charge” is an observable property.
Shifting such a charge from O to @, is an operation which has a well-
defined meaning for every state of . We may apply it for example to the
vacuum and thereby obtain a state with the same charge quantum
numbers as w, but with a local charge of type ¢ in ¢); and a compensating
“conjugate charge” in 0. If we let the region ¢ move to infinity we arrive
at a state in the sector ¢. Furthermore, we shall see in Section III that for
a sector with finite statistics there is a unique conjugate sector, obtained
by this charge transfer operation when we let the region ¢); move to
infinity. As discussed in [2] the set of simple sectors forms an Abelian
group, the product composition corresponding to the ordinary addition
of charge quantum numbers and the inverse corresponding to charge
conjugation. In general, i.e. for non-simple sectors, the product com-
position leads to a mixture of charges and so the composition law of
charge quantum numbers will be more complicated. Conjugation is now
characterized by the fact that composing a sector with its conjugate leads
to a mixture of charges one of which has the quantum numbers of the
vacuum. An example of a charge quantum number for a non-simple
sector is provided by the magnitude of the isospin with the “vector
addition model” of isospin as the composition law.

11 The relation of these examples to parafield theory is illustrated in [8].
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I1. Localized Morphisms

We note first a few simple facts relating to 4, (formulated as
Lemmas 2.1 to 2.5).

2.1. Lemma. The morphisms from A, are isometries:
le(Al =14l, e¢e4, Ae. 2.1
Hence ¢ € A, provides an isomorphism of the C*-algebras U and o(A)12.

Proof. 1t suffices to prove (2.1) for A localized in some finite region 0.
By the definition of 4, one can then find a morphism ¢’ which is both
equivalent to ¢ and localized in a region spacelike to @ so that ¢'(4)= A
0(A)=U@ (A) U™ = UAU ™!, with U unitary. Taking the norm on both
sides one has (2.1).

2.2. Lemma'3. Let g € 4,. The following conditions are equivalent
a) g is an automorphism.
b) The representation g satisfies the duality relation

o A©@)) =0 A(O), OeA,. 2.2)
Proof. If g is localized in @ then we have, for the same region ¢
o(A()) = A(®). (23)

Since ¢(A(¥)) commutes with o(A(Y')) we get, using duality in the
vacuum representation

o(U(0)) Co(W(@)) = W) = A(0).
If ¢ is an automorphism this may be sharpened to
o(A(9)) = A(0) 24

because ¢ ~! exists and is localized in the same region so that the above
inclusion relation must also hold with ¢ replaced by ¢ ~*. From equations
(2.4), (2.3) and duality in the vacuum representation, we trivially get (2.2)
if O is the localization region of ¢. Now we observe that if the duality
relation (2.2) holds for a region ¢ and a morphism g then it also holds for
the same region when g is replaced by any other morphism in the same
equivalence class. Hence we have (2.2) whenever there is one morphism
in the class ¢ which is localized in 0, i.e. as long as O € £,,. Thus we have
proved that condition a) implies b).

Conversely, suppose (2.2) holds for an @ containing the localization
region of ¢. Then we can omit ¢ on the left hand side and get, using (1.5),
my, as a consequence of property B, the algebra U is simple and any representa-

tion is isometric [4].
13 Compare Ref. [1] Theorems 4.1, 5.6, and the note added in proof.
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0(W(0)) = A(O). This means that ¢ becomes an automorphism of such a
subalgebra. But, if £, contains ¢, it also contains any ¢, D ¢,. Hence,
taking a sequence of increasing double cones @, as in (1.2), we shall have
0 acting as an automorphism on 2(0,) for sufficiently large n and we get
the statement a).

2.3. Lemma. Morphisms from A, commute when their localization
regions are mutually spacelike.

The proof is identical with that of Lemma 2.2 in Ref. [2] just replacing
I, by 4,.

2.4. Lemma. 4, is a semigroup. A,/.# is an Abelian semigroup.

Proof. Given two morphisms g; € 4,(0,) the product ¢ =,0, is a
morphism localized in a double cone @ containing ¢; and @,. Also, if
0; = ¢; then ¢’ = ¢} 0} is equivalent to g:

0 =0105=0y,010y,02 =0y, 04, w0102 = Oy, ¢, v,)? - (2.5

This shows on the one hand that ¢ belongs to 4, because, choosing g;} in
(2.5) localized in the region ); + x resulting from @, by translation through
x (which is possible since g; € 4,(0;)) we obtain a morphism g’ localized
in @ + x and equivalent to ¢. On the other hand (2.5) also shows that the
product respects the class division modulo .# and therefore defines a
product of the classes. This product ¢, ¢, is commutative by Lemma 2.3
since we have sufficient freedom in choosing the localization regions of
morphisms within one class.

2.5. Lemma. Let 7t,, , be representations satisfying criterion 1.1. Then
the direct sum ©=m; ®n, will also satisfy the criterion and so will any
subrepresentation of the ;.

Proof. This is one of the results for which property B is needed. Take
m,(A) = 0,(4), i=1,2 with g;e 4,(0;) and choose a sufficiently large O
that contains both @, in its interior. Then we can find two isometric
operators W, e U(O) so that W, maps 5, on a subspace #; and W, maps
H#, on the orthogonal complement #, = #,*. This follows from the fact
that every local algebra, being a von Neumann algebra, contains com-
plementary projectors and hence by property B, we have such isometries
in a suitable A(O). The W, give us a unitary mapping from #;, @ 5, onto
H, thereby transforming

=" on)

o(A) = Wy 0 (A) Wi* + W, 0,(A) W5 . (2.6)

into
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Using the relations
WrW,=6,;1; Y, WW#=I 2.7
i=1,2
one checks that ¢ is indeed a morphism and that it is localized in @.
Clearly the argument goes through when all three regions ¢;, O are
shifted by the same translation. Hence ¢ defined by (2.6) belongs to
4,(0). 1t gives us a representation satisfying (1.1) and equivalent to
T, D7,
Consider next the case of a subrepresentation of n,. It may be
described as
n3(A) = Em,(A) = Eg,(A) on the space ;5 =EH, (2.8)

where E is a projection commuting with g, (). Since g, acts trivially
on A(O;) we have by duality E € A(0,). Hence by property B, there is an
isometry W e A(0) mapping 5, onto 3, i.. satisfying WW* = E. The
representation g5 defined on the space #;, by

03(4) = W*o, (AW 29

is then equivalent to 75 defined on J#; by (2.8) and one easily checks that
03 € 4,(0). This concludes the proof of Lemma 2.5.

