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Abstract. Sufficient conditions are given to obtain two levels of ergodic behavior for
a wide class of dynamical systems. The notion of substate is emphasized and shown to lead
to a natural generalization for noncommutative systems of the mean ergodic theorem on
L. Applications to the time averaging of certain deviations from thermal equilibrium is
mentioned.

1. Introduction

In previous work [ 1, 2] we obtained regularity properties for functions
of time of the form {(A4), for a wide class of dynamical models. These
properties were used to determine the connection between the spectrum
of the Hamiltonian of a model and the rate of approach to equilibrium
of that model. In the present work we use these results to obtain general
ergodic properties for these same models.

Specifically, the models we will be considering are called abstract
dynamical systems and consist of a triple (U, &, ) where: 2 is a C*-
algebra with unit I, & is the set of all states on 2, and « is a time develop-
ment! of 9, that is, a weakly continuous group representation of R in
the set Aut(2) of automorphisms of . (A class of examples used exten-
sively below is the generalized Ising models, defined in Appendix I.)

In order to state the regularity properties referred to above, it is
convenient to define the following objects pertaining to an abstract
dynamical system (2, S, ). We denote by o, the image of t € R in Aut(2)
and by o its dual map of A* onto A*. For A€ U, « (A) is the function

o (A):teR—oa,(4)eA.

S; (resp. A,) is the set of all pe S (resp. A e A) such that a*(g)=p
(resp. o,(A) = A) for all teR. For ge &, L(o) is the set {re S|t <ap
for some a e R}. If W(IR) is the set of all weakly almost periodic functions
on R (defined in Appendix IT) then W(&) is the set of all ¢ € S such that
the function

ola (A)]:teR—e[w(4)]

! The conditions we impose are controversial: see [19, 20]. The continuity assumption
is not essential and is specifically overcome for the main result, Prop. 4.
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belongs to W(R) for all A€ . For g€ &, II, is the GNS representation
of A on #, and P, is the canonical cyclic vector. n, w and w* refer to the
norm, weak and weak-* topologies respectively.

The above mentioned regularity properties are now:

Proposition 1. If (U, S, o) is a generalized Ising model, then W(S) = S,
Proposition 2. If (U, S, o) is an abstract dynamical system, g € S;, and
{U.|t e R} is the canonical unitary group representation of R on #, then

Jor each g € # () there exists a positive linear operator C, e IT;(U) such
that

olo(A)] = KU C, @5, IT(4) Pp)
for all AeW and all t e R In particular, & (@) € W(S).

It will become apparent below that these two results represent quite
different aspects of the ergodic nature of abstract dynamical systems;
therefore we will treat them in separate sections.

2. Weak Ergodicity

The ergodic property pertinent to Prop. 1 is:

Proposition 3. If (U, S, ®) is an abstract dynamical system and if
o€ W(Q) then there exists a unique state § in co{or(0)|te R} N &,.
Furthermore,

~ 1T
g(4) = lim 7({ el (A)1dt
for all AeAW.

The proof is in Appendix III.

We now present three examples which show that certain alternative
formulations of Prop. 3 would be improper.

Example 1. Let #=L,(R) and A =B(#). For AU, let o(A4)
= U, AU} where

Uf)x)y=f(z—1) forall fes.
Let 6 € A be defined by
@f)(x)=0(r) f(xr) forall fexn

where
1 if 720

G(T)z{o if 7<0.

For any g € # it is straightforward to check that
lim g, &,(0)g> = <9, 97
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and )
lim (g.2,(6)g> = 0.

It is then not difficult? to show that if g0 there are many states in
co{o¥@)[te R} nS,, where § is the state on U defined by

g(4)=<g, Ag>/lgll*.

This illustrates the necessity of some restriction such as “pe W(&)” in
Prop. 3.

Example 2. Let (U, S,a) be any generalized Ising model and let
0= f; where ', f; = f; for all i. Then

Co{aF (@)L e R)" NG, = co{oF (@) [LE R} NG, = 0.