The next lemma provides the basis for the discussion of permutation
symmetry (statistics). It generalizes Lemma 2.3 of Ref. [2].

2.6. Lemma. Let ¢,,0,,0 be equivalent morphisms from A, so that
Q;i=0y0 i= 1,2 (2.10)

and let the localization region of g, be spacelike to that of ¢,. Then the
unitary operator

g, =0(U; ) Ui ' Uso(Uy) 2.11)

has the following properties

a) It depends only on g and not on the g, nor the choice of U; (as long as
the g; vary within the class ¢ and their supports remain spacelike to each
other).

b) If o' = oyQ then

ey =0ye, with V=Wo(W). (2.12)
c) &, commutes with all observables in the representation ¢” i.e.

g €0 (Y . (2.13)
d) e=1I. (2.14)
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Proof. d) follows from a) because ¢, ! results from ¢, by interchanging
U, and U, while according to a) this leaves ¢, unchanged. The statements
a), b), c) are verified by straightforward computation. Let us compute
the change in ¢, if we replace g; by ¢; with

gi=oye=owe; U =WU. (2.15)

We consider only a small change in the support regions so that the
supports of g,, ¢, W; are spacelike to those of g,, 05, W,. Then we have

o(W)=W,; o ,(W)=W;; W, W,=W,W,. (2.16)
Replacing U; by U! in (2.11) we get
3’9 = Q(Uz_l) oWy U1—1 Wf1 W, U e(W)) o(Uy) -

NOW UZQ(Wl) = QZ(WI) l]z = Wl U2 and Slmllarly Q(Wz_l) (]1—1 = I]l—l W2—1.
This together with the commutativity of the W, gives

g,=¢,. 2.17)

Since any pair of mutually spacelike double cones 05, ¢, can be reached
from 0,, O, by a sequence of small deformations and shifts we obtain the
result a) by repeated use of (2.17).

We shall not reproduce here the simple calculations checking (2.12)
and (2.13). The definitions and relations involved in Lemma 2.6 will be
generalized and become transparent in Section IV.

2.7. Proposition. If g€ A4,, then the following three conditions are
equivalent :

a) g is an automorphism,

b) o? is irreducible,

c) g, ==l

Proof. The step from a) to b) is trivial; c) follows from b) by (2.13) and
(2.14). We still have to show that c) implies a). Taking ¢, =, U, =1 in
Lemma 2.6 we get for ¢, the expression

g, = U to(Uy). (2.18)
Let A € A(0) and choose g, so that its support is spacelike to the supports
of A and g. Then
A=0,(4)=U,0(4Uf.
If e, =+ I we have by (2.18) U, = + ¢(U,). Hence A =¢(U,; AU})=¢(B)
with Be . Thus any 4 € which is localized in some finite region is

in the set ¢ (), so ¢ () is dense in A and, being closed in the norm topol-
ogy, o(A)=A. Hence ¢ is an automorphism.
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ITI. Charge Transfer and Charge Conjugation

Our next objective is to show that all morphisms ¢ € 4, can be
obtained as limits of sequences of inner automorphisms. This will allow
us to construct a left inverse for every such morphism. It will also suggest
a simple physical interpretation in terms of charge transfer and charge
conjugation.

Let g € 4,(0) and take a sequence of equivalent morphisms g, € 4,(0,)
whose respective localization regions move to infinity so as to become
eventually spacelike to any given double cone.

Then there is a corresponding sequence of unitaries

U, € {A(O)n WO} 3.1
such that

0c(4) = oy, 0(4) = Ure(4) Ut (32
We know that for any 4e U

klin; lo(4) — Al =0. (3.3)
Hence we have

3.1. Lemma. Let U, be defined as in (3.2). Then
o(4) = ’}Lm oy(A) = l}im UXAU, (34)

where the convergence is understood in the uniform topology.

We may interpret this in the following way. g, creates a certain type
of charge in the region (. By this we mean that the state w, - g is localized
in 0, and has the charge quantum numbers of the class ¢. In the same
sense oy, transfers this type of charge from region ¢ to O, and oy transfers
it from @, to @. As k— oo the effect within the region ¢, may be ignored
and hence we get (3.4). The creation of charge in ¢ has been simulated by
the transfer of charge from a far away region to 0. This suggests that the
inverse sequence (U, instead of U;¥) might lead us in the limit to a charge
conjugate state localized in @. Of course if ¢ is an automorphism this
limiting procedure is covered by Lemma 3.1, but we shall see that even
in the general case this expectation can be justified to some extent.

For this purpose one first observes that the ¢ belong to a compact
subset of a certain topological space. Consider the space .# of bounded
linear mappings from A into #(#;), equipped with the so-called point-
weak-open topology. In this topology the convergence of a sequence (or
net) ¢, € .4 to ¢ means that for every 4 e U the sequence (or net) of
operators ¢,(4) converges to ¢(4) in the weak operator topology of
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B(#,). The unit ball of

/%(i.e., the set 4, = {q& eM: |¢|| =sup “T]),(:T])” =< 1})

is compact in this topology (compare [9]). This may be used to construct
a left inverse for a morphism g. It will be convenient to adopt

3.2. Definition. A positive linear mapping ¢ € M is called a left inverse
of the localized morphism ¢ if

#(40(B)) = ¢(4)B, A,Be, 3.5)
¢(e(4)B)=A¢(B), A,Be¥, (3.6)
ph=1. (3.7

One checks easily that ¢ has the same localization region (support)
as g: if g € 4,(0) then

pA)=A for AeW(O); ¢(AU0,)CA®,) when O, D0.(3.8)
Consequently ¢ maps 2 into 2. One has

3.3. Lemma. Let U, be defined as in (3.2). Then the sequence oy,
possesses at least one limit point in .. Every limit point of this sequence is
a left inverse of o.

Proof. The first claim follows from oy € .#, and the compactness of
M, . According to Lemma 3.1 the sequence of operators oy, 0(4) con-
verges uniformly to A.

Uo(4) U — 4] -0, Ae¥. (3.9)
Therefore
U, 0(A)BUF — AU,BU}| -0, A,Be¥. (3.10)

Taking an .#-convergent subnet of the sequence oy, and denoting its
limit by ¢ we get (3.6). In an analogous way one obtains (3.5). Each oy
maps positive operators into positive ones and the weak limit of a
sequence of positive operators is positive. Hence ¢ is a positive mapping.

3.4. Lemma. The set of all left inverses of a given g € 4, is a nonvoid,
compact, convex subset of the locally convex space M.

Proof. One only has to check that the conditions defining a left inverse
for g, viz (3.5) to (3.7) and positivity, are stable under taking limits and
convex combinations.

3.5. Lemma. Let ¢ be a left inverse for g € A,. The cyclic representation
of W arising from the GNS construction with the state wq° ¢ will be
denoted by my, the cyclic vector by &, and the representation space by H.
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There is an isometric mapping V from #, onto a subspace #, C # such

that
Ve =_¢, 3.11)
ns(e(A)V =VA, (3.12)
V*r,(A)V = $(A), (3.13)

i.e., the representation m,° @ contains a subrepresentation (on #,) equiv-
alent to m, and the matrix elements of n,(A) in the subspace #, coincide
with the corresponding ones of ¢(A) in H#,'*.

Proof. Restricting the GNS construction to the subalgebra o(2) we
get a subspace #; C A in which the vectors 7, (o(4))¢ are a dense set. The
mapping V is then explicitly given by

V:AQ-my(0(A)E. (3.14)
It is isometric since

Iy ((A)EN* = (&, mpe(A*A) &) = wo(Po(A* A)) = wo(A* 4) = | AQ|?

and it maps J#;, onto #,. This is the content of (3.11), (3.12). To check
(3.13) we compute the matrix element of the left hand side between
vectors of . By (3.14) we get

(CQ, V*my(A) VBQ) = (ry(2(C)) &, my(A) my(0(B))E)

= 0o(¢(e(C*) Ae(B))) = wo(C*$(4)B)
=(CQ, $(4)BQ)
for all 4, B, C e A and this proves (3.13).
3.6. Corollary. If ¢ is a left inverse then
P(A*A) 2 p(A4%) p(4), AeU. (3.15)

Proof. Let E; = VV* denote the projection on 5 in Lemma 3.5. We
get from (3.13)

P(A*A) = V¥ (A%) my(A) V 2 V¥7y(A¥) E;1y(A) V = H(A¥) $(A) .

Comments. The state w, o ¢ satisfies (1.3) because ¢ is localized. Hence,
under the circumstances described in the appendix, the representation
will satisfy criterion 1.1 and we may then put m,(A4) = g(A4) where g is a
localized morphism. In any case, the representations 74 and ¢ can be
considered as “charge conjugates”, since the composition 7, ° ¢ leads to a
representation containing the vacuum sector. We shall see, that if ¢ is
irreducible and has finite statistics then ¢ is unique and =, is irreducible,
i.e. ¢ then has a unique charge conjugate sector.

14 Note that (3.13) means that the mapping ¢ is “completely positive” in the sense of
Stinespring [10].
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For the discussion of the uniqueness of the left inverse as well as the
analysis of the type of statistics of a sector the most important fact is the
association of a “statistics parameter” 4 with each sector §:

3.7. Theorem. If ¢ € 4, is irreducible, ¢, as defined in Lemma 2.6 and
¢ a left inverse of ¢ then

a) ¢(e,)=Al. (3.16)
b) The possible values of A are 0, +d™' where d is an integer.
¢) The value of A associated with a sector by (3.16) is unique.

Proof. Statement a) follows from the fact that ¢, commutes with
¢*(®) (Eq. 2.13)):

0= ¢(e,0*(A) — 0*(A)e,) = p(e,) e(A) —0(4) P(e,), Ae¥.

If ¢ is irreducible we have (3.16). We shall postpone the proof of b) until
section V because the relevant computations are facilitated by the
algorithm developed in the next section. Statement c) follows from b) and
Lemma 3.4. Suppose there exist two left inverses ¢,, ¢, of ¢ leading to
values A, 4, by (3.16). Then any convex combination of 4,, A, should
occur also. But this is forbidden by b) because the values of A are restricted
to a discrete set. Changing from g to an equivalent ¢’ = o0 will not affect
the value of 4 either: the change in ¢, is given by (2.12), a left inverse of ¢’
is given by ¢’ = ¢ oy One checks that ¢'(e,) = Wep(e,) W* = AI. Thus A
depends only on the sector g.

3.8. Lemma. Let g € 4, be irreducible, ¢, a left inverse of ¢ obtained
according to Lemma 3.3 as a limit point of the charge transfer chain
oy, and ¢ any left inverse of . Then

lp(A*A)| = 2% || 4*A| (3.17)
P(A*A) 2 A2 dpo(A* A) (3.18)
where A is defined in Theorem 3.7.

Proof. As ¢ is norm continuous it suffices to prove this result for A
having support in some finite region (. Then for sufficiently large k we
have

U A = o(A U = o(4) &,0(Uy)
S0
O(UFA)=1AU
and by (3.15) we have
P(A*A) Z d(UFA* $(UFA) = 22U A* AU .

This gives (3.17) and taking the limit for a convergent subnet of the oy,
we get (3.18).
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We now have all the machinery to demonstrate

3.9. Theorem.a) If ¢ € A, is irreducible and has finite statistics (A =% 0)
then @ has a unique left inverse ¢.

b) The sequence ay, converges to ¢ in M.

¢) There is a representation m, unique to within equivalence such that
Teo @ contains the vacuum representation and the corresponding subspace
contains a cyclic vector for m. This representation is irreducible and locally
normal.

Proof. According to Lemma 3.4 we can apply the Krein-Milman
Theorem to the set of all left inverses of g. Let ¢ be an extremal left inverse
and ¢, be one obtained from a convergent subnet of the sequence oy, .
If A4=0 we can write

d=(1—n>p;+n’do; 0<p*><i? (3.19
where 5 2¢
—1
b=

is still a left inverse since, according to (3.18), it is still a positive map. The
decomposition (3.19) contradicts the assumption that ¢ is extremal,
unless ¢ = ¢,. Hence the set of left inverses has only one extremal point
and therefore only one element. This proves part a) of the theorem.
Part b) is, of course, an immediate consequence of the uniqueness of ¢.
To prove c) let s be the representation space of = and s#] a subspace
such that the restriction of wo ¢ to J#, is equivalent to w,. Then we have

nogA)V=VA, AeN (3.20)

where V is an isometric mapping of #, into # with range ;. Let
E € n () be anon-zero projection then V¥EV e A = {AI}. By assumption
there is a unit vector & = Vy, x € 5, cyclic for () and hence separating
for w(AY. Thus V¥*EV = (&, EE) I +0 and defining ¢ by

(& EY P(A)=V*Er(A)EV, AeU (3.21)

¢ is evidently a positive linear map with ¢(I) = I and satisfies (3.5) and
(3.6). Hence ¢ is the unique left inverse of ¢ and is in particular independ-
ent of E. Thus setting E = I and comparing with (3.21) we get

(EEOV*(A)V =V¥Er(A)EV =V*n(A)EV, AeWU. (322
So by taking expectation values in the vector ¥,
& EQ(E mn(A))=( n(A)EE), Ae¥. (3.23)

Since ¢ is cyclic for (W) by assumption, E& = (£, E&)¢éso E=1 and 7w is
irreducible. Furthermore the pure state w, > ¢ is a vector state of 7 (given
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by the vector V) so = is unitarily equivalent to the representation 7, of
Lemma 3.5. w, € ¢ is locally normal because it is the limit of a sequence
wg° oy, of locally normal states. Hence = itself is locally normal com-
pleting the proof.