The proof is in Appendix IIL

This shows that it is inappropriate, for the general phenomenon
apparent from Prop. 1, to use the norm topology on U* as is so tempting
in ergodic theory. In fact, since it is clearly advantageous to work on a
Banach space, it is natural to consider what can be done with «, : 20— 2L.
The following example eliminates this possibility.

Example 3. Let (U, S, o) be the generalized Ising model with v(|j])
=1/|j|*. Then

co{o,(6d)|teRY"NA,=0.
The proof is in Appendix IIL

3. Strong Ergodicity

If (A, S, ) is an abstract dynamical system and g € S;, combining
Props. 2 and 3 with the fact that W(S) is norm closed, it follows that
for each ge #(p)" there is a unique state gecolaro)[te R}*' NS,.
However this is not nearly strong enough since:

Proposition 4. If (U, S, o) is an abstract dynamical system® and
o€ G, then for each g € ¥(0)" there is a unique state ¢ in

co{of(o)[teR}"nES;.
Furthermore, § € ()"
The proof is in Appendix III. Elements of & (g)" will be called “sub-
states of p”.
2 Constructions can be obtained by the method of Prop.3 using the existence of
certain means, as presented for example in [3; p. 36].
3 The assumption that ¢, be weakly continuous in ¢ can be dropped. The only alteration

needed in the proof is to redefine the means as states over the C*-algebra of all complex
bounded functions on R.

21 Commun. math. Phys., Vol. 21
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The generality of this result will be manifest from the following two
examples. ‘

Example 4 (Classical Dynamics). Let (U, S, ) be an abstract dynam-
ical system with 2 abelian. Therefore 2 is isomorphic to C(S), the C*-
algebra of complex continuous functions on the compact Hausdorff
space S consisting of the pure states on 2 in the w*-topology. If ge S, L S,
it follows from the Riesz representation theorem [4; IV.6.3] that thereis a
unique regular measure u; on S such that

E(f)=§ff(s)d,u§ for all feC(S).

It then follows from the Radon-Nikodym theorem [4; I11.10.2] that there
is a bijective isometry between the substates of g and the probability
densities subordinate to u;:

ee @)~ f,eL{(S, up) = { /€L, (S, u) | f 20, I fll =1}

such that
eg) = gf g(s) f(s)du; for all geC(S).

From the denseness of C(S) in L, (S, up) [4;1V.8.19] and the invariance of
0, it is easy to show that o, as a transformation of S onto S, preserves the
measure p;. Thus, as far as abstract dynamical systems are concerned,
Prop. 4 is a strict generalization to the noncommutative situation of the
mean ergodic theorem on L,. In fact it more transparently generalizes the
mean ergodic theorem on abstract L-spaces as contained for example
in [5].

Another case where % ()" reduces to a familiar set of states is given
in the next example*.

Example 5. Let (U, S, o) be an abstract dynamical system. Define, for
fixed ¢ € S and A4, B e U, the functions

F g:teR—¢[Ba,(A)]eC,
G g teR-¢p[0,(A)B]eC.

Clearly F, 5z and G, are bounded continuous functions of IR, and can
therefore be considered as elements of &'(R), the tempered distributions
on RR. Defining the function

e;:teR—-ef'eC
we say that ¢ is a KMS state for inverse temperature <0 if
F AB ™= eﬂéAB (1)

4 The theory of KMS states does not require the strong assumptions in the time
development which we imposed: see e.g. [19].
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where " is the Fourier transformation on &'(R). By setting B=1I in (1)

and using standard techniques® it follows that a KMS state is a priori
time invariant®. If now it is further assumed’ that the KMS state ¢
satisfies the condition

{xe Alp(x*x) =0} = {0}

then® it can be shown that &, is a cyclic vector for IT,(2) [22, 7]. There-
fore® Z(@)" = v(@), the set of all vector states from . And since F(@)"
is convex [4; V.24 and V.1.2] we have Z(@)" = v(¢)—— co{v(@)}", the
set of all density matrix states on II ,(20).