IV. Intertwiners and Permutation Symmetry

The purpose of this section is to develop a convenient notation and
algorithm so that the generalization of Lemma 2.6 to an arbitrary number
of factors becomes easily understandable.

Consider two localized morphisms g, ¢'. If the corresponding repre-
sentations of A are not disjoint there exists an intertwining operator
R e B(#,) ie.

0'(A)R=Rp(4), Ae¥U. 4.1)

As a shorthand expression for the statement that the triple g, ¢' and R
satisfy the relation (4.1) we write the symbol

R=(¢'IRlo) 42
and call R an intertwiner. The adjoint of (4.2) is obviously
R* = (¢|R*|¢) . (4.3)

The composition of two intertwiners is defined if the adjoining
morphisms coincide:

(@"ISle)° (¢'IR]e) = (¢"ISR]@) - 4.4)

Consider the localization properties of intertwiners. In (4.2) let ¢, be
a support region of ¢ and @, one for ¢’. We call 0, a left support and 0; a
right support of R. The operator R is bilocal in the sense that
R e {A(0) " W(0O,)}'. In particular, if ¢ is a double cone containing both
0, and 0, then R € A(O) by duality.

There is one more important operation on the set of intertwiners
considered here. It arises from the multiplicative structure of the repre-
sentations of interest. If we know intertwining operators from g; to g;,
i=1,2, then we can immediately write down an intertwining operator
from g, 0, to g50}. Explicitly if R; = (¢;|R;|@,), i =1, 2, we write

R, xR, = (0%011R,0,(R})l0201) - 4.5

Elementary calculation shows that this cross product is associative
and one finds the formulae

(Sx T)* = 8*x T*, (4.6)
(R °Ry) < (Ri° Ry) = (Ry X Ry) > (Ry X Ry) 4.7)
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the latter relation being valid when the left hand side is defined, i.e. when
R; = (¢/IRile});  Ri=(eilRiley).

We call two intertwiners causally disjoint if their right supports lie space-
like to each other and the same holds for their left supports.

4.1. Lemma. If R, and R, are causally disjoint then
Rl XR2 =R2><R1 .

Proof. We have to show that under the stated conditions for the

supports
R;01(R3) = R;0,(Ry). 4.8)

This relation is trivial if the four relevant supports are so situated that
one can find two double cones @, and @, spacelike to each other and
with @, containing both the right and the left support of R;. Let us then
assume that (4.8) holds for a particular pair R,, R, and let us shift for
instance the right support of R, (region 0,) to 05 in such a way that the
smallest double cone containing ¢, and @ is still spacelike to @, the
right support of R,. Thus we replace R, by

R;=R,-U; U=(e|Ules)
where U is a unitary localized spacelike to ¢,. Setting
I,=(clllo) (4.9
we get from (4.7)
R, xRy = (R; xRy)~ (I, x U)

Ry xR, =(R,xR))-(UxI,).
But the supports of U and g, are mutually spacelike so
I, xU=UxI,, .

Thus the commutativity is preserved when we shift the right support of
R, as specified above. By a succession of small shifts of this nature we can
bring this support from any one region spacelike to ¢; to any other
region spacelike to (;. The same procedure can then be applied to the
right support of R,. This establishes the lemma.

We can now describe the dependence of the cross product on the
order of the factors in the general case. Given n intertwiners R, and a

permutation p =< we use the shorthand notation

R(p)sz—l(l)XRp—l(z)X o XRP—I("). (4.10)
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First we observe that for any n morphisms g, ..., g, the equivalence class
of the product does not depend on the order of factors. In fact there is a
natural unitary intertwining operator between the representations
01 --- @, and @, --- Q- Its construction and properties are described in
the following two theorems.

4.2. Theorem. Given g.ed,; k=1,2,...,n and pe P™. Choose n
morphisms 0\, ..., o® with mutually spacelike supports and equivalent to
01, ---» 0, Tespectively so that there exist unitary intertwiners (0{>’|Uy|0p)-
Then set

U*(p)e Ule) =¢,(0s5 ---, @) (4.11)
= (Qp'l(l) Qp'l(n)|8p(gl’ [EXS) Qn)'Ql Qn)

where the notation (4.10) has been used and e denotes the identity element of
P®. Then

a) s, is independent of the choice of the o{” and U, within the specified
limztatzons

b) &1, ---»0,) =1 if the g, have mutually spacelike supports.

¢) 80101y -+ Qp-1(n)° &p(Q1> - Q) = 840150 P,qEP™.  (4.12)

d) If t,,eP™ denotes the transposition of m and m+1, m<n
£tm(Ql’ Q25> Qn) = 191 X oo X Igm_ 1 X 8r(Qm> Qm+1) X Ig,.+1 X X IQ,.'

The operators ¢, can be used to change the order in the cross product
of any set of intertwiners:

4.3. Theorem. Given intertwiners R, = (0;|Riloy), k=1,...,n and a
permutation p € P®™., Then

R(p)&,(015 > 0) = (€1, -, ) o R(&) ™. (4.13)

Proof of Theorem4.2. In (4 1) U (e) intertwines from g, ... g, to
0 ..o and U*(p) from i ... 0214 10 Qp-1(1)--- Qp-1(m The
‘0’ havmg mutually spacelike supports all commute and thus the right
argument of U*(p) coincides with the left argument of U(e). Therefore the
composition (4.11) is well defined and leads to an intertwiner as specified
in (4.11). To see that g, is independent of the choice of o), U, let us take
U, =©@°\0o) instead of Uy, where the g{”’ again have mutually space-
like supports. Then V, = U, - U intertwines from ¢’ to 3{*). Hence the
V., are causally disjoint intertwiners and we have V(p)=V(e) by
Lemma 4.1. Using formula (4.7) this may be written

U(p)e U*(p) = U(e)> U*(e)

15 For those familiar with category theory we remark that localized morphisms and
intertwiners form a symmetric monoidal category in the language of Eilenberg and Kelly
[11]. & is the natural transformation making the monoidal structure symmetric.

16 Commun. math. Phys., Vol. 23
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or N .
U*(p)>U(e) = U*(p)- U(e)

which is the desired statement of independence. Part b) follows imme-
diately from the independence because, if the ¢, have mutually spacelike
supports we may choose U, = (¢,|I|g,)- Part c) follows immediately from
(4.11) and so does part d) when relation (4.7) is used.

Proof of Theorem4.3. Let us choose unitary intertwiners (0{2|U,|0x)
and (0{°”'|U{| g;) where the supports of the morphisms o{* as well as those
of the ¢{*" are mutually spacelike. Define

S =Ui° R~ Uf. 4.14)
By construction the S, are all causally disjoint. Hence
S(p)=S(e). 4.15)

Insert (4.14) into (4.15), use (4.7) and rearrange to obtain Eq.(4.13).

Comments. Theorem 4.2 reduces to Lemma 2.6 in the special case
n=2, p=-r (transposition) and ¢, = ¢,. The notation in section II is
translated into the one of this section by the identification

g0, 0 =¢,. (4.16)

For n>2 the case where all morphisms g; are equal is also of special
interest. We shall then write, in analogy with (4.16)

£,00,...,0)=£(p). (4.17)

An immediate corollary of Theorems 4.2 and 4.3 and Lemma 2.7 is

4.4. Proposition. a) p—¢(p) is a unitary representation of the per-
mutation group P®.

b) €P(p) commutes with g"(2).

c¢) The operators £ (p) are scalar multiples of the identity if and only
if @ is an automorphism.

d) If W= (o' |W|p) is unitary and W*" denotes the n-fold x -product
of W with itself

() = W7o s (p)e (W)*. 418)

Proposition 4.4d generalizes Lemma 2.6b and implies that the equiv-
alence class of the unitary representation & of P depends only on g.

The significance of the operators ¢5’(p) has been described in the
introduction. We can now verify in detail the remarks made there. Let
0.€4,, k=1,...,n, belong to the same equivalence class and have
mutually spacelike supports. Pick a reference morphism g in this class
and intertwiners (g;|U;|0). In the representation g the vector UFQ e H#,
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represents the state w - g
(U, (A U Q2) = (2, 0 (A)Q) = 0o (i(4)) -
Consider now the vector
P> =U*P)Q=Uj-1q)x - xU}1,Q, (4.19)

where pe P™. This corresponds to a product of n state vectors (with
identical charge quantum numbers) as mentioned in the introduction.
The order of factors is determined by p. This vector must be considered
in the representation ¢" where it represents the state wg°g,0; ... 0,
irrespective of which permutation p was chosen, because the g, commute.
Proposition 4.4 tells us that the vectors |p) defined in (4.19) are trans-
formed into each other by the permutation operators &2(q):

(@) p) =lqpy - (4.20)

The permutation operators commute with all observables (Proposi-
tion 4.4) so the vectors |p) represent the same state for all p e P™. These
properties of the permutation operators make them completely analo-
gous to the place permutations of the wave functions of n identical
particles in wave mechanics.

V. The Statistics of a Sector

As described in the introduction, we call the statistics of the sector ¢
the collection of equivalence classes of the representations &}’ of the
permutation groups P™ as n varies. The main concern of this section is to
classify the possible statistics. We note first that each irreducible com-
ponent of sg') occurs with multiplicity dim J#,. In fact if E + 0 is the cor-
responding central projection then E e o"(A) CWU(O), where O is the
support of g, and Property B shows that E projects onto a subspace with
the same dimension as . Hence it suffices to determine which irreducible
components occur, ie. to determine the quasiequivalence class of 2.
Irreducible representations of P™ correspond to Young tableaux with n
squares and we consider our goal achieved when we describe the Young
tableaux associated with &% as n varies.

The simplest and most important case is where g is irreducible and
we recall from Theorem 3.7a that, if ¢ is a left inverse of an irreducible
0, ¢(g,) is a multiple of the identity.

5.1. Lemma. Let ¢ be a left inverse for ¢ € A, with ¢(g,) = Al then if

pe P®™
o) =2y "@) p)=1
b (P) = Aef V(@) p(1)*1

16*
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where p' € P~V is the permutation obtained from p by deleting 1 from its
cycle in the decomposition of p into disjoint cycles and then writing t for
t+1,t=1,2,...,n—1.

Proof. If p(1) =1, &2(p) = o(ef "V (p)) as follows, for example, from
Theorem 4.2d. If p(1) &1, write p = p,p,p; where p, =(12), p; = (2p(1))
and the symbol (st) denotes the transposition of s and ¢. This defines p,
and one checks that p;(1) = 1. By Theorem 4.2d and Egs. (3.5) and (3.6)
we get

leg) =25 wh) Ble)) o5 p) = 2o (i )

The proof is completed by checking that pip5 =p'.
5.2. Proposition. Let ¢ be a left inverse for g € A, with ¢(e,) = AI, then

" P () = i), peP™ (5.1)

where )} is the trace state on P™ multiplicative on disjoint cycles and
taking the value 2*~! on a k-cycle. The cyclic representation of P™
generated by o} is quasiequivalent to £

Proof. Eq. (5.1) follows by using Lemma 5.1 repeatedly. Since ¢ is a
positive map with ¢(I) = I, w} is a state. Let E be a central projection in
the group algebra of P™ then &l’(E)=0 implies wj(E)=0 trivially.
However if A 30 the converse follows because ¢ is then faithful by (3.17).
On the other hand if A =0, } is the state that generates the left regular
representation of P™ so w?(E) = 0 implies E = 0. Hence in either case the
cyclic representation of P™ generated by w} is quasiequivalent to &J.

This result shows that the statistics of a sector is determined by the
value of 1. The problems that remain are of a group theoretical nature:
we must determine the possible values of 4 and the Young tableaux
associated with the state wj.

5.3. Lemma. Let E} and E, denote the symmetric and antisymmetric
projections in the group algebra of P™ then

W(E") = % A+ A +22)...(1+(n—1)1), (5.2)

W (E) = %(1 —H(1=20)...(1—(n—1)2). (5.3)

The possible values of A are 0, +d~* where d is an integer.

Proof. Using the same way of passing from an element of P™ to one of
P"~1) a5 was used in Lemma 5.1 we deduce that

n—1
n

OE) = o B+ e Em. (654
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Furthermore noting that if an element is removed from a cycle of length
>1 we change the sign of the permutation, we see that

n=l e EY). (5.5

U yome
OHED = — o HEY) -

Induction on (5.4) and (5.5) leads to (5.2) and (5.3). As w} is a state on
P™ @%(E") = 0 and wj(E}) = 0 for all n and the restriction on the values
of J follows from (5.2) and (5.3).