At this point we would like to mention how this example comple-
ments a certain result of Emch. It was pointed out in [8] that the time
average of a density matrix state need not be a density matrix state, i.e.
that if an initial state is ultraweakly continuous with respect to some
representation IT of U, then its time average need not be ultraweakly
continuous with respect to IT. However, if ¢ is a KMS state with® trivial
left ideal then it follows from example 5 that the time average of a density
matrix state on IT,() is uniquely defined and is a density matrix state
on I1 ().

4. Conclusion and Summary

We have shown above that the two classes of states, the weakly almost
periodic and the substates of any equilibrium state, are well behaved in
the sense that they exhibit ergodic behavior in the weak-*+ and norm
topologies respectively. The notion of substates is seen to be a natural
and useful noncommutative generalization of the probability density
states of Gibbs; in the case of thermal equilibrium* it coincides with the
concept of density matrix states. While, therefore, our results apply to
those states of an abstract dynamical system often called “local per-
turbations” from thermal equilibrium, we will give some explicit results
in this direction in a future publication.

Acknowledgements. This work was carried out under an NSF Postdoctoral Fellowship
at the 1970 Summer Workshop for Statistical Mechanics at Montana State University,
which support and hospitality is gratefully acknowledged. It is also a pleasure to express my
indebtedness for helpful discussions with G. G. Emch, G. Gallavotti and H. J. F. Knops.

5 For example combine Prop. 4.6.4 with Example 4.11.1 and Thrm. 4.11.1 of [6].

5 See e.g. [21].

7 This assumption can be replaced by the stronger one that U is simple [22, 7].

8 It was pointed out to the author that this assumption is unnecessary.

° We note that such cyclicity is also necessary for this identification; see the corollary
of theorem G in [16].
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Appendix I

To each site i in the v-dimensional lattice Z* we associate a two-
dimensional complex Euclidean space C?. Let F be the set of all finite
subsets of Z' partially ordered by inclusion. Then for each A € F, consider
the direct product space ®C2 of Murray and von Neumann [9], and

let A(A) be defined as B( OC2> Then U is defined as the inductive limit

ied

of the C*-algebras (A) in the sense of Takeda [10]. To simplify notation
we identify (A) with its image in % and also with GL(2¥Y, C), where
N(A) is the number of sites in A. For example ¢, € (i) C A for the Pauli
matrix o,.
For AeF, A+ ﬂ define
Hi=~ Y u(j—K)oid
2 (J,k)eAxA

where v is a real function of the Euclidean distance |j| such that v(0) =
and Y |v(|jl)l <co. It can be shown'? that the net {o;'(4)| 4 € F}, where

e o(A) = exp[iH,t] Aexp[ —iH,t]

has a norm limit, o,(A4), in A for all AeA and teR. The set {o,|t e R}

forms a strongly continuous group of automorphisms of 2, so that

(A, S, ) is an abstract dynamical system, called a generalized Ising model.
If aeZ’, the natural mapping

T, Ae WA)—>1,(4) e WA,),

where A, = {b+ a|b e A}, extends to an automorphism of A denoted by
the same symbol 7,. g€ S is said to be translation invariant if g[7,(A4)]
= g(A) for all A€ A and all aeZ’.

Given a normalized vector f; in each C? we denote by f; the vector
state on (i) associated to f;, and by (X) f; the product state on 2.

We should add that the above class of models is a very special case of
the Robinson spin models [23]. A recent generalization without some of
the special characteristics of Robinson’s models is contained in [20].

Appendix 11

Let CB(R) be the C*-algebra of complex bounded continuous
functions on R. We call the states on CB(R) “means”. The means pu,
defined for t € R by

U feCBR)— f(t)eC

10 For this and other details concerning the time development of these models see [1].
See also [23].
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are needed below. For 7€ R, let R, be the operator on CB(R) defined by
R.)®)=f(t+1) forall feCB(R).

A mean 7 is said to be invariant if

nlR.f1=n(f) forall feCB(R) and 7elR.

The set W(IR) of weakly almost periodic functions on R is defined as the
subset of CB(R) consisting of those f such that {R,f|teR} is con-
ditionally weakly compact. W(R) is a norm closed subspace of CB(RR)
[11], and from this it is easy to show that W(S) is a norm closed subset
of &. It is an important theorem of Eberlein’s [11] that all invariant
means # coincide on W(R) and may be computed as

n(f) = lim = § (ot
T— o0 T 0

If # is a mean and (2, S, @) is an abstract dynamical system then for
0 € S the functional #¢ on A defined by

ne(4) =n{ol« (4)]} forall Ae¥A

is a state on A [12]. If  is an invariant mean then o e S,.

Appendix 11

Proof of Prop.3. The proposition follows immediately from the
following two lemmas and the theorem of Eberlein referred to in Appen-
dix IL

Lemma 1. ng e co{ar(9)|[t€ R} for all g€ S and all means 1.

Proof. From [3; pp. 1-2] we know that any mean # is the w*-limit of
some net of “finite means” m,, i.e. where the m, are elements of the con-
vex hull of the states y,, t e R. Therefore, for each 4 e U

ne(A4) = niele (A)1} = limm, {o[« (4)]} = limm,o(A4).
Since it is clear that m,g € co{o*(g)|t € R}, the proof is completed.

Lemma 2. If g€ S and g € co{aF(0)[t € R}", then there exists a mean
n such that g = no. Furthermore, if g € S; then n can be chosen invariant.

Proof. We only prove the case g € &;, the other case following from
obvious simplifications in the proof. From the form of g, there exists a
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net of states {g,|y € G} such that g, e co{e/(0)|t € R}and QyL;»@ Since

[ei(e)] (A) = o, [0(A)] 5~ el (4)] = [«*(@)] (4) = 2(4)

for all Ae A and te R, we have that o¥(0,)-%-g for all teR. Now from
the form of ¢,, for each ye G there exist P, numbers t,(y)€R and P,
numbers f,(y) € [0, 1] such that

P’V
Qv = z ﬁn()}) a:l:,(y)(g) .
n=1
Consider the net of finite means (M,, G) where
P’V
My = Z ﬁn(’)}).utn(v)'
n=1

Note that M, ¢ = g,. Since the set of means is w*-compact, there exists a
mean 7 and a subnet'" (N, D) of (M,, G) such that N;-%>#. Furthermore,
defining the mean Ry’ by:

R (f)=nR.f) forall feCBR),
for all means %', we have that

R.N;%5R.n forall 7teR.

Now we know that
M, {o[« (A)]}—>2(4) forall AeU.
This implies by the definition of subnet that

Ns{olo (A)]}—»0(4) forall AeU.
Therefore also
R.N;{o[o (A)]}—>0(A) forall AeWA and reR.

Therefore (R.#) (¢) = ¢ for all t € R. Defining #,,(f) = m[R 5(f)] where m
is any fixed invariant mean, all we need to show is that #,, is an invariant
mean since clearly #,,0 = o. But this is very easy and we omit the details.
q.ed.

Constructions for Example 2. We need the following lemma.

Lemma 3. {&*(0)|t € R} are all pure and translation invariant. Further-
more, for t # t, ¥ (g) # o*(0) implies that o*(p) is unitarily inequivalent
to o¥ ().