This lemma completes the proof of Theorem 3.7b and fills the gap in
section III in the proof that an irreducible morphism g € 4, with A %0 has
a unique left inverse. The next lemma shows that positivity implies no
further restrictions on the values of A.

5.4. Lemma. Let 5# be a Hilbert space of finite dimension d. Consider
the natural representation & of P™ on # Q@ H# ® --- @ # which acts by
permuting factors and the representation ' defined by n'(p) = sign(p) n(p)
then

d™" Tr(n(p)) = f-+(p), peP®, (5.6)

d"Tr(7'(p)) = 0" 4-:(p), peP™. (5.7

Proof. Tr(n(p)) is a class function. Consider the decomposition of p
into disjoint cycles, p = ¢, ¢, ... ¢, say, then

d™"Tr(n(p)) =1_[ " Tr(n

However if ¢ is a k-cycle, which without loss of generality we may suppose
to be (12 ... k), then

Tr(z(c)= ) (9,0 ®9,,9,00,® -, )

where @, i=1,2,...d runs over an orthonormal basis for 5. Thus
Tr(n(c)) = d"*d as required. This proves (5.6) and (5.7) follows similarly
replacing © by 7'

5.5. Theorem. If ¢ is a left inverse for ¢ € A, with ¢(g,) = AI the Young
tableaux associated with the representations ¢ of P™, n 21 are all Young
tableaux

a) whose columns have length <d, if . =d~! (para-Bose statistics of
order d),

b) whose rows have length <d, if A= —d ™' (para-Fermi statistics of
order d),

¢) without restriction, if 1 =0 (infinite statistics).
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Proof. If 1 =0, w’ is the natural state generating the left regular
representation of P™ so all Young tableaux occur. If A = d ™', ¢} is quasi-
equivalent to the representation © of Lemma 5.4. For = we may proceed
by projecting out parts of the natural basis vectors transforming
irreducibly under P™ using projections associated in the usual way
(see e.g. [12]) with the corresponding Young tableaux. The symmetriza-
tions involved pose no problem however antisymmetrizing &, ® --- @ @,
with respect to a subset of its indices leads to a nonzero result only if the
corresponding components are distinct. This yields a) and b) follows by
interchanging rows and columns.

We see that under our assumptions a sector has either para-Bose,
para-Fermi or infinite statistics. As indicated in the introduction there
are no known examples of infinite statistics and arguments why they
should not occur will be given in the sequel.

VI. Reducible Representations

Further insight into the structure of localized morphisms can be
gained by trying to analyze the statistics of reducible representations.
It is important to realize that if a reducible ¢ has a left inverse ¢ with
¢(s,) = Al then the analysis of section V still applies and the statistics
of ¢ is characterized by Theorem 5.5. It will turn out that reducible ¢
do not have this property in general and their statistics is then neither
para-Bose, para-Fermi nor infinite but rather a mixture of para-Bose and
para-Fermi statistics.

On physical grounds one would expect that any reducible representa-
tion satisfying criterion 1.1 is the direct sum of irreducible representations.
We show first that this is the case at least if we exclude infinite statistics.

6.1. Lemma. Let ¢ be a left inverse of ¢ € A, and F a spectral projection
of the self-adjoint operator A= ¢(e,) corresponding to {teR:|t| = 5},
0>0. Then there are at most a finite number m of mutually orthogonal
projections E; € o(N) with E; < F.

Proof. Let E € o(A) be a projection with 0 < E < F and let U = (¢'|U]| )
be a unitary intertwiner where ¢ and ¢’ have spacelike separated supports.
Then ¢'(E) = E and from (2.11) we get

UT'E=o(E)U™" = 0(E) g,0(U)"".
Using (3.5), (3.6) and (3.15) we deduce
OE)ZPU 'Ey*¢(U 'E)y=UAEAU ., (6.1)
Now |UAEAU || = |AEA| = | AE||*> = 6* since EXF.
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But E€o() implies ¢p(E)eA’ so ¢(E) is a multiple of the identity
and hence from (6.1)
$(E)=6°1. (6.2)

Now I 2 ¢(F)= Y. ¢(E;) so using (6.2) for each E; we deduce m <62
i=1
completing the proof.
6.2. Corollary. a) A has a discrete spectrum.
b) o(Wyy is a finite discrete von Neumann algebra.
¢) If oWy is a continuous von Neumann algebra, ¢(¢,) = 0 and ¢ has
infinite statistics.

From this corollary we see that insofar as we restrict ourselves to
finite statistics, all representations are the direct sum of irreducible
representations.

To classify the statistics of reducible representations we need the
concept of a standard left inverse. A left inverse ¢ of a g € 4, will be called
standard if ¢(e,)* is a multiple of the identity. It will be noted that the left
inverses used in Theorem 5.5 and in the results leading up to that theorem
are standard.

6.3. Proposition. Every ¢ € A, has a standard left inverse. If ¢ has a
subrepresentation with infinite statistics then @ has infinite statistics.
Proof. Let W, = (¢|W|g;) be isometric intertwiners with
and W*oW,=4;l

4 yrei®

S Wowr=1

i=1
Let ¢; be a left inverse for g;, i=1,2,...,m and set

m

p(A) = 2 a;p,(WrAW), AeU (63)

i=1
where ;=20 and ) a,=1. Then ¢ is clearly a left inverse for ¢. Further

i=1
by Theorem 4.3,
890 mXW]= u{ixmoat(giagj)' (64)
Hence W*e, W;0,(W)) = d;;0,(W))e,, and thus ¢,(W*e , W) W, = 6;;W;,(e,).
So ¢i(Wike, W) = 3, i(Wike, W) W, W;*=W,¢,(e,) W;*. Then by (6.3)
J

de)= 5 aWidile,) W (63)

Suppose that ¢, corresponds to a subrepresentation of ¢ with infinite
statistics then, by definition, we may take ¢, with ¢, (e,,) = 0. Setting
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a; =1,a;=0,i+ 1 we deduce that ¢ (¢,) = 0s0 ¢ itself has infinite statistics.
Suppose now that g;, i =1,2,...,m are irreducible with finite statistics,
then, putting E; = W, W},

dile,) =4I and ¢(e,) = Y. a;AE;. (6.6)

i=1

Setting a; = d;d~* where d; = |4,| " and d = )  d; we get
i=1

13

¢(e,)=d '(E,—E)) (6.7)
where
E = Z E; and E,= Z E; (6.8)
;>0 Ai<0
(f)(sg)2 = d"Z(Eb+Ef) =d7?]. (6.9)

Thus ¢ is standard. It only remains to consider the case where ¢ is an
infinite direct sum of irreducibles g; with finite statistics. Eq. (6.3) can still
be used to define a left inverse, ¢™ say, for ¢ and (6.6) is still valid so we
may arrange that ¢™(g,) converges weakly to zero. By Lemma 3.4 there
is a limit point ¢ € . of the sequence {¢™} and ¢ will be a left inverse for
¢ with ¢(e,) = 0. Thus ¢ is a standard left inverse for ¢ and g has infinite
statistics.