Proof. The pureness and translation invariance are obvious. Now
assume that o*() is unitarily equivalent to a(p) for fixed t+t. Then

11 For definitions and properties of nets and subnets, see e.g. [13].
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there exists a unitary u € A such that [«*(0)] (D) = [, (0)] (u* Du) for all
D e A [14]. Now given &> 0 there exists a volume A€ F and 4 € A(A)
such that

lu—A|<e and |A4||<2.
Then since for all Be A we have

|u*Bu— A*BA| = [[u*B(u— A) + (u* — A*) BA|| < 3¢| B,
we have

[IToe (@)1 (+) — [t (@] (A* - A)| = 3e.

Now given a volume A’ € F, by a sufficient translation by aeZ” we can
get A, disjoint from A. Using the fact that |4*A — I|| < 3¢ we have then

Lo (@)] [7o(B)] — [o* ()] [7u(B)]| = 6¢| B
for all Be A(A'). Therefore using the first part of the lemma,
Lot (@)1 (B) — [ (@)1 (B)] < 6¢]| B

for all Be A(A"). Therefore of(0) = ¥ (0). q.e.d.

Now assume that there exists § e co{o(0)|t€ R}"nS;. Then there
exists a sequence g; € co{o;*(0)|t € R} such that ¢, ¢. From the lemma
we can find a sequence (perhaps finite) of 7,€R such that {«f(0)In
=1,2,...} are pairwise unitarily inequivalent and g;e co{of(o)|n
=1,2,...} for all i. Let {a,} be a sequence (of the same cardinality) of
strictly positive numbers such that Xa, =1, and define

QO = Zanatt(g) .

Consider @Iy, on @Hy,, and @={P[n=12 .} with
P, = ]/ai,,cbam). By the transitivity theorem [14] & is a cyclic vector for
@11, From [15; p. 245], @ I, ) is unitarily equivalent to IT, . Now
since g; € co{af(@)[n=1,2,...}, g; is a vector state from @ H,,, for all i.
Therefore [16] ¢ is also a vector state from @ H,y(p), and let ¥ be a cor-
responding vector. Clearly

Y =2b,Py

for some sequence b, € B(#;4,). Then @ is a sum of inequivalent pure
states. Therefore § gives a type I representation since the commutant of
IT,(A) is @ {41} which is abelian. But ¢ has been computed [1] to be
&X)TR,;, and it is known [17] that this state gives a type II representation.

This contradiction shows that cof{o*(g)|teR}"nS;=@. From [4;
V.3.13], co{o(0)|teR}" = co{a}(0)|t € R}”, so the demonstration is
complete.
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Constructions for Example 3. In [1] there is a construction of a state
¢ and a net {;| € B} such that g;~*>¢ and

T
lim - [ g,[0,(0%)]dt =0 forall BeB, @)
T T 0
o[o,(69)]=1 forall teR. (5)
From [11] we can replace (4) by

E[lia{nMa{Q,j Lo (ag)]}] =0 forall BeB (@)

where E[ ] = f(0) for all fe CB(R) and where {M,|o € A} is the net of
convex combinations of the operators {R,|teR} on CB(R) with the
ordering: M, < M, if there exists y€ A such that M; = M,M,. Now if
D eco{n (6d)|t e R}"n S, it follows from [11] that

D = norm lim M(c¢?) (6)

where {M,} are the corresponding convex combinations of the {c,|t € R}.
Note that
ep[My(0)] = E{M,[p{2t (62)}1} -

1 =limo[M'(¢%)] = limlilr;nQﬁM;(ag)

Therefore

= lilgnlimQ,;Ma’(fff?) = limlim E[M, {gs[« CHI
=0

where the third equality follows from (6). This contradiction demon-
strates the assertion.
Proof of Prop.4. For ge ¥ (o) we know from Prop.2 that there
exists C, € IT;(A) such that
[ (2)] (4) = KU* C, D5, I 5(A) B,
for all A € A and ¢t € R. From [18] we know that there exists a vector ¥ in
H; such that

¥ e Co{UFC, B, e )" n{we Hy|Ufw=w forall teR}. (7)