The form of Eq. (6.7) already indicates that the only reason why the
statistics of a reducible representation need not fall into one of the
categories in Theorem 5.5 is that it may be a mixture of para-Bose and
para-Fermi statistics. Before stating the general form for the statistics we
collect together a few results on standard left inverses.

6.4. Lemma. If ¢ is a standard left inverse for g € A, and ¢(&,) + 0 then
¢ is faithful. In fact
I¢(B*B)ll = l$(e,)*ll IB*BI . (6.10)

Proof. It suffices to prove (6.10) for B e A(0). Pick a unitary inter-
twiner U = (¢'|U|g) where ¢’ has support spacelike to ¢ and to that of .
Then ¢(B)=U"'BU and &,= U ~'g(U). Thus by (3.15), (3.5) and (3.6)

¢(B*B) 2 ¢(U™'B)* (U™ 'B) = U¢(e,) B*Bo(e,)U " .
Since [|¢(e,)ll ™! ¢(e,) is unitary the result now follows.
6.5. Proposition. If ¢ is a standard left inverse for g€ A, and ¢(e,) +0

then .
) =d Y (E,—E,) (6.11)

where E, and E; are the central projections in o(N) containing the pro-
Jjections onto the para-Bose and para-Fermi components of ¢ respectively.
Further d¢(E,) = bl and d¢(E;) = fI where b and f are integers indepen-
dent of the choice of ¢ and satisfying d = b+ f.
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Proof. Since ¢ is standard we may use (6.11) to define E, and E,. Let
E € o(A) be a projection with 0 < E < E,, then by Lemma 2.5 there is an
isometric intertwiner W = (¢|W|g’) with WW* =E. Now ¢(E) is a
multiple of the identity and by Lemma 6.4, ¢(E) %0 so setting

¢'(A) = p(E)™ ¢(WAW™) (6.12)
¢’ is a left inverse for ¢'. Further by Theorem 4.3

gy =(W*x W¥)og,o(Wx W) and ¢,E=0(B),,
hence

&' () = H(E) " W) W. 6.13)

Since E < E,, (6.13) gives ¢'(s,) = d~'¢(E)~*. Thus ¢’ is standard and ¢'
has para-Bose statistics of order d¢(E). Similarly if0< E < E, ¢’ would
have para-Fermi statistics of order d¢(E). Since the statistics is a unitary
invariant and by Theorem 5.5 the para-Bose or para-Fermi orders are
integers the remaining assertions follow.

The integers b and f defined above are thus unitary invariants; we
shall denote them by b(g) and f(¢) and call them the para-Bose order and
para-Fermi order of ¢ respectively. Their sum d(g) = b(e) + f (o) will be
called the statistical dimension of g. The condition ¢(e,) # 0 appearing in
Lemma 6.4 and Proposition 6.5 is just the condition that ¢ shall have
finite statistics. If ¢ has infinite statistics we write d(g) = co conventionally,
leaving b(p) and f(g) undefined.

6.6. Proposition. If ¢ is a standard left inverse for a g € A, with finite
statistics, then

d(A)=Tr(A)I, Aeco) (6.14)
where Tr, is a faithful trace state. Further if Eeo() is a non-zero
projection, then

d(E)
Tr,(E) = F) (6.15)

where d(E) is the statistical dimension of the subrepresentation w, o ¢| EA,.

Proof. With the notation of Proposition 6.5, define a left inverse by
(6.12) and then by (6.13)

& (e, GEY = W*d(e) WW*pe) W = W*d(e, 2 W = (e, .
Here the second equality follows because (6.11) implies that ¢(g,) is in the
centre of o(A). Thus ¢’ is a standard left inverse for ¢’ and ¢'(¢,,)*> = d(E) >
giving (6.15). The statistical dimension is a unitary invariant so that
O(E)=d(UEU™?) for every U e (). This suffices to establish that

Tr, is a trace state on ¢() and faithfulness follows from (6.15) or
Lemma 6.4.
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From the explicit construction of a standard left inverse in Propo-
sition 6.3, it follows that b and f are additive on direct sums,

b= Y ble) and [@=3 f@) it o=Da 616

We investigate next the behaviour of b and f on taking products of
localized morphisms. If we let ¢(g,) = (¢|¢(e,)le) we have

6.7. Lemma. Let ¢,, ¢, be left inverses for g,, 0, € 4, respectively then
¢, ¢, is a left inverse for 9,0, and
$201(84,,,) = D1(2,,) X P2(8,,) - (6.17)

Proof. Pick unitary intertwiners U; = (¢1|U;|e,) and U, = (03|U,|0,)
where the support of ¢} is spacelike to that of g,, ¢, and g5, the support
of g} is spacelike to that of g, 9, and g} and the support of ¢ @5 is space-
like to that of g, @,. Then by definition, ¢, = Uy ' 0,(U,), &,, = U; ' 02(Us)
and ¢,,,,=0,(Uy) 7" QIQZ(UIQI(Uz)) By the special choice of
support regions we have

() =Uy;  a(U)=U;; AU, =Us0,(4),  (6.18)
where we write 4; = ¢;(¢, ), i =1, 2. Then
$201(8q,0,) = $2(Uz ' 61(Ur ) Upoy (Uy) = $2(U; ' 4, U Y) Uy0,(Uy)
and using (6.18) repeatedly we find
20184, 0) = A, Uy ' A, Uy = Aj0,(A,)  giving (6.17).

6.8. Corollary. a) If ¢, and ¢, are standard then ¢,¢, is standard.
b) The product of sectors with finite statistics has finite statistics.
¢) If 94,0, € 4, have finite statistics and ¢ = 9,0, then

b(e) = b(e1) b(e2) + f(e1) f(e2)
f(@)=ble1) f(es) + fle1) blez)

The unitary invariants b, d and f provide just the information needed
to characterize the statistics.

d(e)=d(e,)d(es).  (6.19)

6.9. Theorem. Let g € A, then the Young tableaux associated with the
representations e of P™, n=1 are all Young tableaux if d(g) = oo and
otherwise all Young tableaux with at most b(g) rows of length > f(¢) and
at most f(g) columns of length > b(g).