Therefore there exists a sequence ¥, €co{U*C,P;|teR} such that
I¥ =¥, [ =0. ®)
It is clear from their form that the functionals on U:
om(") = KWy, 5(+) D)
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are states and in fact belong to co{a¥(g)|t €IR}. From (8) it is easy to
show that ¢,,—2> 0, where

2o() = (Y, H@(')¢§> .
Since € is norm closed, g, € €. From (7) we see that
(o5 (20)] (-) = <, U II(-) U 5>
=<Y, H@(')q)§> = Qo

for all t eR. This completes the case for ¢ € ¥ (p). It follows from [11]
however that the set of all g € © such that there exists

0ecof{of(o)|teR}"nES;

is norm closed so that the first part of the proof is complete. To show that
0 € Z(0)" we again consider two cases. The case where p € (@) is obvious
since if ¢ < ap then a*g < ag so that ¢ < ap for any ¢ e co{a*(o)[t e R}*"
and so ¢ < ag. For the case g € # ()" we use lemma 2 to see that § =g
for some invariant mean #. Then the result follows from the following
lemma.(Uniqueness follows trivially from § 11 of [18].)

Lemma 4. The mapping % : g € ©—> 59 € S is continuous when S is in
the norm topology, for any mean #.
Proof. Let g,,, 0 € S, with g, 9. Then

omlo(A) ] o[ (A)]
uniformly in €R and in 4 € U, the unit ball of 2. Therefore

ni{enlo (A1} =nfelo (A1}
uniformly in 4 € A, . Therefore no,,—2>n0. q.e.d.

References

1. Radin,C.: J. Math. Phys. 11, 2945 (1970).

2. — Thesis, Univ. of Rochester, 1970.

3. Greenleaf, F.P.: Invariant means on topological groups. New York: van Nostrand-

Reinhold Co. 1969.

4. Dunford,N., Schwartz,J.T.: Linear operators, Part I. New York: Interscience 1957.

5. Namioka,I.: Studia Math. 29, 63 (1967).

6. Horvath,J.: Topological vector spaces and distributions. Reading, Massachusetts:
Addison-Wesley Publishing Company 1966.

. Kastler,D., Pool,J.C.T., Poulsen,E.T.: Commun. math. Phys. 12, 175 (1969).

. Emch,G.G.: J. Math. Phys. 7, 1413 (1966).

. Murray,F.J., von Neumann,J.: Ann. Math. 37, 116 (1936).

. Takeda,Z.: T6hoku Math. J., Ser. 2 (7), 67 (1955).

. Eberlein, W.: Trans. Am. Math. Soc. 67, 217 (1949).

= OO0 0o

[



302 Ch. Radin: Noncommutative Mean Ergodic Theory

12. Emch,G.G., Knops,H.J.F., Verboven,E.J.: Commun. math. Phys. 7, 164 (1968).

13. Kelley,J.L.: General topology. New York: D. van Nostrand 1955.

14. Glimm,J., Kadison, R.V.: Pacific. J. Math. 10, 547 (1960).

15. Naimark, M. A.: Normed rings, trans. L.F.Boron. Groningen: P. Noordhoff N.V.
1964.

16. Kadison,R.V.: Trans. Am. Math. Soc. 103, 304 (1962).

17. Stgrmer,E.: J. Functional Anal. 3, 48 (1969).

18. Alaoglu, L., Birkhoff,G.: Ann. Math. 41, 293 (1940).

19. Dubin,D., Sewell,G.: J. Math. Phys. 11, 2990 (1970).

20. Ruskai,M.: Commun. math. Phys. 20, 193 (1971).

21. Winnink, M.: Groningen, Thesis (1968).

22. Haag,R., Hugenholtz, N., Winnink, M.: Commun. math. Phys. 5, 215 (1967).

23. Robinson,D.: Commun. math. Phys. 7, 337 (1968).

Charles Radin

Institute of Theoretical Physics
University of Nijmegen
Nijmegen, The Netherlands