To prove this theorem we must generalize Lemma 5.1, Proposition 5.2
and Lemma 5.4. We content ourselves here with stating the analogue of
Proposition 5.2 which should provide enough guidance for the interested
reader.
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6.10. Proposition. Let ¢ be a standard left inverse for a g € A, with
finite statistics, then

¢"y(P) = w(@)l, peP®

where w is the trace state on P™ multiplicative on disjoint cycles and taking
the value d(g)~** (b(0) — f(0)) on a 2k-cycle and d(g)~** on a 2k + 1-cycle.
The cyclic representation of P"™ generated by w is quasiequivalent to &).

Of course by Corollary 6.8a, ¢" is a standard left inverse for ¢" so that
comparing with (6.14) we get

o(p) = Tr (2 (p)) (6.20)

which at least proves that w is a trace state. However, we refrain from
giving further details.

Appendix

Suppose 7 is a representation of A and V a unitary operator from 5%,
onto #, such that, for a given double cone 0,

n(A)=VAV™' for AeW0). (A1)

Let w be a normal state in the representation 7; we want to prove that
o fulfills the relation (1.3) of the introduction:

nll}g ll(@ — o) g, Il = 0 (A2)

where the sequence of double cones ¢, exhausts space-time in the limit
n—oo (cf. (1.2)).

The argument is the same as in [13] and we give it here for the con-
venience of the reader. Suppose that (A.2) is incorrect: there exists a sub-
sequence 0,, and operators B; from the unit ball of (0, such that for
alli=1,2,...

(@ — wo) (B)| > ¢ (A3)
where ¢ is a positive number. A

Since the unit ball of #(5#,) is weakly compact, the sequence B; has a
weak limit point B. The operator B must in fact be equal to a complex
number ¢ times the identity operator on J#, since

Be {U 91((9,,[,)}’ =W =CI.
In particular B e %(0, ). For sufficiently large i, @ is included in 0,, and

by Eq.(A.1),  is normal on A(,), i.e., weakly continuous on its unit
ball; hence by (A.3) we find

(0 — o) (B) > ¢.
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However, B = cI and w(B) = wy(B) = c; the contradiction proves that
(A.2) is a consequence of (A.1).

The statement above admits a partial converse under some restrictive
hypothesis on the representation n. For each double cone @ let S (0)
denote the von Neumann algebra (0 (0")).

As we shall see below, the following property (the generalization of
property B to the representation 7) can be derived in the relevant cases:

Let @ be a double cone included in the interior of the double
cone 0,. If Ee S, (0) is a non-zero projection, there is an (A.4)
isometry We S,(0,) such that WW* =E, W*W = 1.

This means the following: take any subrepresentation of « | (') acting
on a subspace #] C #, and restrict it to (¢}) then the resulting repre-
sentation is unitarily equivalent to = |(®}). In fact the orthogonal
projection E onto #, belongs to n(W(V')) = S,(0) hence there is an
isometry W as in (A.4) commuting with 7((0})); W realizes the above
equivalence.

Note also that if n; and =, satisfy (A.4) and the representations
7, | W(O') and =, | W(O") are not disjoint (in other words a non-zero sub-
representation of the first is unitarily equivalent to a subrepresentation of
the second) it follows that =, | W(0}) and 7, | A(O;) are unitarily equivalent
for any double cone ), containing ¢ in its interior.

A.1. Proposition. Let w be a state of U such that
,}_gr{.g (0 — wo)|¢v;.“ =0

for an increasing sequence of double cones 0, If the GNS representation
n,, fulfills (A.4), there is a double cone O such that

7, |W(O) = mo| U(O) .
Proof. For sufficiently large n, we have
ll(@ — wo)le,, Il <2

and, by a theorem of Glimm and Kadison [14], the states | (¢, ) and
o |U(0,,) induce non-disjoint representations of W(C,)'°. These
representations are subrepresentations of =, |U(0,) and 7, |A(0,,)
respectively, hence a fortiori the latter are not disjoint. If the double cone

16 If the representations x,,, and m,,, induced by the states w; und w, over a C*-algebra
B are disjoint, the von Neumann algebra =, ®7,,,(B)" coincides with 7, (B)' ®n,,,(B)"
hence contains the operator B = I® —1I. The form w, — w, over x,,, @ x,,(B) has a unique
ultraweakly continuous extension y to z,,, @ 7,,,(B)" with the same norm, and 2  ||w; — w, |
=yl 2 lw(B) =2 s0 |, — w,]| =2.



Local Observables and Particle Statistics I 229
O contains @, in its interior, it follows by the remarks above that
T, | W(O) = 7y | W(O') .

We now discuss how property (A.4) is related to more standard
assumptions which may be expected to hold for observables derived from
an underlying field theory. The observable algebra is required to be
invariant under space-time translations and to satisfy a so-called addi-
tivity property:

(i) There is a continuous unitary representation x— Uy(x) of the
space-time translation group, acting on #, such that for each O e X,
AeA(0) and x € R*

Up(x) AUy (x) ! = o, (4) € WO + x)

@) If 04, ...,0, are double cones covering the double cone 0, the
von Neumann algebra generated by the (0,), i=1,2,...,n, includes
A(0O).

If  is a locally normal representation of U, the algebras (2A(0)) are
von Neumann algebras and satisfy the additivity property analogous to
(ii). Hence for any double cone @ the collection of algebras 7(A(0 + x)),
x varying over space-time, generates 7(2)” as a von Neumann algebra.
Therefore a Theorem of Borchers [4, Theorem IIL.3] implies that an
irreducible locally normal representation = fulfills (A.4) whenever it
satisfies the following spectrum condition:

There exists a continuous unitary representation x— U(x) of the
space-time translation group, acting on 5#,, such that

@) m(e(A)=Ux)n(A) U(x)"!, xeR*, AecU;

(b) the spectrum of U is contained in the forward light cone.

It will be shown elsewhere that if ¢ € 4, leads to a sector with finite
statistics and covariant under the Poincaré group, the conjugate repre-
sentation 7 described in section III is also covariant, and both =« and ¢
fulfill the spectrum condition as a consequence of the positivity of the
energy in the vacuum sector. Under the additivity assumption (ii) for the
observable algebra, the conjugate representation will then be in the
family described in the introduction.
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